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a b s t r a c t

This work deals with observer-based output-feedback stabilization of linear time-varying (LTV) systems
with time-varying measurement delay. The delay is modeled by a first-order hyperbolic partial
differential equation (PDE), whose boundary condition evolves according to an ordinary differential
equation (ODE), namely, the plant. The overall system is thus represented by an ODE–PDE cascade,
which is also the structure of the proposed observer. The exponential stability of the estimation error
is established for arbitrarily large time-varying delays. An observer-based controller is also introduced
and the closed-loop stability is proved. The separation principle holds and the design of both the
observer and controller gains can be done as if there was no delay. Some simulations illustrate the
feasibility of this approach.

© 2019 Elsevier Ltd. All rights reserved.

1. Introduction

The state estimation problem in the presence of delayed mea-
surements is ubiquitous in engineering applications and it has
attracted attention over the past decades (Fridman, Shaked, &
Xie, 2003; Germani, Manes, & Pepe, 2002; Klamka, 1982; Krstic &
Smyshlyaev, 2008; de Souza, Palhares, & Peres, 2001; Watanabe
& Ito, 1981). The problem of stabilizing an LTV system is also of
interest in practice, as it arises in trajectory tracking of nonlinear
systems (Rugh & Shamma, 2000). See Zhou (2016) for recent
results on stability of LTV systems. Only a few works have been
reported in which LTV systems with measurement delay are
considered (Basin, Shi, & Calderon-Alvarez, 2010; Pila, Shaked, &
de Souza, 1999; Song, Park, & Yan, 2017)

As shown in Nicaise, Valein, and Fridman (2009) and Krstic
and Smyshlyaev (2008), time-delay systems can be modeled as
the interconnection of an ODE (plant dynamics) and a first-order
hyperbolic PDE (delay dynamics). In this framework, the ap-
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proach consists of finding an invertible backstepping transfor-
mation that maps the ODE–PDE cascade into an exponentially
stable target system (Smyshlyaev & Krstic, 2004, 2005). This
methodology has been shown to be very useful when dealing
with time-delay systems, providing rigorous tools for analysis
and design, which have been exploited in many ways (Ahmed-
Ali, Giri, Krstic, & Kahelras, 2018; Bresch-Pietri & Krstic, 2014;
Krstic, 2009, 2010b; Sanz, Garcia, & Krstic, 2018). A tutorial on
compensating infinite-dimensional actuator and sensor dynamics
is given in Krstic (2010a). When applied to input-delay systems,
the backstepping approach has led to predictor-based controllers,
equivalent to those early derived in Artstein (1982), Kwon and
Pearson (1980) and Manitius and Olbrot (1979). However, when
applied to systems with measurement delays, the resulting ob-
server is substantially different (see Remarks 4–7 in Krstic and
Smyshlyaev (2008) for a discussion) from those originally pro-
posed in Klamka (1982) and Watanabe and Ito (1981), which
involved distributed integral terms.

In the context of systems with measurement delays, a com-
mon approach consists of using a conventional observer structure
and then estimating upper bounds on the admissible delay, for
which powerful techniques are available (Fridman et al., 2003;
de Souza et al., 2001; Zhang & Han, 2008) see also the monograph
(Fridman, 2014). A different strategy consists of proposing new
observers that specifically handle the delay. Early results were
based on estimating a delayed state and then projecting it ahead
via a state predictor (Klamka, 1982; Watanabe & Ito, 1981). This
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approach can be also applied when the delay is time-varying,
see Section 6.3 in Krstic (2009). In Pila et al. (1999), an H∞

