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1. Introduction

The control problem of systems with actuator delays is chal-
lenging, especially when plant models are uncertain [1]. To clearly
describe the paper organization and the contribution relative to
previous literature, the different combinations of four types of
uncertainties considered in references and later sections of the
present paper are summarized in Table 1.

Notation: For a function κ(x, t), κ : [0, 1] × R+
→ R, ∥κ(x, t)∥ =

(
∫ 1
0 κ(x, t)2dx)1/2.

2. Model depiction and uncertainty outline

Consider a general class of LTI systemswith distinctmulti-input
time-delay as follows,

Ẋ(t) = A(θ )X(t) +

m∑
i=1

bi(θ )Ui(t − Di) (1)

Y (t) = CX(t) (2)
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where X(t) ∈ Rn is the state vector of ODE, and Ui(t) ∈ R is
the ith scalar control input with a constant delay Di ∈ R+ for
i ∈ {1, . . . ,m}. Without loss of generality, the length sequence
satisfies 0 < D1 ≤ D2 ≤ · · · ≤ Dm. Y (t) ∈ Rq is the output
vector. θ ∈ Rp is a constant parameter vector consisting of plant
parameters and control coefficients. A(θ ) ∈ Rn×n, bi(θ ) ∈ Rn, and
C ∈ Rq×n are the system matrix, the input matrix and the output
matrix, respectively. A(θ ) and bi(θ ) are linearly parameterized such
that,

A(θ ) = A0 +

p∑
h=1

θhAh, bi(θ ) = bi0 +

p∑
h=1

θhbih (3)

Our objective is to stabilize the potentially unstable LTI sys-
tems (1). The following assumption about (1) is supposed to hold
throughout the whole paper.

Assumption 1. The pair
(
A(θ ), B(θ )

)
is stabilizable with matrix

B(θ ) =
(
b1(θ ), b2(θ ), . . . , bm(θ )

)
∈ Rn×m. Namely, there exists

a matrix K (θ ) =
(
kT1(θ ), k

T
2(θ ), . . . , k

T
m(θ )

)T
∈ Rm×n in which

ki(θ ) ∈ R1×n for i ∈ {1, . . . ,m} to let A(θ ) + B(θ )K (θ ) = A(θ ) +∑m
i=1 bi(θ )ki(θ ) be Hurwitz, such that

(A + BK )T (θ )P(θ ) + P(θ )(A + BK )(θ ) = −Q (θ ) (4)

with P(θ ) = P(θ )T > 0 and Q (θ ) = Q (θ )T > 0.

The control design is to realize the exact predictor-feedback
below, for i ∈ {1, . . . ,m},

Ui(t − Di) = ki(θ )X(t), i.e.,Ui(t) = ki(θ )X(t + Di) (5)
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Table 1
Uncertainty combinations of LTI systems with multi-input delays.

Delays Di Parameter θ ODE X(t) PDE ui(x, t)

[2] known known known known
[3] unknown known known unknown
[4] unknown known unknown known
[4] unknown unknown known known
[4], Section 3 unknown known known known
Section 4 unknown known unknown unknown
Section 5 unknown unknown known unknown

To deal with the delayed input, a transport PDE is brought in as
follows,

ui(x, t) = Ui(t + Di(x − 1)), x ∈ [0, 1] (6)

Thus the ODE (1)–(2) is converted to the following ODE–PDE
cascade,

Ẋ(t) = A(θ )X(t) +

m∑
i=1

bi(θ )ui(0, t) (7)

Y (t) = CX(t) (8)
Di∂tui(x, t) = ∂xui(x, t), x ∈ [0, 1] (9)

ui(1, t) = Ui(t), i ∈ {1, . . . ,m} (10)

For the ODE–PDE cascade (7)–(10) representing LTI systems with
multi-actuator delay (1)–(2), four types of basic uncertainties are
outlined by Table 1 in Introduction. As described in the last three
rows of Table 1, in Sections 3–5,we dealwith adaptive stabilization
for delay uncertainty (Di), and a couple of uncertainty combina-
tions (Di, ui(x, t), X(t)) and (Di, ui(x, t), θ ), respectively.

3. Global stabilization under unknown delay by PDE full-state
feedback

In this section, as shown in Table 1,we dealwith adaptive global
stabilization for unknown delay.

Assumption 2. Distinct and unknown multi-input delays satisfy

0 < D1 ≤ D1 ≤ D1,2 ≤ D2 ≤ D2,3 ≤ D3 ≤ D3,4 ≤ · · ·

≤ Di−1,i ≤ Di ≤ Di,i+1 ≤ · · · ≤ Dm−1,m ≤ Dm ≤ Dm (11)

where Di−1,i > 0, Di,i+1 > 0 for i ∈ {1, 2, . . . ,m}, with D0,1 = D1,
Dm,m+1 = Dm are known constants, representing lower and upper
bounds of Di, respectively.

