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Adaptive Certainty-Equivalence Control With
Regulation-Triggered Finite-Time
Least-Squares Identification

lasson Karafyllis

Abstract—For general nonlinear control systems, we
present a novel approach to adaptive control, which em-
ploys a certainty-equivalence (indirect) control law and an
identifier with event-triggered updates of the plant param-
eter estimates, where the triggers are based on the size
of the plant’s state, and the updates are conducted using
a nonrecursive least-squares estimation over certain finite
time intervals, with updates employing delayed measure-
ments of the state. With a suitable nonrestrictive parameter-
observability assumption, our adaptive controller guaran-
tees global stability, regulation of the plant state, and our
identifier achieves parameter convergence, in finite time,
even in the absence of persistent excitation, for all initial
conditions other than those where the initial plant state is
zero. The robustness of our event-triggered adaptive con-
trol scheme to vanishing and nonvanishing disturbances is
verified in simulations with the assistance of a dead-zone-
like modification of the update law. The major distinctions of
our approach from supervisory adaptive schemes are that
our approach is indirect and our triggering is related to the
control objective (the regulation error). The major distinc-
tion from the classical indirect Lyapunov adaptive schemes
based on tuning related to the regulation error is that our ap-
proach does not involve a complex redesign of the controller
to compensate for the detrimental effects of rapid tuning on
the transients by incorporating the update law into the con-
trol law. Instead, our approach allows for the first time to
use a simple certainty-equivalence adaptive controller for
general nonlinear systems.

Index Terms—Adaptive control,
estimation, event-triggered control.

least-squares (LS)

[. INTRODUCTION

EW design approach: Classical tuning-based adaptive
N control went through several spurts of methodological ad-
vances from the late 1950s onward, remaining focused on linear
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systems until about 1990 [11], [21], [41], [45] and culminating in
the designs for nonlinear systems in the mid-1990s [27]. Refine-
ments and extensions of classes of systems have followed, but
paradigm-changing methodological advances—namely, funda-
mentally new approaches to adaptive control—have been nearly
nonexistent in the last two decades.

In this paper, we introduce a design approach that is new at a
methodological level. In the previous Lyapunov-based and mod-
ular (estimation-based) approaches to adaptive control, either
the certainty-equivalence (CE) approach is abandoned by de-
signing complex and interdependent controllers and parameter
estimators [27], [28], [30] or the disturbing effect of parameter
estimation is counteracted by slowing down the estimation [11],
[21], [41], [45] or through controller strengthening [27], [29],
[31]. In our new design paradigm, we employ unconventional
regulation-triggered identifiers that allow us to use simple CE
controllers without imposing growth conditions on nonlineari-
ties and without normalizing/slowing adaptation. Crucial to our
design are three ideas:

1) employing piecewise-constant parameter estimates in the
controller between the event-based triggers for the iden-
tifier, which eliminates the worry about the disturbing ef-
fect of rapidly changing estimates between the estimate
switches;

2) employing finite-time (dead-beat) parameter identifiers,
which eliminate the problems caused by long-lasting
large parameter estimation errors;

3) using regulation error to trigger the parameter estimate
switches, rather than estimation error-based triggers,
which makes the parameter updating rate as rapid as nec-
essary to prevent instability regardless of the growth rates
of the plant’s nonlinearities.

A fourth feature of our approach, which is not essential but
is valuable, is that our finite-time identifier design is based on a
least-squares (LS) approach, enabling a balanced convergence
rate across the entries of the parameter estimation vector, which
is the principal advantage of LS over all other estimator ap-
proaches. In other approaches (gradient, Lyapunov, etc.), it is
impossible to guarantee a priori abalanced convergence because
the excitation levels for individual columns of the regressor ma-
trix are not known a priori.

Existing adaptive control approaches: To understand the
merits (or shortfalls) of any adaptive control design claimed
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to be methodologically novel, it is crucial to understand the
categorizations of adaptive control approaches. Classical and
comprehensive studies such as [21], [28], and [43] are helpful
for this purpose.

First, adaptive controllers can be categorized into indirect
(updating plant parameters) and direct (updating controller pa-
rameters). The indirect approaches have the advantages of not
requiring overparameterization, being more readily applicable
to nonlinear systems, and yielding estimates of physical param-
eters, whereas the direct approaches avoid the online solution
of “design equations” (such as Bezout, Riccati, etc.).

Second, adaptive controllers are categorized into CE con-
trollers, namely those designed for the “known parameter” sit-
uation and those that are not of the CE type.

Third, non-CE adaptive controllers generally come in two
classes. One class explicitly incorporates the functional form of
the parameter update law, in order to compensate the rapidly
time-varying character of the parameter estimates (such adap-
tive controllers are usually designed using complete Lyapunov
functions and are referred to as “Lyapunov-based” [27], [30]).
The other class allows off-the-shelf gradient and LS parameter
estimators and does not incorporate the update law into the con-
trol law but, in order to compensate for the disturbing effects of
the parameter estimation error and its rate of variation, which
affects the validity of the control law, employs strengthening
of the control law against such disturbances in some form of
nonlinear damping (such adaptive controllers are referred to as
“modular” [29], [31] because the controller and the parameter
estimator are designed and analyzed separately, or “estimation-
based” [43] because the estimator is not based on the regulation
or stabilization objective but merely on the control-unrelated
objective of estimating the parameters).

All the above approaches to adaptive control are developed
for parabolic partial differential equations in one spatial dimen-
sion in the book [46], following the systematization laid out in
Chapter 7 of that book.

Event-triggered control: In our approach, we employ event-
triggered identifiers. Event-triggered control has attracted con-
siderable attention within the control systems community. In-
deed, event-triggered control has provided solutions for diffi-
cult control problems that involve sampling, quantized mea-
surements, output-feedback control, distributed networked con-
trol, and decentralized control (see [3], [5], [6], [9], [10], [12],
[14], [15], [16], [32]-[34], [49], [50], [52]-[54], and [57]). In
all cases, the system under event-triggered control becomes a
hybrid dynamical system.

Supervisory approach to adaptive control: Event-triggered
forms of adaptive control have existed for over two decades
now. There exist direct adaptive control schemes in the litera-
ture with guaranteed convergence properties for the closed-loop
system. Direct adaptive control approaches for linear systems
have been proposed in [35]-[38]: the proposed schemes ei-
ther employ event-triggering or sampled-data techniques. Di-
rect adaptive control design methodologies with logic-based
switching for linear and nonlinear control systems have been
developed in [17]-[20], [39], and [40] (see also the references
therein): the proposed supervisory adaptive control schemes

employ multimodel-based estimators of the performance of the
“current” controller in conjunction with hierarchical hystere-
sis switching logic (which is the event-triggered element in the
design). This approach is akin to estimation error-triggered con-
troller scheduling (in a direct adaptive setting), as opposed to
our regulation-triggered identification (in an indirect setting).
We estimate the plant’s unknown parameters with a dead-beat
LS identifier with delays, which allows us to derive (construc-
tively) appropriate KL estimates and employ a simple single-CE
control law. Moreover, we are able to guarantee convergence of
the parameters estimates in a prespecified time horizon. The
advantage of logic-based switching [17]-[20] is that it can also
deal with systems with disturbances, while the results of the
present paper are for undisturbed systems.

