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Maximizing Map Sensitivity and Higher
Derivatives Via Extremum Seeking
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Abstract—We present a generalization to the scalar
Newton-based extremum seeking algorithm which, through
perturbation-induced measurements of an unknown steady-
state input-to-output map, maximizes the map’s higher
derivatives. As with other extremum seeking (ES) problems,
the scheme relies on derivative estimators and learning dy-
namics operating in different time scales. We provide anal-
ysis for the typical deterministic (sinusoidal) perturbation
of the optimal parameter estimate. Also, we alternatively
include a stochastic method where the map is perturbed
via the sinusoid of Brownian motion about the boundary
of a circle. By properly demodulating the map output cor-
responding to the manner in which it is perturbed, the ES
algorithm maximizes the nth derivative only through mea-
surements of the map. The Newton-based ES approach
removes the dependence of the convergence rate on the
unknown Hessian of the higher derivative, an effort to im-
prove performance over standard gradient-based ES. Our
design stems from the existing multivariable Newton-based
ES algorithm where a differential Riccati equation estimates
the inverse Hessian of the function to be maximized. Alge-
braically computing a direct estimate of the inverse Hes-
sian is susceptible to singularity, whereas employing the
Riccati filter removes that potential. We prove local stability
of the algorithm for general nonlinear equilibrium profiles
of dynamic maps and compare the Newton-based method
against the gradient-based method. We also extend this ab-
straction to multiplayer noncooperative games but limit our
attention to a two-player game for notational simplicity and
length considerations.

Index Terms—Continuous time systems, extremum
seeking (ES), optimization methods.

I. INTRODUCTION

NONMODEL-BASED real-time optimization techniques
are attractive methods when trustworthy system models

are difficult or costly to obtain. Extremum seeking (ES) has
seen a resurgence in popularity and has a rich body of literature,
which supports both theory [1]–[9] and application [10]–[19].
Krstic and Wang [1] provide the staple analytical framework for
ES analysis and most literature with sinusoidal perturbations
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proceeding [1] leverage their analysis. In [4], Nesic et al. ab-
stract the framework of the ES problem. The authors point out
that the analysis strategy commonly employed leads to multiple
time scales (as to utilize averaging and singular perturbation
theory). ES algorithms are designed such that the dynamics
viewed from the slowest timescale closely emulate a desired
continuous optimization method, typically through appropriate
averaging theory [20]–[22].

Newton-Based Algorithms: When choosing which
continuous-time optimization method to emulate, Newton-like
slowest dynamics have appeal over the simpler gradient-like
dynamics. The gradient approach convergence depends on
the objective function Hessian, whereas the convergence of a
Newton algorithm can be made independent of the objective
function Hessian. The effectiveness of nonmodel-based ES
schemes can sometimes be severely reduced because of this
dependency on the unknown Hessian of the objective function.
A Newton-based ES algorithm is employed in [23] and an
estimate of the second derivative of the map is implemented.
Ghaffari et al. [24] supplied a continuous-time and multi-
variable Newton-based ES algorithm. Their work features a
concept where a Riccati filter generates the inverse-Hessian
estimate. When estimating the Hessian and trying to invert it
directly, a potential singularity might occur and their method
avoids this pitfall. The authors emphasize that their average
convergence rate is effectively user-assignable. We compare
this to the state-of-the-art continuous-time Newton algorithm
in [25], where it is still dependent on the unknown Hessian of
the objective function.

Stochastic ES: It is a known issue that the performance
of sinusoidally perturbed ES schemes suffers with higher di-
mensionality [6]. Empirical evidence, albeit discrete time [26],
also suggests that random perturbations may be better suited
for perturbation-based optimization of systems with high di-
mensionality. Additionally, optimization algorithms inspired by
biomimicry [27] and those sensitive to deterministic dither
signals [28] suggest the use of nonperiodic perturbations. As
such, there is interest in ES methods with stochastic perturba-
tions [21], [29], [30]. This is not to be confused with a noisy
corruption of the output map [31], which is also of interest.

Motivation for Paper: There is a common thread amongst the
existing ES literature. The unknown input-to-output map avail-
able for (noisy) measurement is almost always the unknown ob-
jective function meant to be optimized [4], [32]. In [33] and [34],
Vinther et al. expressed that a desirable operating point of their
refrigeration system can be found in a nonmodel-based manner.

0018-9286 © 2018 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications standards/publications/rights/index.html for more information.

https://orcid.org/0000-0002-5523-941X


MILLS AND KRSTIC: MAXIMIZING MAP SENSITIVITY AND HIGHER DERIVATIVES VIA EXTREMUM SEEKING 3233

However, unlike typical ES problems, the function available
for measurement has sigmoid-like properties and the desired
operating point is the maximum slope. This is our motivating
example to generalize the ES problem further; maximization of
an unknown maps’ higher derivatives through measurements of
the map. For those interested in system identification, maximiz-
ing the sensitivity of an input-to-output function can be useful in
improving the signal-to-noise ratio. Minimizing parameter sen-
sitivity can be useful when designing feedforward controllers.
This approach may be useful in applications where the quantity
of interest is not available for direct measurement, but some
other quantity related through an antiderivative relationship is
available, e.g., biological systems and material’s properties. As
long as sufficient knowledge of the output to objective func-
tion relationship is known, the ES scheme can still estimate the
required derivatives of the objective function.

Results and Organization: In [35], the emphasis for maxi-
mizing higher derivatives is on choosing proper demodulation
signals for a fixed choice of perturbation signal. In [36], Mills
and Krstic leverage the framework from the companion work
[35], and apply the stochastic stability results developed in [21].
The analysis structure is preserved but the effect of time is re-
placed with a stochastic signal. This work merges [35] and [36]
with illustrative examples. The scheme in [35] is built from the
scalar case in [24] but applied to any higher derivative of the
map. The stochastic version is more closely related to the scalar
version of [30] but does not use the Ornstein–Uhlenbeck pro-
cess. The derivative estimates stem from demodulation signals
suggested in [4]. Through careful selection of the perturba-
tion and demodulation signals, the same average system can be
obtained with stochastic or deterministic methods, where the
stability of the average system needs only be addressed once.
In Section II, we provide the necessary notation, background
on probability, stochastic processes, and averaging theory. In
Section III, we state the ES problem and its necessary assump-
tions. In Section IV, we provide an error transformation so that
the origin of the error system is the original system’s extremum.
We then show that the “average” error system has an equilibrium
close to its origin and that this equilibrium is locally exponen-
tially stable. In Section V, we address the full problem (only for
the deterministic case) through singular perturbation theory and
present the main result of this paper. Afterward in Section VI, we
address the practical performance of the Newton-based method
over the gradient-based method while providing some simulated
examples. Section VII extends the concept to a two player non-
cooperative game. Finally, in Section VIII, we summarize the
findings with our concluding remarks.

II. PRELIMINARIES

A. Notation

A continuous function α : [0; a) → [0;∞) is said to be a
class-K function if it is strictly increasing and α(0) = 0. It is
said to be a class-K∞ function if a = ∞ and α(r) → ∞ as
r → ∞. A continuous function σ : [0;∞) → [0;∞) is said to
be a class-L function if it is strictly decreasing and σ(s) → 0
as s → ∞. A continuous function β : [0; a) × [0;∞) is said to

be a class-K L function if for each fixed s, the mapping β(r; s)
is a class-K function with respect to r, and for each fixed r, the
mapping β(r; s) is decreasing with respect to s and β(r; s) →
0 as s → ∞. The binomial coefficient

(
j
k

)
= j !

k !(j−k)! . To be
clear, we express the set of natural numbers including zero
as N0 , the set of even natural numbers as Neven, and the set
of odd natural numbers as Nodd. The equilibrium point of a
dynamic parameter shall be xe. We will reserve xa, xr, and x̃
to mean the representation of x in its corresponding “average,”
reduced, and error systems correspondingly. Extremums will
be denoted with x∗ and estimates of quantities x̂. The Euler
notation Dj

xν(x) represents the jth derivative of the function
ν(x). For simplicity we regularly drop the argument dependence
throughout the paper and use the shorthand Djν (in part because
we only use this notation in reference to (12) and w.r.t θ).

B. Probability and Stochastic Processes

Let (Ω,F ,P) be a probability space with a filtration (Ft , t ∈
T ) where Ω is the sample space, F is the σ-algebra, and P is
the probability measure. A stochastic process X on the time set
T is said to be adapted to the filtration if, for every t ∈ T,Xt is
Ft-measurable. Let (S,Σ) be a measurable space and consider
the Σ-valued stochastic process X = (Xt, t ∈ T ) adapted to
the filtration {Ft}. In this context, the sample paths of X are
members of Σ, and SX is the state space of the stochastic process
X, ∀t ∈ T . If for each A ∈ Σ and each s, t ∈ T with s < t

P (Xt ∈ A|Fs) = P (Xt ∈ A|Xs) (1)

then X is said to possess the Markov property with respect
to {Ft}. To have the Markov property, there is no difference
in future predictions based on just the current process state
or with its full history. We then refer to a Markov process as
a stochastic process which satisfies the Markov property with
respect to its natural filtration. We shall also refer to a stochastic
process whose joint probability distribution does not change
when shifted in time as time homogenous.