As the parameter vector θ in (1) and (7) is assumed to be known
in this section (see Table 1), for sake of brevity, we denote

A = A(θ ), bi = bi(θ ), ki = ki(θ ) (12)

Thus (7)–(10) are rewritten briefly as

Ẋ(t) = AX(t) +

m∑
i=1

biui(0, t) (13)

Y (t) = CX(t) (14)
Di∂tui(x, t) = ∂xui(x, t), x ∈ [0, 1] (15)

ui(1, t) = Ui(t), i ∈ {1, . . . ,m} (16)

The estimate D̂i(t) is brought in for the unknown Di with the
estimation error D̃i(t) = Di − D̂i(t). Referring to [2], by certainty-
equivalence principle, the invertible backstepping transformation(
X(t), ui(x, t)

)
↔

(
X(t), wi(x, t)

)
in the delay-adaptive scheme is

presented as follows,

wi(x, t) = ui(x, t) − kiΦ(D̂ix, D̂v
l , 0)X(t)

−

m∑
j=1

D̂j

∫ φj(D̂ix,D̂j)

0
kiΦ(D̂ix, D̂v

l , D̂jy)bjuj(y, t)dy (17)

ui(x, t) = wi(x, t) + kieAmD̂ixX(t)

+

m∑
j=1

D̂j

∫ φj(D̂ix,D̂j)

0
kieAm(D̂ix−D̂jy)bjwj(y, t)dy (18)

where for j ∈ {1, 2, . . . ,m},

φj(D̂ix, D̂j) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
D̂i

D̂j
x, x ∈

[
0,

D̂j

D̂i

]

1, x ∈

[
D̂j

D̂i
,
D̂m

D̂i

] (19)

and for D̂v−1
D̂j

≤ y ≤
D̂i
D̂j
x ≤

D̂v

D̂j
, i, j ∈ {1, 2, . . . ,m}, v ∈ {1, 2, . . . , i},

Φ(D̂ix, D̂v
l , D̂jy) = eAv−1(D̂ix−D̂jy), (20)

for D̂v−1
D̂i

≤ x ≤
D̂v

D̂i
, D̂l−1

D̂j
≤ y ≤

D̂l
D̂j
, i, j ∈ {1, 2, . . . ,m},

v, l ∈ {1, 2, . . . , i}, l < v, D̂v
l = (D̂v−1, D̂v−2, . . . , D̂l+1, D̂l),

Φ(D̂ix, D̂v
l , D̂jy) = eAv−1(D̂ix−D̂v−1)eAv−2(D̂v−1−D̂v−2)

· · · eAl(D̂l+1−D̂l)eAl−1(D̂l−D̂jy) (21)

and specifically for (21), if l = v − 1,

Φ(D̂ix, D̂v
l , D̂jy) = eAv−1(D̂ix−D̂v−1)eAv−2(D̂v−1−D̂jy) (22)

with

D̂0 = 0,

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
A0 = A,

Ai = Ai−1 + biki, i ∈ {1, . . . ,m}

Am = A + BK = A +

m∑
i=1

biki

(23)

Subsequently, by substituting x = 1 into (17) to meet stable
boundary condition wi(1, t) = 0 of closed-loop systems, the
prediction-basedPDEboundary feedback law in thedelay-adaptive
scheme has the expression as follows, for i ∈ {1, . . . ,m},

Ui(t) = ui(1, t) = kiΦ(D̂i, D̂v
l , 0)X(t)

+

m∑
j=1

D̂j

∫ φj(D̂i,D̂j)

0
kiΦ(D̂i, D̂v

l , D̂jy)bjuj(y, t)dy (24)

By (17)–(18) and (24), through a lengthy and sophisticated calcu-
lation, the ODE–PDE cascade (13)–(16) could be converted into the
following closed-loop system,

Ẋ(t) = (A + BK )X(t) +

m∑
i=1

biwi(0, t) (25)

Di∂twi(x, t) = ∂xwi(x, t) −

m∑
h=1

Di

Dh
D̃hpih(x, t) − Diqi(x, t,

˙̂D),

x ∈ [0, 1] (26)
wi(1, t) = 0, i ∈ {1, . . . ,m} (27)

where pih(x, t) and qi(x, t,
˙̂D) are shown as (A.1) and (B.3) in

Tables A.1–B.1 of Appendix, respectively.
Dependent upon (26), the delay-adaptive update law is de-

signed to eliminate terms containing the estimation error D̃i in the
Lyapunov-based stability analysis. It has the form as follows, for
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i ∈ {1, . . . ,m},

˙̂Di(t) = γDProj[Di−1,i,Di,i+1]
τDi (t), D̂i(0) ∈ [Di−1,i,Di,i+1], (28)

τDi (t) = −

∑m
h=1

∫ 1
0 (1 + x)wh(x, t)phi(x, t)dx

1 + X(t)TPX(t) + g
∑m

i=1

∫ 1
0 (1 + x)wi(x, t)2dx

(29)

where γD > 0 and g > 0 are designing coefficients, P = P(θ ) is
defined by (4), Proj

[Di−1,i,Di,i+1]
(·) is a standard projection operator

defined on the interval [Di−1,i,Di,i+1]. It is used here to guarantee
the length sequence of delay estimates such that 0 < D̂1 ≤ D̂2 ≤

· · · ≤ D̂m, and keep the denominator in (19) away from zero.

Theorem 1 ([4]). Consider the closed-loop system consisting of the
ODE–PDE cascade (13)–(16), the backstepping transformation (17)–
(18), the PDE boundary control (24) and the delay-adaptive up-
date law (28)–(29). All signals of the closed-loop system are globally
bounded and the regulation is achieved, i.e., limt→∞ X(t) = 0.

