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1. Introduction

The control problem of systems with actuator delays is chal-
lenging, especially when plant models are uncertain [1]. To clearly
describe the paper organization and the contribution relative to
previous literature, the different combinations of four types of
uncertainties considered in references and later sections of the
present paper are summarized in Table 1.

Notation: For a function x(x, t), k : [0, 1] x RT — R, ||k(x, t)|| =

fo (x, t)2dx)!/2.
2. Model depiction and uncertainty outline

Consider a general class of LTI systems with distinct multi-input
time-delay as follows,

X(t) 0)X(t) +Zb

Y(t) = CX(t) (2)

Wi(t — D) (1)
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where X(t) € R" is the state vector of ODE, and Uj(t) € R is
the ith scalar control input with a constant delay D; € R™* for
i € {1,...,m}. Without loss of generality, the length sequence
satisfies0 < Dy < D; < --- < Dy Y(t) € R?is the output
vector. # € RP is a constant parameter vector consisting of plant
parameters and control coefficients. A(6) € R™", b;(f) € R", and
C € R?*" are the system matrix, the input matrix and the output
matrix, respectively. A(8) and b;(0) are linearly parameterized such
that,

p
AB) = Ao+ Onn. bi(0
h=1

Our objective is to stabilize the potentially unstable LTI sys-
tems (1). The following assumption about (1) is supposed to hold
throughout the whole paper.

P
)= bio+ Y _ Onbin (3)

Assumption 1. The pair (A(9), B(6)) is stabilizable with matrix
B(#) = (b1(6), ba(6), ..., bm(#)) € R™™. Namely, there exists
a matrix K(0) = (k[(6), k3(6), ...,kT(G))T e R™" in which

ki) € R fori € {1,...,m} to let :\1(9) + B(A)K(0) = A(O) +

> bi(0)ki(6) be Hurwitz, such that
(A+ BK)T(0)P(8) + P(O)A + BK)(6) = —Q(9) (4)
with P(8) = P(8)T > 0and Q(6) = Q(6)T > O.

The control design is to realize the exact predictor-feedback
below, fori € {1, ..., m},

Ui(t — Dy) = ki(0)X(t), i.e., U(t) = ki(6)X(t + D;) (5)
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Table 1
Uncertainty combinations of LTI systems with multi-input delays.
Delays D; Parameter 6 ODE X(t) PDE u;(x, t)

[2] known known known known
[3] unknown known known unknown
[4] unknown known unknown known
[4] unknown unknown known known
[4], Section 3 unknown known known known
Section 4 unknown known unknown unknown
Section 5 unknown unknown known unknown

To deal with the delayed input, a transport PDE is brought in as
follows,
ui(x, t) = Ui(t + Di(x — 1)), x € [0, 1] (6)

Thus the ODE (1)-(2) is converted to the following ODE-PDE
cascade,

m

X(t) = AOX(t) + ) bilO)ui(0, t) (7)

i=1
Y(t) = CX(t) ®)
D;oeui(x, t) = oeui(x,t), x € [0,1] 9)
u(1,t) = Uy(t), ief{l,...,m} (10)

For the ODE-PDE cascade (7)-(10) representing LTI systems with
multi-actuator delay (1)-(2), four types of basic uncertainties are
outlined by Table 1 in Introduction. As described in the last three
rows of Table 1, in Sections 3-5, we deal with adaptive stabilization
for delay uncertainty (D;), and a couple of uncertainty combina-
tions (D;, u;(x, t), X(t)) and (D;, u;(x, t), 0), respectively.

3. Global stabilization under unknown delay by PDE full-state
feedback

In this section, as shown in Table 1, we deal with adaptive global
stabilization for unknown delay.

Assumption 2. Distinct and unknown multi-input delays satisfy
0<D, <Dy <Dy, <D;<D,3<D3<Dy, <

E5111§D<D1H—1— '<Dm 1m§Dm§5m (11)

where D, ;; > 0,D;;,, > Ofori € {1,2,...,m},withDy,; = D,
Dy, mi1 = Dm are known constants, representing lower and upper

bounds of D;, respectively.

