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PDE Boundary Control of Multi-Input LTI Systems With Distinct and
Uncertain Input Delays

Yang Zhu , Miroslav Krstic , and Hongye Su

Abstract—Taking advantage of the concept of a transport par-
tial differential equation (PDE) representation of the delayed in-
put, we propose a predictor-feedback control for the stabilization
of multi-input linear time-invariant (LTI) systems with distinct input
delays. Different from recently published results about predictor
feedbacks for multi-input time delay systems that require a perfect
knowledge of the length of delays, the LTI plants taken into ac-
count in this paper have the uncertain and distinct time delay in
each individual input channel. To deal with the problem of the un-
known multi-input delays and the consequently unmeasurable dis-
tributed input, an adaptive PDE boundary control scheme including
an estimation of the unmeasured transport PDE state and an on-
line identification of the unknown delay is developed. The conven-
tional backstepping transformation for the known delay case is also
replaced by a unity-rescaled backstepping transformation for the
case of delay adaptation. With Lyapunov-based analysis, we show
local stability of the delay-adaptive prediction-based closed-loop
systems.

Index Terms—Adaptive, linear time-invariant (LTI), multi-input de-
lays, partial differential equation (PDE), uncertain.

I. INTRODUCTION

A. Background

Many practical plants include actuator delays that, as is well-known,
have negative effects on stability and transient performance under feed-
back. The stabilization of systems with actuator delay is not an easy
task, especially when the input delay is uncertain. Early work on adap-
tive control of uncertain time-delay systems [1] focused on the un-
certainty of parameters rather than the delay. Adaptive backstepping
control of uncertain linear systems with input delay has been proposed
by [2], however, by regarding the input delay as unmodeled dynamics,
neither identification nor compensation for the delay is considered by
the control design.

Important theoretical progress on adaptive control with compensa-
tion of the uncertain delay in the actuator was made in [4] and [5].
With a novel idea of treating the input delay as a transport partial
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differential equation (PDE) [4], a class of prediction-based boundary
controllers employing a backstepping transformation [4] were devel-
oped in [4] and [5]. Later on, a collection of classic adaptive control
problems for various uncertainties including unmeasurable ordinary
differential equation (ODE) state, unmeasurable distributed PDE, un-
known plant parameters, and unknown actuator delay were addressed
in [6]–[7].

On the other hand, a recently popular direction about input delay
plants focuses on the predictor feedback of systems with multi-input
delays, both in linear plants [8] and nonlinear plants [9]–[10]. As
stated in the introduction of [9], plants with multi-input delays could
find a wide range of applications in practice such as traffic, robotic
manipulators, multi-agent systems, autonomous ground vehicles, and
planar vertical take-off and landing aircraft, to name a few.

B. Contribution

In the recent publications on control of systems with distinct multi-
input delays, both for plants that are linear [8] and nonlinear [9]–[10],
the prediction-based compensation for delays requires the knowledge
of the delay value of every input channel. To overcome this shortcom-
ing, on the basis of the method in [8], this paper proposes a prediction-
based adaptive PDE boundary control design for multi-input linear
time-invariant (LTI) ODE systems which have distinct and uncertain
input delays. In parallel with the approach in [8], a unity-rescaled back-
stepping transformation which is equivalent to that in [8] is proposed
for the case of known delays. When the exact delay values are not
available, though few of plants in process control can still measure
distributed inputs, it is more common that the distributed inputs are
unmeasurable. Thus, the estimation of the transport PDE state and the
identification of the uncertain delay are contained in the PDE boundary
control scheme. As explained in [4, Ch. 8], the global result is not
obtainable if the delay values are unknown, because the solution of the
transport PDE is not linearly parametrizable (statically or dynamically)
in the delay. However, local stability is established for the closed-loop
ODE-PDE cascade system in the paper.

C. Organization

In Section II, we introduce the LTI time-delay systems of interest and
the control objective that we wish to achieve. Moreover, in Section II-
A, a brief copy of the exact predictor feedback law for the case of
known delays proposed by [8] is provided. Then in Section II-B, an
equivalent unity-rescaled control scheme to that of Section II-A for
the case of known delays is introduced. In Section III, on the basis
of Section II-B, by certainty-equivalence principle, an adaptive PDE
boundary control method is proposed for the case of uncertain delays.
Section IV is devoted to the local stability analysis of the closed-
loop ODE-PDE systems by an explicit Lyapunov functional. Section V
offers a numerical simulation to verify the effectiveness of the proposed
control algorithm. Finally, Section VI concludes the paper.

Before ending the introduction part, a notation is given as follows.
Notation: For a function κ(x, t), κ : [0, 1] × R+ → R, ‖κ(x, t)‖ =

(
∫ 1

0 κ(x, t)2dx)1/2 .
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II. PROBLEM FORMULATION AND UNITY-RESCALING FOR

KNOWN DELAY

We consider a general class of LTI systems with distinct multi-input
delays whose dynamics satisfy the ODE as follows:

Ẋ(t) = AX(t) +
m∑

i=1

biUi (t − Di ) (1)

where X(t) ∈ Rn is the measurable state, and Ui (t) ∈ R is the ith
control channel with a constant but unknown delay Di > 0 for i =
1, 2, . . . , m. Matrix A ∈ Rn×n , bi ∈ Rn . Set B = (b1 , b2 , . . . , bm ) ∈
Rn×m and the pair (A, B) is fully known and controllable, namely,
there exists a matrix K = (k1 , k2 , . . . , km )T ∈ Rm ×n such that
A + BK is Hurwitz, i.e., (A + BK)T P + P (A + BK) = −Q with
P = P T > 0 and Q = QT > 0. Furthermore, the delays satisfy the
following assumption.