The robustness of our event-triggered adaptive control ap-
proach with respect to vanishing and nonvanishing perturbation
is tested by means of a simulation study (see Section V), and
its performance is compared with the achieved performance
of conventional adaptive controllers (designed by means of
methodologies provided in [21] and [28]). The results show that
the robustness properties of our regulation-triggered adaptive
controller are comparable to the robustness properties of the
closed-loop system with the nominal controller and known
parameter values.

LS identifiers in adaptive control: LS identification is attrac-
tive because of the ability of the Riccati equation to adjust the
adaptation gain in real time to the actual signal content of the
regressor matrix so that all the channels of the parameter esti-
mation vector evolve at comparable speed, rather than at vastly
different time scale (with the slowest one being dominant). Re-
cent advances and applications in LS-based adaptive control
are in [4], [26], [42], [55], and [56]. However, in most of the
LS adaptive control methods, the parameter convergence is not
guaranteed without persistency of excitation (PE), which is sel-
dom verifiable a priori. A different LS estimator, which uses
a hybrid dead-beat observer with delays, was proposed in [22]
and [24]. The estimator in [22] does not require PE but only the
weaker assumption of strong observability and was shown to be
robust with respect to measurement noise.

Our approach and contribution of this paper: Our adaptive
control approach uses the idea of estimating the unknown pa-
rameters by means of a dead-beat identifier in conjunction with
a CE controller. As a result, the closed-loop convergence prop-
erties ultimately become (after finite time) those of the nominal
(known-parameter) controller. To this end, we use the hybrid
dead-beat observer proposed in [22] (but slightly modified).
The rate of adaptation is determined by a scheme triggered by
the regulation error: when things “do not go well” (with the
plant’s state), the adaptation is accelerated. It is in this man-
ner that the finite escape phenomenon is avoided. Furthermore,
all excitation assumptions used in adaptive control literature
are replaced by an appropriate observability assumption. Our
parameter-observability assumption can be verified a priori (see
Section II).

Dead-beat identifiers were first proposed in [1], [2], and [13].
They require a PE assumption and are not of an LS type. The
identifiers in [1], [2], and [13] could conceivably be used with
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our regulation-triggered approach and CE control, but we do not
prove such a result here.

Organization of this paper: Section Il is devoted to the formu-
lation of the problem and the presentation of the assumptions
under which the adaptive regulator is constructed. A conve-
nient algorithmic way of checking the parameter-observability
assumption (H3) for a certain class of nonlinear control sys-
tems is also provided (see Theorem 2.1). Section III provides
the detailed description of the event-triggered identifier and
the adaptive controller. The main results of the present work
are given in Section IV (see Theorem 4.1-4.3). Section V
contains a numerical robustness study of the proposed ap-
proach. The adaptive scheme is compared with conventional
adaptive controllers, and its robustness with respect to per-
turbations is studied. Section VI contains the proofs of all
main results. Finally, the concluding remarks are provided in
Section VII.

Notation:

1) For a vector 2z € ®", we denote by |z| its usual Eu-
clidean norm, and by 2’ its transpose. For a real matrix
Ae R A e R denotes its transpose and | A] :=
sup{ |Az|; x € R" , |z| =1 } is its induced norm. For
amatrix A € R"*", det(A) denotes its determinant.

2) R, denotes the set of nonnegative real numbers. 7
denotes the set of nonnegative integers.

3) We say that a function V : " — R, is positive defi-
nite if V(x) > 0 for all z # 0 and V(0) = 0. We say
that a continuous function V' : " — R, is radially un-
bounded if the following property holds: “for every
M >0, the set { x € R" : V(z) < M} is compact.”
For a given vector field R" s — F(z) € R" and a
smooth function V' : " — R, LpV (z) denotes the Lie
derivative of V along F, i.e., LpV (x), where VV (z) =
(g;/l (z),..., g;/ (z)). The repeated Lie derivative
L;@V(x) for certain integer k£ > 1 is defined recur-
sively by the formula L\¥)V (z) = Lp LY V'V (2), with
LYV (x) = LpV(a).

4) By K, we denote the class of strictly increasing con-
tinuous functions a: Ry — R, with a(0) =0. By
K., we denote the class of functions a € K with
lim, 4 o0 a(s) = +00. By KL, we denote the set of all
functionso € C (R, x R, ;RN ) with the properties: a)
foreacht > 0,0(-,t)isof class K;andb) foreach s > 0,
o(s, - ) is nonincreasing with lim; o 0 (s,t) = 0.

All stability notions used in this paper are the standard stabil-
ity notions for time-invariant systems (see [25]).

Il. PROBLEM FORMULATION
Consider the system
&= f(z,u) + g(z, )
reER"  ueR", 0eR (1)

where f:R" x R™ — R" and g:R" x " — R are
smooth mappings with £(0,0) = 0 and g(0,0) = 0,and § € R!
is a vector of constant but unknown parameters.

A. Assumptions

We suppose that there exist a smooth mapping k& : R x R" —
R with k(6,0) = 0 for all # € R' and two families of con-
tinuous, positive-definite, and radially unbounded functions
Vi, Qo : R — R, parameterized by 6 € R’ with the mappings
R xR 5 (0,2) — Qp(x) and R x R 5 (0, z) — Vy(x) be-
ing continuous and such that the following assumptions hold.

(H1) For each § € %!, 0 € R" is globally asymptotically stable
for the closed-loop system

T = f(x,k(0,2)) + g(z, k(0,2))0. )

Moreover, for every § € R and 2y € ", the solution z(t) €
R" of (2) with initial condition z(0) = x satisfies the inequality
Vo(z(t)) < Qg(xo ) forallt > 0.

(H2) For every nonempty compact set © C R/, the following
property holds: “for every M > 0, there exists R > 0 such
that the implication Vy(z) < M, § € © = |z| < R holds.”