C. Stochastic and Deterministic Averaging

We consider the following time homogenous Markov process
Xt ∈ Rn , defined on a complete probability space with the per-
turbation process Zt ∈ Rm , and deterministic initial condition
Xε

0 = x:

dXε
t

dt
= a

(
Xε

t , Zt/ε

)
,Xε

0 = x. (2)

The notation Xε
t is meant to highlight the parameter dependence

of Xt on ε. The goal of averaging theory is to approximate a dif-
ficult to handle original system by a simpler “average” system.
In doing so, we can hopefully analyze the solution properties
of a deterministic time-invariant average system instead of at-
tempting the perhaps intractable analysis of an (almost) periodic
or randomly perturbed original system. Then, for a fixed value
of x, we concern ourselves with the average behavior

ā(x) = lim
T →∞

1
T

∫ T

0
a(x,Zt) dt. (3)
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Assumption A1: The vector field a(x, y) is a continuous
function of (x, y), and for any x ∈ Rn , it is a bounded func-
tion of y. Further, it satisfies the locally Lipschitz condition in
x ∈ Rn uniformly in y ∈ SY, i.e., for any compact subset of
D ⊂ Rn , there is a constant kD such that for all x1 , x2 ∈ D and
all y ∈ SY, |a(x1 , y) − a(x2 , y)| ≤ kD|x1 − x2 |.

Definition 1: The function a(x, t) is said to have an average
ā(x) provided there exists a class K -L function β, a class-L
function σ and a T ∗ > 0 such that for each T ≥ T ∗ and for all
t ≥ 0
∣
∣
∣
∣

∣
∣
∣
∣ā(x) − 1

T

∫ t+T

t

a(x, τ) d τ

∣
∣
∣
∣

∣
∣
∣
∣ ≤ β(|x|, T ) + σ(T ). (4)

Definition 1 is the generalized form of averaging when one
does not necessarily have periodicity (e.g., [37]).

Assumption A2: The perturbation process (Zt, t ≥ 0) is er-
godic with invariant distribution μ.

The ergodic property, to put it in simple terms, means that the
time average of a function of the process along the trajectories
exists almost surely and equals the space average:

lim
T →∞

1
T

∫ T

0
a(Zt) dt =

∫

SZ

a(z)μ(dz) (5)

almost surely for any integrable function a(·), where μ(dz) is
the invariant distribution of the samples Zt , over SZ . Under
the ergodicity assumption, we can use the ensemble average in
place of the time average:

ā(x) =
∫

SZ

a (x, z) μ(dz). (6)

Contrast this to averaging for a determinstic, periodic process
on the other hand. For a fixed value x and a(x, t) is T periodic,
we have

ā(x) =
1
T

∫ T

0
a (x, t) dt. (7)

Stochastic and deterministic ES both investigate the solution
properties of the original system under stability of an auxiliary
“average” system. By careful selection of the stochastic sig-
nals employed, one can arrive at the same deterministic time-
invariant auxiliary system as one would while using a peri-
odic perturbation process. If Zt is an equidistributed stochastic
process over an interval which is equal to the periodicity of
its deterministic counterpart, then we can equate the auxiliary
functions (6) and (7). That is to say when μ(dz) = dz/T and
SZ = [0, T ], the stochastic and deterministic systems share the
same auxiliary system. One still has different theorems relating
the original dynamics to the auxiliary dynamics, but stability of
the auxiliary system only has to be considered once.

III. ES FOR HIGHER DERIVATIVES OF UNKNOWN MAPS

We consider a general nonlinear SISO model

ẋ = f(x, u) (8a)

y = h(x) (8b)

where x is the state, u is the input, y is the output, and f :
Rm × R → Rm and h : Rm → R are smooth. Suppose there is
a smooth control law

u = α(x, θ) (9)

acting on the plant, and the closed-loop system

ẋ = f (x, α(x, θ)) (10)

has equilibria characterized by the scalar parameter θ.
Assumption A3: There exists a smooth function l : R → Rm

such that

f(x, α(x, θ)) = 0, if and only if x = l(θ). (11)

Assumption A4: For each θ ∈ R, the equilibrium x = l(θ)
of system (10) is exponentially stable with decay and overshoot
constants uniform in θ.

Considering the final results will ultimately be of a local
nature, our assumptions need not hold for all of R but only
some appropriate interval and are not actually restrictive. We
consider the following derivative maximization:

max
θ∈R

Dn
θ ν(θ), (12)

where ν(·) = (h ◦ l) (·). In the ES setting, only the transient
measurement h(x) is available for measurement, and not the
actual unknown steady-state value ν(θ). The steady-state map
available for measurement and the objective function are the
same when n = 0. This recovers the traditional approach to
the ES problem and the algorithm reduces to a scalar, filterless
variant of the Newton-based ES in [24] and later in [30].

Assumption A5: We consider the smooth function ν : R →
R and the set

θmax,n =
{

θ
∣
∣
∣ Dn+1

θ ν(θ) = 0 and Dn+2
θ ν(θ) < 0

}
. (13)

The set θmax,n is the collection of stationary points of Dn
θ ν (θ)

that are locally concave (i.e., local maxima). Assuming θmax ,n �=
∅ and there exists θ∗ ∈ θmax,n.

The integrator gains

kI = ωεk
′
I = O(ωε) (14a)

kR = ωεk
′
R = O(ωε) (14b)

are presumed small. Time scale partitioning is ensured by
choices in the algorithm, by making the perturbation signal on
a slower time scale than the plant (15), and further, by making
the coefficients of the dynamics of the ES algorithm (17) on
a slower time scale than the perturbation signal (16). Now we
summarize the closed-loop system seen in Fig. 1 and written in
the time scale τ = ωt

ω
dx

dτ
= f

(
x, α

(
x, θ̂ + a sin (η)

))
(15)

dη =

{
dτ, deterministic

− π
2 sin (Wτ )dτ + π cos (Wτ )dWτ , stochastic

(16)
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Fig. 1. Riccati filter estimates the inverse Hessian of Dn
θ ν(θ). The per-

turbation is a sin (η) to generalize the choice of demodulation signals Υ

as a function of η. The signals D̂j ν are meant to be derivative estimators
in an average sense. The gains k

′
I , k

′
R , the perturbation frequency ω,

time scale separation ε, and amplitude “a” are all user assignable.

dθ̂

dτ
= −εk

′
I γΥn+1(η)h(x) (17a)

dγ

dτ
= εk

′
Rγ (1 − γΥn+2(η)h(x)) . (17b)

A probing effect is introduced on θ̂ to elicit myopic information
of the steady-state map

θ = θ̂ + a sin (η). (18)

The perturbation can take on many forms, but we provide deter-
ministic and stochastic examples:

η =

{
ωt, deterministic

ωπ(1 + sin (Wωt)), stochastic.
(19)

The demodulated signals D̂j ν are meant to, on average, estimate
the gradient and Hessian of the nth derivative of the steady-
state map. This is accomplished via the demodulation signals
Υj where Cj is a normalizing gain.

D̂j ν = yΥj (20a)

Υj = Cj sin
(
jη +

π

4
(
1 + (−1)j

))
(20b)

Cj =
2j j!
aj

(−1)

(
j −|s in ( j π

2 )|
2

)

. (20c)

IV. AVERAGING ANALYSIS

We begin our stability analysis by introducing the error trans-
formation

θ̃ = θ̂ − θ∗ (21a)

γ̃ = γ − γ∗ (21b)

where

γ∗ =
1

Dn+2ν(θ∗)
(22)

and θ∗ comes from Assumption A5. Now, we can express the
parameter update of the error system

dθ̃

dτ
= −εk

′
I (γ̃ + γ∗) Υn+1(η)h(x) (23a)

dγ̃

dτ
= εk

′
Rγ (1 − (γ̃ + γ∗) Υn+2(η)h(x)) . (23b)

We are able to employ a singular perturbation reduction to
freeze x in (15) at its quasi-steady-state value

x = l
(
θ∗ + θ̃ + a sin (η)

)
. (24)

The quasi-steady value for x leads to the reduced parameter
error system

dθ̃r

dτ
= εf

(
θ̃r, γ̃r, η

)
(25a)

dγ̃r

dτ
= εg

(
θ̃r, γ̃r, η

)
(25b)

where

f = − k
′
I (γ̃r + γ∗) Υn+1(η)ν

(
θ∗ + θ̃r + a sin (η)

)
(26a)

g = k
′
R (γ̃r + γ∗) (1 − (γ̃r + γ∗) Υn+2(η) ν

×
(
θ∗ + θ̃r + a sin (η)

))
. (26b)

Working under the assumption that ε is sufficiently small, then
(25) is in a form amenable to the averaging theory from [21]
or [22]. For the averaging method, the quantities θ̃r and γ̃r are
“frozen” and replaced by autonomous values θ̃a

r and γ̃a
r , respec-

tively. By inspecting (26), it becomes clear that the following
average must be evaluated:

ξa
r,j = AVE

{
Υj (η)ν

(
θ∗ + θ̃a

r + a sin (η)
)}

. (27)

The averaging operator AVE{} satisfies (4). Conveniently, we
have an expression for the averaged-reduced-demodulated sig-
nal ξa

r,j of the error system, for arbitrary j for and either choice
of η:

ξa
r,j = Djν(θ∗ + θ̃a

r ) +
Dj+2ν

(
θ∗ + θ̃a

r

)

4(j + 1)
a2 + O (a4) .

(28)

See the appendix (see Section IX-C) for an explanation of this
result. In order to maximize Djν with a model-based Newton
scheme, knowledge of Dj+1ν and Dj+2ν would be required.
However, a nonmodel-based approach like ES must construct
estimates of those derivatives, because there is no model struc-
ture to exploit for that information. The purpose of Cj is to
make very clear the average signals (28). Note that the domi-
nant term in (28) is Djν. In fact, (28) is a good estimate for
sufficiently small “a,” but take note of the division by aj in the
normalizing gain Cj . The amplitude of the estimated derivatives
would be orders of magnitude smaller without the normalizing
factor (20c). One must therefore scale ε (from (14)) downwards
in order to maintain the time scale separation and ensure that
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the averaging assumption is not violated. When estimating in-
creasingly higher derivatives n or for very small values of “a,”
the average convergence rate is adversely affected.