Proof.

V (t) =

(
m
Π
h=1

Dh

)
log V0(t) +

g
γD

m∑
i=1

⎛⎝⎛⎝ m
Π
h=1
h̸=i

Dh

⎞⎠ D̃i(t)2

⎞⎠ (30)

where V0(t) is the denominator of (29) such that

V0(t) = 1 + X(t)TPX(t) + g
m∑
i=1

∫ 1

0
(1 + x)wi(x, t)2dx (31)

It is not difficult to establish the non-positivity of V̇ . Then Theo-
rem 1 is proved. Due to page limitation, we do not elaborate on
this.

4. Local stabilization under unknown delay and unmeasured
ODE state by PDE output feedback

In this section, as shown in Table 1, we consider a more compli-
cated case of uncertainty combination

(
Di, X(t), ui(x, t)

)
.

To solve the technical difficulty of the unmeasurable PDE state
ui(x, t), we introduce the PDE observer by using the delay estimate
such that, for i ∈ {1, 2, . . . ,m},

ûi(x, t) = Ui(t + D̂i(t)(x − 1)), x ∈ [0, 1] (32)

with the observer error being defined as

ũi(x, t) = ui(x, t) − ûi(x, t), x ∈ [0, 1] (33)
= Ui(t + Di(x − 1)) − Ui(t + D̂i(t)(x − 1)) (34)

To deal with the unmeasurable ODE state X(t), bearing the
abbreviation (12) in mind, an additional assumption is required as
follows.

Assumption 3. The pair
(
A, C

)
in (13)–(14) is detectable, i.e., there

exists a matrix L ∈ Rn×q to make A − LC Hurwitz such that

(A − LC)TPL + PL(A − LC) = −QL (35)

with PT
L = PL > 0 and Q T

L = QL > 0.

Under Assumption 3, the ODE observer is selected as,

˙̂X(t) = AX̂(t) +

m∑
i=1

biûi(0, t) + L(Y (t) − CX̂(t)) (36)

where X̂(t) is an estimate of the unmeasurable X(t), with the
observer error being defined as

X̃(t) = X(t) − X̂(t) (37)

With the PDE observer (32) and the ODE observer (36), the
ODE–PDE cascade (13)–(16) are transformed into

˙̂X(t) = AX̂(t) +

m∑
i=1

biûi(0, t) + LCX̃(t) (38)

˙̃X(t) = (A − LC)X̃(t) +

m∑
i=1

biũi(0, t) (39)

Di∂t ũi(x, t) = ∂xũi(x, t) − D̃i
1

D̂i
∂xûi(x, t)

−
˙̂DiDi(x − 1)

1

D̂i
∂xûi(x, t) (40)

ũi(1, t) = 0 (41)

D̂i∂t ûi(x, t) = ∂xûi(x, t) +
˙̂Di(x − 1)∂xûi(x, t) (42)

ûi(1, t) = Ui(t) (43)

By taking place of X(t) and ui(x, t) with X̂(t) and ûi(x, t) in (17)–
(18) and (24), the backstepping transformation and the boundary
feedback law in Section 4 are designed as follows,

ŵi(x, t) = ûi(x, t) − kiΦ(D̂ix, D̂v
l , 0)X̂(t)

−

m∑
j=1

D̂j

∫ φj(D̂ix,D̂j)

0
kiΦ(D̂ix, D̂v

l , D̂jy)bjûj(y, t)dy (44)

ûi(x, t) = ŵi(x, t) + kieAmD̂ixX̂(t)

+

m∑
j=1

D̂j

∫ φj(D̂ix,D̂j)

0
kieAm(D̂ix−D̂jy)bjŵj(y, t)dy (45)

where φj(D̂ix, D̂j) and Φ(D̂ix, D̂v
l , D̂jy) are exactly identical with

(19)–(22), and

Ui(t) = ûi(1, t) = kiΦ(D̂i, D̂v
l , 0)X̂(t)

+

m∑
j=1

D̂j

∫ φj(D̂i,D̂j)

0
kiΦ(D̂i, D̂v

l , D̂jy)bjûj(y, t)dy (46)

is chosen to meet boundary condition ŵi(1, t) = 0 of the closed-
loop systems. Furthermore, the delay-adaptive law is designed
below, for i ∈ {1, 2, . . . ,m},

˙̂Di(t) = γDProj[Di−1,i,Di,i+1]
τDi (t), D̂i(0) ∈ [Di−1,i,Di,i+1], (47)

τDi (t) = −

m∑
h=1

∫ 1

0
(1 + x)ŵh(x, t)p̄hi(x, t)dx (48)

where p̄hi(x, t) is given in (A.2) of Appendix A.
Employing (32), (36), (44)–(46), the system (38)–(43) are trans-

formed into the closed-loop system such that

˙̂X(t) = (A + BK )X̂(t) +

m∑
i=1

biŵi(0, t) + LCX̃(t) (49)

˙̃X(t) = (A − LC)X̃(t) +

m∑
i=1

biũi(0, t) (50)

Di∂t ũi(x, t) = ∂xũi(x, t) − D̃i f̄i(x, t)

−
˙̂DiDi(x − 1)f̄i(x, t) (51)

ũi(1, t) = 0 (52)
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D̂i∂tŵi(x, t) = ∂xŵi(x, t) − D̂iq̄i(x, t,
˙̂D)

− D̂ikiΦ(D̂ix, D̂v
l , 0)LCX̃(t) (53)

ŵi(1, t) = 0 (54)

D̂i∂xtŵi(x, t) = ∂xxŵi(x, t) − D̂i∂xq̄i(x, t,
˙̂D)

− D̂iki∂xΦ(D̂ix, D̂v
l , 0)LCX̃(t) (55)

∂xŵi(1, t) = D̂iq̄i(1, t,
˙̂D) + D̂ikiΦ(D̂i, D̂v

l , 0)LCX̃(t) (56)

where f̄i(x, t) and q̄i(x, t,
˙̂D) are shown as (B.1) and (B.4) in Table B.1

of Appendix B, respectively.