As the parameter vector 6 in (1) and (7) is assumed to be known
in this section (see Table 1), for sake of brevity, we denote

A=A0), Dbi=Dbi0), ki =k(0) (12)
Thus (7)-(10) are rewritten briefly as

£)+ Y bui(0, t) (13)

Y(t) = CX(t) (14)

Dioru(x, t) = oyui(x, t), x € [0, 1] (15)

u(1,t) = U(t), ief{l,...,m} (16)

The estimate ﬁi(g) is brought in for the unknown D; with the
estimation error D;(t) = D; — D;(t). Referring to [2], by certainty-
equivalence principle, the invertible backstepping transformation
(X(£), ui(x, 1)) < (X(t), wi(x, 1)) in the delay-adaptive scheme is
presented as follows,

wi(x, t) = ui(x, t) — k@ (Dix, DY, 0)X(t)

j(Dix.Dy)

—Z / k;®

ui(x, t) = wi(x, t) + kie™mPX ()

(Dix, D}, Dy)bju;(y, t)dy (17)

mo. j(Dix.Dj) A
+Y D /0 kie’mPx =DV (y, t)dy (18)
j=1
where forj e {1,2,...,m},
D D;
—x, x€[0,2
. D; D,
¢i(Dix, Dj) = (19)

D D
1, =xe|=2, =22
D" D

andfor 2=t <y <Dy <D jicq1,2,.. mhvell,2... i
bj bj bj

d’(f)iX, ﬁ;ﬂ f)jy) — eAv—l(bixfbjy), (20)
ﬁv;l Dl/ ﬁl*l Q ]
for e =X = & 5 <y = 5 € {1,2,...,m},
v,le{1,2,...,i},I <, Df = (Dy=1,Dy—2, ..., D11, D),
@(Dix, ﬁ;)’ ﬁjy) — pAv—1Dix=Dy_1) pAy—2(Dy—1-Dy—2)
. . D1 -D1) A1 (D1=Dy) (21)
and specifically for (21),ifl=v — 1,
®(Dix, DY, Dy) = M—1Dix=Dy_1) Au—2(Dy—1-Djy) (22)
with
Apg =A,
f)o =0, Ai=Ai_1+bk;, ie{l,...,m} (23)
m
An=A+BK =A+)_bik;
i=1
Subsequently, by substituting x = 1 into (17) to meet stable
boundary condition w;(1,t) = 0 of closed-loop systems, the
prediction-based PDE boundary feedback law in the delay-adaptive
scheme has the expression as follows, fori € {1, ..., m},
Ui(t) = wi(1, t) = ki®(D;, Dy, 0)X(t)
mo. #;(D;.Dj) A A
+>.D / ki@ (Di, D}, Dyy)bjui(y. t)dy (24)
=1 70

By (17)-(18) and (24), through a lengthy and sophisticated calcu-
lation, the ODE-PDE cascade (13)-(16) could be converted into the
following closed-loop system,

X(t) = (A+ BK)X(t) + Zb,-w,-(o, t) (25)
m D s
D;iorwi(x, t) = dwi(x, t) Z E wDin(X, t) — Diqi(x, t, D),
h=1
x €0, 1] (26)
wi(1,t) =0, ie{l,...,m} (27)

where pi(x, t) and qi(x,t,f)) are shown as (A.1) and (B.3) in
Tables A.1-B.1 of Appendix, respectively.

Dependent upon (26), the delay-adaptive update law is de-
signed to eliminate terms containing the estimation error D; in the
Lyapunov-based stability analysis. It has the form as follows, for
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ief{l,...,m},
Di(t) = yoProjip, 5,y ®i(0): Di0) € Dy Dypyls  (28)
s Sy Jo (14 X t)Phi(X t)d 09)
D; = -

T+ X(ETPX() +g Y, [1(1 X, tYdx

where yp > 0 and g > 0 are designing coefficients, P = P(0) is
defined by (4), PrOJ[DI .y +1]( ) is a standard projection operator
defined on the interval [D;_ ;, D;;,,]. It is used here to guarantee

the length sequence of delay estimates such that 0 < ﬁl < f)z <
- < Dp, and keep the denominator in (19) away from zero.