Equipped with the averaging method, we can provide the
averaged-reduced-error system

dθ̃a
r

dτ
= εf

(
θ̃a

r , γ̃
a
r

)
(29a)

dγ̃a
r

dτ
= εg

(
θ̃a

r , γ̃
a
r

)
(29b)

where

f = −k
′
I (γ̃a

r + γ∗) ξa
r,n+1 (30a)

g = k
′
R (γ̃a

r + γ∗)
(
1 − (γ̃a

r + γ∗) ξa
r,n+2

)
. (30b)

The averaged-reduced-error system has an equilibrium ap-
proximated by

θ̃a,e
r = θ̃∗ + O(a3) (31a)

γ̃a,e
r = γ̃∗ + O(a3) (31b)

where

θ̃∗ =
−Dn+3ν(θ∗)

4(n + 2)Dn+2ν(θ∗)
a2 (32a)

γ̃∗ = −
( (

Dn+3ν(θ∗)
)2

4(n + 2)
(
Dn+2ν(θ∗)

)3

+
Dn+4ν(θ∗)

4(n + 3)
(
Dn+2ν(θ∗)

)2

)

a2 . (32b)

The averaged-reduced-error system has inaccurate (i.e.,
O(a2)) estimates of the objective function gradient and Hes-
sian as evidenced by (28). It follows that the estimate of θ∗ is
shifted away from its true value and the equilibrium (31) is not
the origin. However, it is noteworthy to point out that (32a) is
on the flatter (less sensitive to variations) side of Dnν(θ∗), as
pointed out in [1].

Lemma 1: There exists a sufficiently small a > 0 such that
the Jacobian of (29) evaluated at (31) is Hurwitz. Further, the
Jacobian is of the following form:

A
(
θ̃a,e

r , γ̃a,e
r

)
= ε

⎡

⎢
⎣

−k
′
I + O(a2) 0

dg

dθ̃ a
r

∣
∣
∣
(θ̃ a,e

r ,γ̃ a,e
r )

−k
′
R

⎤

⎥
⎦ . (33)

The implication of Lemma 1 is that (29) is locally exponen-
tially stable about (θ̃a,e

r , γ̃a,e
r ). We now provide stochastic and

deterministic results that describe the solutions of the reduced
error system under stability of the associated average system.

Theorem 2: We consider the reduced error system (25) un-
der Assumptions A1 and A5. There exists an a > 0 and for
any a ∈ (0, a), there exists an ε > 0 such that for all ε ∈ (0, ε)
system (25) has a unique exponentially stable periodic solution

(
θ̃2π

r (τ), γ̃2π
r (τ)

)
of period 2π and this solution satisfies

∣
∣
∣
∣
∣

[
θ̃2π

r (τ) + θ̃∗

γ̃2π
r (τ) + γ̃∗

]∣∣
∣
∣
∣
≤ O (ε) + O (a3) . (34)

Proof: Use Lemma 1 and [22, Th. 10.4]. �
This result implies that solutions of (25) converge toward

an exponentially stable periodic attractor within an O(ε + a2)
neighborhood of the origin. Our next result comes from the
stochastic averaging theory developed for continuous-time
ES [21].

Theorem 3: We consider the reduced error system (25) under
Assumptions A1, A2, and A5. Suppose that (25) has a unique
(almost surely) continuous solution on [0,∞). There exists an a
such that for any “a” in (0, a), there exist constants r > 0, c >
0, γ > 0 and a function T (ε) : (0, ε) → N such that for any
initial condition |Λ(0)| < r and any δ > 0

lim
ε→0

inf
{
t ≥ 0 : |Λ(t)| > c|Λ(0)|e−γ t + δ

}
= ∞, a.s. (35)

and

lim
ε→0

P
{|Λ(t)| ≤ c|Λ(0)|e−γ t + δ ∀t ∈ [0, T (ε)]

}
= 1

with lim
ε→0

T (ε) = ∞ (36)

where

Λ(t) =

[
θ̃r(t) − θ̃∗

γ̃r(t) − γ̃∗

]

. (37)

Proof: Use the stability from Lemma 1 along with [21,
Th. 2]. �

Further, let us define the stopping time

τ δ
ε = inf {t ≥ 0 : |Λ(t)| > c|Λ(0)|e−γ t + δ} (38)

as the first time when the norm of the error vector does not satisfy
the exponential decay property. The error vector norm |Λ(t)|
converges below a residual value δ exponentially fast almost
surely (35) and in probability (36). From (35), it is clear that τ δ

ε

almost surely approaches infinity as ε goes to zero. Similarly
in (36), the deterministic function T (ε) tends to infinity as ε
goes to zero. It follows from (35) and (36) that the prescribed
exponential convergence is satisfied over an arbitrarily long time
interval. Either component of the error vector converges to below
δ, particularly the θ̃r(t) component.

V. SINGULAR PERTURBATION ANALYSIS

While the problem formulation considers stable equilibrium
profiles of dynamic maps, and the boundary and reduced sys-
tems for the stochastic case are exponentially stable, we unfor-
tunately do not have a suitable infinite-time stochastic singular
perturbation theorem available to use. We shall proceed only
with the deterministic case. We consider the parameter error
system (23) in the compact notation

dz

dτ
= εG(τ, x, z) (39)
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where z = (θ̃, γ̃). For η = ωt, Theorem 2 states there exists an
exponentially stable period solution z2π

r (τ) which satisfies

dz2π
r (τ)
dτ

= εG
(
τ, L
(
τ, z2π

r (τ)
)
, z2π

r (τ)
)

(40)

where L(τ, z) = l(θ∗ + θ̃ + a sin τ). We consider the transfor-
mation

z̃ = z − z2π
r (τ) (41)

which sets up the standard singular perturbation form of (39)
and (15)

dz̃

dτ
= εG̃(τ, x, z̃) (42)

ω
dx

dτ
= F̃ (τ, x, z̃) (43)

where

G̃(τ, x, z̃) = G
(
τ, x, z̃ + z2π

r (τ)
)

− G
(
τ, L(τ, z2π

r (τ)), z2π
r (τ)

)
(44)

F̃ (τ, x, z̃)=f
(
x, α
(
x, θ∗ + θ̃ − θ̃2π

r (τ)+θ̃2π
r (τ) + a sin τ

))
.

(45)

We note that

x = L
(
τ, z̃ + z2π

r (τ)
)

(46)

is the quasi-steady state for the reduced model

dz̃r

dτ
= εG̃

(
τ, L

(
τ, z̃r + z2π

r (τ)
)
, z̃r + z2π

r (τ)
)
. (47)

Additionally, we have the boundary layer model

dxb

dt
= F̃ (τ, xb + L

(
τ, z̃ + z2π

r (τ)
)
, z̃)

= f (xb + l(θ), α (xb + l(θ), θ)) (48)

where θ = θ∗ + θ̃ + a sin τ should be viewed as a parameter
independent from the time variable t. Both the boundary layer
model and reduced model are exponentially stable which leads
to the following result.

Theorem 4: We consider the feedback system (15)–(17) un-
der Assumptions A1, A3–A5. There exists ω > 0 and for any
ω ∈ (0, ω), there exists a > 0 such that for any a ∈ (0, a), there
exists ε > 0 such that for any ε ∈ (0, ε), there exists a neigh-
borhood of the point (x, θ̂, γ) = (l(θ), θ∗, γ∗) such that for any
solution (x(t), θ̂(t), γ(t)) from the neighborhood exponentially
converges to another O(ω + ε + a)-neighborhood of that point.

See the Appendix (see Section VIII-F) for an explanation.

VI. PERFORMANCE CONSIDERATIONS

This section explores the basin of attraction and average con-
vergence rate of the scheme in an example-based format. First,
we consider the contribution of each parameter to the scheme.
In an effort to further examine the tradeoffs between conver-
gence properties and the basin of attraction, we look at the ef-
fect the output and objective functions have. Next, we contrast

the gradient-based method with the Newton-based method for
the higher-derivative ES scheme. Finally, we demonstrate the
stochastic variation as well as the performance improvements
provided by the incorporation of filters.

A. On the Choice of Time Scale Parameters

As a first step, one must select k
′
I , k

′
R , and “a” in a manner to

ensure that the Jacobian (33) is Hurwitz. The choice of ε should
follow to establish adequate timescale separation between the
perturbation-based derivative estimation and the learning dy-
namics (effectively the reduced system). The selection of ε is
not independent of the selection of “a.” The effect of the gain
1/aj will appear in the average dynamics whether one chooses
to include it in Cj or not. It is included here so as to normalize

the derivative estimate D̂j ν. The choice to exclude the normal-
izing coefficient will permit a smaller value of ε to be used,
but only because the magnitude of (17) will be reduced by aj .
Nothing is gained in the tradeoff and the average dynamics will
not converge any faster. Vinther et al. [33] remarked on this
from the stand point of filtering. The frequency content, we are
interested in, has a small gain relative to the other frequencies
we must filter out. The same time scale separation should follow
with the selection of ω to ensure that the estimation dynamics
and the plant dynamics operate on different time scales. Both ω
and ε are present in (14) and their selection is not dependent on
each other. The gains can be pushed to accelerate the scheme
but are fundamentally limited through the guise of averaging.
The average system can only have gains as large as it permits
the averaging assumption to hold.