filter is derived for LTV systems with constant measurement
delay. However, these approaches need the online computation
of a distributed integral over the past control actions, whose
approximation may lead to instability (Van Assche, Dambrine,
Lafay, & Richard, 1999; Zhong, 2004). A new approach for state
observation with long constant delays was introduced in Germani
et al. (2002), where a chain of observers were employed. The
idea is that each of the observers in the chain is in charge of
predicting the system state over a fraction of the total delay. This
novel idea has been also extended to time-varying delays (Cacace
& Germani, 2017; Cacace, Germani, & Manes, 2014). A different
technique was used in Zhou, Li, and Lin (2013), based on a trun-
cated predictor that neglects the integral term. A novel observer
with an ODE–PDE cascade structure was introduced in Krstic and
Smyshlyaev (2008), as mentioned above, which handled arbi-
trarily large constant delays. Among the aforementioned works,
only (Pila et al., 1999) considers LTV systems. Other related works
include Mazenc and Malisoff (2017), where a predictor for LTV
systems with time-varying input delays was proposed; Seliv-
anov and Fridman (2016), where an observer-based predictor for
network-based control was designed using reduction approach;
and Cacace, Germani, and Manes (2010), where an observer was
designed for nonlinear systems with sufficiently small unknown
time-varying delays.

In this paper, a generalization of the observer derived in Krstic
and Smyshlyaev (2008) is proposed, with a twofold contribution.
On one hand, time-varying delays are considered and, on the
other hand, the observer is also adapted to deal with LTV sys-
tems. The open-loop plant is allowed to contain exponentially
unstable modes and arbitrarily large time-varying delays can be
handled. To the best of the author’s knowledge, this is a departure
from previous works, even for LTI systems. Furthermore, the
proposed observer is used to derive an exponentially stabilizing
output-feedback controller for LTI/LTV systems with time-varying
measurement delay.

The remainder of the paper is structured as follows. Some pre-
liminaries about LTV systems and the PDE representation of the
delay are given in Section 2. The proposed observer is introduced
in Section 3, where the exponential stability of the estimation
error is established. An observer-based controller is proposed in
Section 4, where the closed-loop stability is proved. The feasibility
of this strategy is illustrated with an example in Section 5.

Notation: The 2-norm of a finite-dimensional vector and the cor-
responding induced matrix norm are denoted by | · |. The Lp-
norm of matrix (or vector) function X(t) : [a, b] → Rn×m

denoted by ∥X∥p = (
∫ b
a |X(s)|p ds)1/p, with the particular case

∥X∥∞ = ess sups∈[a,b]|X(s)|. A function is said to belong to the
space Lp([a, b]) if it has a finite Lp-norm.

2. Preliminaries

Consider the following LTV system with measurement delay:

Ẋ(t) = A(t)X(t) + B(t)U(t), (1)

Y (t) = C(φ(t))X(φ(t)), (2)

X(θ ) = X0(θ ), ∀θ ∈ [φ(t0), t0], (3)

where X(t) ∈ Rn is the state, U(t) ∈ Rm is the control action,
the system matrices A : R → Rn×n, B : R → Rn×m and C :

R → Rq×n are piecewise-continuous uniformly-bounded func-
tions, φ : R≥0 → R>0 is a continuously differentiable function
that incorporates the measurement delay, X0 : [φ(t0), t0] → Rn

denotes the initial condition and t0 ≥ 0 is the initial time.

Assumption 1. The delay function φ is known, continuously
differentiable and there exist D,D, c1, c2 > 0 such that

D ≤ t − φ(t) ≤ D,

and

c1 ≤ φ̇(t) ≤ c2,

hold for all t ≥ 0.

Assumption 2. There exists a time-varying matrix function L :

R → Rn×q such that the origin of Ẋ (t) =
(
A(t) − L(t)C(t)

)
X (t) is

uniformly exponentially stable for all t ≥ φ(t0). In other words,
there exist positive definite, bounded, symmetric, time-varying
matrices W1(t),Q1(t) : R → Rn×n such that Ẇ1(t)+W1(t)F1(t)+
F T
1 W1(t) ≤ −Q1(t), ∀t ≥ φ(t0), where F1(t) = A(t) − L(t)C(t).