Theorem 1 ([4]). Consider the closed-loop system consisting of the
ODE-PDE cascade (13)-(16), the backstepping transformation (17)-
(18), the PDE boundary control (24) and the delay-adaptive up-
date law (28)-(29). All signals of the closed-loop system are globally
bounded and the regulation is achieved, i.e., lim,_, o, X(t) = 0.

Proof.

V(t) = <h1:"711 Dh) log Vo(t Z

where V(t) is the denominator of (29) such that

m B2
IT Dy | Di(t) (30)
ok

m 1
Vo(t):1+X(t)TPX(t)~|—gZ/ (14 x)wi(x, t)*dx (31)
i=1 V0

It is not difficult to establish the non-positivity of V. Then Theo-
rem 1 is proved. Due to page limitation, we do not elaborate on
this.

4. Local stabilization under unknown delay and unmeasured
ODE state by PDE output feedback

In this section, as shown in Table 1, we consider a more compli-
cated case of uncertainty combination (D;, X(t), ui(x, t)).

To solve the technical difficulty of the unmeasurable PDE state
u;(x, t), we introduce the PDE observer by using the delay estimate
such that, fori e {1,2,...,m},

fi(x, t) = Uj(t + Di(t)(x — 1)),

with the observer error being defined as

x€[0,1] (32)

i(x, t) = uix, t) — (x, 1),

Ui(t + Di(x — 1)) —

x €[0,1] (33)
Uit + Di(t)(x — 1)) (34)

To deal with the unmeasurable ODE state X(t), bearing the
abbreviation (12) in mind, an additional assumption is required as
follows.

Assumption 3. The pair (A, C) in (13)-(14)is detectable, i.e., there
exists a matrix L € R™*9 to make A — LC Hurwitz such that

(A—LC)P, +P(A—LC)=—Q (35)
withPl =P, > 0and Qf = Q. > 0.
Under Assumption 3, the ODE observer is selected as,

X(t) = AR@)+ 3 b0, £) + L(Y(t) — CR(1)) (36)
i=1

where X(t) is an estimate of the unmeasurable X(t), with the
observer error being defined as

X(t) = X(t) — X(t) (37)

With the PDE observer (32) and the ODE observer (36), the

ODE-PDE cascade (13)-(16) are transformed into

X(t) = AR(0)+ Y bil(0, £) + LCX(t) (38)
i=1

X(t) = (A— LOX +Zbu0t (39)

Didhii(x, £) = Ahdi(x, £) — ﬁ.iaxai(x, )
—DiDy(x - 1)51axﬁf<x, 0 (40)
T(1,t) = 0 (41)
Didelii(x, t) = dylli(x, t) + Di(x — 1), lki(x, t) (42)
(1, t) = Uy(t) (43)

By taking place of X(t) and u;(x, t) with )A((t) and il;(x, t)in (17)-
(18) and (24), the backstepping transformation and the boundary
feedback law in Section 4 are designed as follows,

Wilx, t) = fi(x, t) — ki@ (Dix, DY, 0)X(¢)
m_o oDy Y
ZD / ki@ (Dix, D}, Dyy)bsii(y, t)dy (44)

fi(x, t) — Wi(x, £) + ke ™D ()
+ ZDJ /

where ¢j(D,-x, Dj) and @(ﬁix, ﬁ;’ ﬁjy) are exactly identical with
(19)-(22), and

Ui(t) = (1, t) = k;®(D;, DY, 0)X(t)

,x Dj

k;e/'mDix— Dlyb i(y, t)dy (45)

obiby
+ ZDJ/ ki®(D;, Dy, Diy)bjt(y, t)dy (46)

is chosen to meet boundary condition w;(1, t) = 0 of the closed-
loop systems. Furthermore, the delay-adaptive law is designed
below, fori € {1,2,...,m},

A

Di(t )—yDProJ[DI D@0, D0 €Dy Dl,  (47)
mO=-3 / (1 4+ 0, Opu(, Odx (48)
h=1 "0

where pyi(x, t) is given in (A.2) of Appendix A.
Employing (32), (36), (44)-(46), the system (38)-(43) are trans-
formed into the closed-loop system such that