Assumption 1:

0 < D1 ≤ D1 ≤ D1 ,2 ≤ D2 ≤ D2 ,3 ≤ D3 ≤ D3 ,4 ≤ · · ·
≤ Di−1 , i ≤ Di ≤ Di,i+1 ≤ · · · ≤ Dm −1 ,m ≤ Dm ≤ Dm (2)

where Di−1 , i > 0, Di,i+1 > 0 for i = 1, 2, . . . , m, with D0 ,1 = D1 ,
Dm ,m +1 = Dm are known constants, representing lower and upper
bounds of Di , respectively.

Remark 1: In comparison with the requirement of the exact value
of the delay in every control channel, though Assumption 1 requires
some a priori knowledge regarding the boundedness of unknown delays
which will be used in the delay update law, and the length sequence
of unknown delays which is important to develop a predictor feedback
law, it is unrestrictive and still allows a large uncertainty among the
interval [Di−1 , i , Di,i+1 ]. On the other hand, some readers may be
curious that the assumption of a priori knowledge about the length
order of delays is strong. This concern makes sense, and a switched
technique to overcome this shortcoming is given in the simulation of
Section V.

Our objective is to develop a control scheme to compensate for
the negative effect of delay and stabilize the potentially unstable LTI
system (1).

A. Exact Predictor Feedback for Known Delay

In [8], if the delays Di are fully known to the designer, an exact
predictor feedback law to stabilize the LTI system (1) is given. To lay
a foundation for our control design later, we provide a brief recap of
the method to help readers.

For i = 1, 2, . . . , m, the idea of predictor-feedback in [8] is to realize

Ui (t − Di ) = kT
i X(t), equivalently, Ui (t) = kT

i X(t + Di ). (3)

By a transport PDE to represent the delayed input

ui (σ, t) = Ui (t + σ − Di ), σ ∈ [0, Di ] (4)

the LTI system (1) is transformed into the ODE-PDE cascade such that

Ẋ(t) = AX(t) +
m∑

i=1

biui (0, t) (5)

∂tui (σ, t) = ∂σ ui (σ, t), σ ∈ [0, Di ] (6)

ui (Di , t) = Ui (t), i ∈ {1, 2, . . . , m}. (7)

The procedure of [8] is to find a state transformation and a state
feedback control law that convert the system (5)–(7) into a stable target

system satisfying

Ẋ(t) = (A + BK)X(t) +
m∑

i=1

biwi (0, t) (8)

∂twi (σ, t) = ∂σ wi (σ, t), σ ∈ [0, Di ] (9)

wi (Di , t) = 0, i ∈ {1, 2, . . . , m}. (10)

Then, for i = 1, 2, . . . , m, the invertible backstepping-like trans-
formations to achieve the above conversion

(
X(t), ui (σ, t)

)→(
X(t), wi (σ, t)

)
in [8] have the expressions as follows:

wi (σ, t) = ui (σ, t) − kT
i Φ(σ, 0)X(t)

−
m∑

j=1

∫ φ j (σ )

0
kT

i Φ(σ, δ)bj uj (δ, t)dδ (11)

ui (σ, t) = wi (σ, t) + kT
i eA m σ X(t)

+
m∑

j=1

∫ φ j (σ )

0
kT

i eA m (σ−δ )bj wj (δ, t)dδ (12)

where for j ∈ {1, 2, . . . , m}

φj (σ) =

{
σ, σ ∈ [0, Dj ]

Dj , σ ∈ [Dj , Dm ]
(13)

and for Di−1 ≤ δ ≤ σ ≤ Di , i ∈ {1, 2, . . . , m}
Φ(σ, δ) = eA i−1 (σ−δ ) (14)

for σ ∈ [Di−1 , Di ], δ ∈ [Dj−1 , Dj ], i, j ∈ {1, 2, . . . , m}, j < i

Φ(σ, δ) = eA i−1 (σ−D i−1 )eA i−2 (D i−1 −D i−2 )

. . . eA j (D j + 1 −D j )eA j −1 (D j −δ ) (15)

and specifically for (15), if j = i − 1, then

Φ(σ, δ) = eA i−1 (σ−D i−1 )eA i−2 (D i−1 −δ ) (16)

with

D0 = 0,

⎧
⎪⎨

⎪⎩

A0 = A,

Ai = Ai−1 + bik
T
i , i ∈ {1, 2, . . . , m}

Am = A + BK = A +
∑m

i=1 bik
T
i .

(17)

Thus, for i = 1, 2, . . . , m, by substituting x = Di into (11) to let
(10) be satisfied, the predictor-based PDE boundary controllers in [8]
have the expressions such that

Ui (t) = ui (Di , t) = kT
i Φ(Di , 0)X(t)

+
m∑

j=1

∫ φ j (D i )

0
kT

i Φ(Di , δ)bj uj (δ, t)dδ. (18)

Based on a Lyapunov-based stability analysis, it is shown in [8] that
under the backstepping transformation (11), (12) and the PDE control
scheme (18), the closed-loop target ODE-PDE cascade (8)–(10) is
stable. Thus, stabilization is achieved for the known delay case.

B. Unity-Rescaling for Known Delay

To develop a certainty-equivalence-based adaptive control design
for the unknown delay case, we first need to unity-rescale the original
systems (5)–(7) and the target systems (8)–(10) on the interval σ ∈
[0, Di ] into the rescaled systems on the interval [0, 1]. The necessity of
unity-rescaling is explained in detail in Remark 1 of Section III later.
In this section, we still assume that delays are known to designers.
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Then, by the change of variable σ = Dix, the transport PDE (4)
representing the input with delay is turned into the following form:

ui (x, t) = Ui (t + Di (x − 1)), x ∈ [0, 1]. (19)

As a consequence, the original systems (5)–(7) are converted to the
following unity-rescaled systems:

Ẋ(t) = AX(t) +
m∑

i=1

biui (0, t) (20)

Di∂tui (x, t) = ∂xui (x, t), x ∈ [0, 1] (21)

ui (1, t) = Ui (t), i ∈ {1, 2, . . . , m} (22)

while the target systems (8)–(10) are transformed into the following
unity-rescaled target systems:

Ẋ(t) = (A + BK)X(t) +
m∑

i=1

biwi (0, t) (23)

Di∂twi (x, t) = ∂x wi (x, t), x ∈ [0, 1] (24)

wi (1, t) = 0, i ∈ {1, 2, . . . , m}. (25)

To achieve the conversion (20)–(22) into (23)–(25), according to
the method of substitution σ = Dix and δ = Dj y, the backstep-
ping transformations

(
X(t), ui (σ, t)

)→ (
X(t), wi (σ, t)

)
in (11) and

(12) is replaced by the unity-rescaled backstpping transformations(
X(t), ui (x, t)

)→ (
X(t), wi (x, t)

)
as follows:

wi (x, t) = ui (x, t) − kT
i Φ(Dix, Dv

l , 0)X(t)

−
m∑

j=1

Dj

∫ φ j (D i x ,D j )

0
kT

i Φ(Dix, Dv
l , Dj y)bj uj (y, t)dy (26)

ui (x, t) = wi (x, t) + kT
i eA m D i x X(t)

+
m∑

j=1

Dj

∫ φ j (D i x ,D j )

0
kT

i eA m (D i x−D j y )bj wj (y, t)dy (27)

where for j ∈ {1, 2, . . . , m}

φj (Dix, Dj ) =

⎧
⎪⎨

⎪⎩

D i
D j

x, x ∈
[
0,

D j

D i

]

1, x ∈
[

D j

D i
, D m

D i

] (28)

and Dv
l = (Dv−1 , Dv−2 , . . . , Dl+1 , Dl ), for D v −1

D j
≤ y ≤ D i

D j
x ≤

D v
D j

, i, j ∈ {1, 2, . . . , m}, v ∈ {1, 2, . . . , i}

Φ(Dix, Dv
l , Dj y) = eA v −1 (D i x−D j y ) (29)

for D v −1
D i

≤ x ≤ D v
D i

, D l−1
D j

≤ y ≤ D l
D j

, i, j ∈ {1, 2, . . . , m}, v, l ∈
{1, 2, . . . , i}, l < v

Φ(Dix, Dv
l , Dj y) = eA v −1 (D i x−D v −1 )eA v −2 (D v −1 −D v −2 )

. . . eA l (D l + 1 −D l )eA l−1 (D l −D j y ) (30)

and specifically for (30), if l = v − 1,

Φ(Dix, Dv
l , Dj y) = eA v −1 (D i x−D v −1 )eA v −2 (D v −1 −D j y ) (31)

with D0 and Ai for i = 0, 1, . . . , m are defined the same as those in
(17).

Subsequently, for i = 1, 2, . . . , m, by substituting x = 1 into (26)
to meet (25), the predictor-based PDE boundary controllers in (18) are

replaced by the unity-rescaled expressions such that

Ui (t) = ui (1, t) = kT
i Φ(Di , D

v
l , 0)X(t)

+
m∑

j=1

Dj

∫ φ j (D i ,D j )

0
kT

i Φ(Di , D
v
l , Dj y)bj uj (y, t)dy. (32)

By comparing (4)–(18) with (19)–(32), for the case of known delays,
it is obvious that the unity-rescaling from the interval [0, Di ] to the
interval [0, 1] is accomplished by the change of variables σ = Dix,
σ ∈ [0, Di ], x ∈ [0, 1], and δ = Dj y, δ ∈ [0, Dj ], y ∈ [0, 1]. What is
more important, it is apparent that formulas (4)–(18) and (19)–(32) are
equivalent, and both of them realize the stabilization target.

III. CERTAINTY-EQUIVALENCE-BASED ADAPTIVE CONTROL FOR

UNKNOWN DELAY

In this section, on the basis of Sections II-A and II-B, we deal
with the stabilization problem for the case of unknown delays. First,
different from the last section, since the delay Di in (19) is unknown, the
transport PDE ui (x, t) of (19) is unmeasurable; thus, cannot be utilized
directly like in (32). To solve this technical difficulty, we introduce the
PDE state observer to estimate the unmeasured ui (x, t) such that, for
i = 1, 2, . . . , m

ûi (x, t) = Ui (t + D̂i (t)(x − 1)), x ∈ [0, 1] (33)

with the PDE state estimation error being defined as

ũi (x, t) = ui (x, t) − ûi (x, t), x ∈ [0, 1] (34)

= Ui (t + Di (x − 1)) − Ui (t + D̂i (t)(x − 1)) (35)

where D̂i (t) is an estimate of the unknown delay Di with the estimation
error D̃i (t) = Di − D̂i (t).

As a consequence, for i ∈ {1, 2, . . . , m} and on the interval x ∈
[0, 1], the ODE-PDE cascade (20)–(22) could be expressed as the fol-
lowing systems:

Ẋ(t) = AX(t) +
m∑

i=1

bi

(
ûi (0, t) + ũi (0, t)

)
(36)

Di∂t ũi (x, t) = ∂x ũi (x, t) − D̃i
1

D̂i

∂x ûi (x, t)

− ˙̂
DiDi (x − 1)

1
D̂i

∂x ûi (x, t) (37)

ũi (1, t) = 0 (38)

D̂i∂t ûi (x, t) = ∂x ûi (x, t) + ˙̂
Di (x − 1)∂x ûi (x, t) (39)

ûi (1, t) = Ui (t). (40)