B. Sensitivity of Derivative Estimators

We consider a static plant, a concave objective function q(θ),
and two different scenarios where the output functions differ in
degree of antiderivative χ ∈ N

h1 = D−χq(θ) (49a)

h2 = D−χ+1q(θ). (49b)

The outputs (49) result in two instances of (17), dθ̂1/dτ and
dθ̂2/dτ . For fixed values of γ, θ̂, a, k

′
I , k

′
R , ω, ε, we consider the

ratios

Rθ =
maxτ ∈T1

∣
∣
∣dθ̂1/dτ

∣
∣
∣

maxτ ∈T2

∣
∣
∣dθ̂2/dτ

∣
∣
∣

(50a)

Rγ =
maxτ ∈T1 |dγ1/dτ |
maxτ ∈T2 |dγ2/dτ | (50b)

over the fundamental period T associated with the perturba-
tion and demodulation signals. The ratios are meant to capture
the relative magnitude of the largest instantaneous learning sig-
nals for different output functions. Keep in mind that the aux-
iliary “average” system (29) for these two signals is the same.
One can approximate the ratios as follows:

Rθ ≈ 2(χ + 2)
a

∣
∣
∣
∣

D−χq(θ)
D−χ+1q(θ)

∣
∣
∣
∣ (51a)
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Fig. 2. Maximization of D0 (−θ2 ) with Newton approach. Evolution
of θ̂ and γ are top and bottom, respectively. Horizontal axis is cycles
with respect to f . Settings: f = 1 Hz, ω = 2πf, ε = 1

1500 , k
′
R = 10, k

′
I =

10, a = 3
10 . The initial conditions are θ̂0 = −1, γ0 = −1. Blue dashed

lines are targets θ∗ = 0 and γ∗ = − 1
2 .

Rγ ≈ 2(χ + 3)
a

∣
∣
∣
∣

D−χq(θ)
D−χ+1q(θ)

∣
∣
∣
∣ . (51b)

For example, with q = −θ2 , χ = 2, then Rθ ≈ 2θa−1 and
Rγ ≈ 3θa−1 with h1 = −θ4/12 and h2 = −θ3/3. We consider
for a moment increasing the value of θ in a manner to degrade
the averaging assumption, i.e.,O(εdθ̂/dτ) → O(1). Clearly the
system with output function h1 will degrade this assumption
faster. What this means is that for the same objective function
and the same average convergence rate, the basin of attraction
is smaller for system with the h1 output function. For identical
objective functions and guesses for θ̂0 but with varying degrees
of antiderivative output functions, one should expect an increase
in the required iterations to converge close to the extremum as
the degree of the antiderivative output function increases. We
consider Figs. 2 and 3. Now we imagine that the parameter se-
lection is identical so the system in Fig. 3 has the same average
system (29) as in Fig. 2. Unfortunately because of the larger
magnitude of the demodulation signals in Fig. 3 [an order of
magnitude by (51)], one must select a smaller value for ε or the
system will do a very poor job if not go unstable. This reduction
in ε corresponds to a slower average system even though ob-
jective function remains unchanged. Take note of the nonzero
initial conditions and the large initial transient in γ. The tran-
sient in γ is larger for Fig. 3 than Fig. 2 even with a smaller
value for ε. Higher gains (k

′
I , k

′
R , ω, ε) can be tolerated for bet-

ter initial guesses of the system parameters (γ0 , θ̂0 ,). However,
in a nonmodel-based framework, one works heavily under the
assumption that one does not know these values, and to proceed
otherwise would be counter to the spirit of the endeavor.

C. Basin of Attraction for a Nonconstant Hessian

We consider the static map

h(θ) = arctan(θ) (52)

Fig. 3. Maximization of D1 (− 1
3 θ3 ) with Newton approach. Evolution

of θ̂ and γ are top and bottom, respectively. Horizontal axis is cycles
with respect to f . Settings: f = 1 Hz, ω = 2πf, ε = 1

3500 , k
′
R = 10, k

′
I =

10, a = 3
10 . The initial conditions are θ̂0 = −1, γ0 = −1. Blue dashed

lines are the targets θ∗ = 0 and γ∗ = − 1
2 . The estimate shown in the

upper-right plot continues with the exponential convergence towards zero
and, by 1000 cycles, it has gotten down to −0.03 (from the initial value
of 1), which appears constant on the macroscopic scale.

Fig. 4. Derivatives of Dj h(θ) for h(θ) = arctan(θ) and j =
[0, 1, 2, 3, 4]. D0 h = magenta, D1 h = red, D2 h = black, D3 h = purple,
and D4 h = green.

along with Fig. 4, which shows the objective function (52)
and its first four derivatives. The Newton-based method relies
on the fact that the objective function can be locally approxi-
mated as a quadratic function with some constant Hessian value.
One would presume that close enough to the extremum, the es-
timator of the objective function Hessian would converge to this
constant before the θ̂ term converges. However, when work-
ing with the general nonlinear functions, one should expect
that the objective function Hessian is nonconstant. It general,
it would be an extremely restrictive assumption to assume that
Dn+2ν is a negative constant, rather than to simply assume that
Dn+2ν < 0. In fact for the one-dimensional case, it is easy to
find examples where a sign change even occurs in the objective
function Hessian while the objective function remains concave,
e.g., consider h = arctan(θ), θ ∈ [−1, 1]. The Ricatti equation
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Fig. 5. On-average gradient climbing to maximize the nth derivative
of some steady-state output function D−n (h ◦ l)(θ). The perturbation
a sin (η) generalizes the choice of demodulation signals Υ as a function

of η. The signal D̂j ν is meant to be a derivative estimator in an average
sense. The gain k

′
I , perturbation frequency ω, time scale separation ε,

and amplitude “a” are user assignable.

only converges the actual value of the inverse Hessian for good
estimates of the Hessian at the extremum. And loosely speaking,
“Hessian estimate” refers to the average value of the demodu-
lated signal. The Hessian estimate may differ in sign from the
Hessian value at the extremum because there lacks sufficient
time scale separation to provide good local estimates of the
Hessian, or the local Hessian value differs in sign because the
Hessian is a nonconstant function of θ. These scenarios call into
question the efficacy of the Newton-based approach. The Ric-
cati filter is unstable for Hessian estimates when the estimate’s
sign does not match the Hessian’s sign at the extremum. This
can have a destabilizing effect and diminish the size of the basin
of attraction (particularly w.r.t to guesses θ̂0 , γ0 when all else is
held constant).

D. Newton-Based versus Gradient-Based

We consider the gradient-based approach to higher-derivative
ES in Fig. 5:

dθ̂

dτ
= εk

′
I Υn+1(η)h(x). (53)

We compare (53) with (17), in particular θ̂ dynamic. For the
scalar problem, the Newton scheme is effectively the gradient
method with a dynamic gain coming from the γ component. Or,
to put differently, the gradient scheme is effectively the same
system as the Newton scheme, except where kR = 0 and γ is
held constant. Essentially, the same stability results provided
for the Newton method apply to the gradient method. We will
not include the gradient-method analysis but it can easily be
constructed by simplifying the work already done here for the
Newton-based method.

Fig. 6 shows a case where the Newton scheme would be un-
stable. We consider for a moment the case where the average

value for the signal ̂D2(arctan(θ0)) is actually the opposite
sign of D2(arctan(θ∗)). This causes the Ricatti filter to diverge
and drive the system unstable. Even when a better guess of θ0
is employed, smaller gains than the gradient scheme are nec-
essary. We consider the relationship between the size of the
basin of attraction in θ-dimension and the “a”-dimension. It is
unacceptable for the perturbation amplitude to be of the same
scale as the feasible search domain for θ. Unfortunately, to use

Fig. 6. Maximization of D1 arctan(θ) with gradient approach (53). The
plot is the evolution of θ̂. The horizontal axis is cycles with respect to
f . Settings: f = 10 Hz, ω = 2πf, ε = 1

1500 , k
′
I = 10, a = 3

10 . Initial con-
ditions are θ̂0 = 1.2. Blue dashes are the target θ∗ = 0.

an increasingly smaller perturbation “a,” one must also simul-
taneously drive down the value of ε to maintain good derivative
estimates/stability. A smaller value of ε corresponds to a slower
convergence rate of the corresponding average system, see (29).
The inverse-Hessian estimator is affected by this signal magni-
fication more than the gradient estimator because of the extra
power of “a” present in Cj .

In the model-based multivariable setting, the Newton method
can outperform the gradient ascent when the objective function
has an exaggerated eccentricity. The “step” direction is typically
a more direct path to the root rather than the path of greatest
change. We consider the static map

h(θ) =
c

2
θ2 . (54)

For a simplified 1-D example, the Newton method only outper-
forms the gradient method when the coefficient c in (54) is less
than 1. This can be predicted ahead of time by calculating the
corresponding average system. One can see this demonstrated
in Figs. 8 and 7 where the Newton method is slower and faster
correspondingly. The sinusoidally perturbed multidimensional
ES problem is slowed down by each additional dimension of θ̂
because of the restrictions on the choice of perturbation frequen-
cies. This can make the Newton method attractive because at
least one dimension will likely have eccentricity in the objective
function that is favored by the Newton method.

E. Stochastic Perturbations and Filtering

When the perturbation and demodulation signals are struc-
tured to share the same average system, one should expect the
stochastic and deterministic variants to behave similarly on av-
erage. Fig. 9 has the same average system as Fig. 6 and the
convergence is notably similar. Filters are not necessary for ES
stability analysis, e.g., [5]. When filters are excluded from the
scheme, the analysis simplifies and the main approach is not ob-
fuscated. The inclusion of filters however, e.g., [1], can greatly
improve ES performance. We compare Fig. 10 with Fig. 6. For
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Fig. 7. Maximization of D0 (cθ2 ) where c = − 1
4 . The top plot is evo-

lution of θ̂ for the Newton and gradient approaches and the bottom
plot is the evolution of γ for the corresponding Newton approach.
The horizontal axis is cycles with respect to f . For Newton simula-
tion f = 100 Hz, ω = 2πf, ε = 1

750 , k
′
R = 10, k

′
I = 10, a = 3

10 . The initial
conditions are θ̂0 = 1, γ0 = −1. Newton approach only varies from gra-
dient in that k

′
R = 0. Blue dashed lines are targets θ∗ = 0 and γ∗ = −2.