X(t) = (A + BK)R +wa0t)+LCX() (49)
i=1
X(t) = (A—LOX(D)+ Y bili(0, t) (50)
i=1
D;d,fii(x, t) = ddi(x. t) — Difi(x. t)
—DiDi(x — 1)f(x, £) (51)

i(1,¢) = 0 (52)
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Didii(x, t) = dyii(x, t) — Digi(x, t, D)
— Diki®(Dix, DY, 0)LCX(t) (53)
wi(1,t) =0 (54)
Didh Wi(x, t) = dui(x, t) — Didydi(x, t, D)
— Dikid, @ (Dix, D}, 0)LCX(t) (55)
di(1, t) = Digi(1, t, D) + Dik®(Dy, DY, 0)LCX(t) (56)

where fi(x, t)and gi(x, t, ﬁ) are shownas (B.1)and (B.4)in Table B.1
of Appendix B, respectively.

Theorem 2. Consider the closed-loop system consisting of the ODE-
PDE cascade (13)-(16), the PDE and ODE state observer (32) and
(36), the invertible backstepping transformation (44)-(45), the PDE
boundary control (46) and the delay-adaptive update law (47)-(48),
and under the initial condition

X2+ RO + Y (Ilutx, O + lu(x, 0]

i=1

+13xi(x, 01 + |15f(0)|2) =M, M*>0 (57)

All the signals of the closed-loop system are bounded and the regula-
tion is achieved, i.e., lim;_, ., X(t) = 0.

Proof. We build a Lyapunov candidate encompassing all states of
the closed-loop system (49)-(56),

V(t) = X(t)"PX(t) + X(t)" PX(t)

m 1
+8. ) D; / (1+
i=1 0

m 1
g, Zf)i(t) (/ (1+ X)Wi(x, t)2dx

1 m
+/ (1 + x)(0xi(x, t)) dx) Z% (58)
0 :

where g, > 0 and g, > 0. It is not hard to show the non-
positive property of V(t) by the initial condition (57). Due to space
limitation, we do not go into details.

X)ii(x, t)2dx

5. Local stabilization under unknown delay and unknown pa-
rameter by PDE output feedback

In this section, as shown in Table 1, we further consider another
case of uncertainty combination (Dj, 6, u;(x, t)).

Assumption 4. The unknown parameter vector satisfies
6 = {0 e R?|2(0) < 0} (59)

where 2(-) : RP> — R is a known, convex and smooth function, ®
is a convex set with a smooth boundary 06.

As shown in Table 1, since the parameter vector 6 is unknown,
we do not employ the abbreviation (12) and focus on the system

(7)-(10). By certainty-equivalence principle, we use the parameter
estimate 6(t) to identify the unknown 6 with the estimation error

6(t) = 6 — H(t). Recalling (3), we have

p
AB)=Ao+ Y OnAn, bi(f) = b,o+Zeh i (60)
h=1

P
AD) = Z OnAn,

h=1

p
bi(0) =) Gubin (61)
h=1

Replacing 6 and uj(x, t) in (17)=(18) by A(t) and fi;(x, t), the
backstepping transformation have the forms below,

Wi(x, t) = fi(x, t) — k(@) (Dix, D}, 0, H)X(t)
m_ j(Dix.D;) R ) A

_ZDJ/ ki(0)@(Dix, D}, Djy, )bi(0)i;(y, t)dy  (62)
=1 70

= Wi(x, t) + ki(0)erm® D"X()

m R q)j(D,-x.Dj) (Dx 5 P
+) D /0 ki(0)e"mOXPx=DiVp, (B )i (y, t)dy (63)
j=1

ﬂi(X, t)

where forj € {1,2,...,m}, qb;(f),—x, f),-) is exactly identical with

( 9), while for 2= < y < Lix < %, i,j e {1,2,...,m},
J

< = 5X =
{1 2 } J gl
tb(f)ix, Dy, ﬁjy, f) = M1 OX0x=Dy) (64)
% 157,, bl—l g i 9
for s x =3 5 <y = ﬁj.l,J € {1,2,...,m}v,l €
{1, 2, ey l},l < U,D;} = (D — vaz, . D]+1,Dl),
d)(ﬁix’ ﬁ]l],b]y’é) — (.’A ( )(sz Dv 1)eAv 2( (Dv l_DL 2)
. . @MONDi1 D) A1 (O)D~Dyy) (65)
and specifically for (65), if| = v — 1,
KI)(DX Dl,Djy, — M- 1(0)(Dix—Dy,— ey —2(0)Dy—1-Djy) (66)
with
A@) =40,
N Ai(0) = Ai_1(0) + bi(0)ki(0), 1 € {l 2,...,m}

