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Adaptive Leader Following in Networks of
Discrete-Time Dynamical Systems: Algorithms
and Global Convergence Analysis

Miloje S. Radenkovi¢

Abstract—Most of the results on adaptive leader follow-
ing in multiagent systems pertain to continuous-time agent
dynamics. It is implicitly presumed that the information flow
among agents is continuous and infinitely fast. Since in the
discrete-time setting, there no need for this assumption,
it is of interest to develop adaptive methods for leader-
follower synchronization in networks of discrete-time dy-
namical systems. There main challenges are as follows:
1) in general, the sample values of the leader’s trajectory
arrive at each agent with different delays; 2) since the re-
ceived leader’s trajectory samples do not carry the imprint
of a leader, and are immersed in the state values of respec-
tive neighbors, agents do not have explicit knowledge of the
leader’s samples; and 3) the uncertainty in the agent dynam-
ics calls for an appropriate adaptive rule for generating inter-
agent coupling gains. This paper considers unknown linear
agent dynamics of general order and arbitrary leader’s tra-
jectory, on a directed graph topology. Two novel distributed
algorithms are proposed for both cases of known and un-
known control directions. It is proven that all agents syn-
chronize to the leader’s trajectory, the tracking error is an
l, sequence, the input signals remain bounded, and the pa-
rameter estimates are convergent sequences.

Index Terms—Directed graph, distributed adaptive leader
following, internal model, multiagent systems, unknown
control direction.

|. INTRODUCTION

YNCHRONIZATION phenomena represent a form of
S emergence of a global collaborative behavior in popula-
tions of locally interacting agents. Synchronization processes
are present in biological systems, physics, chemistry, social
context, and engineering. Of particular interest is the leader-
following case where the trajectory of one of the agents called
a leader is not influenced by its neighbors, and the objective for
all agents is to follow the leader. To synchronize with the leader,
the agent’s closed loop must incorporate in its dynamics the
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generative (one who generates) model of the leader’s trajectory
(see, for example, [1]-[3]).

Adaptive leader following: The subject of this paper is
a leader—followers synchronization with adaptive local con-
trollers. This type of synchronization has been considered under
different scenarios, including linear and nonlinear agent dy-
namics, undirected and directed graphs, time-varying topology,
and the presence of disturbances (see, for example, [37]-[46]).
There, it is assumed that the sign of the high-frequency gain
(control direction) is known. The case of unknown control di-
rection of agent dynamics is studied in [4], [43], and [45] by
using the Nussbaum-type gain. All of the aforementioned ref-
erences analyze continuous-time agent dynamics. We consider
discrete-time leader-following models. The authors in [37]-[42]
and [46] assume that the leader and agents have identical au-
tonomous dynamics (or identical linear parts of this dynamics),
and the matrices describing linear part of agent dynamics are
known. We do not require for the leader model to match the
followers autonomous dynamics, nor assume that parameters of
agent’s dynamics are known.

Context for the results of this paper: To explain the main chal-
lenge of the leader-following problem, consider a network of NV
agents whose states are x;(k), k=0,1,..., and i =1,..., N.
Let the leader trajectory be described by ¢ (k), k > 0. Assume
that the ith agent or any of its neighbors j € N; do not receive
directly the information from the leader. Then, any informa-
tion about {z((k)} received by the ith node will be at least
one-step delayed, i.e., at time k, the ¢th agent in the best case
will receive x(k — 7;), where in general, the delay 7; > 1 is
different for each agent. In addition, the samples z((k), k > 0,
do not carry the imprint of being the leader’s state, that is, the
follower agents do not know who the leader is, and do not have
explicit knowledge of what z,(k), k > 0, is. These values are
immersed in the information received from neighboring agents
about their states. Hence, in order to achieve x; (k) — zo (k) — 0
as k — oo for i = 1,..., N, at any given time index k, the lo-
cal controllers must implicitly perform the following tasks: 1)
extract samples z(n — 7;) from the received state values of
their neighbors; and 2) compensate for different delays 7; by
performing 7; steps ahead prediction of the leader’s state. The
tasks of prediction and filtering out samples zo(n — 7;), n < k
is enabled by the network topology and appropriately designed
local controllers. Specifically, it is required that: 1) the leader
is not influenced by any agent and the network graph has a
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spanning tree with the leader as the root node; and 2) the ith lo-
cal controller, ¢ = 1, ..., N, drives to zero certain error incorpo-
rating the leader’s internal model. In many cases, the results on
continuous-time agent dynamics sidestep the aforementioned
prediction problem, by implicitly assuming that the informa-
tion exchange among agents is continuous and infinitely fast.
Normally, the transmitted interagent information is related to
the observer-generated agent state estimates (see, for example,
[46]), or the internal states of local controllers (see, for example,
[38]).

The question of infinite bandwidth communication links is
bypassed if the leader-following problem is posed in discrete-
time domain or sampled-data framework (see, for example,
[71-133]). In [7]-[19], double integrator agent dynamics and
nonadaptive protocols are considered. Interesting results are
presented in [20]—-[33], where the case of a general order iden-
tical linear state-space agents dynamics is analyzed. In [31]-
[33] besides a linear part, the agent dynamics also contains
a nonlinear component satisfying the Lipschitz condition. In
the aforementioned work (see [20]-[32]), the leader’s dynam-
ics is constrained to be identical to the autonomous part of the
follower’s dynamics (same state matrix). Important results on
event-triggered pinning control of switching networks is consid-
ered in [5], in case of identical nonlinear agent dynamics. The
nonlinear dynamics of the reference signal matches the agent
autonomous dynamics. The authors derive conditions for the
absence of Zeno behavior, and prove that the tracking error is
exponentially convergent. There, local controllers are nonadap-
tive. As far as we know, there are no discrete-time or sample-data
adaptive leader-following results for general order unknown lin-
ear agent dynamics, and arbitrary leader’s trajectory, on directed
graphs. The following are major differences between this paper
and [7]-[33]. Our controller is adaptive, and to calculate the
control gains, we do not assume that the system parameters are
known. The results in [7]-[33] employ nonadaptive (fixed gain)
controllers. In order to calculate respective control gains, it is
required that matrices describing linear part of agent dynam-
ics are known. Relative to [7]-[19], where double integrator
dynamics are analyzed, we consider general-order agent dy-
namics. In contrast to [20]-[32], where the leader’s dynamics
(state matrix) must match the agents’ autonomous dynamics,
we do not require such matching condition, and the leader’s
model is not necessarily identical to the follower’s open-loop
dynamics. The case of heterogeneous agents is considered in
[33], where it is shown that the tracking error remains bounded,
not necessarily convergent to zero. The controller is nonadap-
tive and its design assumes the knowledge of agent state-space
matrices. In this paper, the tracking error converges to zero, the
controller is adaptive, and it is assumed that the system parame-
ters are unknown. In addition, all of the aforementioned studies
[7]-[33] presume that the control direction of agent dynamics is
known. In this paper, we also present a discrete-time controller
for systems with unknown control directions. Interesting results
on the discrete-time consensus in case without a leader, and a
nonadaptive controllers are presented in [52] and [53]. We study
the case of adaptive controllers and the presence of a leader. An
adaptive neural output feedback tracking control for a class of

uncertain discrete-time nonlinear MIMO systems is considered
in [54].

Results of this paper: This paper proposes fully distributed
adaptive controllers for leader—followers synchronization in net-
works of general-order unknown linear discrete-time agents, and
arbitrary leader’s trajectory. The agent dynamics is not necessar-
ily identical to the leader’s model. It is assumed that followers do
not have knowledge who among their neighbors is the leader.
The generative model of leader’s trajectory is built-in in the
local controller dynamics, specifically in the local adaptive es-
timators. Two novel adaptive algorithms are proposed for cases
of known and unknown control directions. It is proved that the
algorithms are globally stable, and the error between the agents
outputs and the leader’s trajectory is an [y signal. It is shown
that the parameter estimates are convergent sequences, while
the local control signals remain uniformly bounded. In case of
unknown control directions, the common approach for discrete-
time systems is to use the so-called discrete Nussbaum gain
(see [47, p. 478]). This gain is a discontinuous function of the
parameter estimates and the state vector. In Section IV, we take
a different approach by devising an estimator whose gain is a
continuous function of the estimates and state vectors.