Remark 2: By unity-rescaling the systems from the interval
σ ∈ [0, Di ] into the interval x ∈ [0, 1] and applying the certainty-
equivalence principle to identify the unknown delay, the boundary con-
dition (38) such that ũi (1, t) = ui (1, t) − ûi (1, t) = Ui (t + Di (1 −
1)) − Ui (t + D̂i (1 − 1)) = Ui (t) − Ui (t) = 0 is satisfied. For the
Lyapunov-based stability analysis later in Section IV, this boundary
condition (38) plays an important role in establishing the bounded-
ness of the PDE state estimation error ũi (0, t) = ui (0, t) − ûi (0, t) =
Ui (t − Di ) − Ui (t − D̂i ). If we do not employ the unity-rescaling
and apply the certainty-equivalence principle directly to (4) such
that ûi (σ, t) = Ui (t + σ − D̂i ), σ ∈ [0, D̂i ], then the boundary con-
dition becomes ũi (Di , t) = ui (Di , t) − ûi (Di , t) = Ui (t + Di −
Di ) − Ui (t + Di − D̂i ) �= 0 or ũi (D̂i , t) = ui (D̂i , t) − ûi (D̂i , t) =
Ui (t + D̂i − Di ) − Ui (t + D̂i − D̂i ) �= 0, thus the boundedness of
the PDE state estimation error ũi (0, t) = ui (0, t) − ûi (0, t) = Ui (t −
Di ) − Ui (t − D̂i ) could not be guaranteed.
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Similarly, as Di and ui (x, t) are uncertain, the backstepping trans-
formation and PDE feedback law (26)–(32) could not employ them
directly. Based on the certainty-equivalence principle, by replacing Di

with D̂i and ui (x, t) with ûi (x, t), the invertible backstepping trans-
formation

(
X(t), ûi (x, t)

)→ (
X(t), ŵi (x, t)

)
in the adaptive control

scheme is presented as follows:

ŵi (x, t) = ûi (x, t) − kT
i Φ(D̂ix, D̂v

l , 0)X(t)

−
m∑

j=1

D̂j

∫ φ j (D̂ i x ,D̂ j )

0
kT

i Φ(D̂ix, D̂v
l , D̂j y)bj ûj (y, t)dy (41)

ûi (x, t) = ŵi (x, t) + kT
i eA m D̂ i x X(t)

+
m∑

j=1

D̂j

∫ φ j (D̂ i x ,D̂ j )

0
kT

i eA m (D̂ i x−D̂ j y )bj ŵj (y, t)dy (42)

where for j ∈ {1, 2, . . . , m}

φj (D̂ix, D̂j ) =

⎧
⎪⎨

⎪⎩

D̂ i

D̂ j
x, x ∈

[
0,

D̂ j

D̂ i

]

1, x ∈
[

D̂ j

D̂ i
, D̂ m

D̂ i

] (43)

and D̂v
l = (D̂v−1 , D̂v−2 , . . . , D̂l+1 , D̂l ), for D̂ v −1

D̂ j
≤ y ≤ D̂ i

D̂ j
x ≤

D̂ v

D̂ j
, i, j ∈ {1, 2, . . . , m}, v ∈ {1, 2, . . . , i}

Φ(D̂ix, D̂v
l , D̂j y) = eA v −1 (D̂ i x−D̂ j y ) (44)

for D̂ v −1
D̂ i

≤ x ≤ D̂ v

D̂ i
, D̂ l−1

D̂ j
≤ y ≤ D̂ l

D̂ j
, i, j ∈ {1, 2, . . . , m}, v, l ∈

{1, 2, . . . , i}, l < v

Φ(D̂ix, D̂v
l , D̂j y) = eA v −1 (D̂ i x−D̂ v −1 )eA v −2 (D̂ v −1 −D̂ v −2 )

· · · eA l (D̂ l + 1 −D̂ l )eA l−1 (D̂ l −D̂ j y ) (45)

and specifically for (45), if l = v − 1

Φ(D̂ix, D̂v
l , D̂j y) = eA v −1 (D̂ i x−D̂ v −1 )eA v −2 (D̂ v −1 −D̂ j y ) (46)

with D̂0 = 0 and Ai for i = 0, 1, . . . , m are defend the same as those
in (17).

Remark 3: Here we would like to draw the reader’s attention to the
fact that the spatial domain of the transport PDE ui (x, t) in (19) and
ûi (x, t) in (33) is x ∈ [0, 1], so does ŵi (x, t) in (41). At the boundary
x = 0 and x = 1, the delayed input and the actual input are represented,
respectively. If Assumption 1 was absent, then the order of the delay
estimate D̂1 ≤ D̂2 ≤ · · · ≤ D̂m cannot be guaranteed by the later pro-

jection operator. Consequently,
D̂ j

D̂ i
> 1 may happen to the limit (43) of

the integration of backstepping transformation (41), (42), which makes
ûj (y, t) and ŵj (y, t) potentially go beyond their domain y ∈ [0, 1].
Thus, the backstepping transformation, the subsequent control laws,
and update laws are no longer meaningfully defined. To address this
problem, a switched scheme by an LTI system with two-input is offered
in later Section V.

As a result, for i = 1, 2, . . . , m, by substituting x = 1 into (41) to
make ŵi (1, t) = 0, the prediction-based PDE boundary control in the
adaptive feedback scheme has the expression such that

Ui (t) = ûi (1, t) = kT
i Φ(D̂i , D̂

v
l , 0)X(t)

+
m∑

j=1

D̂j

∫ φ j (D̂ i ,D̂ j )

0
kT

i Φ(D̂i , D̂
v
l , D̂j y)bj ûj (y, t)dy. (47)

Then, following a similar design choice in [6], the delay update law
is selected as follows, for i = {1, 2, . . . , m}:

˙̂
Di (t) = γD Proj[D i−1 , i ,D i , i + 1 ]τD i

(t), D̂i (0) ∈ [Di−1 , i , Di,i+1 ],

(48)

τD i
(t) = −

m∑

h=1

∫ 1

0
(1 + x)ŵh (x, t)p̂h i (x, t)dx (49)

where γD > 0 is a design coefficient, Proj[D i−1 , i ,D i , i + 1 ] (·) is a stan-

dard projection operator defined on the interval [Di−1 , i , Di,i+1 ] (whose
explicit form could be found in [3, Appendix E], [5]–[6]). It is used
here to guarantee the length sequence of delay estimates such that
0 < D̂1 ≤ D̂2 ≤ · · · ≤ D̂m , and keep the denominator in (43) away
from zero. How to get (49) is discussed in Remark 4 later and p̂h i (x, y)
has the form in (84) of Table I.