The function φ(t) can be expressed as φ(t) = t − D(t),
where D : R → R>0 is the measurement delay. Since both c2
and D are allowed to be arbitrarily large, the main limitations
imposed by Assumption 1 are Ḋ(t) < 1 and D(t) > 0. The
former is a common assumption when dealing with time-varying
delays (Mazenc & Malisoff, 2017; Zhou et al., 2013); while the
latter has to do with the PDE representation of the delay, in
which the propagation speed becomes infinity if the delay is
zero (Krstic, 2010b). The delay is then considered to be sort of
slowly-varying (it can decrease arbitrarily fast but it can only
increase at a rate smaller than one). This is a sufficient condition
to ensure the invertibility of φ(t), which, in turn, seems to be a
fundamental requirement if compensation of large time-varying
delays is pursued. The constraint of the delay being not null is
less restrictive as it can be easily avoided (see Remark 10). On the
other hand, Assumption 2 is needed in the subsequent analysis to
guarantee the stabilization of the LTV system.

Recall that any solution of the homogeneous equation Ẋ(t) =

A(t)X(t) can be written as X(t) = Φ(t, t0)X(t0), where

Φ(t, t0) = P(t)P−1(t0), (4)

is the so-called state transition matrix, and P : R → Rn×n is the
solution of the matrix initial value problem Ṗ(t) = A(t)P(t), P(0)
= I . The methodology developed in this paper is based on
representing the time-varying measurement delay as a transport
phenomenon, which is modeled by a first-order hyperbolic PDE.
Similarly to Krstic (2010b), let us introduce the state for the
transport equation u : [0, 1] × R≥0 → Rq, defined by

u(x, t) = C(ϕ(x, t))X(ϕ(x, t)), ∀x ∈ [0, 1], (5)

where

ϕ(x, t) = φ(t) + x(t − φ(t)), (6)

leading to the boundary values u(0, t) = Y (t) and u(1, t) =

C(t)X(t). The system (1)–(2) can be then represented by the
following ODE–PDE cascade

Ẋ(t) = A(t)X(t) + B(t)U(t), (7)

ut (x, t) = π (x, t)ux(x, t), (8)

u(1, 0) = C(t)X(t), (9)

Y (t) = u(0, t), (10)

with

π (x, t) =
φ̇(t) + x(1 − φ̇(t))

t − φ(t)
. (11)
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3. Proposed observer

The main result is stated in the following theorem. Note that,
for the sake of clarity, in what follows ϕ(x, t) and φ(t) are often
denoted simply by ϕ and φ, respectively.

Theorem 3. Given (7)–(10), the observer
˙̂X(t) = A(t)X̂(t) + B(t)U(t)

+ φ̇(t)Φ(t, φ)L(φ)
(
Y (t) − û(0, t)

)
, (12)

ût (x, t) = π (x, t)ûx(x, t)

+ φ̇(t)C(ϕ)Φ(ϕ, φ)L(φ)
(
Y (t) − û(0, t)

)
, (13)

û(1, 0) = C(t)X̂(t). (14)

is uniformly exponentially convergent, in the sense that, there exist
M, µ > 0, such that Υ (t) ≤ MΥ (t0)e−µ(t−t0), ∀t ≥ t0 ≥ 0, where

Υ (t) = |X(t) − X̂(t)|2 +

∫ 1

0
|u(x, t) − û(x, t)|2 dx.

Proof. See Appendix.

Corollary 4. For an LTI system, that is, with A(t) = A, B(t) = B and
C(t) = C, the observer

˙̂X(t) = AX̂(t) + BU(t) + φ̇(t)eA(t−φ(t))L
(
Y (t) − û(0, t)

)
,

ût (x, t) = π (x, t)ûx(x, t) + C φ̇(t)eAx(t−φ(t))L
(
Y (t) − û(0, t)

)
,

û(1, t) = CX̂(t),

where L is chosen such that A − LC is Hurwitz, guarantees that
X̂ , û exponentially converge to X, u, in the sense that, there exist
M, µ > 0, such that Υ (t) ≤ MΥ (0)e−µt , ∀t ≥ 0.