Theorem 2. Consider the closed-loop system consisting of the ODE–
PDE cascade (13)–(16), the PDE and ODE state observer (32) and
(36), the invertible backstepping transformation (44)–(45), the PDE
boundary control (46) and the delay-adaptive update law (47)–(48),
and under the initial condition

|X(0)|2 + |X̂(0)|
2
+

m∑
i=1

(
∥ui(x, 0)∥2

+ ∥ûi(x, 0)∥2

+∥∂xûi(x, 0)∥2
+ |D̃i(0)|2

)
≤ M∗, M∗ > 0 (57)

All the signals of the closed-loop system are bounded and the regula-
tion is achieved, i.e., limt→∞ X(t) = 0.

Proof. We build a Lyapunov candidate encompassing all states of
the closed-loop system (49)–(56),

V (t) = X̂(t)TPX̂(t) + X̃(t)TPLX̃(t)

+ gu
m∑
i=1

Di

∫ 1

0
(1 + x)ũi(x, t)2dx

+ gw

m∑
i=1

D̂i(t)
(∫ 1

0
(1 + x)ŵi(x, t)2dx

+

∫ 1

0
(1 + x)(∂xŵi(x, t))2dx

)
+

m∑
i=1

1
2
D̃i(t)2 (58)

where gu > 0 and gw > 0. It is not hard to show the non-
positive property of V̇ (t) by the initial condition (57). Due to space
limitation, we do not go into details.

5. Local stabilization under unknown delay and unknown pa-
rameter by PDE output feedback

In this section, as shown in Table 1, we further consider another
case of uncertainty combination

(
Di, θ, ui(x, t)

)
.

Assumption 4. The unknown parameter vector satisfies

Θ = {θ ∈ Rp
|P(θ ) ≤ 0} (59)

where P(·) : Rp
→ R is a known, convex and smooth function, Θ

is a convex set with a smooth boundary ∂Θ .

As shown in Table 1, since the parameter vector θ is unknown,
we do not employ the abbreviation (12) and focus on the system
(7)–(10). By certainty-equivalence principle, we use the parameter
estimate θ̂ (t) to identify the unknown θ with the estimation error

θ̃ (t) = θ − θ̂ (t). Recalling (3), we have

A(θ̂ ) = A0 +

p∑
h=1

θ̂hAh, bi(θ̂ ) = bi0 +

p∑
h=1

θ̂hbih (60)

A(θ̃ ) =

p∑
h=1

θ̃hAh, bi(θ̃ ) =

p∑
h=1

θ̃hbih (61)

Replacing θ and ui(x, t) in (17)–(18) by θ̂ (t) and ûi(x, t), the
backstepping transformation have the forms below,

ŵi(x, t) = ûi(x, t) − ki(θ̂ )Φ(D̂ix, D̂v
l , 0, θ̂ )X(t)

−

m∑
j=1

D̂j

∫ φj(D̂ix,D̂j)

0
ki(θ̂ )Φ(D̂ix, D̂v

l , D̂jy, θ̂ )bj(θ̂ )ûj(y, t)dy (62)

ûi(x, t) = ŵi(x, t) + ki(θ̂ )eAm(θ̂ )D̂ixX(t)

+

m∑
j=1

D̂j

∫ φj(D̂ix,D̂j)

0
ki(θ̂ )eAm(θ̂ )(D̂ix−D̂jy)bj(θ̂ )ŵj(y, t)dy (63)

where for j ∈ {1, 2, . . . ,m}, φj(D̂ix, D̂j) is exactly identical with
(19), while for D̂v−1

D̂j
≤ y ≤

D̂i
D̂j
x ≤

D̂v

D̂j
, i, j ∈ {1, 2, . . . ,m},

v ∈ {1, 2, . . . , i},

Φ(D̂ix, D̂v
l , D̂jy, θ̂ ) = eAv−1(θ̂ )(D̂ix−D̂jy), (64)

for D̂v−1
D̂i

≤ x ≤
D̂v

D̂i
, D̂l−1

D̂j
≤ y ≤

D̂l
D̂j
, i, j ∈ {1, 2, . . . ,m}, v, l ∈

{1, 2, . . . , i}, l < v, D̂v
l = (D̂v−1, D̂v−2, . . . , D̂l+1, D̂l),

Φ(D̂ix, D̂v
l , D̂jy, θ̂ ) = eAv−1(θ̂ )(D̂ix−D̂v−1)eAv−2(θ̂ )(D̂v−1−D̂v−2)