Referring to the statement of [7], a couple of potentially necessary
conditions that protect the stability of closed-loop systems, for the delay
update law design to satisfy, are listed as follows.

Condition 1: There exist a constant MD > 0 such that

|τD i
(t)| ≤ MD V̄ (50)

V̄ = |X(t)|2 +
m∑

i=1

(‖ui (x, t)‖2 + ‖ûi (x, t)‖2 + ‖∂x ûi (x, t)‖2) .

(51)

Condition 2: There exist a constant MD > 0 such that

∀t ≥ 0, τD i
(t)D̃i (t) ≥ 0 and |τD i

(t)| ≤ MD . (52)

Obviously our update law (49) meets Condition 1 and as shown in
later Lyapunov-based analysis, this is useful for the establishment of
the stability of the closed-loop systems. Similar to the claim in [7], other
adaptive update laws being a product of a regressor and a regulation
error, and satisfying one of above conditions could be a possible choice.

Under the above backstepping transformation (41), (42), the PDE
boundary control (47), and the delay update law (48), (49), after a
lengthy and sophisticated calculation, the ODE-PDE cascade (36)–(40)
could be converted into the target systems as follows:

Ẋ(t) = (A + BK)X(t)

+
m∑

i=1

bi

(
ŵi (0, t) + ũi (0, t)

)
(53)

Di∂t ũi (x, t) = ∂x ũi (x, t) − D̃i ri (x, t)

− ˙̂
DiDi (x − 1)ri (x, t) (54)

ũi (1, t) = 0 (55)

D̂i∂t ŵi (x, t) = ∂x ŵi (x, t) − D̂i si (x, t)

−D̂ik
T
i Φ(D̂ix, D̂v

l , 0)
m∑

j=1

bj ũj (0, t) (56)

ŵi (1, t) = 0 (57)

D̂i∂xt ŵi (x, t) = ∂xx ŵi (x, t) − D̂i∂x si (x, t)

−D̂ik
T
i ∂x Φ(D̂ix, D̂v

l , 0)
m∑

j=1

bj ũj (0, t) (58)

∂x ŵi (1, t) = D̂i si (1, t)

+D̂ik
T
i Φ(D̂i , D̂

v
l , 0)

m∑

j=1

bj ũj (0, t) (59)
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where, for i ∈ {1, 2, . . . , m}

ri (x, t) =
1

D̂i

∂x ûi (x, t)

=
1

D̂i

∂x ŵi (x, t) + kT
i Am eA m D̂ i x X(t)

+
1

D̂i

m∑

j=1

D̂j ∂x φj (D̂ix, D̂j )kT
i bj ŵj (φj (D̂ix, D̂j ), t)

+
m∑

j=1

D̂j

∫ φ j (D̂ i x ,D̂ j )

0
kT

i Am eA m (D̂ i x−D̂ j y )bj ŵj (y, t)dy

(60)

si (x, t) = ˙̂
Di

(1 − x)
D̂i

∂x ŵi (x, t)

+kT
i Φ(D̂ix, D̂v

l , 0)
m∑

j=1

˙̂
Dj bj ûj (0, t)

+kT
i HΦ(D̂ i x ,D̂ v

l
,0) (

˙̂
D)X(t)

+
∑

φ j (D̂ i x ,D̂ j )

( ˙̂
Di − ˙̂

Dj )kT
i bj ûj

(
D̂i

D̂j

x, t

)

+
m∑

j=1

D̂j

∫ φ j (D̂ i x ,D̂ j )

0
kT

i HΦ(D̂ i x ,D̂ v
l

,D̂ j y ) (
˙̂

D)

×bj ûj (y, t)dy (61)

with HΦ(D̂ i x ,D̂ v
l

,D̂ j y ) (
˙̂

D) has the form corresponding to

Φ(D̂ix, D̂v
l , D̂j y) of (44)–(46), its elaborated form is given in

(91)–(93) of Table I, and the term containing ûj

(
D̂ i

D̂ j
x, t
)

in (61)

exists only when φj (D̂ix, D̂j ) = D̂ i

D̂ j
x.

Remark 4: Here we give a more elaborate explanation about update
law (49). The present paper considers the case that the delay Di is un-
known and the actuator state ui (x, t) is unmeasured. The basic idea to
design the update law (49) follows the certainty-equivalence idea from
the case where the delay Di is unknown but the actuator state ui (x, t)
is measured. In that situation of the measurable actuator ui (x, t), the
closed-loop systems (56), (57) become

Di∂twi (x, t) = ∂x wi (x, t) −
m∑

h=1

Di

Dh

D̃h pih (x, t)

−Diqi (x, t,
˙̂

D) (62)

wi (1, t) = 0, x ∈ [0, 1], i ∈ {1, 2, . . . , m} (63)

where pih (x, t) = f (X(t), ui (x, t)) is a function with respect to the
ODE state X(t) and the measured actuator ui (x, t), whose structure
is exactly the same as (84) of Table I with ui (x, t) taking place of
ûi (x, t). To eliminate the estimation error D̃i in the Lyapunov-based
analysis, the update law under the measurable actuator has the form
below, for i ∈ {1, 2, . . . , m}
˙̂

Di (t) = γD Proj[D i−1 , i ,D i , i + 1 ]τD i
(t), D̂i (0) ∈ [Di−1 , i , Di,i+1 ],

(64)

τD i
(t) = −

m∑

h=1

∫ 1

0
(1 + x)wh (x, t)phi (x, t)dx. (65)

In this paper, as the actuator state ui (x, t) is unmeasurable, we use the
ŵh (x, t) and p̂h i (x, t) = f (X(t), ûi (x, t)) to replace wh (x, t) and
phi (x, t) = f (X(t), ui (x, t)) in (65). Thus, (49) is acquired.