Proof. The state transition matrix of an LTI system is given
by Φ(t, t0) = eA(t−t0). Then, one has that Φ(t, φ) = eA(t−φ(t)),
Φ(ϕ, φ) = eAx(t−φ(t)) and thus the corollary follows from Theo-
rem 3. □

Remark 5. Notice that the PDE observer state is nothing but
u(x, t) = Y (φ−1(ϕ(x, t))), which can be seen from (2) and (5).
Defining Ŷ (φ−1(ϕ(x, t))) = û(x, t), Ỹ (t) = Y (t) − Ŷ (t) and using
the change of variable s = φ−1(ϕ(x, t)), one can rewrite Υ (t) as

Υ (t) = |X̃(t)|
2
+

1
D(t)

∫ φ−1(t)

t
|Ỹ (s)|

2
φ̇(s) ds.

The latter points out the fact that the proposed observer produces
an exponentially convergent prediction of the output over the
time window [t, φ−1(t)], ∀t ≥ t0.

Remark 6. One may argue that, if the delay is continuous and
known and hence the measurement C(X − D̄)X(t − D̄) is always
available for all t ≥ D̄, then the problem can be treated by consid-
ering a constant maximum delay. However, this methodology is
not efficient in general, provided that the ‘‘freshest’’ information
of the output has to be intentionally delayed. This strategy is
employed in Cacace and Germani (2017) for LTI systems. The
estimate of the delayed state is then advanced by means of
a chain of predictors. However, the artificially delayed output
requires the explicit inverse of the delay function. Furthermore,
in the design process, an integral of a matrix norm needs to be
computed therein to determine the number of elements in the
chain.

Remark 7. Also, one can approach this problem by designing
a delayed observer to estimate X(φ(t)) and then advancing it

φ−1(t) units of time ahead using a time-varying predictor, as it
was done in Section V in Krstic (2010b) for LTI systems with
time-varying delay. However, that predictor needs the inverse of
the delay function explicitly and it involves the computation of
a distributed integral. Recall that even predictors for LTI systems
with constant delay exhibit numerical issues (Karafyllis & Krstic,
2017; Mondié & Michiels, 2003; Zhong, 2004).

4. Application to control

The following assumption is needed, which is the counterpart
of Assumption 2, for control purposes.

Assumption 8. There exists a time-varying matrix function K :

R → Rm×n such that the origin of Ẋ (t) =
(
A(t) + B(t)K (t)

)
X (t)

is uniformly exponentially stable for all t ≥ t0. In other words,
there exist positive definite, bounded, symmetric, time-varying
matrices W2(t),Q2(t) : R → Rn×n such that Ẇ2(t)+W2(t)F2(t)+
F2(t)TW2(t) ≤ −Q2(t),∀t ≥ t0, where F2(t) = A(t) + B(t)K (t).

Theorem 9. The closed-loop composed of the system (1)–(2), the
observer (12)–(14) and the control law

U(t) = K (t)X̂(t), (15)

is uniformly exponentially stable in the sense that, there exist R, ρ >
0 such that for all initial conditions (X0(·), X̂0, û0(·, t0)) ∈ L2(φ(t0),
t0) × Rn

× L2(0, 1), the following holds: Γ (t) ≤ RΓ (t0)e−ρ(t−t0),
where

Γ (t) = |X(t)|2+
1

D(t)

∫ t

φ(t)
|C(θ )X(θ )|2 dθ+|X̂(t)|

2
+

∫ 1

0
û(x, t)2 dx.