Fig. 8. Maximization of D0 (cθ2 ) where c = −2. The top plot is evo-
lution of θ̂ for the Newton and gradient approaches and the bottom
plot is the evolution of γ for the corresponding Newton approach.
The horizontal axis is cycles with respect to f . For Newton simula-
tion, f = 100 Hz, ω = 2πf, ε = 1

1500 , k
′
R = 10, k

′
I = 10, a = 3

10 . The ini-
tial conditions are θ̂0 = 1, γ0 = −1. The gradient approach parameters
are identical to the Newton approach except k

′
R = 0. The blue dashed

lines are the targets θ∗ = 0 and γ∗ = − 1
4 .

all things held constant, except the addition of a low-pass filter
on the demodulated output, the behavior is greatly improved.
The dominant terms that remain in the average demodulated
output appear at a harmonic equal to the degree of derivative
being estimated. It would seem that filters are natural extension
to emphasize particular frequency content on average without
changing the value of ε.

VII. EXTENSION TO NONCOOPERATIVE GAMES

It is difficult to characterize a meaningful extension of this
work to a higher dimensional parameter θ̂. Higher derivatives of

Fig. 9. Maximization of D1 arctan(θ̂). Simulation settings f =
1 Hz, ω = 2πf, ε = 1

1500 , k
′
I = 10, a = 3

10 . The initial conditions are θ̂0 =
1. Blue dashed line is the target θ∗ = 0.

Fig. 10. Maximization of D1
θ arctan(θ). The plot is the evolution of θ̂ for

the gradient approach (53) with a simple low-pass (cutoff frequency 2ω)
filter added to the demodulated signal. The horizontal axis is cycles with
respect to f . Simulation: f = 10 Hz, ω = 2πf, ε = 1

1500 , k
′
I = 1, a = 3

10 .
Initial conditions are θ̂0 = 1.2. Blue dashed line is the target θ∗ = 0.

a multidimensional function are not merely scalars but higher
rank tensors. A simpler foray into higher dimensional space is
to address ES in the context of games, e.g., [38]–[41]. Concep-
tually, one might abstract the competing objectives of multiple
controllers on a complex/networked system into the structure of
a game. One controller might be trying to minimize the vari-
ance of some quantity that is not directly measurable, while
other controllers work toward a different objective. Here, we
specifically address the multi-input multioutput noncooperative
game from [40]. This formulation is in contrast to the typical
multi-input single-output optimization problem. In this problem
setup, each player is privy to his/her own objective/output func-
tion, but each player’s output function is coupled to the other
player’s chosen action. This type of game is called radically
uncoupled and ideally the player actions will converge close to
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Fig. 11. Structure of an ES scheme for a two player noncooperative
game. Each player has his/her own payoff (output function) which is de-
pendent on the action of the other player. Each player’s goal is maximize
their ni th derivative of the unknown steady-state input-to-output function
available for measurement.

their Nash equilibrium (NE)

∀i, θi ∈ Si : hi(θ∗i , θ
∗
−i) ≥ hi(θi, θ

∗
−i),m (55)

where hi is the payoff function of player i , θi its action, Si its ac-
tion set, and θ−i denotes the actions of the other players. Hence,
no player has an incentive to unilaterally deviate its action from
θ∗i . The setting of a noncooperative game is a specialized inter-
pretation of the multidimensional higher derivative maximiza-
tion problem. Each player’s goal is to maximize a pure partial
derivative, ∂ni (hi ◦ l)/∂θn

i , of its own output function. Overall
concavity/convexity of a point in a multidimensional function
is a more restrictive assumption than just concavity/convexity
in each of the individual dimensions. When one has multiple
objective/output functions, as in this radically decoupled non-
cooperative game, the optimization problem relaxes to a saddle
point problem. The focus is on the stationary local behavior of
each dimension and not overall curvature in many dimensions.
We consider for an example the payoffs for a two player game
as in Fig. 11:

ẋ1 = −4x1 + x1x2 + θ1 (56)

ẋ2 = −4x2 + θ2 (57)

h1 =
1
3
x3

2x
3
1 − 4x2

2x
3
1 + 16x2x

3
1 −

64x3
1

3

+ 3x3
2x

2
1 −

1541
64

x2
2x

2
1 +

389
8

x2x
2
1 −

5x2
1

4
(58)

h2 = −64x3
2 + 48x1x2 − 12x1x

2
2 (59)

where

θ =
[
θ̂1 + a1 sin (ω1t), θ̂2 + a2 sin (ω2t)

]T
. (60)

At the quasi-steady state equilibrium x = x̄, the payoff functions
simplify to

h1 = −1
3
θ3

1 +
3
4
θ1θ2 − 5

64
θ1 (61)

h2 = −θ3
2 + 3θ1θ2 (62)

which for n1 = 1, n2 = 0 are the same steady-state objective
functions as [40, Eq. (73)]. Each player uses the following player
strategies:

˙̂
θ1 = −8k1

a2
1

h1 (θ) cos (2ω1) (63)

˙̂
θ2 =

2k2

a2
h2 (θ) sin (ω2) . (64)

The gains follow the structure ki = εωik
′
i with ωi = ωω̄i . The

following assumptions are adapted from [40] and are central to
the Nash seeking scheme as they ensure that at least one stable
NE exists at the steady state.

Assumption A6: There exists at least one, possibly multiple,
isolated stable Nash equilibria θ∗ = [θ∗1 , θ

∗
2 ] such that, for all

i ∈ {1, 2}
∂ni +1(hi ◦ l)

∂θn+1
i

(θ∗) = 0 (65)

∂ni +2(hi ◦ l)
∂θn+2

i

(θ∗) < 0. (66)

Assumption A7: The matrix

Λ =

⎡

⎢
⎣

∂n 1 + 2 (h1 ◦l)(θ∗)
∂θ

n 1 + 2
1

∂n 1 + 2 (h1 ◦l)(θ∗)
∂θ

n 1 + 1
1 ∂θ2

∂n 2 + 2 (h2 ◦l)(θ∗)
∂θ

n 2 + 1
2 ∂θ1

∂n 2 + 2 (h2 ◦l)(θ∗)
∂θ

n 2 + 2
2

⎤

⎥
⎦ (67)

is strictly diagonally dominant and, hence, nonsingular.
Provided that each player has the same objective function as in

[40], the problem presented here only differs in the measurable
payoff function for each player. Assumptions A6 and A7 are
requirements of the objective functions but presented in terms
of the output functions. While the assumptions may look differ-
ent than those in [40], they are actually identical with respect
to the objective function. These assumptions are fundamental
to all general game theory results and are employed/needed, in
particular, in [40]. Assuming that one can still design demod-
ulation signals to be effective on-average derivative estimators,
then one can likely reappropriate the stability analysis already
conducted in [40] for the analysis here. One would only need
to estimate the pure higher partial derivatives ∂n+1h/∂n+1

i to
converge on average to an NE via a gradient-based ES scheme.
The choice of demodulation signals, however, requires the ad-
ditional consideration of the other perturbed parameter’s effects
on the output. If all the parameter perturbations act in the same
relative timescale, they will effectively need to be orthogonal to
each other on average.

In the context of the averaging, the dominant average term in
the derivative estimator should be the pure partial derivative of
interest. After a Taylor expansion of the signal-to-be-averaged,
ideally the mixed partial derivatives with a non-negligible scal-
ing will be found to zero out on average, and the remaining
mixed partials will be folded into the O(a2)-order terms. The
averaging analysis here quickly becomes more complicated
than previously considered. One must consider significantly
more terms because one requires a multidimensional Taylor
expansion. We consider the Nth order Taylor expansion for
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Fig. 12. Simulation of a two player game described by
(56)–(64). Simulation: f = 1 Hz, ω = 2πf, ε = 1

7500 , ω = 1
200 , k

′
1 = 12

5 ,

k
′
2 = 2, a1 = 6

100 , a2 = 3
100 , ω̄1 = 1, ω̄2 = 5

2 . The initial conditions are
θ̂1 (0) = 2

10 , θ̂2 (0) = 9
10 , x = [0, 0]T . Dashed lines are the Nash equilib-

ria θ̂∗1 = 25
64 , θ̂∗2 = 5

8 .

h(xi, xj ) : R2 → R

h(x1 + Δi , x2 + Δj )

=
N∑

k=0

N −k∑

p=0

1
k!p!

∂k+ph(xi, xj )
∂xi

k∂xj
p

∣
∣
∣
∣
∣
(x1 ,x2 )

Δi
kΔj

p (68)

which has many more terms to consider than its 1-D counterpart.
Care must be taken when multiple dimensions are simultane-
ously perturbed or else the average estimate for a single dimen-
sion will become aliased by the perturbations in other dimen-
sions. For correctly selected perturbation/demodulation signal
pairs, the dominate term which persists in each average will be
a good estimate of the pure higher order directional derivative
of interest. In order to achieve these estimates, one must intro-
duce additional restrictions to the fundamental frequency that
one normally uses, e.g.,[42].

Assumption A8: The frequencies ωi, ωj > 0 satisfy ωi �=
c ωj where c ∈ {1, 3

2 , 2, 3, 4} and additionally ωi/ωj is
rational.