IV. LYAPUNOV-BASED STABILITY ANALYSIS

In this section, we summarize the results we obtained in Section III
as a main theorem below and subsequently provide its proof.

Theorem 1: Under Assumption 1, we consider the closed-loop sys-
tems consisting of the ODE-PDE cascade (36)–(40), the backstepping
transformation (41), (42), the adaptive PDE boundary control (47), and
the delay update law (48), (49), there exists a constant M ∗ > 0 such
that if the initial states satisfy the condition

|X(0)|2 +
m∑

i=1

(‖ui (x, 0)‖2 + ‖ûi (x, 0)‖2

+‖∂x ûi (x, 0)‖2 + |D̃i (0)|2
)
≤ M ∗ (66)

then all the signals of the closed-loop system are bounded and the
regulation for the ODE in (1) is achieved, i.e., limt→∞ X(t) = 0.

Proof: We build a Lyapunov candidate encompassing all states of
the closed-loop system (53)–(59)

V (t) = X(t)T PX(t) + gu

m∑

i=1

Di

∫ 1

0
(1 + x)ũi (x, t)2dx

+gw

m∑

i=1

D̂i (t)
(∫ 1

0
(1 + x)ŵi (x, t)2dx

+
∫ 1

0
(1 + x)(∂x ŵi (x, t))2dx

)

+
m∑

i=1

1
2
D̃i (t)2 (67)

where P is a symmetric and positive matrix defined immediately below
(1), while gu and gw are positive coefficients.

In parallel with [6] and [7], according to Poincaré and Agmon’s
inequalities, Young’s and Cauchy-Schwarz inequalities, take the time-
derivative of V (t) along the dynamics of the target closed-loop systems
(53)–(59), we have

V̇ ≤ −gv V ∗ − gw (1 − M1

m∑

i=1

| ˙̂
Di |)

m∑

i=1

(∂x ŵi (0, t))2

+

(

gu M2

m∑

i=1

|D̃i | + gw M3

m∑

i=1

| ˙̂
Di |2 + gw M4

m∑

i=1

| ˙̂
Di |
)

V ∗

−
m∑

i=1

˙̂
DiD̃i (68)

where gv = min
{

λm in (Q )
2 , gu , 1

2 gw

}
, M1 , M2 , M3 , M4 are positive

constants and

V ∗ = |X(t)|2 +
m∑

i=1

(‖ũi (x, t)‖2 + ‖ŵi (x, t)‖2 + ‖∂x ŵi (x, t)‖2) .

Furthermore, there exist constants ε > 0, M5 > 0, and η > 0 to
make the following inequality holds:

m∑

i=1

|D̃i | ≤ ε

2
+

M5

2ε

m∑

i=1

|D̃i |2 (69)

≤ ε

2
+

M5

2ε
(V − ηV ∗). (70)
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Substituting (70) into (68), by Condition 1 and backstepping transfor-
mation (41), (42), we obtain

V̇ ≤ −
(

gv − (gu M2 + γD MD )
(

ε

2
+

M5

2ε
V

))

V ∗

−
(

(gu M2 + γD MD )
M5η

2ε

−γD MD gw mM4 − γ2
D M 2

D gw mM3V
∗
)

V ∗2

−gw (1 − γD MD mM1V
∗)

m∑

i=1

(∂x ŵi (0, t))2 . (71)

As a result, if the coefficients are chosen to satisfy

gv ≥ (gu M2 + γD MD )
ε

2
, (72)

(gu M2 + γD MD )
M5η

2ε
≥ γD MD gw mM4 (73)

and the initial states satisfy

V (0) ≤ min

{(
gv

gu M2 + γD MD

− ε

2

)
2ε

M5
,

η

γD MD M1m
,

η
(
(gu M2 + γD MD ) M 5 η

2ε
− γD MD gw mM4

)

γ2
D M 2

D gw mM3

}

(74)

we conclude that there exists non-negative functions μ1 (t) and μ2 (t)
such that

V̇ ≤ −μ1 (t)V ∗ − μ2 (t)V ∗2 (75)

and thus ∀t ∈ [0, +∞), V (t) ≤ V (0).
As a result, based on the nonincreasing property of the time-

derivative V̇ for Condition 1 such that (75), following a similar proce-
dure in [6] and [7], the boundedness of states X(t), ũi (x, t), ûi (x, t),
Ui (t), ŵi (x, t), ∂xwi (x, t) for i ∈ {1, 2, . . . , m} could be guaranteed.
Furthermore, by applying Barbalat’s lemma, the stabilization, i.e., the
convergence limt→∞ X(t) = 0 is also established. This completes the
proof of Theorem 1.

V. NUMERICAL SIMULATION

We consider simple one-dimensional LTI systems with two-input as
follows:

Ẋ(t) = X(t) + U1 (t − D1 ) + U2 (t − D2 ). (76)

The control law is designed to achieve

U1 (t − D1 ) = −X(t), U2 (t − D2 ) = −0.5X(t). (77)

If there is no control or controls are delayed significantly, it is apparent
that X(t) diverges exponentially.

As stated in Remark 1, to test the sensitivity of the algorithm to the
order of the delays, we consider the case that D1 < D2 is assumed but
actually D2 < D1 such that D1 = 0.8 s and D2 = 0.5 s. Suppose we
do not know the exact value and the length order of the delay about D1

and D2 . The initial states are set as D̂1 (0) = 0.4 s, D̂2 (0) = 0.7 s.