Notation: The superscript T' denotes the transpose of a ma-
trix; ||z|| is the Euclidean norm of vector x; sgn(a) is the sign
function of a real number a; 5 denotes the normed infinite-
dimensional vector space of sequences s(k), k=0,1,...,
with finite energy, i.e., > o, s(k)? < 00, I stands for the
space of all bounded sequences s(k) with the norm ||s|| =
supgsolls(k)|l; p(W) is the spectral radius of matrix W; «
is used to denote vectors with all entries equal to one, i.e.,
a =[1,1...,1]; and T is identity matrix. The dimensions of «
and [ are determined by the context. R"*" represents the space
of n X n matrices, while R" is the space of n-dimensional vec-
tors; diag(py, ..., pn ) is used to denote diagonal matrix whose
diagonal entries are py, ..., py; det(W) is determinant of matrix
W and o(x) stands for the standard little-O of x notation. In this
paper, ¢;,7 = 1,2, ..., are used to denote nonnegative constants
whose specific values are unimportant.

[I. PROBLEM STATEMENT AND ALGORITHM MOTIVATION

Inspired by the natural synchronization phenomena, robot
formation control, and emergent behavior in flocks, we consider
anetworked system of /V identical agents followers and a leader.
The followers’ dynamics are described by

Alg Vai(k+1) = boB(q " )ui(k), by # 0 (1

where k =0,1,2,...,isadiscrete-time index, and {z; (k) } and
{u;(k)}, k >0,i=1,..., N are the ith agent state and input
sequences, respectively. Polynomials A(g~!) and B(q~ ') are
given by

M -1

M
Alg) =1+ ajg7, Blg ) =1+ big’
=1

Jj=1

where a; and b; are unknown parameters, M > 1, while q’1
denotes the unit delay operator, e.g., ¢ ' a;(k + 1) = z;(k). The



326 IEEE TRANSACTIONS ON CONTROL OF NETWORK SYSTEMS, VOL. 6, NO. 1, MARCH 2019

leader’s state z (k), k > 0 is generated by
P(g "o (k +1) = 0, 29(0) # 0 3)
where the polynomial
Plg")=1+pig" +-+pug ", m>1 (4

is characterized by the assumption A3 later. The communication
topology of the considered network is described by a directed
graph G = (V,£), where V = {0, 1, ..., N} is the set of nodes
and £ C 'V x V is the set of edges (communication links). The
node i represents the agent ¢, and the ordered pairs (4, j), ¢ # j
denote edges. The Oth node represents the leader. If (j,17) €
&, then the node 7 can directly receive information from the
jth node. The set of neighbors of node i is denoted by N; =
{j € V|(4,1) € E}. We use V; = V\{0} to denote the set of
follower nodes. It is assumed that the leader does not receive
any information from the followers, i.e., Ny is empty set. If
(0,7) € &, then NV;, the neighbors set of ith follower, contains
the leader. It is assumed that the ith follower does not have
the knowledge that one of its neighbors j € A; is the leader. If
this were not the case, except the information received from the
leader, the ith agent can discard the rest of the neighbors’ data,
and continue to propagate through the network only the leader’s
information. Then, at time &, each agent can use local adaptive
predictor to predict the leader’s state x(k + 1) based on the
received samples xo(n — 7;),n < k, 7; > 0. If the edge (0,7) €
&, we have 7; = 0, otherwise, 7; > 1. In this case, the leader-
following question reduces to the familiar tracking problem for
a known reference trajectory.

The following is assumed about the agent dynamics, the
leader, and the graph topology.

Assumption A1: Polynomial B(g~') has all its zeros
strictly inside the unit circle.

Assumption A2: The directed subgraph Gy associated with
the followers is strongly connected, and at least one of the
followers directly receives information from the leader.

Assumption A3: The zeros of P(q~!) are on the unit circle
and there are no repeated zeros. P(g~"') is a factor of A(g™").

The assumption Al states that model (1) is a minimum phase
system. Assumption A2 simply states that the directed graph G
contains a directed spanning tree with the leader as the root node.
We consider bounded leader’s trajectory, implying that P(q ')
cannot have zeros outside the unit circle, while the zeros on the
unit circle must be simple. Because zeros inside the unit circle
generate exponentially decaying modes, and we are interested
only in the asymptotic behavior of {z((¢)}, it is reasonable to
suppose that Assumption A3 holds.

Remark 1: The input—output system representation (1) is
evocative of a transfer function description, and is widely used
in [34] and [35]. Models (1) and (3) can be used in the same
leader-following problems as those in [7], [8], [10]-[14], [17]-
[30], [38], [41], and [42], where linear state-space agent dy-
namics are considered. For example, this includes problems of
leader’s trajectory tracking in networked systems, such as syn-
chronization of sailing velocity in scenarios of natural flocks or
unmanned aerial vehicle formations.

To motivate the proposed algorithm, consider the mismatch
between x; (k + 1) and the average of one-step delayed neigh-
boring states

where
1 _
7 jeN;

where NN; is the number of elements in N;. Let
2(k)" = [wo(k), 21 (k), .., ax ()] @)
and
e(k)T =[0,e1(k),...,ex (k)] 8)
Then, from (5) and (6), one can write
e(k+1)=a(k+1) —Wa(k) ©)]
where W € RWH1*(N+1) i given by

1/(1+N;),j€N;
/( ) 10)
0, otherwise

W = [wi;], wij = {

with N; defined with (6). Since the leader’s neighbors set
No is empty, the first row of W is wl =[10...0]. It is
straightforward to verify that Wa = a, where « is the vec-
tor of all ones. Assume for a moment that local control inputs
for each agent generate e;(k+1) =0,i€ V, ={1,...,N}.
Then, (9) gives (I — Wq 1)x(k + 1) = 0. If the leader fol-
lowing is achieved, we have z(k) = ax((k), for k£ > 0. Thus,
(I -WqgYaxe(k+1)=(1—q azy(k+ 1) = 0.Inother
words, forcing the aforementioned e; (k + 1) to zero will result
in a leader following if and only if x (k) is constant. Assume
now that instead of (9), the local inputs set to zero the following
overall network error e(k + 1) :

e(k+1) =T +pWqg ' +W2qg Ha(k+1) (11)

with p; = —2cos ) for some frequency (in rad/sample) €.
Then, e(k + 1) = 0 and synchronization to (k) = ax(k), im-
ply (1+pig !t +q¢ Hzg(k+1) =0, 20(0) # 0, which rep-
resents the internal/generative (one who generates) model of
the leader. In this case, the leader’s trajectory is x((k) =
F cos(Qpk + 1) forsome ®; and F; > 0. To achieve tracking
of the aforementioned x (k), the local errors e; (k + 1) should
be selected so that (11) holds, which gives

ei(k+1)=xz;(k+1) —l—plwiTx(k') + w?Wx(k -1) 12
Vi € V¢, where

w! = [wig, wit, ..., wiN] (13)
with w;; defined by (10). Define
Yl(k) = [ﬁ()(k),fll(k),. ..,le(k)] (14)

where Z;1(k), i =1,..., N is given by (6). Since X, (k) =
Waz(k), (12) vyields e;(k+1) =x;(k+ 1)+ prw! z(k) +
w! X1(k —1). Hence, to generate e;(k + 1), the ith agent
must receive from its neighbors samples x; (k) and Z;; (k — 1),
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j € N;. Based on the aforementioned discussion, we ascertain
that the leader following is possible if certain errors driven to
zero by the local controllers incorporate the leader’s internal
model P(q~'). Specifically, to synchronize to a general tra-
jectory pattern described by (3), the composite system error
e(k + 1) should be equal to

e(k+1)=R(g Na(k+1), Rlg") =T+ p.W"q"

n=1

15)

with W defined by (10). Clearly, when z(k) = ax(k) and
e(k) =0, for k > 0, by virtue of Wa = a, (15) yields (3). It is
not difficult to see that following local errors e; (k), i € V¢ give
rise to (15):

eilk+1)=a;(k+1)+ an,wiTW"*l:r(k —n+1).