The perturbation frequency requirements are more restrictive
than [40] because of extra degree in the derivative estimation.
As the value of n1 and n2 is increased, there are even more
restrictions. Essentially this occurs because the nth derivative
appears at the nth harmonic of the perturbed output, and the
average behavior of the lower harmonics must cancel out. For
this two player example, on average, the derivative estimators
are ∂n+1h/∂xn+1

i + O(a2) and the game dynamics have the
same average system as [40].

Theorem 5: We consider the two-player game described by
the system (56)–(60), (63), (64) under Assumptions A3, A4, A6–
A8. There exists an a∗ > 0 such that for any ai ∈ (0, a∗), for
the given a = [a1 , a2 ], there exist constants ω∗, ε∗ such that for
all ω ∈ (0, ω∗), ε ∈ (0, ε∗), the solution (θ̂1(t), θ̂2(t)) converges
exponentially close to anO(ω + ε + maxi ai)-neighborhood of
the point θ∗, provided the initial conditions are sufficiently close
to this point.

Theorem 5 is the corresponding result of [40] but adapted to
the setting here and presented without proof. Under Assumption
A8, which is stricter than required in [40], the same average
system can be derived, and the Assumptions A6 and A7 are then
used to guarantee the average system stability. The constants
ω∗, ε∗ are dependent on the choice of ai and the corresponding
verbiage must also change in the theorem to reflect such. In
the provided example, the payout functions (56) and (59) are
explicitly known and examined in [40]. In reality, the output
(and objective) functions are unknown and the Nash equilibria
cannot be solved, regardless of how simple the output functions
may be to analyze. We simulate the two-player noncooperative
game in Fig. 12 and see that the strategies do converge to a
neighborhood of the NE, cf., [40, Fig. 7].

VIII. CONCLUSION

We present and prove local stability of a Newton-based ES
algorithm, which through measurements of an unknown steady-
state input-to-output map, maximizes the nth derivative of the
map. The perturbation and demodulation signals are structured
to correspond to the same autonomous and deterministic av-
erage system whether they are chosen to act deterministically
or stochastically. This approach allows the reuse of the stabil-
ity analysis of the average system. In the context of averaging,
it is the distribution of the ES trajectory which is of impor-
tance, not the exact path. In turn, this permits one to produce,
on average, good estimates of the gradient and Hessian of nth
derivative when sufficient time-scale separation is present in
the dynamics. The purpose of the Newton-based approach is to
avoid a Hessian-dependent convergence rate when the objective
function curvature is undesirable. The Riccati filter prohibits
a singularity occurrence while estimating the inverse Hessian.
The core argument for ES stability stems from averaging theory
when there is sufficient time-scale separation in the learning and
estimation dynamics.

While the Newton method is theoretically elegant and poten-
tially an improvement over the simpler gradient-based method,
the success of the Newton method is heavily dependent on the
ability to produce good estimates of the gradient and Hessian
of the objective function as well as having initial conditions
close to the extremum. The practitioner will desire to operate
the scheme with minimal time-scale separation (i.e., a fast av-
erage system but poorer quality derivative estimates) and the
performance of the Newton-based method will suffer, if not be-
come ineffectual. The sensitivity of higher derivative estimators
to perturbations of the output increases with the degree of the
derivative being estimated. These perturbations in the output
occur along with oscillations in θ̂, which are more prevalent in
aggressively tuned systems. Even when the averaging assump-
tion is not a good assumption (minimal time-scale separation),
the gradient method can still approximate the sign of the direc-
tional derivatives correctly (outside some small neighborhood
of the extremum). Additionally, the Newton-based method has a
smaller basin of attraction due to the additional assumption one
makes regarding the objective function Hessian. For these rea-
sons, a practical recommendation is to use the gradient-based ES
method over the Newton method for maximizing map sensitiv-
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ity. Additionally, the extension to noncooperative games is rel-
atively straightforward and local stability results are preserved
so long as additional restrictions are enforced when selecting
player perturbation frequencies.

APPENDIX

A. Trigonmetric Identities

We consider the following power reduction formulas:

sinj θ
j∈Nodd

=
1

2j−1

j −1
2∑

k=0

(−1)(
j −1−2 k

2 )
(

j

k

)
sin ((j − 2k)θ) (69)

sinj θ
j∈Neven

=
1
2j

(
j
j
2

)
+

j
2 −1∑

k=0

(−1)(
j −2 k

2 )

2j−1

(
j

k

)
cos ((j − 2k)θ)

(70)

cosj θ
j∈Neven

=
1
2j

(
j
j
2

)
+

2
2j

j
2 −1∑

k=0

(
j

k

)
cos ((j − 2k)θ). (71)

Also, we consider the following trigonometric integrals for
|m| �= |j|:

∫ 2π

0
sin (jθ)dθ = 0 (72)

∫ 2π

0
cos (jθ)dθ = 0 (73)

∫ 2π

0
sin (jθ) sin (mθ)dθ = 0 (74)

∫ 2π

0
sin (jθ) cos (mθ)dθ = 0. (75)

B. Taylor Series

We define the infinite degree Taylor Polynomial of ν(θ∗ +
θ̃a

r + a sin σ):

P∞
(
θ∗ + θ̃a

r + a sin σ
)

=
∞∑

i=0

Diν
(
θ∗ + θ̃a

r

)
ai

i!
sini σ. (76)

We can decompose the Taylor series into even and odd indices
and apply the power reduction formulas (70) and (69):

P∞
(
θ∗ + θ̃a

r + a sin σ
)

=
∞∑

i∈Nodd

Diν
(
θ∗ + θ̃a

r

)
ai

i!2i−1

i−1
2∑

k=0

(−1)(
i−1
2 −k)

(
i

k

)
sin ((i − 2k)σ)

+
∞∑

i∈N0
even

Diν
(
θ∗ + θ̃a

r

)
ai

i!

(
1
2i

(
i
i
2

)

+
1

2i−1

i
2 −1∑

k=0

(−1)(
i−2 k

2 )
(

i

k

)
cos ((i − 2k)σ)

)

. (77)

C. Average Demodulated Signal

We consider the averaging operation AVE{} where we freeze
θ̃r as θ̃a

r . We are interested in the average

ξa
r,j = AVE

{
Υj (η)ν

(
θ∗ + θ̃a

r + a sin (η)
)}

. (78)

We will use either the stochastic averaging operation (6) and
the periodic averaging operation (7) depending on the choice
of η. When we change to the time scale τ = ωt, Wt is still a
continuous time random walk. From [43], we know that χ(τ) has
a phase space Sχ = [0, 2π] and the uniform measure μ(dχ) =
dχ
2π as its invariant distribution. In either case, after substitution
we arrive at

ξa
r,j =

1
2π

∫ 2π

0
Υj (σ)ν(θ∗ + θ̃a

r + a sin σ)dσ. (79)

This average originated from both a stochastic and a determin-
istic process. The exact trajectories of the deterministic and
stochastic auxiliary systems may differ, but their “averages”
have the same path distribution which is the essential compo-
nent in the context of averaging. Now replace ν(·) with its Taylor
series from (77) and replace Υj with (20b).

ξa
r,j =

1
2π

∫ 2π

0
Cj sin

(
jσ +

π

4
(1 + (−1)j )

)

× P∞
(
θ∗ + θ̃a

r + a sin σ
)

dσ. (80)

1) For j Odd: Simplify the sinusoid in (80):

ξa
r,j =

1
2π

∫ 2π

0
Cj sin (jσ)P∞

(
θ∗ + θ̃a

r + a sin σ
)

dσ. (81)

Substitute in (77)

ξa
r,j =

1
2π

∫ 2π

0
Cj

∞∑

i∈Nodd

Diν
(
θ∗ + θ̃a

r

)
ai

i!
1

2i−1

×
i−1
2∑

k=0

(−1)(
i−1−2 k

2 )
(

i

k

)
sin (jσ) sin ((i − 2k)σ)dσ

+
1
2π

2π∫

0

Cj

∞∑

i∈N0
even

Diν
(
θ∗ + θ̃a

r

)
ai

i!

(
sin (jσ)

2i

(
i
i
2

)

+
1

2i−1

i
2 −1∑

k=0

(−1)(
i−2 k

2 )
(

i

k

)
sin (jσ) cos ((i − 2k)σ)

)

dσ.

(82)

With (75) and (72), the second summation can be eliminated by
recognizing j is odd and i − 2k is even:

ξa
r,j =

Cj

2π

∫ 2π

0

∞∑

i∈Nodd

Diν
(
θ∗ + θ̃a

r

)
ai

i!
1

2i−1

i−1
2∑

k=0

(−1)(
i−1−2 k

2 )

×
(

i

k

)
sin (jσ) sin ((i − 2k)σ)dσ. (83)
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Move the integral inside the summation. From (74), the inner
summation is nonzero only when k = (i − j)/2:

ξa
r,j =

Cj

2π

∞∑

i∈Nodd≥j

Diν
(
θ∗ + θ̃a

r

)
ai

i!
1

2i−1 (−1)(
j −1

2 )

×
(

i
i−j
2

)∫ 2π

0
sin2(jσ)dσ. (84)

Apply the power reduction (70) and then evaluate the integral,
merging into the base 2 term:

ξa
r,j = Cj

∞∑

i∈Nodd≥j

Diν
(
θ∗ + θ̃a

r

)
ai

i!
1
2i

(−1)(
j + 1

2 )
(

i
i−j
2

)
.