Proof. Let us plug (15) into (1) and use (A.1) and (A.34) to obtain

Ẋ(t) = F2(t)X(t) − B(t)K (t)Φ(t, φ(t))Z̃(t). (16)

Let us consider L1(t) = γ
∫ 1
0 ebx|u(x, t)|2 dx, with γ > 0. Using

similar arguments to those in the proof of Theorem 3, the deriva-
tive of L1(t) along the trajectories of (7)–(9) can be bounded by

L̇1(t) ≤ γ ebD∥C∥
2
∞

|X |
2
−
γ β∗

D

∫ 1

0
ebx|u(x, t)|2 dx (17)

Now, let us consider also L2(t) = κX(t)TW2(t)X(t) with κ > 0,
whose derivative along (16) can be bounded by

L̇2(t) ≤ −κq2|X |
2
+ 2κ|XTW2BKΦ(t, φ)Z̃ |

≤ −
κq2
2

|X |
2
+

2κτ 22
q2

|Z̃ |
2
, ∀t ≥ t0, (18)

where τ2 = ∥W2(t)B(t)K (t)Φ(t, φ(t))∥∞ and Assumption 8 was
used, which implies the existence of a q2 > 0 such that Q2(t) ≥

q2I, ∀t ≥ t0. Defining L0(t) = L1(t) + L2(t), using (17)–(18) and
choosing γ = κq2/(4ebD∥C∥

2
∞
), yields

L̇0(t) ≤ −
κq2
4

|X |
2
+

2κτ 22
q2

|Z̃ |
2

−
γ β∗

D

∫ 1

0
ebx|u(x, t)|2 dx, ∀t ≥ t0. (19)

Now, let us choose the composite Lyapunov function V(t) =

L0(t) + V0(t), whose derivative can be bounded, using (19) and
(A.30), and selecting κ = c1q1q2/(8τ 22 ), by

V̇(t) ≤ −
κq2
4

|X |
2
−

c1q1
4

|Z̃ |
2
−
γ β∗

D

∫ 1

0
ebx|u(x, t)|2 dx

−
2β∗c22τ

2
1

c21q1

∫ 1

0
ebxw̃2(x, t) dx.
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Then V̇(t) ≤ −ρV(t), ∀t ≥ t0 and an exponential stability
estimate V(t) ≤ e−ρ(t−t0)V(t0), ∀t ≥ t0, in terms of (X, Z̃, u, w̃),
is established. Proceeding as in the proof of Theorem 3, this
estimate can be related to the original variables (X, X̃, u, ũ) using
the inverse transformation (A.34)–(A.35) and then to (X, X̂, u, û)
using (A.1)–(A.2), leading to Γ (t) ≤ RΓ (t0)e−ρ(t−t0), ∀t ≥ 0, with
Γ (t) = |X(t)|2 +

∫ 1
0 |u(x, t)|2 dx+ |X̂(t)|

2
+

∫ 1
0 |û(x, t)|2 dx. This is

omitted here for brevity. Finally, introducing (5) into Γ (t) and
performing the change of variable θ = ϕ(x, t) completes the
proof. □

5. Simulations

Let us consider (1)–(2) with A(t) = (2 + t2)/(1 + t2), φ(t) =

t−D(t) and D(t) = 1+0.5 sin t . Note that A : [0,∞) → [2, 1), and
thus the open-loop system is potentially unstable. The control of
such a system is challenging, even for constant delay and constant
coefficients (Middleton & Miller, 2007). Since φ̇(t) = 1+0.5 cos t ,
Assumption 1 is satisfied with D = 0.5, D = 1.5, c1 = 0.5 and
c2 = 1.5. It is readily verified that P(t) = et+atan t is a fundamental
matrix and thus Φ(t, t0) = et−t0+atan t−atan t0 . Choosing W1(t) =

W2(t) = 1/2, Assumption 2 and 8 are fulfilled with any L > ∥A∥∞

and any K < ∥A∥∞, respectively, and thus the gains are selected
as L = −K = 2. The initial time is set to t0 = 0 and the
initial condition is arbitrarily chosen as X0(θ ) = 0,∀θ ∈ [φ(0), 0),
X0(0) = 1. The control law (15) with the observer (12)–(14) is
implemented, where

π (x, t) =
1 + (1 − x)0.5 cos t

1 − 0.5 sin t
. (20)

A first-order approximation both in time (∆t) and space (∆x)
is used for the discretization. The so-called Courant–Friedrichs–
Lewy (CFL) condition, ∆x > ∆t supx,t |π (x, t)|, must hold in
order to guarantee numerical stability. The time step is arbitrarily
selected as ∆t = 0.005 s and thus ∆x = 0.015, provided that the
bound supx,t |π (x, t)| ≤ 3 is easily obtained from (20).