· · · eAl(θ̂ )(D̂l+1−D̂l)eAl−1(θ̂ )(D̂l−D̂jy) (65)

and specifically for (65), if l = v − 1,

Φ(D̂ix, D̂v
l , D̂jy, θ̂ ) = eAv−1(θ̂ )(D̂ix−D̂v−1)eAv−2(θ̂ )(D̂v−1−D̂jy) (66)

with

D̂0 = 0,

⎧⎪⎪⎪⎨⎪⎪⎪⎩
A0(θ̂ ) = A(θ̂ ),
Ai(θ̂ ) = Ai−1(θ̂ ) + bi(θ̂ )ki(θ̂ ), i ∈ {1, 2, . . . ,m}

Am(θ̂ ) = (A + BK )(θ̂ ) = A(θ̂ ) +

m∑
i=1

bi(θ̂ )ki(θ̂ )
(67)

Subsequently, for i = 1, 2, . . . ,m, by substituting x = 1 into (62)
tomeet boundary condition ŵi(1, t) = 0, the prediction-based PDE
boundary feedback law has the expression below

Ui(t) = ûi(1, t) = ki(θ̂ )Φ(D̂i, D̂v
l , 0, θ̂ )X(t)

+

m∑
j=1

D̂j

∫ φj(D̂i,D̂j)

0
ki(θ̂ )Φ(D̂i, D̂v

l , D̂jy, θ̂ )bj(θ̂ )ûj(y, t)dy (68)

Then the ODE–PDE cascade (7)–(10) could be converted into the
following closed-loop system,

Ẋ(t) = (A + BK )(θ̂ )X(t) +

m∑
i=1

bi(θ̂ )ŵi(0, t)

+

p∑
h=1

θ̃h

(
AhX(t) +

m∑
i=1

bihûi(0, t)

)

+

m∑
i=1

bi(θ )ũi(0, t) (69)

Di∂t ũi(x, t) = ∂xũi(x, t) − D̃i
¯̄fi(x, t)

−
˙̂DiDi(x − 1) ¯̄fi(x, t) (70)
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Table A.1
PDE terms in delay update laws.

pih(x, t) = kiPΦ(D̂ix,D̂v
l ,0)X(t) + kiΦ(D̂ix, D̂v

l , 0)bhuh(0, t) +
∑m

j=1 D̂j
∫ φj(D̂ix,D̂j)
0 kiPΦ(D̂ix,D̂v

l ,D̂jy)
bjuj(y, t)dy

+
∑m

j=1 ρjkibjuj(φj(D̂ix, D̂j), t) (A.1)

p̄ih(x, t) = kiPΦ(D̂ix,D̂v
l ,0)X̂(t) + kiΦ(D̂ix, D̂v

l , 0)bhûh(0, t) +
∑m

j=1 D̂j
∫ φj(D̂ix,D̂j)
0 kiPΦ(D̂ix,D̂v

l ,D̂jy)
bjûj(y, t)dy

+
∑m

j=1 ρjkibjûj(φj(D̂ix, D̂j), t) (A.2)

¯̄pih(x, t) = ki(θ̂ )PΦ(D̂ix,D̂v
l ,0,θ̂ )X(t) + ki(θ̂ )Φ(D̂ix, D̂v

l , 0, θ̂ )bh(θ̂ )ûh(0, t) +
∑m

j=1 D̂j
∫ φj(D̂ix,D̂j)
0 ki(θ̂ )PΦ(D̂ix,D̂v

l ,D̂jy,θ̂ )
bj(θ̂ )ûj(y, t)dy

+
∑m

j=1 ρjki(θ̂ )bj(θ̂ )ûj(φj(D̂ix, D̂j), t) (A.3)

where

ρj =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1, if h = i, φj(D̂ix, D̂j) =

D̂i
D̂j
x, i ̸= j

0, if h ̸= i, j, or φj(D̂ix, D̂j) =
D̂i
D̂j
x, i = j, or φj(D̂ix, D̂j) = 1

−1, if h = j, φj(D̂ix, D̂j) =
D̂i
D̂j
x, i ̸= j

(A.4)

P
Φ(D̂ix,D̂v

l ,0) =

⎧⎪⎨⎪⎩
∂Φ(D̂ix,D̂v

l ,0)

∂(D̂ix)
, h = i

∂Φ(D̂ix,D̂v
l ,0)

∂D̂h
, h ̸= i,

P
Φ(D̂ix,D̂v

l ,0,θ̂ ) =

⎧⎪⎨⎪⎩
∂Φ(D̂ix,D̂v

l ,0,θ̂ )

∂(D̂ix)
, h = i

∂Φ(D̂ix,D̂v
l ,0,θ̂ )

∂D̂h
, h ̸= i

(A.5)

and P
Φ(D̂ix,D̂v

l ,D̂jy)
in (A.1)–(A.2) has the exactly same structure as P

Φ(D̂ix,D̂v
l ,D̂jy,θ̂ )

in (A.3) by taking place of θ̂ with θ , while P
Φ(D̂ix,D̂v

l ,D̂jy,θ̂ )
has the form corresponding to

Φ(D̂ix, D̂v
l , D̂jy, θ̂ ) of (64)–(66) such that

• For Φ(D̂ix, D̂v
l , D̂jy, θ̂ ) of (64)