As explained in Remark 3, if D̂ 1
D̂ 2

≤ 1 in the limit of the integration
is violated, the backstepping transformation are no longer meaning-
fully defined. To address this difficulty, we utilize the switched control
scheme as follows:

� if D̂1 (t) ≤ D̂2 (t), the backstepping transformation (41) has the
form such that

• i = 1, x ∈ [0, 1]

ŵ1 (x, t) = û1 (x, t) − k1e
A D̂ 1 x X̂(t)

− D̂1

∫ x

0
k1e

A (D̂ 1 x−D̂ 1 y )b1 û1 (y, t)dy

− D̂2

∫ D̂ 1
D̂ 2

x

0
k1e

A (D̂ 1 x−D̂ 2 y )b2 û2 (y, t)dy (78)

• i = 2, x ∈
[

0,
D̂1

D̂2

]

ŵ2 (x, t) = û2 (x, t) − k2e
A D̂ 2 x X̂(t)

− D̂1

∫ D̂ 2
D̂ 1

x

0
k2e

A (D̂ 2 x−D̂ 1 y )b1 û1 (y, t)dy

− D̂2

∫ x

0
k2e

A (D̂ 2 x−D̂ 2 y )b2 û2 (y, t)dy (79)

• i = 2, x ∈
[

D̂1

D̂2
, 1

]

ŵ2 (x, t) = û2 (x, t) − k2e
A 1 (D̂ 2 x−D̂ 1 )eA D̂ 1 X̂(t)

− D̂1

∫ 1

0
k2e

A 1 (D̂ 2 x−D̂ 1 )eA (D̂ 1 −D̂ 1 y )b1 û1 (y, t)dy

− D̂2

∫ D̂ 1
D̂ 2

0
k2e

A 1 (D̂ 2 x−D̂ 1 )eA (D̂ 1 −D̂ 2 y )b2 û2 (y, t)dy

− D̂2

∫ x

D̂ 1
D̂ 2

k2e
A 1 (D̂ 2 x−D̂ 2 y )b2 û2 (y, t)dy (80)

where A2 = A1 + b2k2 , A1 = A + b1k1 .
� else, i.e., D̂1 (t) > D̂2 (t), the backstepping transformation (41)

has the form below:

• i = 2, x ∈ [0, 1]

ŵ2 (x, t) = û2 (x, t) − k2e
A D̂ 2 x X̂(t)

− D̂2

∫ x

0
k2e

A (D̂ 2 x−D̂ 2 y )b2 û2 (y, t)dy

− D̂1

∫ D̂ 2
D̂ 1

x

0
k2e

A (D̂ 2 x−D̂ 1 y )b1 û1 (y, t)dy (81)

• i = 1, x ∈
[

0,
D̂2

D̂1

]

ŵ1 (x, t) = û1 (x, t) − k1e
A D̂ 1 x X̂(t)

− D̂2

∫ D̂ 1
D̂ 2

x

0
k1e

A (D̂ 1 x−D̂ 2 y )b2 û2 (y, t)dy

− D̂1

∫ x

0
k1e

A (D̂ 1 x−D̂ 1 y )b1 û1 (y, t)dy (82)

• i = 1, x ∈
[

D̂2

D̂1
, 1

]

ŵ1 (x, t) = û1 (x, t) − k1e
A 1 (D̂ 1 x−D̂ 2 )eA D̂ 2 X̂(t)
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Fig. 1. State and input.

− D̂2

∫ 1

0
k1e

A 1 (D̂ 1 x−D̂ 2 )eA (D̂ 2 −D̂ 2 y )b2 û2 (y, t)dy

− D̂1

∫ D̂ 2
D̂ 1

0
k1e

A 1 (D̂ 1 x−D̂ 2 )eA (D̂ 2 −D̂ 1 y )b1 û1 (y, t)dy

− D̂1

∫ x

D̂ 2
D̂ 1

k1e
A 1 (D̂ 1 x−D̂ 1 y )b1 û1 (y, t)dy (83)

where A2 = A1 + b1k1 , A1 = A + b2k2 .
Please note that (78) and (79), (81) and (82) are structurally the same

at all times when D̂1 (t) = D̂2 (t), so there is no jump in ŵ1 (x, t) and
ŵ2 (x, t) at those times. As ŵ1 (x, t), ŵ2 (x, t), and û1 (x, t), û2 (x, t)
are well defined by the switched scheme, the feedback law and the up-
date law are obtained accordingly. The result is shown in Figs. 1 and 2.

The result of simulation for the case that D1 < D2 is assumed but
actually D2 < D1 may give readers an impression that Assumption 1
about the ordering of the delay can be relaxed by this switched control

Fig. 2. Delay estimate.

scheme. However, we would like to emphasize the fact that the ordering
of the delays can be addressed in a simple manner when LTI systems
have two inputs. When three or more inputs are taken into account,
the switched control scheme have an increasingly complicated manner
since more comparisons between D̂i with D̂j have to be applied.

VI. CONCLUSION

In this paper, we have derived an adaptive predictor-feedback con-
troller for LTI systems with uncertain and different time delays in
multi-input control channels. Based on a unity-rescaled backstepping
transformation of the transport PDE state, the adaptive prediction-based
PDE boundary control is formed, which is capable of estimating the
unmeasurable distributed input, identifying the uncertain input delay,
and finally compensating for the negative effect of the actuator delay
to achieve the stabilization of LTI systems. By constructing an explicit
Lyapunov functional, the local stability of closed-loop ODE-PDE cas-
cade systems is guaranteed.