The simulation results are shown in Fig. 1. One can see how
the system runs in open-loop over a period of time, during which
there is no measurable information about the system (see dotted
line). The exact time can be computed by solving φ(t) = 0 for
t ≥ 0, which yields t ≈ 1.5. After that, one can see how the
estimated state (dashed) converges to the actual one (full), which
in turn, is driven exponentially to zero. The control action and the
time-varying delay are also depicted in the central and bottom
plots, respectively.

Remark 10. The computation of π (x, t) involves the inverse of
D(t) = t − φ(t) and thus the delay is not allowed to be zero, as
indicated by Assumption 1. This issue can be avoided in practice
by considering a minimum threshold, Dth when computing π (x, t)
so that, when D(t) < Dth, then π (x, t) = (φ̇(t) + x(1 − φ̇(t)))/Dth.
This has been tested with the example above, modifying the delay
function as D(t) = 0.5 − 0.5 sin t , which vanishes at some time
instants. Implementing the threshold strategy with Dth = 0.01
leads to satisfactory results.

6. Conclusions

A new strategy to control exponentially unstable LTV systems
with arbitrarily large time-varying measurement delay has been
introduced. The controller is based on a novel observer with
an ODE–PDE cascade structure, which is a generalization of a
previously reported one, applicable only to constant delays. The
feasibility of this approach is demonstrated in simulation with a
challenging example. Future work may consist in extending this
results to derive an observer-based controller for LTV systems

Fig. 1. Simulation results. Actual state, estimated state and output (top); control
action (center); time-varying delay (bottom).

with arbitrarily large input and output time-varying delays. Some
preliminary investigations show that the observer derived in this
work may be a cornerstone to that end. This work might be also
extended to consider uncertainties in the system matrices and/or
the time-delay. This could be achieved by means of the reduction
approach, as one of the reviewers suggested.

Appendix. Proof of Theorem 3

Let us define the errors

X̃(t) = X(t) − X̂(t) (A.1)

ũ(x, t) = u(x, t) − û(x, t). (A.2)

Differentiating (A.1)–(A.2) and using (7)–(10) and (12)-(14), the
error system is obtained as

˙̃X(t) = A(t)X̃(t) − φ̇(t)Φ(t, φ)L(φ)ũ(0, t), (A.3)

ũt (x, t) = π (x, t)ũx(x, t) − φ̇(t)C(ϕ)Φ(ϕ, φ)L(φ)ũ(0, t), (A.4)

ũ(1, t) = C(t)X̃(t). (A.5)

To proceed, let us recall the following properties of the state
transition matrix:

Φ(t, t) = I, (A.6)

Φt (t, τ ) = A(t)Φ(t, τ ), (A.7)

Φτ (t, τ ) = −Φ(t, τ )A(τ ), (A.8)

Φ(t2, t0) = Φ(t2, t1)Φ(t1, t0). (A.9)

Using (A.7)–(A.8), the following expressions can be obtained:

Φx(ϕ, t) = ϕx(x, t)A(ϕ)Φ(ϕ, t), (A.10)

Φt (ϕ, t) = ϕt (x, t)A(ϕ)Φ(ϕ, t) −Φ(ϕ, t)A(t), (A.11)

where the chain differentiation rule was employed. Furthermore,
evaluating (A.11) at x = 0 and using that ϕ(0, t) = φ(t) yields

Φt (φ, t) = φ̇(t)A(φ)Φ(φ, t) −Φ(φ, t)A(t). (A.12)