P
Φ(D̂ix,D̂v

l ,D̂jy,θ̂ )
=

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

∂Φ(D̂ix,D̂v
l ,D̂jy,θ̂ )

∂(D̂ix)
, h = i, h ̸= j

∂Φ(D̂ix,D̂v
l ,D̂jy,θ̂ )

∂D̂h
= 0, h ̸= i, j

0, h = i = j
∂Φ(D̂ix,D̂v

l ,D̂jy,θ̂ )

∂(D̂jy)
, h = j, h ̸= i

(A.6)

• For Φ(D̂ix, D̂v
l , D̂jy, θ̂ ) of (65)–(66)

P
Φ(D̂ix,D̂v

l ,D̂jy,θ̂ )
=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

Av−1(θ̂ )eAv−1(θ̂ )D̂ixΓ (D̂v
l , θ̂ )e

−Al−1(θ̂ )D̂jy + eAv−1(θ̂ )D̂ix ∂Γ (D̂v
l ,θ̂ )

∂D̂h
e−Al−1(θ̂ )D̂jy, h = i, h ̸= j

eAv−1(θ̂ )D̂ix ∂Γ (D̂v
l ,θ̂ )

∂D̂h
e−Al−1(θ̂ )D̂jy, h ̸= i, j

Av−1(θ̂ )eAv−1(θ̂ )D̂ixΓ (D̂v
l , θ̂ )e

−Al−1(θ̂ )D̂jy + eAv−1(θ̂ )D̂ix ∂Γ (D̂v
l ,θ̂ )

∂D̂h
e−Al−1(θ̂ )D̂jy

+eAv−1(θ̂ )D̂ixΓ (D̂v
l , θ̂ )e

−Al−1(θ̂ )D̂jy(−Al−1(θ̂ )), h = i = j

eAv−1(θ̂ )D̂ix ∂Γ (D̂v
l ,θ̂ )

∂D̂h
e−Al−1(θ̂ )D̂jy + eAv−1(θ̂ )D̂ixΓ (D̂v

l , θ̂ )e
−Al−1(θ̂ )D̂jy(−Al−1(θ̂ )), h = j, h ̸= i

(A.7)

with Γ (D̂v
l , θ̂ ) coming from (65)-(66) such that

Φ(D̂ix, D̂v
l , D̂jy, θ̂ ) = eAv−1(θ̂ )(D̂ix−D̂v−1)eAv−2(θ̂ )(D̂v−1−D̂v−2) · · · eAl(θ̂ )(D̂l+1−D̂l)eAl−1(θ̂ )(D̂l−D̂jy)

= eAv−1(θ̂ )D̂ix
(
e−Av−1(θ̂ )D̂v−1 eAv−2(θ̂ )(D̂v−1−D̂v−2) · · · eAl(θ̂ )(D̂l+1−D̂l)eAl−1(θ̂ )D̂l

)
e−Al−1(θ̂ )D̂jy

= eAv−1(θ̂ )D̂ixΓ (D̂v
l , θ̂ )e

−Al−1(θ̂ )D̂jy (A.8)

and specifically, if l = v − 1,
Φ(D̂ix, D̂v

l , D̂jy, θ̂ ) = eAv−1(θ̂ )(D̂ix−D̂v−1)eAv−2(θ̂ )(D̂v−1−D̂jy)

= eAv−1(θ̂ )D̂ix
(
e−Av−1(θ̂ )D̂v−1 eAv−2(θ̂ )D̂v−1

)
e−Av−2(θ̂ )D̂jy

= eAv−1(θ̂ )D̂ixΓ (D̂v
l , θ̂ )e

−Av−2(θ̂ )D̂jy (A.9)

ũi(1, t) = 0 (71)

D̂i∂twi(x, t) = ∂xwi(x, t) − D̂i ¯̄qi(x, t,
˙̂D)

− D̂iki(θ̂ )Φ(D̂ix, D̂v
l , 0, θ̂ )

m∑
j=1

bj(θ )ũj(0, t)

− D̂i

p∑
h=1

θ̃h ¯̄rih(x, t) − D̂i

p∑
h=1

˙̂
θh ¯̄sih(x, t) (72)

wi(1, t) = 0, (73)

D̂i∂xtŵi(x, t) = ∂xxŵi(x, t) − D̂i∂x ¯̄qi(x, t,
˙̂D)

− D̂iki(θ̂ )∂xΦ(D̂ix, D̂v
l , 0, θ̂ )

m∑
j=1

bj(θ )ũj(0, t)

− D̂i

p∑
h=1

θ̃h∂x ¯̄rih(x, t) − D̂i

p∑
h=1

˙̂
θh∂x ¯̄sih(x, t) (74)

∂xŵi(1, t) = D̂i ¯̄qi(1, t,
˙̂D)

+ D̂iki(θ̂ )Φ(D̂i, D̂v
l , 0, θ̂ )

m∑
j=1

bj(θ )ũj(0, t)

+ D̂i

p∑
h=1

θ̃h ¯̄rih(1, t) + D̂i

p∑
h=1

˙̂
θh ¯̄sih(1, t) (75)

where ¯̄fih(x, t), ¯̄qi(x, t,
˙̂D), ¯̄rih(x, t), ¯̄sih(x, t) are shown as (B.2), (B.5),