Assumption H1 is a standard stabilizability assumption (nec-
essary for all possible adaptive control design methodologies).
For nonlinear systems, the design of a globally stabilizing state
feedback law u = k(0, z) is usually performed with the use
of a control Lyapunov function (CLF) (see [8], [23], [28],
and [47] and references therein). In such cases, the CLF it-
self can be selected to be equal to both positive-definite and
radially unbounded functions Vp,Qp : " — R,. In general,
a Lyapunov function for system (2) (guaranteed to exist) can
be selected to be equal to both positive-definite and radially
unbounded functions Vj, Qy : R — R, . However, crude es-
timates may also be used for the selection of the functions
Vi, Qy. Assumption H2 is a technical assumption, which re-
quires a “uniform” coercivity property for Vj on compact sets
of R'. Using induction on n, it may be shown that Assump-
tion H2 holds automatically for functions of the form Vj(z) =
blx% + Z?:Q b; (ZL'Z' — ¢7 (9, Tiyenn, xi,l))Q, where b; > 0 (1 =
1,...,n)areconstantsand ¢; : B! x R - RGE=2,...,n)
are continuous functions. It should be noted that this is ex-
actly the functional form of a CLF for triangular single in-
put systems @; = fi(0,x1,...,x;) + @i(x1,. .., T)Tit1, 1 =
1,...,n—1and &, = f,(0,21,...,2,) + pn(x1,..., 2, )u,
with ¢; : R — R (i =1,...,n) being positive-valued func-
tions.

In order to be able to estimate the vector of constant but
unknown parameters ¢, we need a technical assumption.

(H3) There exists a positive integer N such that the following
implication holds:

“For every set of N times 0 =1y <11 < ...< Ty and for
every vectors 0,dy, ...,dy € R with d; #0 for i =0,...,N,
the only right differentiable mapping x € C°([0,7x]; R") N
CH[0, 75 ]\{70, - .., 7~ }; R") satisfying @:(t) = f(x(t), k(0 +
d,,l‘(t))) + g(x(t), k(9 + dl,x(t)))ﬂ for te [Ti,TTj+1), 1=
0,....N—1 g(z(t), k(0 +d;,x(t)))dis1 =0 for all t €
[7j,7j41,i=0,...,N —1,5 =0,...,4, is the identically zero
mapping, i.e., z(t) = 0 forall t € [0,7y5].”
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Assumption H3 is an observability assumption for the closed-
loop system (1) with u. = k(6, ), which guarantees that the only
solution for which the vector of constant but unknown param-
eters # cannot be estimated is the zero solution. Assumption
H3 replaces the well-known PE condition that is used in many
cases for the design of adaptive control schemes. One of the
advantages of Assumption H3 is that it can be verified a priori
without additional assumptions: this feature is illustrated in the
examples that follow.

B. Test of Parameter-Observability Assumption (H3)

A casual reader can skip this subsection. A convenient al-
gorithmic way of checking Assumption H3 can be given for
systems with at most one unknown parameter in each differen-
tial equation, i.e., systems of the form

= f(x,u) + g1(z,u)brey, + -+ gi(z,u)ben,  (3)
where e; = (1,0,...,0) ¢ R", ... ¢, =(0,...,0,1) ¢ R"

and where the integers N; € {1,...,1} (i =1,...,1)satisfy the
condition

Given arbitrary vectors 6, él,éz, . él € R and a smooth
mapping k: B! x R* — K™ with k(6,0) =0 for all 0 €
R, we perform the following algorithm which gives
us a new vector z € R\. Define F,(z)= f(z,k(z,2)) +
Eizl gi(x, k(z,7))0;ey, for z € R

Algorithm:

Step I1: Set z = 0y. Let I, C {1,...1,} be the set of indices

i € {1,...,1} for which the implication

gi(x, k(z,2)) =0

nggi(x,k(z,x)) =0, j=12,...

holds. 1

Step s > 1: Set z = 6,. Then, set z; = 0; forall i € Sul I,.

=

Let I, C {1,...,1} be the set of indices for which (5)
holds.

}:>x:O 5)

We are in a position to state the following theorem.

Theorem 2.1: Suppose that for every 6,60, ,6,...6, € R it
holds that U!_, I, = {1,...,1}. Then, Assumption H3 holds
with NV = [ for system (3).

The following examples show how the above algorithm can
be applied to nonlinear systems and that the fulfillment of As-
sumption H3 may or may not impose restrictions on the nominal
feedback controller.

Example 2.2: Consider the planar linear system

1 =x9, Zo2=10(x1+cx2)+u,
r=(z;, 1) R ucR,OeR (6)

where ¢ € R is a known parameter. System (6) is a system
with only one unknown parameter (f € R) appearing in one

differential equation. A feedback law that globally exponentially
stabilizes the origin for (6) is given by

k(0,x);= —kix1 — kawy — 0(x1 + ca2) @)

where k;, ks > 0 are constants. Applying the algorithm with
g1(z,u) = x1 + cxo and taking repeated Lie derivatives with
u = k(z,x), we get in the first step

1+ crg = 0
7Ck1$1 + (1 — Ck?Q)mQ + 6(9 — Z) (IEl + CIEQ) =0

=z = —cxo, (1 — cky + chl)xZ =0.

Therefore, implication (5) holds provided that cky — c?k; #
1. Theorem 2.1 guarantees that Assumption H3 holds for system
(6) with the feedback law (7), provided that cky — c?k; # 1. 1t
should be noticed that condition cky — c®k; # 1 is a condition
on the controller gains and implies that the fulfillment of As-
sumption H3 may impose restrictions on the nominal feedback
controller. <

Example 2.3: Consider the nonlinear system

i1 = o, 40 = 2] + 0129 + 33,83 = Opa] + u,
$:([L‘l,l‘g,xg)le%3,9:(91,92)16%2,116%. ®)
System (8) is a system with two unknown parameters, each
one appearing in only one differential equation. Applying feed-
back linearization, we obtain a family of feedback laws, which

achieve global asymptotic stabilization and local exponential
stabilization of the origin for system (8):

k(@,l’) = - k’lllil — kQI’Q — 21‘11’2
— (01 —+ kd) ((E% =+ 911’2 + 1'3) — 921’% (9)

where ki, ko, ks > 0 are constants with ko, k3 > k1. We next
apply the algorithm. Indeed, we have g¢;(x,u) =z and
go(z,u) = 2}, and we get by taking repeated Lie derivatives
with u = k(z,x):
2?2 =0
2$1$2 =0
2x§ + 27 (z% + 60129 + 1’3) =0

629 (x% + 0129 —|—x3) + 2z Lp (x% + 0129 + {E3) =0

6(1‘% + 911‘2 + .’Bg)Q + 81’2LF (LE% + 915&2

tag) + 221 LY (23 + 6120 +33) =0

) =0
LC%+91.’L‘2 +x3 =0
0, (33% + 6129 +$3) — ki1 — koao
7(2’1 + kg) (m% + 2129 +£ZJ3) + (02 - ZQ)I’% =0
:>]€1£L'1 7(92722)1’% :0,1'2 :O,(E3 :7‘%%. (11)

It follows from (10) that 2 € I. However, (11) does not nec-
essarily imply that = = 0, and we conclude that [, = {2} if
29 # 0. Continuing with the second step of the algorithm and



KARAFYLLIS AND KRSTIC: ADAPTIVE CERTAINTY-EQUIVALENCE CONTROL WITH REGULATION-TRIGGERED

3265

taking zo = 5, we notice that (11) implies = 0, and con-
sequently, I; U I, = {1}. Hence, Theorem 2.1 guarantees that
Assumption H3 holds for (8) with the feedback law (9). Notice
that, for this system, the fulfillment of Assumption H3 does not
impose any restriction on the feedback controller (9). <

Ill. EVENT-TRIGGERED IDENTIFIER FOR A CE ADAPTIVE
CONTROLLER

In this section, we gradually introduce the adaptive control
law. The reader interested in a quick access to the adaptive
controller may immediately refer to (12), (13), (15), (16), (21),
and (26) and then resume reading the rest of this section for
explanations.