n=1

(16)

To gain insight in the aforementioned e; (k + 1), let us define
the following nested averages Vi € Vy,andn = 2,...,m:

_ 1 _ -
Tin (K) : Z Tj(no1)(k) = w] X,—1(k)

=TT {17
! JEN;

where w; is specified by (13), while
X, (k) =[x (), Tin(k), ..., Ty (k)]
with ;1 (k) given by 7;; (k) = w! Xo(k), and Xo(k) = z(k)

[see (6) and (7)]. Then, (17) and (18) imply X, (k)=
WX, 1(k),and

(18)

Tin (k) = wl W2 (k) (19)

which together with (16) gives

eik+1) =2i(k+1)+ Y pow] Xpy(k—n+1). (20)
n=1

In this paper, it is assumed that the parameters p,, 1 < n < m,

of the leader model [see (4)] are sent by the leader to neighbor-

ing nodes, and are further propagated though the network, thus

enabling every agent to learn their values based on the standard
consensus protocol Vi € V; as

1
Zﬁnj(k), n=1,...,m

Ani k 1) =
Poi(k +1) 1+ N; &~
JEN;

2n

where p,;(0),7 € N;,j # 0, is arbitrary, while pyo(k) = p,,
k > 0 is the value the Oth node(leader) sends to its neighbors.
Thus, instead of (20), the agents will have at their disposal é;
(k + 1) = T (k" + 1) +ﬁ1i (k)szYO (k') + +ﬁmi (k)sz
X, 1(k—m+1), where each term w! X, 1(k —n+1),
1 <n <m represents the average defined by (17), thus
implying

G+ 1) = (k+1)+ > pui(B)Tin(k —n+1). (22)

n=1

In the next section, we develop distributed controller minimizing
the local errors (22). Obviously, this presumes that at time k,
the ¢th node is in the possession of the following information
received from the jth neighbor, z;(k) and T;,(k —n), n =
1,....m—1,5 €N,

[ll. ADAPTIVE LEADER-FOLLOWING ALGORITHM

A. Algorithm Development and Technical Lemmas

We first derive (29) relating local errors é; (k + 1) with the
inputs u; (k),7 € V;. To this goal, parallel to (17), let us define
the nested input averages

1 _
Ui (k) == N > Ty (k) =w[ Tna (k) (23)

JeN;
forn =2,...,m, where
U, (k)" =0, (k), Ton (k), ..., Ty (k)] (24)
with
i (k) = w u(k), u(k)" = [0,u1(k), ..., ux (k)] (25)

where the vector wj is given by (13). Similarly as in (19), from
(23)—(25), one can derive
Uin (k) = wl W"u(k), i € V. (26)
Then, from (1), (19), and (26), it follows that forn = 2,...,m
Al T (k—n+1) =w! W A(g Naz(k —n+1)

=w! W byB(qg Hu(k —n) = by B(q~" )Tin (k — n)
(27)

where we took into account that A(g 1)z (k) = 0 (see (3) and

the assumption A3). Because T;, = w! X, 1 (k) [see (17)],
from (16) and (27), one concludes that Vi € Vy
Alg Dei(k+1) =boB(g )[ui(k) + Bi(k —1)]  (28)
where §;(k — 1) := >"""_| pnitin (k — n). It is not difficult to
see that (28) can be transformed into
Alg")és(k+1) = boB(g ) [ui(k) + Bi(k = 1)] + i (k)
(29)

where

m

Bilk —1) =Y pui(k — )i (k — n) (30)
n=1

and

gi(k) == A(g V)[ei(k+1) —ei(k+1)]

+bB(g) [Z (pn — Pi(k — 1)>um(k - n)} 31)

n=1

with e;(k), pn;(k), and é;(k) given by (16), (21), and (22),
respectively. To derive the control law, we define

wi(k)T = [éi(k),...,éi(k — M+ 1);u;(k — 1)

+Bi(k—2),.. ui(k— M+1)+3i(k— M)], i€V,
(32)
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and
eT = [_a/h"'a 7bx‘Wfl] (33)

M. Thus, from (29), (32), and

o
_aJ\,I7b1,...

with a/, = a, /by, n=1,...,
(33), one can write Vi € Vg

éi(k +1) = bo[0" @i (k) + wi (k) + B (k — 1)] + gi (k).

The analysis of Section II implies that the leader following can
be achieved only if the local errors e;(k) (or their estimates
é;(k)) incorporating the leader’s internal model are driven to
zero. Obviously, from (29) and (34), it follows that if in (22)
and (31) p,; — p, as k — oo, for n =1,...,m, the control
signal u; (k) = —07 @; (k) — 3;(k — 1) ensures & (k + 1) — 0,
as k — oo, provided (1) is a minimum phase system. Assuming
that the sign of the high-frequency gain by is known, in case
when parameter vector 6 is unknown, we exploit the certainty
equivalence principle to propose the following control law:

(34)

ui(k) = =0, (k)" @i(k) = Bi(k = 1), i €V; (35

where 0; (k) is estimated by
0:(k+1) =0;(k) + Mi(sgn(bo))m, i >0
(36)

where

(k) =1+ goass [l + lsoIF] 37
with ; (k) defined by (32), and

i(k)" s =@ (k), .. T (k—m+1)

Ui (k= 1),..., Uim (k —m)] (38)
where T;,, (k — n+ 1) and w;,, (k — n),n = 1,..., m are given
by (17) and (23), respectively, while

ri(k+1) =r;i(k) + &k +1)*/hi(k), r:(0) >1  (39)

with é; (k) defined by (22).

Remark 2 : (The choice of h;(k) and r;(k) in (36)) The
global stability analysis of (35) and (36) reveals that h; (k) and
r; (k) are selected so that the following holds:

D) llgi (B)I[? /hi (k) < 1, [l (R)[I? /hi () < 1

2) hi(k) = hi(k — 1) Vk > 1;
3) boundedness of r; (k) implies boundedness of é; (k);
4)

i(k+1)?

Iy = . 4
1 Zh rlk+1)<°° “0)

It should be noted that the control signal w;(k) [see (35)]
supposes that at time index k, the ith node is in pos-
session of the following data received from its neighbors:

xj(t),fjn (t — n),uj(t — 1), and ﬂjn(t —n — 1), k—M <
t<k, n=1,...,m—1, j€V;. Samples T;,(k—n) and
Ujn (k —n —1), n > 1 are generated by the jth neighbor at

discrete time “k — n” and sent to the ith node for future use. To
set the stage for the global convergence analysis of (35)—(36),
we first discuss some properties of the matrix W given by (10).

The aforementioned W is a reducible stochastic matrix of the
form

(41)

where f € RV, and Wy € RV >V Assumption A2 implies that
vector f has at least one nonzero element, i.e., at least one
follower ¢ € V; directly receives information from the leader.
In addition as the followers subgraph is strongly connected, Wy
is an irreducible substochastic matrix with at least one of the
row sums less than one, as a consequence of which the spectral
radius p(Wy) < 1 (see [48, p. 63]). From (10) and (41), one
can see that 1y = 1 is an eigenvalue of W corresponding to
the right eigenvector o’ = [1 1 --- 1] and the left eigenvector

=[10---0]. Since W has a diagonal block structure, the
rest of its eigenvalues coincide with those of W . Therefore, we
can write

W=w,+av’, afv=1 (42)

where

Wia =0, 0" W, =0, p(W;) < 1. (43)

We next justify p(WW;) < 1. The aforementioned eigenvalue
Ao =1 of W, translates to 7y = 0 eigenvalue of W corre-
sponding to the same left and right eigenvectors v and a.
The remaining eigenvalues of Wy, say ;, 7 = 1, ..., N satisfy
Wi¢; = n;¢;, where ¢; are corresponding eigenvectors. Then,
(42) gives

Woi =nidi + v’ ¢;. (44)

Because v W = vT and v" o = 1, the previous equation yields
nivl ¢; = 0,i=1,...,N.Thus,n; = 0or v’ ¢; = 0implying
that if n; # 0 then W¢; = n;¢; [see (44)], i.e., n; is eigenvalue
of W as well. On the other hand, except 1y = 1, the eigenvalues
of W are the same as those of Wy with p(WW;) < 1. Hence,
p(W7) < 1. The next four technical lemmas are called upon in
the stability analysis of (35)—(36).
Lemma 1: Let Assumption A2 hold. Then, (21) yields

(Bui(k) = pa)® < c1di, n=1,....m (45)
forsome 0 < A; <1,0<¢; <oo,andi € Vy.
Proof: The proof is given in Appendix. |
Define the matrix polynomial
Ri(g ) =T+ p.W/'q" (46)

n=1

where p,, n =1,...,m are coefficients of P(q!) [see (4)],
and IV, is the same as in (42).