APPENDIX
TABLE 1

p̂ih (x, t) = kT
i PΦ(D̂ i x ,D̂ v

l
,0)X (t) + kT

i Φ(D̂i x, D̂v
l , 0)bh ûh (0, t) +

m∑

j=1

D̂j

∫ φ j (D̂ i x ,D̂ j )

0

kT
i PΦ(D̂ i x ,D̂ v

l
,D̂ j y ) bj ûj (y, t)dy

+
m∑

j=1

ρj kT
i bj ûj (φj (D̂i x, D̂j ), t) (84)

where

ρj =

⎧
⎪⎪⎨

⎪⎪⎩

1, if h = i, φj (D̂i x, D̂j ) = D̂ i

D̂ j
x, i �= j

0, if h �= i, j, or φj (D̂i x, D̂j ) = D̂ i

D̂ j
x, i = j, or φj (D̂i x, D̂j ) = 1

−1, if h = j, φj (D̂i x, D̂j ) = D̂ i

D̂ j
x, i �= j

(85)

PΦ(D̂ i x ,D̂ v
l

,0) =

⎧
⎨

⎩

∂ Φ(D̂ i x ,D̂ v
l

,0)

∂ (D̂ i x )
, h = i

∂ Φ(D̂ i x ,D̂ v
l

,0)

∂ D̂ h
, h �= i

(86)

and PΦ(D̂ i x ,D̂ v
l

,D̂ j y ) has the form corresponding to Φ(D̂i x, D̂v
l , D̂j y) of (44)–(46) such that

• For Φ(D̂i x, D̂v
l , D̂j y) of (44)

PΦ(D̂ i x ,D̂ v
l

,D̂ j y ) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∂ Φ(D̂ i x ,D̂ v
l

,D̂ j y )

∂ (D̂ i x )
, h = i, h �= j

∂ Φ(D̂ i x ,D̂ v
l

,D̂ j y )

∂ D̂ h
= 0, h �= i, j

0, h = i = j
∂ Φ(D̂ i x ,D̂ v

l
,D̂ j y )

∂ (D̂ j y )
, h = j, h �= i

(87)
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CONTINUED.

• For Φ(D̂i x, D̂v
l , D̂j y) of (45)–(46)

PΦ(D̂ i x ,D̂ v
l

,D̂ j y ) =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

Av−1 eA v −1 D̂ i x Γv
l (D̂)e−A l−1 D̂ j y + eA v −1 D̂ i x ∂ Γ v

l
(D̂ )

∂ D̂ h
e−A l−1 D̂ j y , h = i, h �= j

eA v −1 D̂ i x ∂ Γ v
l

(D̂ )

∂ D̂ h
e−A l−1 D̂ j y , h �= i, j

Av−1 eA v −1 D̂ i x Γv
l (D̂)e−A l−1 D̂ j y + eA v −1 D̂ i x ∂ Γ v

l
(D̂ )

∂ D̂ h
e−A l−1 D̂ j y + eA v −1 D̂ i x Γv

l (D̂)e−A l−1 D̂ j y (−Al−1 ), h = i = j

eA v −1 D̂ i x ∂ Γ v
l

(D̂ )

∂ D̂ h
e−A l−1 D̂ j y + eA v −1 D̂ i x Γv

l (D̂)e−A l−1 D̂ j y (−Al−1 ), h = j, h �= i

(88)
with Γv

l (D̂) coming from (45)–(46) such that

Φ(D̂i x, D̂v
l , D̂j y) = eA v −1 (D̂ i x−D̂ v −1 )eA v −2 (D̂ v −1 −D̂ v −2 ) · · · eA l (D̂ l + 1 −D̂ l )eA l−1 (D̂ l −D̂ j y )

= eA v −1 D̂ i x
(

e−A v −1 D̂ v −1 eA v −2 (D̂ v −1 −D̂ v −2 ) · · · eA l (D̂ l + 1 −D̂ l )eA l−1 D̂ l

)
e−A l−1 D̂ j y

= eA v −1 D̂ i x Γv
l (D̂)e−A l−1 D̂ j y (89)

and specifically, if l = v − 1,

Φ(D̂i x, D̂v
l , D̂j y) = eA v −1 (D̂ i x−D̂ v −1 )eA v −2 (D̂ v −1 −D̂ j y )

= eA v −1 D̂ i x
(

e−A v −1 D̂ v −1 eA v −2 D̂ v −1

)
e−A v −2 D̂ j y

= eA v −1 D̂ i x Γv
l (D̂)e−A l−1 D̂ j y (90)

• For Φ(D̂i x, D̂v
l , D̂j y) of (44)

HΦ(D̂ i x ,D̂ v
l

,D̂ j y ) (
˙̂

D) = Av−1 ( ˙̂
Di − ˙̂

Dj )eA v −1 (D̂ i x−D̂ j y ) (91)

• For Φ(D̂i x, D̂v
l , D̂j y) of (45)

HΦ(D̂ i x ,D̂ v
l

,D̂ j y ) (
˙̂

D) = Av−1 ( ˙̂
Di − ˙̂

Dv−1 )eA v −1 (D̂ i x−D̂ v −1 )eA v −2 (D̂ v −1 −D̂ v −2 ) · · · eA l (D̂ l + 1 −D̂ l )eA l−1 (D̂ l −D̂ j y )

+ eA v −1 (D̂ i x−D̂ v −1 )Av−2 ( ˙̂
Dv−1 − ˙̂

Dv−2 )eA v −2 (D̂ v −1 −D̂ v −2 ) · · · eA l (D̂ l + 1 −D̂ l )eA l−1 (D̂ l −D̂ j y )

+ · · · · · ·
+ eA v −1 (D̂ i x−D̂ v −1 )eA v −2 (D̂ v −1 −D̂ v −2 ) · · ·Al (

˙̂
Dl+1 − ˙̂

Dl )eA l (D̂ l + 1 −D̂ l )eA l−1 (D̂ l −D̂ j y )

+ eA v −1 (D̂ i x−D̂ v −1 )eA v −2 (D̂ v −1 −D̂ v −2 ) · · · eA l (D̂ l + 1 −D̂ l )eA l−1 (D̂ l −D̂ j y )Al−1 ( ˙̂
Dl − ˙̂

Dj ) (92)

• For Φ(D̂i x, D̂v
l , D̂j y) of (46)

HΦ(D̂ i x ,D̂ v
l

,D̂ j y ) (
˙̂

D) = eA v −1 (D̂ i x−D̂ v −1 )
(

Av−1 ( ˙̂
Di − ˙̂

Dv−1 ) + Av−2 ( ˙̂
Dv−1 − ˙̂

Dj )
)

eA v −2 (D̂ v −1 −D̂ j y ) (93)
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