(85)

Simplify the binomial coefficient and substitute in the defini-
tion (20c):

ξa
r,j =

2j j!
aj

(−1)

(
j −|s in ( j π

2 )|
2

)

×
∞∑

i∈Nodd≥j

Diν
(
θ∗ + θ̃a

r

)
ai

( i−j
2 )!( i+j

2 )!
1
2i

(−1)(
j + 1

2 ). (86)

Remember j is odd and move constants into the summation

ξa
r,j =

∞∑

i∈Nodd≥j

j!Diν
(
θ∗ + θ̃a

r

)

( i−j
2 )!( i+j

2 )!

(a

2

)(i−j )
. (87)

Pull out the i = j term and generalize the indexing:

ξa
r,j = Djν

(
θ∗ + θ̃a

r

)
+

∞∑

i=1

j!Dj+2iν
(
θ∗ + θ̃a

r

)

i!(i + j)!

(a

2

)(2i)
.

(88)

2) For j Even: A similar sequence of algebraic reductions
follows for the case when j is even and we arrive at a result
identical to (88).

D. Average Error System Equilibrium

If
(
γ̃ + 1

Dn + 2 ν (θ∗)

)
= 0, then γ = 0. The origin is an unsta-

ble equilibrium of the Riccati filter and γ will not pass through

the origin. Assuming γ0 < 0, then
(
γ̃ + 1

Dn + 2 ν (θ∗)

)
�= 0. The

conditions for an equilibrium of the reduced average error sys-
tem (29) are as follows:

ξa
r,n+1 = 0 (89a)

(
γ̃a

r +
1

Dn+2ν(θ∗)

)
ξa
r,n+2 = 1. (89b)

Postulate the reduced average equilibrium as

θ̃a,e
r = b1a + b2a

2 + O(a3) (90a)

γ̃a,e
r = c1a + c2a

2 + O(a3). (90b)

Let us use our equation for the reduced average demodulated
signal on the first equilibrium condition:

Dn+1ν
(
θ∗ + θ̃a,e

r

)
+

Dn+3ν
(
θ∗ + θ̃a,e

r

)

4(n + 2)
a2 + O(a4) = 0.

(91)

Now substitute the Taylor approximation of the reduced av-
erage equilibrium:

Dn+1ν
(
θ∗ + b1a + b2a

2 + O(a3)
)

+ O(a4)

+
a2

4(n + 2)
Dn+3ν

(
θ∗ + b1a + b2a

2 + O(a3)
)

= 0. (92)

Use Taylor approximations about θ∗ and fold terms into
O(a3) . Recall Dn+1ν(θ∗) = 0 as well:

Dn+2ν(θ∗)
(
b1a + b2a

2)+
Dn+3ν(θ∗)

2
(
b2
1a

2)

+
a2

4(n + 2)
Dn+3ν (θ∗) + O(a3) = 0. (93)

Collect terms in powers of “a”:

b1D
n+2ν(θ∗)a +

(

b2D
n+2ν(θ∗) +

b2
1

2
Dn+3ν(θ∗)

+
Dn+3ν (θ∗)
4(n + 2)

)

a2 + O(a3) = 0. (94)

Then by matching the coefficients of powers of “a” to zero

b1 = 0 (95a)

b2 =
−Dn+3ν(θ∗)

4(n + 2)Dn+2ν(θ∗)
. (95b)

Substitute into our previous equation:

θ̃a,e
r =

−Dn+3ν(θ∗)
4(n + 2)Dn+2ν(θ∗)

a2 + O(a3). (96)

Now let’s look at the other equilibrium condition:

1 −
(

γ̃a,e
r +

1
Dn+2ν(θ∗)

)
ξa
r,n+2 = 0. (97)

Insert our expression for θ̃a,e
r into ξa

r,n+2 :

ξa
r,n+2 = Dn+2ν

(
θ∗ − Dn+3ν(θ∗)a2

4(n + 2)Dn+2ν(θ∗)
+ O(a3)

)

+
a2

4(n + 3)
Dn+4ν

(

θ∗ − Dn+3ν(θ∗)a2

4(n + 2)Dn+2ν(θ∗)

+ O(a3)

)

+ O(a4). (98)
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Use Taylor expansions and fold terms into O(a3) :

ξa
r,n+2 = Dn+2ν(θ∗) −

(
Dn+3ν(θ∗)

)2

4(n + 2)Dn+2ν(θ∗)
a2

+
Dn+4ν(θ∗)
4(n + 3)

a2 + O(a3). (99)

Now substitute the expression for γ̃a,e
r from (90b) and our new

average expression (99) into (97):

1 −
(

1
Dn+2ν(θ∗)

+ c1a + c2a
2 + O(a3)

)(

Dn+2ν(θ∗)

+
( −(Dn+3ν(θ∗))2

4(n + 2)Dn+2ν(θ∗)
+

Dn+4ν(θ∗)
4(n + 3)

)
a2 + O(a3)

)

= 0.

(100)

Distribute and collect powers of “a”:

− c1D
n+2ν(θ∗)a −

(

c2D
n+2ν(θ∗)

(
Dn+3ν(θ∗)

)2

4(n + 2)
(
Dn+2ν(θ∗)

)2

+
Dn+4ν(θ∗)

4(n + 3)Dn+2ν(θ∗)

)
a2 −O(a3) = 0. (101)

Then by matching the coefficients of powers of “a” to zero

c1 = 0 (102a)

c2 = −
(
Dn+3ν(θ∗)

)2

4(n + 2)
(
Dn+2ν(θ∗)

)3 − Dn+4ν(θ∗)

4(n + 3)
(
Dn+2ν(θ∗)

)2 .

(102b)

And finally arriving at

γ̃a,e
r = −

(
Dn+3ν(θ∗)

)2

4(n + 2)
(
Dn+2ν(θ∗)

)3 a2

− Dn+4ν(θ∗)

4(n + 3)
(
Dn+2ν(θ∗)

)2 a2 + O(a3). (103)

E. Linearized-Averaged-Reduced System

Recall the average-reduced error system:

dθ̃a
r

dτ
= − εk

′
I

(
γ̃a

r +
1

Dn+2ν(θ∗)

)
ξa
r,n+1 (104a)

dγ̃a
r

dτ
= εk

′
R

(
γ̃a

r +
1

Dn+2ν(θ∗)

)

×
(

1 −
(

γ̃a
r +

1
Dn+2ν(θ∗)

)
ξa
r,n+2

)
. (104b)

The definitions f and g help neatly define the Jacobian:

A(θ̃a
r , γ̃

a
r ) = ε

⎡

⎣
df

dθ̃ a
r

df
dγ̃ a

r

dg

dθ̃ a
r

dg
dγ̃ a

r

⎤

⎦ . (105)

Proposition 6: The following partial derivative evaluates to
zero at the average equilibrium:

df

dγ̃a
r

∣
∣
∣
∣
∣
(θ̃ a,e

r ,γ̃ a,e
r )

= 0. (106)

Proof: Take the partial derivative

df

dγ̃a
r

∣
∣
∣
∣
∣
(θ̃ a,e

r ,γ̃ a,e
r )

= −k
′
I ξ

a
r,n+1 . (107)

Recognize the equilibrium condition ξa
r,n+1 = 0 previously out-

lined, so it must be zero. �
Proposition 7: The following partial derivative evaluates to

−k
′
R at the average equilibrium:

dg

dγ̃a
r

∣
∣
∣
∣
∣
(θ̃ a,e

r ,γ̃ a,e
r )

= −k
′
R . (108)

Proof: Expand the terms in the averaged-reduced error dy-
namic (30b):

g = k
′
R γ̃a

r − k
′
R (γ̃a

r )
2ξa

r,j −
2k

′
R γ̃a

r ξ
a
r,n+1

Dn+2ν(θ∗)

+
k

′
R

Dn+2ν(θ∗)
− k

′
Rξa

r,n+2
(
Dn+2ν(θ∗)

)2 . (109)

Take the partial derivative and factor into the following form:

dg

dγ̃av

∣
∣
∣
∣
∣
(θ̃ a,e

r ,γ̃ a,e
r )

= k
′
R

(
1 − 2

(
γ̃a,e

r +
1

Dn+2ν(θ∗)

)
ξa
r,n+2

)
.

(110)

Substitute in the equilibrium condition (89b) and
simplify. �

Proposition 8: Evaluated at the average error system equi-
librium, we have the partial derivative

df

dθ̃a
r

∣
∣
∣
∣
∣
(θ̃ a,e

r ,γ̃ a,e
r )

= −k
′
I + O(a2), (111)

and for a given −k
′
I it is negative for sufficiently small “a.”

Proof: Start with the average dynamic (30a) and substitute
in the average signal:

f = − k
′
I

(
γ̃a

r +
1

Dn+2ν(θ∗)

)

×
⎛

⎝Dn+1ν
(
θ∗ + θ̃a

r

)
+

Dn+3ν
(
θ∗ + θ̃a

r

)

4(n + 2)
a2 + O(a4)

⎞

⎠.

(112)
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Take the partial derivative and evaluate at θ̃a,e
r :

df

dθ̃a
r

∣
∣
∣
∣
∣
(θ̃ a,e

r ,γ̃ a,e
r )

= − k
′
I

(
γ̃a,e

r +
1

Dn+2ν(θ∗)

)

×
(

Dn+1ν
(
θ∗ + θ̃a,e

r

)
+

Dn+4ν
(
θ∗ + θ̃a,e

r

)

4(n + 2)
a2

+ O(a4)

)

. (113)

Substitute in the average error system equilibrium:

df

dθ̃a
r

∣
∣
∣
∣
∣
(θ̃ a,e

r ,γ̃ a,e
r )

= − k
′
I

(
1

Dn+2ν(θ∗)
+ c2a

2 + O(a3)
)

×
(

Dn+2ν
(
θ∗ + b2a

2 + O(a3)
)

+
Dn+4ν

(
θ∗ + b2a

2 + O(a3)
)

4(n + 2)
a2 + O(a4)

)

.