The control action in the interval between two consecutive
events is governed by the nominal feedback v = k(6, z) with
the unknown 6 replaced by its estimate 0 at the beginning of
the interval. Moreover, the estimate  of the unknown 6 € %' is
kept constant between two consecutive events. In other words,
we have

u(t) = k (é(n),x(t)) ,
0(t) = 0(m:),

where {7; > 0}7°, is the sequence of times of the events that
satisfies

teln,Tiq1), 1 €274

teln, i), i€Zy  (12)

Tiv1 =min (7 + T, 1), 1€ 7,

70 =10 (13)

where T" > 0 is a positive constant (one of the tunable parame-
ters of the proposed scheme) and r; > 7; is a time instant deter-
mined by the event trigger. The time 7; 1 is the (i + 1)th event
time, whose distance from 7; is at most 7" and could be smaller
if the state increases too fast (this latter issue is implemented
via r;, which is made precise below).

Let a : R" — ¥, be a continuous positive-definite function
(again, one of the tunable parameters of the proposed scheme).
The event trigger ensures that the state does not become very
large and sets r; > 7; to be the smallest value of time ¢ > 7;, for
which

Vo (1)) = Qi (2()) + ala(r)

where (t) denotes the solution of (1) with wu(t) =
k(0(7;), z(t)). For the case that a time t > 7; satisfying (14)
does not exist, we set r; = +o00. For the case z(7;) = 0 (and
thus a(x(7;)) = 0), we set r; := 7; + T. Formally, the event
trigger is described by the equations:

r; = inf {t > 7 Vg, (@) = Qg (x(m3)) + a(x(n))} ;
for x(1;)#0
x(1;) = 0.

The description of the event-triggered adaptive control
scheme is completed by the parameter update law, which will
be activated at the times of the events.

(14)

15)

r, =1+ 1T, for (16)

In order to estimate the unknown vector 6, we notice that [by
virtue of (1)] for every ¢, 0 > 0, the following equation holds:

/f ds+</; (m(s),u(s))ds) 0.

(17)
Define for every t,c > 0 the following:
t
p(t.0)s =alt)~a(o) = [ falo.uls)ds  a8)
t
alt0): = [ gla(s),ulo)ds 19)

and notice that (17) may be written as p(¢,0) = ¢(¢,0)0 for
every t,o > 0.

Let N > N bean (arbitrary; the last of the tunable parameters
of the proposed scheme) positive integer that satisfies N > N,
where N > 0 is the positive integer involved in Assumption
H3. Define for every i € Z, the function h; : R — R, by the

formula
Ti+1 Ti+1
/ / p(t,0) = q(t,0)0dodt  (20)
Hit+1

Hit1

where

Hig1 = min{Tj 2jed{0,. i}, T > Tign — NT} . (2D

The time p;1 defined in (21) is the time of a past event and
is going to play a significant role in what follows: the estimation
0(7;1) att = 7,1 is performed by using the measurements of
the plant state on the interval [p; 41, 7;41]. Definition (21) guar-
antees that the intervals [p; 1, 7;11] fori € Z* will eventually
have large enough length.

It follows from (17)—(20) that for every i € Z , the function
hi(¥) has a global minimum at ¢ = 6 with h;(6) = 0. Conse-
quently, we get from Fermat’s theorem (vanishing gradient at
extrema) that the following equation holds:

Z(Tiv1s piv1) = G(Tigr, piv1)0 (22)
where
Ti+1 Ti+1
G(Tis1, Miv1) 2/ / q'(t,0)q(t,o)dodt

Hit+1 Hi+1
Ti+1 Ti+1

Z(Tis1, thit1) / / p(t,o)dodt.  (23)
Hi+1 Hiv1

It should be noticed that the matrix G(7j41,pi+v1) €
<! is symmetric and positive semidefinite. Consequently, if
G(Tit1, phiv1) € R is invertible (ie., det(G(Tiy1, ftivc1)) #
0), then G(7;i1,pir1) € R is positive definite with
det(G(Ti+1,Mi+1)) > (0 and

0= (G(Ti+laﬂi+1))7l

Estimate (24) is nothing else but the LS estimate of the un-
known vector 6 € R' on the interval [p; 41, 7;+1] (and is a mod-
ification of the dead-beat observer proposed in [22]). In the gen-
eral case, the following quadratic optimization problem with

Z(Tig1, Mit1)- 24)
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linear equality constraints:

~ 2
min {‘19—9(7]) VNS %I,Z(Ti+1,ui+1)

:G(Ti+1),ui+l)’l9}

(25)
has a unique solution (which may or may not be equal
to 6 depending on whether det(G(7ij1,pi+1)) >0 or
det(G(Tit1, pis1)) = 0).

Therefore, we define the parameter update law

0(7;41) = argmin
.2
{W—mm

Equation (26) implies that A(7; 1) is the projection of 6(;)
on the hyperplane in the parameter space (') defined by the
linear equality constraints Z(7; 1, fi+1) = G(Tig1, priv1) 9. It
should be emphasized that f(7;. 1) as given in (26) may or may
not be dependent on 9(7',-) (depending on the rank of the matrix
G(Tiv1, piv1) € R, Moreover, it should also be noticed
that the operator involved in (26) is not a continuous operator.
However, in practice, an accurate continuous approximation of
the parameter update law (26) may be used (for example, by
using an appropriate Tikhonov regularization procedure as the
replacement of the linear equality constraints Z (7,41, fti+1) =
G(Tiv1s piv1) Vby Z(Tiv1, piv1) = (0 I+ G(Tis1, i) 9,
where I € R*! denotes the unit matrix and 7 > 0 is a small
constant; see [51]).