Lemma 2: Let Assumptions A2 and A3 hold. Then

det(Ri(z71) #A0V |2| > 1. 47

Proof: The proof is given in Appendix. |
Define

é(k)" :=1[0,é1(k),...,én (k)] (48)
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The next lemma overbounds ||z(k)||?, (e; (k+1)—é&;(k+1))2,
and [|¢; (k)||* by an exponentially weighted norm of {é(k)}.
Lemma 3: Let Assumptions A2 and A3 hold. Then Vk > 0

1) Zkk ()| < e +es Zkk *lles)]? (49)
k
2M@%+1%%Mk+ny§k§Cy+%§:wﬂWd@W
s=0
(50)
k
D (k)I1* < e+ cr Ejf\kfgfsllé(S)ll2 (51)
s=0
4) gi(k)* /hi(k) < csAf (52)

Vi € Vs, where x(k),;(k),ei(k), and g;(k) are defined by
(7), (38), (20), and (31), respectively, while 0 < A; < 1, ¢ =
1,2, 0<Xip <1l,and¢;, i = 2,...,8 are positive constants.
Proof: The proof is given in Appendix. |
Let

D(k) =

k—1) +ZH% )I?, D(0) > 1

(53)

and
E(k) = E(k—1) + |e(k)|*, E(0) >0

where ¢;(k), i € Vg, and é(k) are given by (32) and (48),
respectively. The following lemma overbounds D(k) and
[[4: (R)|* by E (k).

Lemma 4: Let Assumptions A1-A3 hold. Then

(54)

DD(k) <ci7E(k), 0 <ci7 <ocoVk >0 (55)
2) oglaf [[40: (ne )||2 <csEk), 0 < s <ooVEk > 0;
(56)
3)I1; < o0, i € Vy; (57)
where [; is defined by (40).
Proof: The proof is given in Appendix. |

B. Global Stability Analysis of the Algorithm (35)—(39)

We are now in a position to show that the proposed distributed
controller guarantees {e; (k)} € I, and {0;(k)} is a Cauchy se-
quence (see Theorem 1), while {u; (k)} € I, € V¢, and agent
followers synchronize to {xy(k)}, i.e., z(k) — axg(k) — 0 as
k — oo, where « is vector of all ones and x (k) is defined by (7)
(see Theorem 2). The aforementioned claims are global in the
sense that they hold for all initial conditions 6;(0) and ¢; (0),
1€V f-

Theorem 1: Let Assumptions A1-A3 hold. Then, the algo-
rithm (35)-(39) ensures that

D{ei(k)} € lo, {llpi(R)II} € L2, {ei(k)} € o (58)
2)0; = klim éb(k;) exists. (59)

Proof: Proof of 1): We first obtain the equation of the closed-
loop system by substituting (35) into (34). Thus

ik +1) = —bob; (k)" pi(k) + gi(k), 6;(k) := 6;(k) — 6.
(60)

After subtracting 6 from both sides of (36) and squaring the
obtained equation, we can write

0i (k)" i (k)éi (k +1)

16: (& +1)[1* = 116: (k)1 + 242i (sgn(bo)) = hi(k)r(k 1 1)

o s (k) 26,k + 1)
Rk (k + 12

+u i€y 61)
Next, we substitute 6; (k)7 ¢; (k) from (60) in the second term

on the RH S of (61) to obtain Vi € V

;. 2 e 2 G+ 1)
I+ 0P < 10, - 2
2p; € (k +1)gi (k)| 2 (k+1)?

! 62
bl BB+ e
where in the third term on the right-hand side (RHS) of (61),
we used the fact that ||o; (k)||?/h; (k) < 1 [see (37)]. Because
2|é;(k +1)gi (k)| < eréi(k+1)* + gi(k)?/e1, for some 0 <
€1 < 1, from (62), one derives

16; (k + )| < 16: (k)| AN OICES)
24 gi (k) o Ci(k+1) i€V (63)

e1 |bo| hi(k)ri(k4+1) " " hi(k)ri(k 4 1)2

where py :=2pu;(1 —e1)/|bo| > 0. Since by (39) and (52),
gi(k)?/h;(K)r;(k + 1) < g}, from (63), one obtains

ét(k + 1)2
PU Bk + 1)
éi(k+1)>
Chi(k)ri(k+1)27
for some constant c3y > 0. By virtue of the fact that the last two
terms on the RH .S of (64) are “infinitely summable” [see (40)

and (57)], the aforementioned relation implies that following
limits exist: Y := limy_ [|0; (k)||?, and

16: (k + 1)1 < 116: (k)]I* ~

+ c30At + 2 iV (64)

. éi(k+1)? .
=1 ——, 1 €Vy. 65
tg?c]; hi(k>’l“z‘ (k + 1) ! ! (65)
At this point, we analyze two cases related to the evolution of
ri (k) given by (39): case 1, -limy_., r; (k) = oo, and case 2,
limy oo 7 (k) < 00. In case 1, we apply Kronecker’s lemma

(see [34, p. 503]) to (65) to obtain

t A
Zet =0

k:O hi(

66
kﬂoo ’I”1 :ZC +1 ( )

which together with (39) gives r;(k + 1) = O(1), i.e., case 1
cannot take place. Thus, {r; (k) } is abounded sequence. Because
it is nondecreasing, {r; (k)} must have a limit, i.e., (39) implies
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that

t
7i=lim [r;(0) + > &;(k+1)*/h(k) (67)
e k=0

exists Vi € V. Obviously if in (67) {h;(k)} is a bounded se-
quence, then {é; (k)} € ly. Otherwise, if h; (k) — ocoask — oo,
application of the Kronecker’s lemma to (67) yields

t
Z éi(k+1)2=0VieV,.

k:U

(68)

t—00 h

Let us now overbound h; (t) [see (37)] with 3}, 27 éi (k +
1)? by using Lemma 4. Since by (53) maxo<, <k ||<pL( N? <
D(k), from (37), (55), and (56), we can write

hi(t) < c,E(t), i € V¢ (69)

where we have assumed that in (54), F(0) is selected such that
¢, E(0) > 1. Hence, by combining (68) and (69), we derive
40 S, el + DP)/E() — Oast — oo, or B(t+1) =
O(1) [see (54)]. Thus, {&;(k)} € I, Vi € V. Then, from (53)
and (55), it follows that {¢;(k)} € Iy as well Vi € V. Further-
more, (50) implies {e; (k) — é;(k)} € lo which together with
{éi(k)} € Iy yields {e;(k)} € Iy Vi € V¢. Thus, (58) is proved.

Proof of (2): Backward iteration of (36) gives éi(k +1)=
0;(0) + o, (k), where

s)éi(s+1)

k
Z !
= hi(s)ri(s +1)’

Thus, 6; in (59) exists if {o;(k)} is a convergent sequence.
By using (58) and the Cauchy—Schwartz’s 1nequa11ty, we have
> g lei(9)éi(s + 1) < (i llei ()22 (25 (s +
1)?)1/2 < ¢35 < 00Vk > 0, which together with 1/h;(s)r;
(s + 1) < 1[see(37)and (39)]implies that o; (k) is a partial sum
of the absolutely convergent series, i.e., 0; (k) — @; as k — oo.
Hence, (59) holds. Observe that because {||o; (k)||} € l2 [see
(58)], the signal vector ; (k) cannot be persistently exciting, as
a consequence of which the estimates {0;(k)},i € V; do not
converge toward the true parameter vector 6. |

The next proposition states that {x(k) — axo(k)} € lo, and
{ui(k)}, ¢ € V; are uniformly bounded sequences.