(B.9) and (B.10) of B.1 in Appendix B, respectively.
The delay–parameter-adaptive update laws are selected to as

follows,

i = 1, 2, . . . ,m,

˙̂Di(t) = γDProj[Di−1,i,Di,i+1]
τDi (t), D̂i(0) ∈ [Di−1,i,Di,i+1], (76)
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Table B.1
PDE terms in closed-loop systems.

f̄i(x, t) =
1
D̂i

∂xûi(x, t) =
1
D̂i

∂xŵi(x, t) + kiAmeAm D̂ixX̂(t) +
1
D̂i

∑m
j=1 D̂j∂xφj(D̂ix, D̂j)kibjŵj(φj(D̂ix, D̂j), t)

+
∑m

j=1 D̂j
∫ φj(D̂ix,D̂j)
0 kiAmeAm(D̂ix−D̂jy)bjŵj(y, t)dy (B.1)

¯̄fi(x, t) =
1
D̂i

∂xûi(x, t) =
1
D̂i

∂xŵi(x, t) + ki(θ̂ )Am(θ̂ )eAm(θ̂ )D̂ixX(t) +
1
D̂i

∑m
j=1 D̂j∂xφj(D̂ix, D̂j)ki(θ̂ )bj(θ̂ )ŵj(φj(D̂ix, D̂j), t)

+
∑m

j=1 D̂j
∫ φj(D̂ix,D̂j)
0 ki(θ̂ )Am(θ̂ )eAm(θ̂ )(D̂ix−D̂jy)bj(θ̂ )ŵj(y, t)dy (B.2)

qi(x, t,
˙̂D) = ki

∑
h

∂Φ(D̂ix,D̂v
l ,0)

∂D̂h

˙̂DhX(t) +
∑m

j=1 D̂j
∫ φj(D̂ix,D̂j)
0 ki

(
˙̂Dj

D̂j
Φ(D̂ix, D̂v

l , D̂jy) +
∑

h
∂Φ(D̂ix,D̂v

l ,D̂jy)

∂D̂h

˙̂Dh

)
bjuj(y, t)dy

+
∑m

j=1 ϵj
˙̂Di D̂j−D̂i

˙̂Dj

D̂j
xkibjuj(φj(D̂ix, D̂j), t) (B.3)

q̄i(x, t,
˙̂D) =

˙̂Di
(1−x)
D̂i

∂xŵi(x, t) + kiΦ(D̂ix, D̂v
l , 0)

∑m
j=1

˙̂Djbjûj(0, t) + kiQΦ(D̂ix,D̂v
l ,0)(

˙̂D)X̂(t) +
∑m

j=1 εj(
˙̂Di −

˙̂Dj)kibjûj

(
D̂i
D̂j
x, t
)

+
∑m

j=1 D̂j
∫ φj(D̂ix,D̂j)
0 kiQΦ(D̂ix,D̂v

l ,D̂jy)
( ˙̂D)bjûj(y, t)dy (B.4)

¯̄qi(x, t,
˙̂D) =

˙̂Di
(1−x)
D̂i

∂xŵi(x, t) + ki(θ̂ )Φ(D̂ix, D̂v
l , 0, θ̂ )

∑m
j=1

˙̂Djbj(θ̂ )ûj(0, t) + ki(θ̂ )QΦ(D̂ix,D̂v
l ,0,θ̂ )(

˙̂D)X(t)

+
∑m

j=1 εj(
˙̂Di −

˙̂Dj)ki(θ̂ )bj(θ̂ )ûj

(
D̂i
D̂j
x, t
)

+
∑m

j=1 D̂j
∫ φj(D̂ix,D̂j)
0 ki(θ̂ )QΦ(D̂ix,D̂v

l ,D̂jy,θ̂ )
( ˙̂D)bj(θ̂ )ûj(y, t)dy (B.5)

where ϵj =

{
1, φj(D̂ix, D̂j) =

D̂i
D̂j
x

0, φj(D̂ix, D̂j) = 1.
In addition, Q

Φ(D̂ix,D̂v
l ,D̂jy)

( ˙̂D) and Q
Φ(D̂ix,D̂v

l ,D̂jy,θ̂ )
( ˙̂D) have the same structure with the only difference on θ and θ̂ , Q

Φ(D̂ix,D̂v
l ,D̂jy,θ̂ )

( ˙̂D)

has the form corresponding to Φ(D̂ix, D̂v
l , D̂jy, θ̂ ) of (64)–(66)

• For Φ(D̂ix, D̂v
l , D̂jy, θ̂ ) of (64)

Q
Φ(D̂ix,D̂v

l ,D̂jy,θ̂ )
( ˙̂D) = Av−1(θ̂ )(

˙̂Di −
˙̂Dj)eAv−1(θ̂ )(D̂ix−D̂jy) (B.6)

• For Φ(D̂ix, D̂v
l , D̂jy, θ̂ ) of (65)

Q
Φ(D̂ix,D̂v

l ,D̂jy,θ̂ )
( ˙̂D) = Av−1(θ̂ )(

˙̂Di −
˙̂Dv−1)eAv−1(θ̂ )(D̂ix−D̂v−1)eAv−2(θ̂ )(D̂v−1−D̂v−2) · · · eAl(θ̂ )(D̂l+1−D̂l)eAl−1(θ̂ )(D̂l−D̂jy)