De=0. " ‘ (67)

+Zb Yki(&

Subsequently, fori = 1, 2, ..., m, by substituting x = 1 into (62)
to meet boundary condition w;(1, t) = 0, the prediction-based PDE
boundary feedback law has the expression below

Ui(t) = (1, t) = ki(@)@(Dy, DY, 0, B)X(t)

m ¢,(D,DJ> e
ZD [7 bred. by by @i oy (68)

Then the ODE-PDE cascade (7)-(10
following closed-loop system,

) could be converted into the

X(t) = (A + BK)(® Wi(0, t)

+Zb
p

Z (AhX t)—i—Zb,hu(O t))

h=1 i=1

Z (69)
(li(X,

t)— Di_fi(x,)
b. i(x — 1fi(x, £) (70)

Didetii(x, t) =
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Table A.1
PDE terms in delay update laws.
Dix.bj)
Pin(%, £) = KiPoy,c 70X (€) + ki (Dix, DY, 0bwun(0, 0) + 31,4 Ry T by oy b DY
+ X pjkib; u(¢i(Dix, By), ) (A1)
_ -pj(Dix,D;) ~
Din(x, t) = kqu;([),X,[); 0) X(t) + ki@ (Dix, DY, 0)bytin(0, £) + pl by [ 2 kiP¢(5ix.5;g5}y)bjuj(y, t)dy
+ 20 pikibil(@y(Dix, D)), £) (A2)
= PN ~ v $i(Dix.Dy) A
pin(x, t) = k,’(@)P(b(ﬁix_ﬁ;‘vo_é)X(t)+k,‘(@) (Dix, Dy, 0, 0)by(0)iin(0, O+ 0 D [y i k(Q)PQ)(f,I_Xm ) b(e)uj(y, )dy
+ Z}L oiki(0)b(0)0i(di(Dix, Dy), t) (A3)
where
1, if h_1¢j(D1x D] ‘xt;éj
pj=10, if h#ij or ¢,(Dlx, D) = ;jx, i=j, or ¢(DxD)=1 (A4)
—1 i h=j,¢y(bix, D) = Zxi £
WOy L KU
P¢(ﬁix.5“,0) = Y XAU qu(b,xﬁ".oﬁ) = - |~U 3 (A5)
i 200xB0) £i, I 200x.51.00) £i
aDy, aDp,
and Pq)(f)iva,vﬁj}’) in (A.1)-(A.2) has the exactly same structure as Py, s, by Byy.d) in (A.3) by taking place of 0 with 6, while Py, by Byy.0) has the form corresponding to

@(Dix, DY, Dy, 0) of (64)-(66) such that
o For ®(Dix, DY, Dyy, 0) of (64)

a0 (Dix. D} .Djy.0)

ii(f’ix) 5 h= 1 h 7£J
a¢(ﬁ,x,l?f,bjyﬁ) —0. hii
Pob by byv.d) = by e "’ ] (A6)
0, h=i=j

9 (Dix. D} Djy.0)
a(bjy)

oForcp(Dx D,”, }y, )of(65) (66)

, h=jh#i

_1(B)er-1 @D Py, 9)e~ A0y 4 Mu—](é)bix%ime_'q!—l(é)bjy’ h=ih+#j

o100 TOL.0) by i
eAv-1(0)D;i B¢ v o h#i,j
P by By = | Apr (B)e—1 @D (DY §)e=AM-1 @By 4 emm@)m%ime—mq(emjy (A7)
+eh 1 OD Dy, e M1 @B (A (B), h=i=j

v (DY) Py A A A an R . .
1D = e At OB A OO P (DY, §)e MO (—AL1(0)), =], h #i
with I (ﬁ,”, @) coming from (65)-(66) such that