(114)

Use Taylor expansions and fold terms into O(a3):

df

dθ̃a
r

∣
∣
∣
∣
∣
(θ̃ a,e

r ,γ̃ a,e
r )

= − k
′
I

(
1

Dn+2ν(θ∗)
+ c2a

2 + O(a3)
)

×
(

Dn+2ν(θ∗) +

(

Dn+3ν(θ∗)b2

+
Dn+4ν(θ∗)
4(n + 2)

)

a2 + O(a3)

)

. (115)

Distribute and collect powers of “a”:

df

dθ̃a
r

∣
∣
∣
∣
∣
(θ̃ a,e

r ,γ̃ a,e
r )

= − k
′
I − k

′
I c2D

n+2ν(θ∗)a2

+
(

Dn+3ν(θ∗)
Dn+2ν(θ∗)

b2 +
Dn+4ν(θ∗)

4(n + 2)Dn+2ν(θ∗)

)
a2

+ O(a3). (116)

Finally, fold most everything into O(a2). �

F. Singular Perturbation Analysis

To complete the analysis, we study the reduced
model (47) (in the timescale = τ/ω: and has an equi-
librium at z̃r = 0) cf., (46) with (44). This equilib-
rium has been shown to be exponentially stable in
Section IV for a sufficiently small “a” and ε. For the bound-

ary layer model (48), recall that f
(
l(θ), α

(
l(θ), θ

)) ≡ 0. Then,

xb = 0 is an equilibrium of (48). By Assumption A4, this equi-
librium is exponentially stable uniformly in θ and as a conse-
quence also in l(θ). Because both the boundary layer model

and the reduced model are exponentially stable, we can use
Tikhonov’s Theorem on the Infinite Interval [22, Th. 11.2] to
start the following sequence of relations:

1) The solution of z(τ) is O(ω)-close to the solution zr.
2) zr converges exponentially to the periodic solution

z2π
r (τ).

3) The solution z2π
r (τ) is O(ε)-close to za,e

r = (θ̃a,e
r , γ̃a,e

r ).
4) Both θ̃a,e

r and γ̃a,e
r are O(a2)-close to zero.

By chaining 1)–4) together, θ̃(τ) and γ̃(τ) both converge
O(ε + ω + a2)-close to zero. Then, it follows that θ(τ) = θ∗ +
θ̃(τ) + a sin τ exponentially converges to a O(ω + ε + a)-
neighborhood of θ∗.

Also by 2)-4), θ̃r(τ) + a sin τ exponentially convergesO(ε +
a)-close to zero. Then, we can show that l(θ∗ + θ̃r(τ) + a sin τ)
exponentially converges O(ε + a)-close to l(θ∗). The solu-
tion of x(τ) from (43) [same as (15)] satisfies x(τ) − (l(θ∗ +
θ̃r(τ) + a sin τ) + xb(t)) = O(ω). Considering xb(t) exponen-
tially decays to zero, then x(τ) exponentially converges O(ε +
ω + a)-close to l(θ∗).
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[5] Y. Tan, D. Nešić, and I. Mareels, “On non-local stability properties of
extremum seeking control,” Automatica, vol. 42, no. 6, pp. 889–903, Jun.
2006.

[6] K. B. Ariyur and M. Krstic, Real Time Optimization by Extremum Seeking
Control. New York, NY, USA: Wiley, 2003.

[7] D. Dochain, M. Perrier, and M. Guay, “Extremum seeking control and its
application to process and reaction systems: A survey,” Math. Comput.
Simul., vol. 82, no. 3, pp. 369–380, 2011.

[8] D. DeHaan and M. Guay, “Extremum-seeking control of state-constrained
nonlinear systems,” Automatica, vol. 41, no. 9, pp. 1567–1574, 2005.

[9] M. Guay, S. Dhaliwal, and D. Dochain, “A time-varying extremum-
seeking control approach,” in Proc. Am. Control Conf., Jun. 2013,
pp. 2643–2648.

[10] B. Ren, P. Frihauf, R. J. Rafac, and M. Krstic, “Laser pulse shaping via
extremum seeking,” Control Eng. Pract., vol. 20, no. 7, pp. 674–683,
2012.

[11] H.-H. Wang, S. Yeung, and M. Krstic, “Experimental application of ex-
tremum seeking on an axial-flow compressor,” IEEE Trans. Control Syst.
Technol., vol. 8, no. 2, pp. 300–309, Mar. 1999.

[12] K. Stegath, N. Sharma, C. Gregory, and W. E. Dixon, “An extremum
seeking method for non-isometric neuromuscular electrical stimulation,”
in Proc. IEEE Int. Conf. Syst., Man, Cybern., 2007, pp. 2528–2532.

[13] D. Popovic, M. Jankovic, S. Magner, and A. Teel, “Extremum seek-
ing methods for optimization of variable cam timing engine operation,”
IEEE Trans. Control Syst. Technol., vol. 14, no. 3, pp. 398–407, May
2006.

[14] Y. Ou, C. Xu, E. Schuster, T. Luce, J. R. Ferron, and M. Walker,
“Extremum-seeking finite-time optimal control of plasma current profile
at the DIII-D Tokamak,” in Proc. Amer. Control Conf., 2007, pp. 4015–
4020.

[15] P. Cougnon, D. Dochain, M. Guay, and M. Perrier, “On-line optimization
of fedbatch bioreactors by adaptive extremum seeking control,” J. Process
Control, vol. 21, no. 10, pp. 1526–1532, 2011.



MILLS AND KRSTIC: MAXIMIZING MAP SENSITIVITY AND HIGHER DERIVATIVES VIA EXTREMUM SEEKING 3247

[16] Z.-D. Zhong, H.-B. Huo, X.-J. Zhu, G.-Y. Cao, and Y. Ren, “Adaptive
maximum power point tracking control of fuel cell power plants,” J. Power
Sources, vol. 176, no. 1, pp. 259–269, 2008.

[17] Y. A. Chang and S. J. Moura, “Air flow control in fuel cell systems: An
extremum seeking approach,” in Proc. Amer. Control Conf., Jun. 2009,
pp. 1052–1059.

[18] P. M. Dower, P. M. Farrell, and D. Nesic, “Extremum seeking control of
cascaded raman optical amplifiers,” IEEE Trans. Control Syst. Technol.,
vol. 16, no.3, pp. 396–407, May 2008.

[19] M. Guay, D. Dochain, and M. Perrier, “Adaptive extremum seeking con-
trol of continuous stirred tank bioreactors with unknown growth kinetics,”
Automatica, vol. 40, no. 5, pp. 881–888, 2004.

[20] G. Roth and W. H. Sandholm, “Stochastic approximations with constant
step size and differential inclusions,” SIAM J. Control Optim., vol. 51,
pp. 525–555, 2013.

[21] S.-J. Liu and M. Krstic, “Stochastic averaging in continuous time and its
applications to extremum seeking,” IEEE Trans. Autom. Control, vol. 55,
no. 10, pp. 2235–2250, Oct. 2010.

[22] H. K. Khalil, Nonlinear Systems, 3rd ed. Englewood Cliffs, NJ, USA:
Prentice-Hall, Jan. 2002.

[23] W. H. Moase, C. Manzie, and M. J. Brear, “Newton-like extremum-seeking
for the control of thermoacoustic instability,” IEEE Trans. Autom. Control,
vol. 55, no. 9, pp. 2094–2105, Sep. 2010.
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[32] D. Nešić, A. Mohammadi, and C. Manzie, “A systematic approach to
extremum seeking based on parameter estimation,” in Proc. 49th IEEE
Conf. Decis. Control, Dec. 2010, pp. 3902–3907.

[33] K. Vinther, H. Rasmussen, R. Izadi-Zamanabadi, and J. Stoustrup, “Sin-
gle temperature sensor superheat control using a novel maximum slope-
seeking method,” Int. J. Refrig., vol. 36, no. 3, pp. 1118–1129, 2013.

[34] K. Vinther, C. H. Lyhne, E. B. Sorensen, and H. Rasmussen, “Evaporator
superheat control with one temperature sensor using qualitative system
knowledge,” in Proc. Amer. Control Conf., Jun. 2012, pp. 374–379.

[35] G. Mills and M. Krstic, “Maximizing higher derivatives of unknown maps
with extremum seeking,” in Proc. 54th IEEE Int. Conf. Decis. Control,
2015, pp. 5648–5653.

[36] G. Mills and M. Krstic, “Maximizing higher derivatives of unknown maps
with stochastic extremum seeking,” in Proc. Amer. Control Conf., 2016,
pp. 5648–5653.

[37] A. Teel, J. Peuteman, and D. Aeyels, “Semi-global practical asymptotic
stability and averaging,” Syst. Control Lett., vol. 37, no. 5, pp. 329–334,
Aug. 1999.

[38] J. Poveda and N. Quijano, “A shahshahani gradient based extremum seek-
ing scheme,” in Proc. IEEE 51st Annu. Conf. Decis. Control, Dec. 2012,
pp. 5104–5109.

[39] J. Poveda and N. Quijano, “Extremum seeking for multi-population
games,” in Proc. IEEE 52nd Annu. Conf. Decis. Control, Dec. 2013,
pp. 409–414.

[40] P. Frihauf, M. Krstic, and T. Basar, “Nash equilibrium seeking in noncoop-
erative games,” IEEE Trans. Autom. Control, vol. 57, no. 5, pp. 1192–1207,
May 2012.

[41] J. I. Poveda, A. R. Teel, and D. Nešić, “Flexible Nash seeking using
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