Remark 3.1: It is important to notice that the parameter up-
date law given by (26) can be implemented by a set of additional
ordinary differential equations (ODEs). Indeed, an implementa-
tion of the parameter update law (26) is given by the following
(2n +1)(1 4+ 1) ODEs:

0 €R, Z(Tip1, pis1) = G(Té+17ﬂi+1)19} :
(26)

= f(z,u), zeR"

Ww=ux—z, w e RN

B = g(z,u), B e pn!

p=DB(x—2), e

Q= B, Qe R

R = B'B, R e R (27)
with initial conditions z(0) = w(0) =0, B(0) = Q(0) =0,

©(0) = 0,and R(0) = 0. The parameter update law (26) is given
by (26), where

Z(Tis1s pir1) = (Tiv1 — pis1) ((Tis1) — p(piv1))
= (Q(ri41) = Quis1)) (w(ris1) — wlpiyr))

G(Tiv1, i) = (Tiv1 — pir1) (R(7i1) — R(piv1))
= (Q(1i+1) = Q1i+1)) (Q(7i41) = Q(pis1)) -

However, it should be emphasized that in many cases, the
structure of the control system (1) allows a large reduction of
the number of ODEs that are needed for the implementation of
the parameter update law given by (26).

Remark 3.2: A simpler LS identifier than (26)
can be obtained by using the function h;(9) =
Lot i) — g(t,piv1)9* dt. In this way, by re-

peating the same arguments, we end up with the following
parameter update law:

6(7;51) = arg min
2 5 .
{’19 - 9(71:)’ 10 €R, Z(Tigr, piv1) = G(TL‘H,MHW}
(28)

where

G(Ti+1aﬂi,+1) :/

Hi+1

Z(Tﬂ—lvﬂﬂ-l):/

Hi+1

Ti+1

q'(t, pig1)q(t, i) dt

Ti+1

q'(t, piv1)p(t, pig1)dt.

This is exactly the parameter update law that would be derived
by using the dead-beat estimator in [22] without modification.
The parameter update law (28) is simpler than the update (26),
since it involves simple integrals instead of double integrals. It
can be used without any problem and gives the same results that
are presented in the following section. However, there is a big
difference between (28) and (26): (28) gives much more weight
to the measurement x(p;+1) compared to the weight given to
measurements in other times, while (26) gives equal weight to all
measurements. It is, therefore, expected that (28) will work bet-
ter than (26) only in cases where the measurements at the times
of the events are to be trusted more than measurements in times
between events. In all other cases, where the measurements can
be trusted “equally,” (26) is expected to be more robust than (28)
with respect to random measurement noise. As also noted in the
Introduction, dead-beat identifiers were proposed in [1], [2], and
[13]. The identifiers in [1], [2], and [13] could conceivably be
used with our regulation-triggered approach and CE control, but
we do not prove such a result here.

[V. STATEMENTS OF STABILITY RESULTS

We consider the plant (1) with the controller (12), (13), (15),
(16) and the parameter estimator (26), (21). The first main re-
sult guarantees global regulation of = to zero and a dead-beat
estimation of the unknown vector é for all nonzero initial con-
ditions.

Theorem 4.1: Consider the control system (1) under As-
sumptions H1-H3. Let 7" > 0 be a positive constant and let
a:R" — R, be a continuous positive-definite function. Fi-
nally, let N > N be a positive integer that satisfies N >N,
where N > 0 is the positive integer involved in Assumption
H3. Then, there exists a family of A'L mappings 7, ; € KL
parameterized by 6 € %! and § € R’ such that for every 6 € R,
xy € R, and é(] € R!, the solution of the hybrid closed-loop
system (1) with (12), (13), (15), (16), (21), (26), and initial
conditions (0) = xy and (0) = @ is unique, is defined for
all t > 0, and satisfies |z(t)| <, ; (|zol, t) for all £ > 0.

Moreover, if zy # 0, then é(t) =0forallt > NT.
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The second main result guarantees local exponential regula-
tion of x to zero under the assumption that the nominal feedback
law u = k(0, x) achieves local exponential stabilization.

Theorem 4.2: Consider the control system (1) under As-
sumptions HI-H3. Moreover, suppose that for each # € R,
there exist constants My,wy, Ry > 0 such that for every xy €
R" with |zg| < Rp, the solution of (2) with initial condition
x(0) = x( satisfies the estimate |x(t)| < My exp(—wpt) |z0]
forall t > 0, i.e., 0 € R" is locally exponentially stable (LES)
for the closed-loop system (2). Furthermore, suppose that for ev-
ery nonempty compact set © C R, there exist constants R > 0,
Ky > K; > 0 such that

Kilz]> < Vi(z) < Qo) < Kslz|?,

forall € R",0 €O with |z| <R. (29)

Let 7> 0 be a positive constant and let a:R" —
R, be a continuous positive-definite function that satisfies
sup{ |z| a(z):x e R", 2 #0, |z| <8} < +oo for certain
0 > 0. Finally, let N >N be a positive integer that satis-
fies N > N, where N >0 is the positive integer involved
in Assumption H3. Then, there exists a family of constants
Me e Re j > 0 parameterized by (0, 0) € R x R’ such that

for every 6 € R!, xyg € R", 0y € R with |xo] < Re o> the so-
lution of the hybrid closed-loop system (1) with (12) (13),
(15), (16) (21), (26), and initial condmons 2(0) = zp and
6(0) = 6, satisfies the estimate |2(t)| < M 0.4, €xXp(—wpt) [2o|
forallt > 0.

It should be noticed that Theorem 4.2 guarantees that the local
exponential stability estimate |z(t)| < Mﬁ,éo exp(—wyt) |zo|
holds when |zy| < Re,ég and for arbitrary initial condition

6y € R'. In other words, the adjective “local” refers only to
2 and not to 6. Moreover, the reader should notice that the
event-triggered adaptive scheme (12), (13), (15), (16), (21), (26)
guarantees convergence with the same convergence rate wy as
the nominal feedback controller with known parameter values.
Finally, it should be emphasized that in addition, Theorem 4.2
guarantees all the conclusions of Theorem 4.1 (because all as-
sumptions of Theorem 4.1 are fulfilled).

The following result guarantees global exponential regulation
of z to zero under the assumption that the nominal feedback law
u = k(0, x) achieves global exponential stabilization.

Theorem 4.3: Consider system (1) under Assumptions H1—
H3. Moreover, suppose that for each § € !, 0 € R" is globally
exponentially stable for the closed-loop system (2) and that for
every nonempty compact set @ C R/, there exist Ky > K; > 0
such that

K1|96|2 <Vh(z) < Qp(z) < K2|33|2

forall z € R",0cO. (30)

Let 77> 0 be a positive constant and let a:R" —
R, be a continuous positive-definite function that satisfies
sup{ |z| a(z):x € R", 2 #0 } < +oco. Finally,let N > N
be a positive integer that satisfies N > N, where N > 0 is the
positive integer involved in Assumption H3. Then, there ex-
ists a family of constants M(,A g > 0 parameterized by 0 € !

and 0 € R!, such that for every 0 € R, 2o € R, and 9() e R,
the solution of the hybrid closed-loop system (1) with (12),
(13) (15) (16), (21), (26), and initial conditions x(0) = z( and
0(0) = 6, satisfies the estimate |z(t)| < Me 4, exp(—wpt) |zo]
forall ¢t > 0.