& (Dix, DY, Dy, ) = - 16XDix=Dy—1) pAy—2(XDy—1-Dy2) . . . pAIOND141—Dp) Al l(é)(ﬁ,—ﬁ,-y)
— efh1(d ( e~ Au-1®Dy_1 oAy 2@XDy—1-Du_2) . . . oM@ Dr1~Dr) pAI-1(8 1) e A1y

- eAuq(@)bx‘Xp(D’v’ é)e*AH(G)DJy (A8)

and speciﬁcally, ifl=v— ]
t;b(Dx Dz R D]y, 9) — M- 1@XDix=Dy—1) gAv—2(0XDy—1-D;y)

— oMt ( e—Au 10,1 Ay (01D, 1> e~ A2y
= eh1l0 Dpr(D’v‘ )e~Pu—2(0Dyy (A9)
i(1,6) = 0 , (71) dii(1,t) = Digi(1, ¢, D)
Didrwi(x, t) = dywilx, t) — Didi(x, t, D)

Ms

+ Diki(6)®(Dy, D}, 0,0) Y " b(6)ii;(0, t)

.
Il
-

m
— Diki(§)®(Dix, D}, 0,0) ) " b(0)i(0, )
j=1

p JJ
' P +D0 Y Ga(1 0+ DY iSa(1. 1) (75)
—Di ) OaTilx, £) = Di Y BuSin(x. 1) (72) h=1 h=1
h=1 h=1 _ B s o :
wi(1,t) =0, (73) where fip(x, t), gi(x, t, D), Tin(x, t), Sin(x, t) are shown as (B.2), (B.5),
Didy Wi, t) = dpii(x, t) — D;dxqi(x, t, D) (B.9) and (B.10) of B.1 in Appendix B, respectively.
R The delay-parameter-adaptive update laws are selected to as
— Diki(6)3,®(Dix, D}, 0, 6) Zb )ii;(0, t) follows,
j=1
A P ~ = A p A = .
—D; Zehaxfih(& t) =D 29h3x§ih(><, t) (74) i1=L2..m,
h=1 h=1 Di(t) = VDPrOJ[D] Li LHl]TDi(t), D;(0) € [Q,‘_Lp Qi,i+1]’ (76)



6 Y. Zhu, M. Krstic and H. Su / Systems & Control Letters 123 (2019) 1-7

Table B.1
PDE terms in closed-loop systems.
fitx, t)_ L 8 oL (X, t)— L3i(x, t) + kiAn e“‘"'Df"X(t)+ Z 1D, X¢J(Dx Dj)k bjwj(qbl(Dx DJ) t)

+Z~- b; f“’l“"* D) A O3B oy, £)dy (B.1)

ﬁ(x )= L Bxu (xt)= L wal(x t) + ki(6) m(Q)EAm(")D*"X(t )+ = ZJ 1DJB,<¢>](D,X D])k (G)bj(G)w](tp](DX D,) t)

+Z} 1D f¢](D1XD]) 9)A (e)ef\m YDix— Diy)b(é)wj(y, t)dy (B.2)
do(Dix.DY,0) Dix,D;) do(Dix.DY D,
qix.t.D) =k Y, %DX )+ Dy [ (D’qﬁ(Dx by Djy)+zh+hff” )buj(y t)dy
£, ej%f’@xkibjuj(@(nix, D). 1) (B3)
G, £, D) = Dy U520, (x, ) + ki (Dox, By, 0) 7L, Dby 0. )+ ki o) DRI + X1, 5(D: = Dby (2. )
(Dix,By) Al A

+ o Dy e KiQu oy by oy (DI )y (B.4)
éi(x,t,ﬁ):ﬁi(lf;")axﬁ)i(x, £)+ k(@) (Dix, DY, 0.8) Y1 | Dyby(B)i(0. t)+ki(é)QQ,(bix.f,;:vov@)(b)X(f)
A A Dix,Di) A A Ala

o+ X7 501 = D@y (3. €) + S By 57 kB Qe by DD, Dy (B5)