The expressions derived above will be used to prove that the
following transformation:

Z̃(t) = Φ(φ(t), t)X̃(t), (A.13)

w̃(x, t) = ũ(x, t) − C(ϕ(x, t))Φ(ϕ(x, t), t)X̃(t), (A.14)
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maps (A.3)–(A.5) into the exponentially stable target system
˙̃Z(t) = φ̇(t)F1(φ)Z̃(t) − φ̇(t)L(φ)C(φ)w̃(0, t), (A.15)

w̃t (x, t) = π (x, t)w̃x(x, t), (A.16)

w̃(1, t) = 0, (A.17)

where F1(t) was defined in Assumption 2. The time derivative of
(A.13) is given by
˙̃Z(t) = Φt (φ, t)X̃(t) +Φ(φ, t) ˙̃X(t)

= φ̇(t)A(φ)Z̃(t) − φ̇(t)L(φ)ũ(0, t) (A.18)

where (A.3), (A.6), (A.9) and (A.12) were employed in the second
row. Evaluating (A.14) at x = 0 and using (A.13) yield

ũ(0, t) = w̃(0, t) + C(φ)Z̃(t),

which can be plugged into (A.18), leading to (A.15). On the other
hand, computing the spatial and temporal derivatives of (A.14)
yields

w̃t (x, t) = π (x, t)ũx(x, t) + φ̇(t)Φ(ϕ, φ)L(φ)ũ(0, t)

− ϕtC ′(ϕ)Φ(ϕ, t)X̃(t) − C(ϕ)Φt (ϕ, t)X̃(t)

− C(ϕ)Φ(ϕ, t)[A(t)X̃(t) − φ̇(t)Φ(t, φ)L(φ)ũ(0, t)],

w̃x(x, t) = ũx(x, t) − ϕxC ′(φ)Φ(ϕ, t)X̃(t) − C(φ)Φ(ϕ, t)X̃(t),

and thus one can see that (A.16) holds if

π (x, t)ϕx(x, t) − ϕt (x, t) = 0,
π (x, t)Φx(ϕ, t) −Φt (ϕ, t) −Φ(ϕ, t)A(t) = 0,

Φ(ϕ, φ) −Φ(ϕ, t)Φ(t, φ) = 0.

The first identity is readily verified from (6) and (11). Plugging
(A.10)–(A.11) into the left side of the second identity yields(
π (x, t)
ϕx(x, t) − ϕt (x, t)

)
A(ϕ)Φ(ϕ, t), which is zero provided that so is

the term in brackets. The last identity follows from the property
(A.9). Finally, evaluating (A.14) at x = 1 and using (A.5), one can
see that (A.17) holds if Φ(ϕ(1, t), t) = I , which follows from the
fact that ϕ(1, t) = t and the property (A.6).

Then, the (invertible) transformation (A.13)–(A.14) maps the
error system (A.3)–(A.5) into the target system (A.15)–(A.17),
which is next proved to be exponentially stable. Let us consider
the functional

V1(t) =

∫ 1

0
ebx|w̃(x, t)|2 dx. (A.19)

The time-derivative of (A.19) along the trajectories of (A.4)–(A.5)
is given by

V̇1(t) =

∫ 1

0
2ebxπ (x, t)w̃(x, t)T w̃x(x, t) dx

= −π (0, t)|w̃(0, t)|2 −

∫ 1

0
σ (x, t)ebx|w̃(x, t)|2 dx, (A.20)

where integration by parts was applied and σ (x, t) = bπ (x, t) +

πx(x, t). Observe that

π (0, t) =
φ̇(t)

t − φ(t)
, (A.21)

and

σ (x, t) =
1 + (b − 1)φ̇(t) − bx(φ̇(t) − 1)

t − φ(t)
, (A.22)

which follow from (11). From (A.21), one has that

π (0, t) ≥
c1
D
. (A.23)