V. ROBUSTNESS TESTS

Consider the system

T :(9+1}1)LL’%+$2+U2
L'CQZ’U,

= (21,22) € R*,u € R, v = (v,1n) € R? 31

where x is the state, 6 € R is an unknown constant parameter,
u € R is the control input, and v is an unknown time-varying
disturbance. Our goal is to test the robustness properties of
the closed-loop system (31) with respect to the disturbances v
when the proposed event-triggered adaptive control scheme is
used. The performance of the event-triggered adaptive control
scheme is compared with conventional adaptive schemes and
the nominal feedback law with known parameter 6 € R.

Using backstepping, we are in a position to design a smooth
stabilizing feedback this system. The feedback law

k‘(eq.’t) =X — (1 + 20z + 3:[;%) (01’% + x2) _ %
X (@o+m +a]+027) (1 + (1+260z1 + 3:5%)2 (1+ x%))

(32)

guarantees the following:

1) global asymptotic stability and local exponential stability
for the disturbance-free closed-loop system (31) withu =
k(0,x);

2) robust global asymptotic stability w.r.t. v; for the closed-
loop system (31) with u = k(6, z) and vy = 0, provided
that |v1| < ¢, where ¢ > 0 is a sufficiently small constant;

3) input-to-state stability w.r.t. v for the closed-loop system
(31) with u = k(6, x).

More specifically, the above properties are proved by using
the Lyapunov function

1 1
Vo () := ixf + §(ac2 +ay +ad+ 9:5%)2 (33)
which satisfies the inequality Vj (z) < —Vj(x) + 227 v} + v3

for all x € N2, v € N2, along the solutions of the system (31)
with v = k(6, x).

Next, we design an adaptive control law for the disturbance-
free system (31). We are using the extended matching approach
(see [28, pp. 124-127]), the Lyapunov function given by (33)
and the nominal feedback law given by (32). In this way, we get
the dynamic regulator:

a 3., 9.2 H 2
primiid (x1 + (xg +x 2]+ 99&1) (1 + 20z, +3m1))
uw=k(0,z) — yax! (xl + (1‘2 + oy a2t + éx%)

X (1 + 2021 + 31‘%)) (34)
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where v > 0 is a constant.

Finally, we design an event-triggered adaptive control scheme
for the disturbance-free system (31) based on the Lyapunov
function (33) and the nominal feedback law (32). Indeed, we
can show that Assumptions HI-H3 hold with Qy =V, and
N = 1. Furthermore, for every nonempty compact set © C R,
there exist constants R > 0, Ky > K7 > 0 such that (29) holds.
It follows that all assumptions of Theorems 4.1 and 4.2 hold.

The event-triggered adaptive control scheme for a(x) =
|2|2/20 and certain N > 1, T > 0 is given by

u(t) =k (é(n),w(t)) :
0(t) = 0(r.),

where k(0,x) is given by (32), the time sequence is given by
(13), and the event trigger is given by

te(n,nis1), 1€ Zy

te€r,Tiv1), 1 € 2y (35)

1
r; =inf {t > T %(T,)(x(t)):%(ﬂ)(x(ﬂ)) + 2O|x(Tl)|2} ’
for a(m)#0 (36)
r; =T, forz(r,)=0 (37)

where V (0, z) is given by (33). The parameter update law for
1 € Z, is given by

é(ﬂ+1 9(77)’ if (i1, piv1) =0
é(Ti-H) =
S ot ( i (s ) ( (o)~ xz(s)ds) dodt
E(TZ+17M2+1) ’
(33)
if 2(7i41,pi11) >0 (39)
where
Tit1 Tit1 t 2
E(Tig1, piv1) = / / (/ x} (s)ds) dodt,
Hi+1 Hit+1 g
{141 = min {Tj G0, it > T — NT}. (40)

Theorems 4.1 and 4.2 guarantee that the following.
1) There exists a family of K L mappings 7, ; € K L param-

eterized by 6 € % and 6 € R such that for every 6 € R,
xo € N2, and é() € R, the solution of the hybrid system
(31) with v = 0, (35), (13), (36), (37), (38), (40), and
initial conditions z(0) = xy and 6(0) = 6, is unique, is
defined for ¢ > 0, and satisfies |z(¢)] < &, ; ([zol, t)
fort > 0.

2) If my # 0, then 6(t) = 0 forall ¢t > T.

3) There exists a family of constants Ma Q’WQ’R()‘é >0

parameterized by 6 € ® and 6 € R, such that for ev-
ery 0 € R, 29 € R, and 6, € R with |z(| < Ree ,
solution of the hybrid closed-loop system (31) w1th
v =0, (35), (13), (36), (37), (38), (40), and initial con-
ditions 2:(0) = x( and 6(0) = 6, satisfies the estimate
lz(t)] < Ma.éo exp(—wyt) |zo| for all £ > 0.

1.5
1

ol-——-—-"==
-0.5

-1 )
-1.5

-2
-25F

2 1 2 3 4 5 6

t
Fig. 1. Closed-loop system (31) with u = k(6,x) and A; = Ay = 0.

In order to be able to implement numerically the event trigger
and the parameter update law, we introduce a small constant
e > 0, and we modify the event trigger and parameter update
law [for the initial period ¢ < NT and thus ;1 = 0; see (40)]
as follows:

ry =

inf {t > T Vb(ﬁ)(x(t)):%(Ti)(x(Ti))+%|x(Ti)|2 +5} )

for all z(7;) € R" (41)
. é( i)s if n(riq) <e
0(r; = i NS
(Tit1) C(TH)7 i () > e +
77(7'7,+1)
N =2z + 2z6z% — 4z 23
é: 2(1‘1 — 27) (Z(;Zl - 23) —|—225 — 22124
hho=a%, =2, H=z, A=x1—2
5= (v1 — 1)z, %=1, Z=ux (42)

with initial conditions 7(0) = ((0) = z;(0) =0 (i =1, ..., 7).
Notice that the differential equations in (42) are nothing else but
an implementation of the double integrals in (40).

In the following robustness tests, we have used 6 = 1, N =71,
e=10"%~v=5"T=3,0(0) = —4,2,(0) = 22(0) = 1, and

v (t) = Al Sin(2t>, (%] (t) = AQ sm(2t) (43)

First, we consider the disturbance-free case A; = Ay = 0.
Fig. 1 shows the state variables for the closed-loop system (31)
with the nominal feedback law u = k(6, z) and known param-
eter § € R. On the other hand, Fig. 4 shows the state variables
for the closed-loop system (31) with (35), (13), (41), and (42).
The graphs look almost identical. However, they are not iden-
tical. In order to see the difference of the responses of the two
closed-loop systems, we have to check what happens in the ini-
tial transient period ¢t € [0, 0.1] for the closed-loop system (31)
with (35), (13), (41), and (42): this is shown in Figs. 5 and 6.
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1.5

0.5 1
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15} _
2t i
-2.5¢ 1

3 . . . . .