+ eAv−1(θ̂ )(D̂ix−D̂v−1)Av−2(θ̂ )(
˙̂Dv−1 −

˙̂Dv−2)eAv−2(θ̂ )(D̂v−1−D̂v−2) · · · eAl(θ̂ )(D̂l+1−D̂l)eAl−1(θ̂ )(D̂l−D̂jy)

+ · · · · · ·

+ eAv−1(θ̂ )(D̂ix−D̂v−1)eAv−2(θ̂ )(D̂v−1−D̂v−2) · · · Al(θ̂ )(
˙̂Dl+1 −

˙̂Dl)eAl(θ̂ )(D̂l+1−D̂l)eAl−1(θ̂ )(D̂l−D̂jy)

+ eAv−1(θ̂ )(D̂ix−D̂v−1)eAv−2(θ̂ )(D̂v−1−D̂v−2) · · · eAl(θ̂ )(D̂l+1−D̂l)eAl−1(θ̂ )(D̂l−D̂jy)Al−1(θ̂ )(
˙̂Dl −

˙̂Dj) (B.7)

• For Φ(D̂ix, D̂v
l , D̂jy, θ̂ ) of (66)

Q
Φ(D̂ix,D̂v

l ,D̂jy,θ̂ )
( ˙̂D) = eAv−1(θ̂ )(D̂ix−D̂v−1)

(
Av−1(θ̂ )(

˙̂Di −
˙̂Dv−1) + Av−2(θ̂ )(

˙̂Dv−1 −
˙̂Dj)
)
eAv−2(θ̂ )(D̂v−1−D̂jy) (B.8)

¯̄rih(x, t) = ki(θ̂ )Φ(D̂ix, D̂v
l , 0, θ̂ )

(
AhX(t) +

∑m
j=1 bjhûj(0, t)

)
(B.9)

¯̄sih(x, t) =
∂ki(θ̂ )
∂θ̂h

Φ(D̂ix, D̂v
l , 0, θ̂ )X(t) + ki(θ̂ )

∂Φ(D̂ix,D̂v
l ,0,θ̂ )

∂θ̂h
X(t) +

∑m
j=1 D̂j

∫ φj(D̂ix,D̂j)
0

(
∂ki(θ̂ )
∂θ̂h

Φ(D̂ix, D̂v
l , D̂jy, θ̂ )bj(θ̂ )

+ki(θ̂ )
∂Φ(D̂ix,D̂v

l ,D̂jy,θ̂ )

∂θ̂h
bj(θ̂ ) + ki(θ̂ )Φ(D̂ix, D̂v

l , D̂jy, θ̂ )
∂bj(θ̂ )

∂θ̂h

)
ûj(y, t)dy (B.10)

τDi (t) = −

m∑
h=1

∫ 1

0
(1 + x)ŵh(x, t) ¯̄phi(x, t)dx (77)

i = 1, 2, . . . , p,
˙̂
θi(t) = γθProjΘτθi (t), θ̂i(0) ∈ Θ, γθ > 0 (78)

τθi (t) = 2X(t)TP(θ̂ )
(
AiX(t) +

m∑
h=1

bhiûh(0, t)
)
/gw

−

m∑
h=1

∫ 1

0
(1 + x)

(
ŵh(x, t)¯̄rhi(x, t) + ∂xŵh(x, t)∂x ¯̄rhi(x, t)

)
dx (79)

where ¯̄pih(x, t) is given in (A.3) of Appendix A.

Theorem 3. Consider the closed-loop system consisting of the ODE–
PDE cascade (7)–(10), the invertible backstepping transformation
(62)–(63), the PDE boundary control (68) and the delay–parameter-
adaptive update laws (76)–(79), and under the initial condition

|X(0)|2 + |θ̃ (0)|
2
+

m∑
i=1

(
∥ui(x, 0)∥2

+ ∥ûi(x, 0)∥2

+∥∂xûi(x, 0)∥2
+ |D̃i(0)|2

)
≤ M∗, M∗ > 0 (80)

All the signals of the closed-loop system are bounded and the regula-
tion is achieved, i.e., limt→∞ X(t) = 0.

Proof. We build a Lyapunov candidate encompassing all states of
the closed-loop system (69)–(75),

V (t) = X(t)TP(θ̂ )X(t) + gu
m∑
i=1

Di

∫ 1

0
(1 + x)ũi(x, t)2dx

+ gw

m∑
i=1

D̂i(t)
(∫ 1

0
(1 + x)ŵi(x, t)2dx

+

∫ 1

0
(1 + x)(∂xŵi(x, t))2dx

)
+

m∑
i=1

1
2
D̃i(t)2

+
gw

γθ

θ̃ (t)T θ̃ (t) (81)

It is not hard to show thenon-positive property of V̇ (t) by the initial
condition (80). Due to space limitation, we do not elaborate on this
proof.
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6. Conclusion

In this paper, we propose a couple of adaptive predictor-
feedback controllers for multi-input LTI time-delay systems un-
der a collection of classic uncertainties. By utilizing PDE output
feedback and satisfying some initial conditions, the negative effect
of a variety of uncertainty combination is compensated and the
local stabilization of LTI systems with multi-control channels is
achieved.

Appendix A

See Table A.1.

Appendix B

See Table B.1.
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