Theorem 2: Let Assumptions A1-A3 hold. Then, the algo-

rithm (35)—(39) provides

Z [l (k

k=0

o (k) := u; (sgn(by) i€V (70)

(k)|* < o0 (71)

- OLZCO

where x(k) is defined by (7), o € RV *! is vector of all ones,
and x (k) is the leader’s trajectory;

2) |ui(k)] < 33 <00 Vk>0,1i€Vy. (72)
Proof: Define
0o (k) = x(k) — azy (k). (73)
Since Wi = 0 [see (43)], from (46), we have R; (¢~ !)a = a.
Then, (122) in Appendix implies
Ru(q")do (k) = é(k) = Ak = 1,¢ (k) (74

where é(k) and A(k,q ') are defined by (48) and (119), re-
spectively, in Appendix. Because Wa = a, (119) gives A(k —

1Lg ") (k) = 01(k) + 2(k) with 6y (k) := 320" (dn (k — 1)
— po D)Wy (k —n), and 8y (k) == a7 (dn (k—1)—p, 1)
20 (k — n), where d, (k) is defined by (117) in Appendix. Thus,
(74) yields

do (k) = D7HE(k) — 01(k) — 02 ())-

Observe that by (45) and (117), ||(f,l(k) —pu || S ik, 1<
n < m. Then, taking into account that {x((k)} is bounded, the
aforementioned 65 (k) and 41 (k) can be overbound as follows:

Ri(q~ (75)

102 (F)||? < e3ark, 0 < ezq < 00

and [|01 (k)||? < ezsAf S0, |60 (k — n)||?, for some positive
constant c35. Obviously for a given 5, Ik such that

(76)

16: (k)1 < mep Y 6o (k —n)|* Vk = ko (77)

n=1

where €5 can be taken as small as needed. By virtue of the fact
that by Lemma 2, Ry (g~ !)~! is stable MIMO operator, from
(75)—(77), one can derive

Z 160 (k)| < 3C, Z le(k)|1>

k=ko k=ko

+3mC,ey Z 160 (K)|1* +cas (78)

k=ko

where C, < oo is positive constant related to the Hy-norm of
Ri(qg~1)~!. Precise value of C, is unimportant for our analysis.
In (77) and (78), we take €2 < 1/3mC,. Hence, (78) implies
St 180 ()12 < esr Xk, 60k 435 V> ko, 0<csr,
38 < 00, from where by (73) and the fact that {é(k)} € I [see
(58)], one obtains (71). To prove (72), let us observe that bound-
edness of {z((k)} implies boundedness of {z(k)} [see (71)].
On the other hand by the assumption A1, A(¢~1)/B(q ') is sta-
ble operator. Therefore, from (1), we have |u; (k)| = |(A(g1)/
B(g™")ai(k +1)| < 39 maxo<r<p |2 (7+1)] < ¢33 < 0oVk
> 0,7 € Vy. Thus, the theorem is proved. [ |

IV. LEADER FOLLOWING IN CASE OF UNKNOWN
CONTROL DIRECTIONS

When the sign of by (control direction) in (1) is unknown, we
propose to calculate the control signal u;(k), i € V;, by using
(35) with 0; (k) generated by the following algorithm:

pi(k)é;(k+1)

0;(k+1) = 0;(k) + pi(k + 1)1%(]%(]H Ik k>0 (79
where h; (k) is defined by (37), and
. Lk -Tik)
N'L(k+1)_ ’yl-(k;+1)—%(k)’rl(k) ’yl(k)COS%(k)
(30)
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with

il 4 1) = () 4 B+ L L0>0 @D

h; (kj)’/‘i (k? +1

while r;(k 4 1) is the same as in (39). The initial éi(o) is arbi-
trary. It can be easily verified that the gain u; (k) = p;(vi(k))
is a continuous function of argument ; (k), and +; (-) is a con-

tinuous function of the state vector ¢; (k) given by (32). Simple
trigonometric manipulation of ; (k + 1) yields

yi(k +1) +%(k)>
2

wi(k+1) =cosv;(k+1) —~(k)sin <
(iR = i(R)
X smc( 5 )

where sinc(z) := sin(z)/z. Obviously p;(-) is a continuous
function of 7; as a result of the fact that sinc(z) is a contin-
uous function of z.

Remark 3: Comparison of (36) and (79) shows that the
sgn(by ) isnotused in (79) and the gain y; (k) is signal dependent.
The presence of cos(+) and sin(-) terms in (82) enables the gain
; (k) to take on positive and negative values. Stability analysis
(see Theorem 3) shows that if during the adaptation process the
signal é;(k + 1) starts to grow, the gain p; (k) changes its sign
until a stabilizing 0; (k) in (35) and (79) is found. The proof of
Theorem 3 reveals that in (79), u; (k), i (k), hi(k), and r; (k)
are selected to satisfy the followings:

1) ~;(k) and r; (k) are nondecreasing sequences;

2) pi(k) satisfies 3. o st (k+1)&; (k+1)%/h; (k)r; (k+1)
=T,(t+ 1) —T;(t), where I';(¢) is selected so that it
changes its sign if v; (t) — oo as t — oc;

3) the partial sum

(82)

N, s (k)26 (k + 1)?
B0 = 2+ U e G 1

converges as t — 00;
4) h; (k) is nondecreasing sequence satisfying (||; (k)
i (k) 2) /s (k) < 1
5) boundedness of {v; (k) } implies boundedness of {r; (k)},
and consequently, {é;(k)} € lo.
The following inequalities derived as follows come handy to

(83)

12 +

the stability analysis of (79):
[7vi (k)] < 7:(0) 4+ logr; (k) Vk > 0 (84)
and
lpi (B)| < 14 7:(0) +logr;i (k) Vk > 0. (85)

Since by (39), e;(k+1)%/h; (k) = r;(k+1) — r;(k), (81) gives

ri(s+1)

d
+Z’f18+1 /() “

ri(s+1)
<7 (0) + E /( :
0Jri(s

vi(k+1) =

dz

~ <7 (0) +logri(k+1) (86)

that is (84) holds. Relation (85) is a consequence of (84) and the
fact that in (82) |sinc(z)| < 1 Vz. The convergence analysis of
(79) makes reference to the following lemma.

Lemma 5: 1) I»;(t) defined by (83) satisfies

I5;(00) < 0. (87)
2) Let the assumptions A2 and A3 hold. Then
lim I5;(t) = Tsi, [I3] < 00 (88)
where
t
eZ (k+1)gi(k+1
Li(t) =Y i ol 2 1) (g

— hi (&)r: (k + 1)

where é;(k), g;(k), pi(k), vi(k), and r; (k) are given by (22),
(31), (80), (81), and (39), respectively.

Proof: The proof is given in Appendix. |

The next proposition establishes that {v;(k)}, {ri(k)},

{pi(k)}, and {ét(k)} in (79)—(81) are Cauchy sequences, as
well as {e;(k)} € ls.

Theorem 3: Let Assumptions (A1)—(A3) hold. Then, the
algorithm (35), (79)—(81) provides the followings.

D)7, = lim ~;(k) exists. (90)
27; = lim r;(k) exists. 91)
3{éi(k)} € lo, {ei(k)} € o, {llwi(R)[} € L. (92)
7, = lim pi(k) = cos7; — i, sin7;. (93)
5)0; = Jim 0:(k) exists. (94)

Proof: Similarly, as in (61), from (79), we can obtain

0 (k)" i (k)éi(k + 1)

1900+ DI = 1.6+ 20+ 1) 5

2 H%(/f)l\Q éi(k+1)°
hi(k)*ri(k + 1) 7
Substituting 6; (k)7 ; (k) from (60) into the second term on the
RHS of (95) yields

+ i (k+1) i€ Vy. (95)

2u;(k+1) é&(k+1)>
bo  hi(k)ri(k+1)

2 II%( )Péi(k +1)°

16: (k + )17 = 116 (k) II*

2 (k+1) é;(k +1)g; (k)

+ pi(k +1)

by hi(k)ri(k+1) hi(k)?r;(k +1)?