Fig. 2. Closed-loop system (31) with (34) and A; = A2 = 0.

—_

parameter estimation error

% 1 2 3 4 5 6
t

Fig. 3. Estimation error é(t) — 6 for the closed-loop system (31) with
(34) and A1 = A5 = 0.

The event trigger is activated at a time close to 0.02 and the
parameter 6 € R is estimated exactly. Later than this time, the
closed-loop system follows the trajectories of the nominal
closed-loop system (31) with u = k(6, x) and known parameter
0 € R. That explains the similarity of Figs. 1 and 4. Figs. 4 and 5
should also be compared with Figs. 2 and 3, where the response
of the closed-loop system (31) with the adaptive controller (34)
is shown. It is clear that the estimation of the parameter 6 € R
is much slower.

Next, we consider the case of vanishing perturbation A; = 2,
As = 0. Fig. 7 shows the evolution of the state variables for
the closed-loop system (31) with the nominal feedback law
u = k(f,x) and known parameter 6§ € R. On the other hand,
Fig. 10 shows the evolution of the state variables for the closed-
loop system (31) with (35), (13), (41), and (42). Again, the
graphs look almost identical but they are not. In order to see the
difference of responses of the two closed-loop systems, we have
again to check what happens in the transient period ¢ € [0, 0.1]
for the closed-loop system (31) with (35), (13), (41), and (42):
this is shown in Figs. 12 and 13. The trigger is activated at a
time close to 0.02, and the parameter § € 3} is estimated almost
exactly (due to the small effect of the disturbance in this in-
terval). Later than this time and up to time ¢ = 3, the system

Fig. 4. Closed-loop system (31) with (35), (13), (41), (42), and A; =
As = 0.

1

Ol-———-—

At -

T 1
4 i
-5 o -
parameter estimation error

5 0.02 004 ) 0.06 008 0.

Fig.5. Estimation error d(t) — @ for the initial transient period of system

(31) with (35), (13), (41), (42), and A; = Ay = 0.

1.5

-2.5¢
-3

006 008 0.1

t

0 002 004

Fig. 6. Initial transient period of the closed-loop system (31) with (35),
(13), (41), (42),and A} = Ay = 0.

follows the trajectories of the nominal closed-loop system (31)
with u = k(6, z). That explains the similarity of Figs. 7 and
10. At a time close to ¢ = 3, the trigger is activated again: see
Fig. 11. This time the effect of the disturbance is not negligible
and leads to a nonnegligible estimation error. However, the state
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t
Fig. 10. Closed-loop system (31) with (35), (13), (41), (42), A; = 2,
Fig. 7. System (31) with u = k(0,z), A1 = 2, and Ay = 0. and Ay = 0.
2 3
)(1 g 4
Of———————--== 1} =
0 _________________
2t - - -1 4
=2 ]
-4 X2 g ‘> 3 4
4 j
6} j -5 i
-6} o .
parameter estimation error
-80 1 2 3 4 5 6 _70 1 2 3 4 5 6
t t
Fig. 8. Closed-loop system (31) with (34), A; = 2, and Ay = 0. Fig. 11.  Estimation error 4(t) — 6 for the closed-loop system (31) with

parameter estimation error

0 1 2 3 4 5 6

t

Fig. 9. Estimation error é(t) — @ for the closed-loop system (31) with
(34), A1 =2,and A2 =0.

has reached a neighborhood around the origin, and the effect
of the estimation error to the system is small. Figs. 10 and 11
should also be compared with Figs. 8 and 9, where the response
of system (31) with (34) is shown. It is clear that the controller
(34) gives a larger overshoot and a larger estimation error of the
parameter.

(35), (13), (41), (42), A1 =2,and A, = 0.

Finally, we consider the case of nonvanishing perturbation
Ay =2, Ay = 0. Fig. 16 shows the evolution of the state vari-
ables for the closed-loop system (31) with (35), (13), (41), and
(42). It is almost identical with the corresponding figure for the
state variables of system (31) with u = k(6, x), which is omit-
ted. In order to see the difference of the responses of the two
closed-loop systems, we have again to check what happens in
the initial transient period ¢ € [0, 0.1] for system (31) with (35),
(13), (41), and (42). The trigger is activated at a time close to
0.02, and the parameter is estimated almost exactly (due to the
small effect of the disturbances in this interval). Later than this
time, the system follows the trajectories of the nominal closed-
loop system (31) with u = k(6, ) and known parameter 6 € R.
The event trigger is activated 35 times in the interval [0, 20]:
see Fig. 17. However, the effect of the disturbances is canceled,
leading to negligible estimation errors. Figs. 16 and 17 should
also be compared with Figs. 14 and 15, where the response of
the closed-loop system (31) with the adaptive controller (34)
is shown. It is clear that the adaptive controller (34) gives a
larger overshoot and eventually leads the system to a limit cy-
cle with a larger oscillation magnitude than the event-triggered
adaptive controller (35), (13), (41), (42). Moreover, the adaptive
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0 0.02

t

Fig. 12.  Initial transient period of the closed-loop system (31) with (35),
(13), (41), (42), A; = 2,and Ay = 0.
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a(t) —o
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parameter estimation error
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t

Fig. 13. Erroré(t) — @ for the initial transient period of system (31) with
(35), (13), (41), (42), A1 =2,and Ay = 0.

controller (34) leads to a larger estimation error of the parameter
than the controller (35), (13), (41), (42).

VI. ANALYSIS OF THE ADAPTIVE SCHEME

In this section, we provide the proofs of all results.

Proof of Theorem 4.1: First of all, it should be noticed that
smoothness of f:R" x R™ — R, g: N x R™ — R,
andk : R x R" — N implies that the solution z(t) of &(t) =

F(@ (), k(0(r:), 2(1))) + gla(t), k(B(r:), 2()))6 on [r;,7i1]
is unique for all 4 € Z* (if it exists). The first claim is a di-
rect consequence of the event trigger given by (15) and (16)
and guarantees that the solution exists. The proof of Claim 1 is
straightforward and is omitted.