1, ¢(Dix, D) =2
where ¢; = ¢)(Al A})
0, ¢(Dix, D) = 1.
has the form correspondmg to <1§(Dx D,”, jy, )of(64) (66)
o For ®(D;x, D",D)y, ) of (64)

Av_1(B)Ds — Dyyer1®

D;
~X A A N A
Dj In addition, Q(D(f)l_xyf);y’ﬁjy)(D) and %(bivai,,ﬁjy_g,)(D) have the same structure with the only difference on 6 and 6, Qo(f,,x’ﬁ:vvf)jyyé)(D)

Qu(pix, BY.Byy.6) (D) XBpx—y) (B.6)
oFortb(Dx D",D}y, )0f(65)
Qq>(f>,-x,f>;’,bjy,9)(D) A, 1(9)([, Dx 1)8Al 1(0)Dix—Dy_1 eAl 2(0)Dy—1-Dy—2) . . . pAONDrs1—Dp) A1 (6XD1—Dyy)

+ Ao-1OXDx—Dy_1) (9)(91 1 — Dy_p)etv—2® O)Dy—1-Dy-2) . . . pAIBNDir1—Dr) A1—1 (O)DI-Djy)

+

+ M- 1@Dx=Dy—1) pAy—2(OXDy—1-Dy-2) A,(g)(D,H f),)em 0)Dr1—D1) A1 (B)D1-Dyy)

+ Ao 1OXBR—Do ) 20D 1-Du2) . AONDL DDA GXD-B)A, (@)D, — Dy) (B7)
e For q)(f),-x, f)f ﬁjy, é) 0f(66)
Qb by (D) = -t POxDe 0 (A 1 @YDy = Dy 1) + A2 (YD, 1—D)) ¢u-20XDo-1-0y) (BS)
Fn(x. t) = ki(0)d(Dix, DY 0. 8) (AnX(6) + Y4 bindl(0, £)) (B.9)
Sulx, 1) = 2 Yo (Dix, by 0. DIX(E) + k() L2010 y D’*;' 2D x(t) +Z;"1ﬁj j’f(f"'x'f’”( Jop(Dix, DY, Dy, 6)by(6)

+ki (e)wb(9)+k(9)¢(nx by. By, )2 )aj(y, t)dy (B.10)

Tp,(t) = Z/ (1 + x)in(x, £)Pri(x, t)dx (77)
i=1,2,...,p,

U0 = nProjo(©), HO) €O, i >0 (78)

7,(t) = 2X() P(O)(AX(t th,uh (0,1))/8w

h=1

mooa
- Z/ (14 %) (Wn(x, OFpi(X, £) + dxtn(x, 0)oxni(x, t))dx (79)

where pi(x, t) is given in (A.3) of Appendix A.

Theorem 3. Consider the closed-loop system consisting of the ODE-
PDE cascade (7)-(10), the invertible backstepping transformation
(62)-(63), the PDE boundary control (68) and the delay-parameter-
adaptive update laws (76)-(79), and under the initial condition

X2 + 1B + Y (I, O + cx. )]

i=1
i, 07 + DOJ) < M*, M* >0 (80)

All the signals of the closed-loop system are bounded and the regula-
tion is achieved, i.e., lim;_, o, X(t) = 0.

Proof. We build a Lyapunov candidate encompassing all states of
the closed-loop system (69)-(75),

m 1
V(t) :X(t)TP(é)X(t)+guZDi/ (14 x)ii(x, £)*dx
i=1 Y0
m 1
+8u Zbi(t) (/ (1+ x)ii(x, t)*dx
i—1 0

1 m
+ [ ofa) + 3 Jpie?
0 i=1

v 6ee)ya(e) 81)
Yo

N

Itis not hard to show the non-positive property of V(t) by the initial
condition (80). Due to space limitation, we do not elaborate on this
proof.
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6. Conclusion Appendix B

In this paper, we propose a couple of adaptive predictor- See Table B.1.
feedback controllers for multi-input LTI time-delay systems un-
der a collection of classic uncertainties. By utilizing PDE output  References
feedback and satisfying some initial conditions, the negative effect
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LTI systems with distinct input delays, Automatica 71 (2016) 143-150.
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