(96)

Then, by using é;(k+1)%/h;(k)r;(k+1)=~;(k+1) — v (k)
[see (81)] in the second term on the RHS of (96), by virtue
of (80), one can derive

16: ()2 — %m(k L) - Ti(h)
2ui(k+1) é(k+1)g; (k)
b() hl(k)’m(k-‘r 1)

i (k)| é; (k + 1)?
+ pi(k+1) MOEECES R

16: (k + 1> =

i€V 97)
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Telescoping (97) from k = 0 to k = t yields

3(Fy‘,(tJr 1) —

163 (¢ + DI* = 16:(0)]* — 2
0

I';(0))

ffgl( ) + IQZ'(t), 1€ Vf 98)

bo
where I3;(t) and Iy, () are defined by (89) and (83), respectively.
Note that by (87) and (88), limy o (12 (t) + I3, (t)) exists. As-
sume now that 7;(t + 1) — oo as t — oco. Obviously, we then
have

|I? +3(F¢(0) + I3,(t)) + 121‘(15)} =0.

16:(0)1 +7-
99

im -
t%wwwq
Furthermore, (80) and the assumption that ; (k) — oo imply

lim inf {r (t+1)/boryi(t + 1)1/2} = —oco.  (100)

t—0o0
regardless of the sign of by. Hence, (98)—(100) yields

T inf {16 (¢ + 1| /i (¢ + 1) = —o0 (101)
which contradicts ||6; (t+1)||? /i (t+1)'/2 > 0Vt > 0. There-
fore, the assumption that +; (t) — oo as t — oo does not hold.
Consequently, the nondecreasing sequence {v;(¢)} must be
bounded, and thus, it must have a limit, i.e., from (81), we
can write

t
t%(t+;m
Thus, (90) is proved. Next, we show that {r;(k)} is bounded.
If r;(k) — oo as k — oo, similarly as in (65) and (67), by
Kronecker’s Lemma from (81) and (90), one can derive (66)
and conclude that ; (k) = O(1), i.e., {r;(k)} is bounded. Since
it is a nondecreasing sequence, it must have a limit. Hence,
(91) holds. The proof of (92) follows the same arguments as the
analysis in Theorem 1 starting with (67). Claim (93) is direct
consequence of (82) and (90). Because p;(k) — i, < oo as
k — o0, the proof of (94) follows the same lines of analysis as
the proof of (59) in Theorem 1. Thus, the theorem is proved. W
The next proposition is equivalent to Theorem 2.
Theorem 4: Let Assumptions A1-A3 hold. Then, the algo-
rithm (35), (79)—(81) guarantees (71) and (72).
Proof: The proof is the same as for Theorem 2. |

(k+1)

= ~.. 1 V.
22 W

V. SIMULATION EXAMPLES

Example 1: Consider a group of five agent followers and
a leader whose directed graph topology is characterized by the
following adjacency matrix W see (10)]

1 0 0 0 0 0

1/4 1/4 0 0 1/4 1/4

{13 0 1/3 13 0 0
W=1%0 13 0o 13 0 13 (102)

1/3 0 1/3 0 1/3 0

0 1/3 0 0 1/3 1/3

The leaders trajectory is governed by (3) with P(q!) =
(1—qg H[1 —(2cosQ)qg ! + ¢ 2],Q0 = 7/80[rad/sample],
while z(0) = 44.8614, x¢(—1) = 44.9383, and z¢(—2) =
44.9846. The scheme (35), (79)—(81) is applied to the following
fourth-order follower’s dynamics, (1 + 1.4¢7Y)P(q %)x;
(k+1)=15(1-0.8¢ )u(k), k>0,i=1,...,5 where
7;(0) = —2i(=1)", x;(—1) = 0.54, and u; (1) = 0, for 7 < 0.
Obviously, the open-loop agent dynamics is unstable. Operator
P(q7') indicates that zo(k) contains two components: a
constant whose value depends on the initial conditions,
and a cosine signal of frequency ), whose amplitude
and phase are initial conditions dependent. In this case,
xo(k) = 25 + 20 cos(7k/80),k > 0. It should be observed
that the above P(q~!) is a third-order monic polynomial
of the form P(q ') =1+piqg ' +pqg?+p3qg 3 The
local controllers require the knowledge of the coefficients
pn,n=1,2,3 [see (22), (36), and (79)]. This information
is sent by the leader to those followers i € V; whose set
of neighbors N; contains the leader’s node. The receiving
followers further propagate this information through the
network so that each agent can estimate p,,n =1,2,3 by
using the average protocol (21). We should call to mind that
the control algorithms presented in this paper assume that
the followers do not know who among their neighbors is the
leader, hence the need for (21). In (21), the initial values are
Pni(0)=0,i=1,....,5 and p,o(k) =pn,k>0,n=1,23.
In (39) and (81), we take 7;(0) = 1 and 7;(0) = 1. Since the
follower’s dynamics is fourth-order system, in this case, the
signal vectors ¢; (k),7 € Vy [see (32)] are defined by

oi (k)" = [éi(k),éi(k —1),é;(k —2),é;(k —3)
wi(k = 1) + B;(k — 2)] (103)

where according to (22) and (30), we have, ¢é;(k) = z; (k) +
pri(k — D)Tir (k — 1) + poi(k — 1)Tia(k — 2) + psi(k—1)Ts3
(k—3),and

Bi(k —1) = —pri(k —

— psi(k —

D (k —
1)ﬂi3(k5 —

1) — ﬁgl(k — l)ﬂig (k — 2)
3) (104)

Recall that in this example degree of P(q!) is equal to 3.
Notice that the aforementioned /3; (k — 1) is used in the control
law (35), while its delayed version 3; (k — 2) is used in ; (k).
Here, Z;1 (k — 1), o (k — 2), and T;3(k — 3) are given by [see
(©) and (7)) Ty (k — 1) = (1+ N:) 'Y, 25 (k — 1)

Tio(k—2) =1+ N)™ Y 7 (k—2) (105)
jGN
and
Tig(k—3) = (1+Ni)™" Y Fja(k - 3) (106)

jeN;

where N; is the cardinality of N;, the set of neighbors of the
ith follower, while N; = N; U {i}. For example, if i = 2, then
N; ={1,2,5,6} [see (102)]. Similarly, as stated in (23) and
(25), samples @;1 (k — 1), ;2 (k — 2), and @;3(k — 3), in (104)
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100 200 300 400 500
Discrete time (k)
Fig. 1. Trajectories of z; (k),i = 0, ..., 5.
o 100 200 300 400 500
Fig. 2. Convergence of parameter estimates 65 (k).
are given by
U (k—1) = (1+N)" Y u(k—1) (107)
JEN;
Ui (k—2) = (1+N)™" Y (k- 2) (108)
JEN;
and
Uis(k —3) = (1+N)) ™" Y Wja(k—3),i=1,..,5. (109)

JEN;

Close look at (35) and (103) reveals that calculation of the
input u; (k) requires following samples: é;(k),é;(k —1),u;
(k—1),5;(k —2), and 3;(k —1). On the other hand, calcu-
lation of ¢é;(k) [which is specified after (103)] and Bl(k —
1) [see (104)] presumes the knowledge of T;1(k — 1),T;0
(k — 2),fi;;(k — 3),@{1(]6 — 1),@12 (/ﬂ — 2), and ﬂig(k — 3)
According to (105)—(109), each Z;,(k —n), and @;, (k —
n),n=1,2,3 represents the average of neighboring
Tjtn-1)(k—=n), and U, _1)(k —n),j €N;, respectively.
Hence, to calculate T;,, (k — n) and u;, (k — n),n = 1,2, 3, the
ith node receives from the jth node the following samples:
T (k — 1),fj1(k — 2),fj2(/€ - 3),u]' (k — 1),ﬂj1(k — 2), and
Ujo(k —3),j € N;, where N; is the set of neighbors of the
ith node. These samples are calculated by the jth node at time
instants £ — 1,k — 2, and k — 3, respectively, and sent to the
ith node for use at the time instant k. Fig. 1 depicts the outputs
{zi(k)},i=1,...,5along with {z( (k) }. Obviously, all {z; (k) }
follow {z(k)}. Convergence of {6; (k)} for i = 2 is shown on
Fig. 2. As it is pointed out at the end of the proof of Theorem
1, sequences {6;(k)},i € V; do not converge toward the true
parameter vector 6.