On the other hand, since (A.22) is a linear function of x, its
minimum occurs either at x = 0 or x = 1, and thus

σ (x, t) ≥ min{
1 + (b − 1)φ̇(t)

t − φ(t)
,
1 − φ̇(t) + b

t − φ(t)
}. (A.24)

Choosing b ≥ max{1, c2} in (A.24), yields

σ (x, t) ≥
β∗

D
, (A.25)

with β∗
= min {1 + (b − 1)c1, 1 − c2 + b} > 0 , and thus

plugging (A.23) and (A.25) into (A.20) leads to

V̇1(t) ≤ −
c1
D

|w̃(0, t)|2 −
β∗

D

∫ 1

0
ebx|w̃(x, t)|2 dx. (A.26)

Now, let us look at the Lyapunov function

V2(t) = Z̃(t)TW1(φ(t))Z̃(t), (A.27)

whose derivative along the trajectories of (A.15) can be bounded,
using Young’s inequality, by

V̇2(t) = φ̇(t)Z̃T (W1(φ)F1(φ) + F T
1 (φ)W1(φ)

+ Ẇ1(φ)
)
Z̃ + 2φ̇(t)Z̃TW1(φ)L(φ)C(φ)w̃(0, t)

≤ −c1q1|Z̃ |
2
+ 2c2τ1|Z̃ ||w̃(0, t)|

≤ −
c1q1
2

|Z̃ |
2
+

2c22τ
2
1

c1q1
|w̃(0, t)|2, ∀t ≥ t0, (A.28)

where τ1 = ∥W1(t)L(t)C(t)∥∞, Assumptions 1–2 were used and
q1 > 0 is defined such that Q (t) ≥ q1I, ∀t ≥ φ(t0). Let us choose
now

V0(t) =
2Dc22τ

2
1

c21q1
V1(t) + V2(t), (A.29)

whose derivative can be bounded using (A.26) and (A.28) by

V̇0(t) ≤ −
c1q1
2

|Z̃ |
2
−

2β∗c22τ
2
1

c21q1

∫ 1

0
ebx|w̃(x, t)|2 dx, (A.30)

for all t ≥ t0. From (A.29)–(A.30), one has that V̇0(t) ≤ −µV0(t),
∀t ≥ t0 and thus, by the comparison principle,

V0(t) ≤ e−µ(t−t0)V0(t0), (A.31)

where µ = min
{

c1q1
2w2

,
β∗

D

}
, and w1, w2 > 0 are defined such that

w1I ≤ W1(t) ≤ w2I . Let us denote Ξ (t) = |Z̃(t)|
2
+

∫ 1
0 w̃

2(x, t) dx.
The following relation holds:

ψ1Ξ (t) ≤ V0(t) ≤ ψ2Ξ (t), (A.32)

where

ψ1 = min{w1,
2Dc22τ

2
1

c21q1
},

ψ2 = max{w2,
2Dc22τ

2
1 e

b

c21q1
}.
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Therefore, using (A.31) and (A.32) yields

Ξ (t) ≤
ψ2

ψ1
e−µ(t−t0)Ξ (t0), ∀t ≥ t0. (A.33)

Let us denote Υ (t) = |X(t)|2 +
∫ 1
0 ũ(x, t) dx and write the inverse

of (A.13)–(A.14) as

X̃(t) = Φ(t, φ(t))Z̃(t), (A.34)

ũ(x, t) = w̃(x, t) + C(ϕ(x, t))Φ(ϕ(x, t), φ(t))Z̃(t). (A.35)

From (A.13)–(A.14) and (A.34)–(A.35), one can show that there
exist ρ1, ρ2 > 0 such that

ρ1Υ (t) ≤ Ξ (t) ≤ ρ2Υ (t), (A.36)

and thus the exponential stability estimate

Υ (t) ≤
ρ2

ρ1

ψ2

ψ1
e−µ(t−t0)Υ (t0), ∀t ≥ t0,

follows from (A.33) and (A.36), which completes the proof. □
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