Example 2 (Platooning of vehicles): The scenario in this
example is a platoon of five vehicles and a leader on a single
lane road. It is assumed that each vehicle receives information
only from the closest preceding vehicle, and only the follower
closest to the leader, follower labeled with index 7 = 1, receives
information from the leader. Thus, the matrix W [see (10)]
describing the underlying directed graph topology is given by

1 0 0 0 0 0
/2 1/2 0 0 0 0

wol0 1212 0 0 0

0 0 1/2 1/2 0 0
0o 0 0 1/2 1/2 0
0o 0 0 0 1/2 1/2

The longitudinal vehicle dynamics is taken from [6] and
[49], and it is a simple linear model of the form ¢; (t) = x; (¢),
and J)l (t) = (K,-/ml,i)ui (t),i = 1, vy 5, where Yi (t),l‘i (t),
and wu;(t) are the ith vehicle position [in meters (m)], ve-
locity (in m/s), and control input (determining the propelling
force), respectively. There, m,; (in kilogram (kg)) is the ve-
hicle mass, and K; is parameter dependent on mechanical ef-
ficiency of the driveline, tire radius, and steady-state gain of
the powertrain. We consider the case of constant mass and ho-
mogeneous platoon with m,; =m,, and K; = K;i=1,...,5
(see [6, p.109]). Discrete-time version of the aforementioned
model is y;(k+ 1) = y; (k) + 2 (k)Ty, zi(k + 1) = 2;(k) +
bou; (k),k > 0,i=1,...,5, where by = KTs/m,, and Tj|s]
is the sampling interval. In this example, we set by = 2
and T, = 0.5s.The leader’s velocity is constant and it is as-
sumed to be (k) = 20.83 m/s (or 75km/h) Vk > 0. This
implies that the leader’s internal model (3) is specified by
P(g') = (1 —¢'),and 2¢(0) = 20.83. The leader’s position
is yo(k+ 1) = yo (k) 4+ 2o (k)Ts. The objective is to devise lo-
cal input v, (k) so that z;; (k), 7 € V[ tracks the leader’s velocity
xo(k), and the distance between spatially consecutive agents
satisfies y; 1 (k) — y; (k) = dist;,i = 1, ..., 5, where dist; > 0
is the value selected by the ith vehicle. It is presumed that
at the time instant %, the ith agent has received x;_1(k — 1)
and y;_1(k — 1) from the (i — 1)th vehicle. To accommodate
distance constraint, in this example, the control input (35) is
augmented with additional term to give the following w; (k):

ui(k) = —0; (k)" i (k) — Bi(k — 1) + &(k),i € V;  (110)

where &; (k) = foi[yi—1 (k—1) = yi (k) + i1 (k —1)T; — dist;],
with fo; > 0 chosen by the ith agent. In this example, we set
foi = 0.1Vi € V. It should be noted that at the time instant
k, the ith vehicle dos not know what the value of y;_; (k) is,
and the distance from the (i — 1)th agent is calculated by using
yi—1(k —1). The role of z; 1 (k — 1)T} in &; (k) is to account
for the difference between y;_1 (k) and y;_1(k — 1). Here, it
is assumed that the communication delay between the ith ve-
hicle and its predecessor is equal to one time sample 7T, and
the vehicles are not subject to disturbances. The authors in [6]
and [49] consider a more realistic scenario with randomly vary-
ing delays, and in [50] assume the presence of disturbances.
Since the velocity dynamics is a first-order system, in (36)—
(39) and (110), {¢;(k)} and {f;(k)} are scalar sequences.
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Therefore, ; (k) = é; (k), while {0; (k)} is the estimate of 1 /by .
Because in this example P(¢7!) = (1 + p1g™ '), withp; = —1,
there is no need to use (21), and as it is stated in (22) and
(30), we have ¢é;(k) = x;(k) —Tin(k—1) and S;(k—1) =
7ﬂ7;1(]€ — 1) with fﬂ(k — 1) = [1’7(]{3 — 1) -+ l’i_l(k — 1)]/2,
and ;1 (k—1) = [u;j(k—1)+u;—1(k—1)]/2 [see (6) and
(107)]. In (36) and (39), we take pu; = 1.5, 0; (0) =1, and
r;(0) = 2,7 =1, ..., 5. The distances between adjacent vehicles
are dist; = 25m, for ¢ = 1, ..., 5. Fig. 3 shows that all of ve-
locities z;(k),i = 1, ..., 5 converge toward x((k), k > 0. Vehi-
cle positions {y;(k)},i =0,...,5 are depicted on Fig. 4, with
zoom-in graph indicating equidistant spacing among vehicles.
The dashed line represents the leaders trajectory. The evolution
of distances dist;, 7 = 1, ..., 5 between two consecutive vehicles
are shown in Fig. 5.

VI. CONCLUSION

We considered a discrete-time adaptive leader-following
problem for networked linear systems of general order and an
arbitrary leader’s trajectory. It is assumed that the network graph

is directed and the agent dynamics are minimum phase. Two dif-
ferent distributed algorithms are proposed for cases of known
and unknown control directions. It is shown that all agents syn-
chronize to the leader’s trajectory, the tracking error is an [y se-
quence, input and output signals are bounded, and the parameter
estimates are Cauchy sequences. The perfect leader following
cannot be achieved in the presence of external disturbances and
unmodeled agent dynamics. An important future research prob-
lem is extending the aforementioned results to the case of state
obfuscation along the concepts outlined in [51]. Other follow-up
research topics are extensions of the aforementioned results to
a multiple-input multiple-output agent models, a time-varying
graph topology, and to nonlinear agent dynamics along the lines
of [54].

APPENDIX

Proof of Lemma 1: Define

Py (k) := [pas D (k), - Bun (B)], K20 (111)
forn =1,...,m. Clearly (10) and (21) give
B(k+1)=WE,(k), k>0. (112)
Observe that from (42), we have
WF =wF 4+ av® VE> 1. (113)

Then, (112) and (113) yield

P, (k+1) = WP, (0) = WP, (0) + av” P, (0).
(114)

Because v” = [10... 0], from (111), we get v” P, (0) = p,.
Therefore, (45) follows from (111) and (114) by virtue of the
fact that p(W7) < 1 [see (43)]. [ ]

Proof of Lemma 2: Let n; and ¢;, 1 =0,1,..., N be
the eigenvalues (not necessarily distinct) and the correspond-
ing eigenvectors, respectively, of W;. Then, W1 ¢; = n;¢; and
(46) imply Ry (27 1)¢; = (;(271) s, where

Gz =14 pa(mz )", i=0,1,...,N.  (115)
n=1

Thus, for a fixed z,(;(z!) is an eigenvalue of R;(z7!).
The Assumption A3 implies that the roots of (;(z7!) satisfy
|niz~'| = 1, which together with p(W;) < 1 [see (43)] gives
|z] = |n;| < 1.Hence, ¢;(2~') does not vanish for | 2| > 1. Con-
sequently, det(Ry (27 1)) = [V, G(z 1) #0V|z| > 1. W
Proof of Lemma 3: Proof of 1). Define
R(k,q7") =Y dy(k)W"q "

n=1

(116)

where

d, (k) := diag[p,, pu1 (k), .- pan ()], (117)

with p,,; (k), 1 <14 < N given by (21), and p,,, 1 < n < m are
coefficients of P(q~!) [see (4)]. A close look at (19) and (22)
reveals that é(k) defined by (48) can be written in the form

é(k+1) = R(k,q VHa(k+1) (118)



RADENKOVIC AND KRSTIC: ADAPTIVE LEADER FOLLOWING IN NETWORKS OF DISCRETE-TIME DYNAMICAL SYSTEMS 335

where R(k,q ') is defined by (116). On the other hand, by tak-
ing into account (15) and (116), we have R(k,q ') = R(¢™')
+ A(k,q '), where

m

Ak, ") =) (du(k) -

n=1

pon D)W"q™". (119)

By using the aforementioned decomposition of R(k, g ') in
(118), one can write Vk > 0
é(k+1)=R(g " Hz(k+1) + Ak,

g Dz(k+1). (120)

Next, we express R(¢ ') in terms of R;(q~!
Substituting (113) into (15) yields

1 + <ipnq—n> OZ’UT
n=1

where vT =[10...0]. Because v’ z(k) = xq(k) [see (7)],
owing to (3), one concludes that (3", p,q ")av! z(k) =
—axg(k), from where by (120) and (121), we can derive

“Da(k). (122)

At this point, it should be noted that by Lemma 1, (117) and
(119), it follows that A(k — 1,¢7 ) — 0 as k — oo, exponen-
tially fast. Then, in light of the fact that by Lemma 2, Ry (¢~ !) !
is stable MIMO transfer operator, from (122), one concludes that
dkq, such that Vk > k;

Z)‘k s”R

) given by (46).

R(g')=R (121)

Ri(g™")x(k) = axo(k) + é(k) — A(k —1,q

) AGs, g a(s)|P < e Zkk a(s)|?

(123)

for some 0 < €3 < 1/2 and 0 < A2 < 1. Thus, statement (49)
follows from (122) and (123) by virtue of the fact that R (¢~ 1) !
is stable operator, and {x,(k)} is bounded sequence.

Proof of 2): It is not difficult to see that (16) and (19)

yielde;(k+1) =zi(k+ 1)+ > 0" | paTin(k — n+ 1), from
where by (22), one derives
Eilb+1) = es(b+1) = 3 (Bai(k) — pa)Tin (b —n+ 1),
n=1
(124)

Because (19) implies [T, (k)| < & ||lz(k)]], 0 < ¢ < oo, by
virtue of (45) and (124), we obtain (&; (k + 1) — e; (k + 1))?
csAf SO, llz(k — t)])%, from where by (49), it follows that

m

< Csf\lfz
=0
k
c4 +Coz)‘§ *|le(s )||21

s=0

(éi(k+1) —ej(k+1))°

C2+Csz)~k e |2]<)‘]f

for some positive constants c¢;, ¢ = 2,3,4,5,8. Thus, (50) is
proved.

Proof of 3): Observe that from (19), (26), and (38), we can
write

m—1

B2 < e 3 (|x<k SO+ (k-1 - t>||2)
t=0
(125)

where 2(k) and u(k) are defined by (7) and (25), respec-
tively. Furthermore, the minimum phase property of (1) [see
assumption (A1)] implies that for some 0 < A3,Ap < 1

k

lu(k = D)* < e1ohf +er Y a0,
t=0

(126)

The term cjgA%5 accounts for nonzero initial conditions. By
using (126) in (125) yields ||v;(k)|* < ci0A} +c12 30
ARt 2(t)||?, from where by (49), it follows that

k

t
[ (B)II” < c10A5 + caa Zkf{t 2 + 032 Asllet — s)|?
t=0 5=0

koot
<3 —|-Cl4)L ZZ )\2/)\3 || t—s)|| /)\t 9) (127)

t=0 s=0

After introducing change of variables 7 = ¢t — sin (127), simple
manipulations give

k k
[P < ers +erarly D Y (o/ap) 7 (lE(r)IP /a%)

T=0t=7+1
k

<z +orrl Y[l
7=0

TP /25 (128)

for some positive constants c¢i3 and c7. Thus, (51) is proved.
Proof of 4): Note that (20), (22), (38), and (45) imply

(€i(k+1) —ei(k+1))* < cishfllyy ()|, i € Vy.

It should also be noted that the square of the second term on the
RHS of (31) is overbound by c;gA} Zi\io llvi (k —t)|* [see
(130)]. Taking this into account together with (129), from (31),
one can conclude that g; (k)% < 1625 maxg<, <, [|¥:(7)]|%,0 <
c16 < 00, which together with (37) yields (52). Thus, the lemma
is proved. |

Proof of Lemma 4: Proof of 1) We first focus on g; (k)
[see (31)] by overbounding 37} _, g:(k)?> with E(t). Note that
by (38) and (45), we have [>."_; (pn — Pni(k — 1)) (k —
n))? < er7A¥ || (k)||%, from where by virtue of (51), one can
derive

{bOB<q_1) [Z(pn - ﬁni(k - 1))ﬂz‘n(k — n)] }

n=1

(129)

M
<eshi Y ik — 1))

t=0
M k-t
< cysk (M+1)CG+C7ZZA%tS|é(s)|2]. (130)
t=0 s=0




336

IEEE TRANSACTIONS ON CONTROL OF NETWORK SYSTEMS, VOL. 6, NO. 1, MARCH 2019

Then, by using (130) in (31), we can obtain Zk 0 gl( )2 <

19 Yo (@i(k+1) = ei(k + 1))+ ca0 D4 1K) ||+ car.-
Moreover by virtue of (50), previous relation yields

¢
Zg <C22ZH ||2+023-
k=0

Since by the assumption Al, A(q~!)/B(q ') is stable oper-

ator, (29) glves Sh_o(uwi(k = 1)+ Bi(k —2))? < 2y iy
éi(k)? + ca5 31 gi(k — 1)?, which together with (32) im-
plies

t
Z”@z )|° <CQOZ R 4 cor Y gi(k—1)°
k=0

Hence by using the definition of D(t) [see (53)] along with
lle(k)||? = Zf\;l é;(k)?, from (131) and (132), one arrives at

(131)

(132)

¢
D(t) < cas + ca0 »_ [|e(k)||* < e E(2) (133)

k=0
where E(0) in (54) is selected such that ca9 F(0) > cog. Thus,
(55) is proved.

Proof of 2): The statement (56) is direct consequence of (51),
e, maxocnsk [¥i(n)* < e+ e g [6(s)]1* < er (k)
VEk >0, assuming that in (54), E(0) is chosen so that
C7E(O) Z Cq.

Proof of 3). Since by (39) é;(k + 1)?/h;(k) =ri(k+1) —

r;(k), one can write [see (40)]
ri(k+1) — - 1 1
_Zo n(k—}- kz:(m(k ri(k—|—1)>

k=
1
ri(0)
Proof of Lemma 5: Proof of 1) Because ||; (k)|* /hi (k)
< 1 [see (37)], from (83) and (85), it follows that

é; (kj + 1)2

Iy

<

L(t) < 2039 14 (log i (k +1))°]

k=0

(134)

from where by virtue of the fact that for some 0 < e4 < 1/2,
(log7i(k + 1)) /ri(k 4+ 1)7* < c49, we have

I (t <C4lzh

By using é;(k + 1)%/h; (k)
(135), one obtains

éi(k+1)?

S (135)

ViGVfu

=ri(k+1)—r(k) [see (39)] in

dz
2276,1

<cn < cgo < 00 (136)

where we took into account that ¢4 < 1/2.

Proof of 2): Observe that by (39), we have |e;(k + 1)|/(h;
(k)ri(k +1))/2 < 1, while (52) implies |g; (k)|/hi(k)'/? <
cy3Af, forsome 0 < Ay < 1. Also (log 7 (k +1))/ri(k +1)"/?

< ¢y4 Yk > 0. Hence, (85) and (89) give I5;(t) < cy5 ZZ:O
Ak < ¢y ¥Vt > 0, implying that Igi(j) is partial sum of abso-
lutely convergent series. Therefore, /3; in (88) exists.
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