Claim 1: Tf asolution (z(t), é(t)) of (1) with (12), (13), (15),
(16), (21), and (26) is defined on ¢ € [0, 7;] for certain i € 7,
then the solution is defined on ¢ € [0, 7, 1]. Moreover, it holds

0 5 10 15 20
t

Fig. 14. Closed-loop system (31) with (34), A» = 2,and 4; = 0.

a(t) -6

parameter estimation error

% 5 10 15 20
t

Fig. 15. Estimation error A(t) — 6 for the closed-loop system (31) with
(34), A, = 2,and A; = 0.

s
-5}
o 5 10 15 20
t
Fig. 16. Closed-loop system (31) with (35), (13), (41), (42), Ay = 2,
and A; = 0.

that

Vit @) Q. (7)) +alx(ri)) forall t € [r;,Tit1].

. (44)

It follows from Claim 1 that the solution (x(t),6(t)) of (1)

with (12), (13), (15), (16), (21), and (26) is unique and is defined
on [0,1lim; 1 oo (73))-
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6 Equations (13) and (21) and the fact that N > N implies that
wiv1 =0fort=0,..., N — 1. Using (22), (26), we obtain
4t
Ti+1 Ti+1
Al ([ dtoutow i) dei =0
0 0
T fori =0,...,N — 1. (46)
- 2 Multiplying (46) from the left with d; |, we get
Ti+1 Ti+1 9
4 [ [ o) Pasar =0,
parameter estimation error 0 0
65 5 10 15 20 fori =0,...,N — 1. 47
t
Continuity of the mapping (¢,0) — |q(t,0)d;+1| and (47)
Fig. 17. Estimation error d(t) — 0 for the closed-loop system (31) with ~ imply that the following equality holds for all ¢,0 € [0, 7; 1]

(35), (13), (41), (42), Ay =2,and A; = 0.

The next claim clarifies what happens when the parameter
estimation error becomes zero at the time of an event.

Claim 2: Ifasolution (z(t), (t)) of (1) with (12), (13), (15),
(16), (21), and (26) satisfies é(ﬂ) = 6 for certain i € Z. , then
the solution is defined for all £ > 0 and satisfies 6(t) = @ for all
t>mnand 1, =7+ (j — )T for j > i.

Proof of Claim 2: Notice that 6(t) = 0 forall t € [1;, 74 1).
Assume that z(7;) # 0. Since for every § € R, yy € %", the
solution of y = f(y,k(0,y)) + g(y, k(0,y))0 with y(0) = yo
satisfies Vjy(y(t)) < Qg (yo ) for t > 0 (see Assumption H1),
it follows that Vj_ (z(t)) < Q. (x(7i)) < Qé(ﬂ)(az(r,v)) +
a(xz(r;)) forallt € [7;, 74 1]. Consequently, it follows from (13)
and (15) that 7; . ; = 7; + T'. The same conclusion follows from
(16) if x(7;) = 0. Since (22) holds, it follows from (26) that
6(7;+1) = 6. Applying induction, we conclude that A(t) = 0
forallt > 7 and 7; = 7, + (j —4)T forall j > 1. <

The third claim shows that there is actually the time of an event
with zero parameter estimation error. This is important because
Claim 3 in conjunction with Claim 2 shows that the hybrid
system (1) with (12), (13), (15), (16), (21), and (26) is a well-
posed forward complete system with no finite accumulation
point for the event times.

Claim 3: If 2(0) # 0 and 6(0) # 0, then there exists an in-
tegeri € {1,..., N} that satisfies 0(r;) = 6.

Proof of Claim 3: The proof is made by contradiction. Sup-
pose that z:(0) # 0, 0(7;) # 0 fori = 0,1,..., N. We define

di :==0(r;)—0, fori=0,1,.. N. (45)

It follows from (12) and (45) that there exist times
0=71) <7 <..<7y,vectorsf,dy,...,dy € R withd; # 0
for ¢ =0,..,N and a right differentiable mapping z €
CO([0, 7n s RY) N CL([0, Tn [\ {70, ..., Tn };R")  satisfying
2(t) = f(x(t), k(0 +di,x(t)) + g(x(t), k(0 + d;, x()))0
for t € [1;,7i+1), 1 =0,...,N — 1. We next show that the
solution also satisfies g(x(t), k(0 + d;, z(t))) di+1 = 0 for all
telr,m41,t=0,...,N—1,5=0,...,i Assumption H3
guarantees that x(¢t) = 0 for all ¢ € [0, 7], which contradicts
the assumption z(0) # 0.

and?=0,....,N — 1:

q(t, U)di+1 =0. (48)

Definition (19) in conjunction with (48) (which implies that
%q(t70)di+l =0forallt € [0,7;41]\{0,71,...7,41 }and o €
[0,7;41]),7=0,...,N — 1) implies that

g(a(t), u(t))diyr =0
forallt € [0,T¢+1]\{0,71, .. .’7'1‘_'_1}7 1=0,...,N—1. (49)

Combining (49) with (12) and (45) and exploiting the con-
tinuity of the mapping t — g(z(t), k(0 + d;, z(t))), we obtain
that the solution satisfies g(z(¢), k(6 + d;, z(t))) d;+1 = 0 for
alltG[Tj,Tj+1],i=0,...,N—1,jZO,...,i. <

We next notice that (22) implies that the parameter update
law (26) satisfies the following estimate for all i € 7 :

é(7'11+1) - 9(7'1‘)

< ‘o i)

(50)

Using the triangle inequality and (50), we get for i € Z the
following:

]9 - é(ml)‘ <2 ]9 — ().

(5D

Assumption H1 and [48, Proposition 7] implies for every
0 € R! the existence of functions ag, By € K~ such that for
every xy € ", the solution z(t) € R" of (2) with 2:(0) = x
satisfies the inequality |z(¢)| < a, " (exp(—t)Bs(|zo|)) for all
t > 0. It follows from Claims 2 and 3 that for every 0, 0(0) €
R, 2(0) # 0, there exists an integer j € {0, 1, ..., N} such that
6(t) = O forall t > 7;. Consequently, the solution of the closed-
loop system [system (1) with (12), (13), (15), (16), (21), and
(26)] with initial condition z(0) # 0, #(0) € R' satisfies

2(t)] < ag” (exp(=(t —7;))By (|lz(7)])),  fort > ;.
(52)
Moreover, applying (51) inductively, it follows from Claims 2
and 3 and the fact j € {0,1,..., N'} that for every 6,0(0) € R,
2(0) # 0 the solution (z(t),0(t)) of the closed-loop system
with initial condition z:(0) # 0, 8(0) € R' satisfies

‘é(t) - 9‘ < oN-1 ’é(()) - 9’ forallt € [0,7;].  (53)
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Fors > 0,0 € R, define the following functions for x € R":
Vo(z;8) == min {Vy(z) : |9 — 0] <2V s}
Qo(z;5) == max {Qy(z) : [9 — 0] <2V s} +a(x). (54)

[8, Proposition 2.9, p. 21] implies that the mappings = —
Vi (3 5), & — Qg (x; s) are continuous and positive definite for
each fixed s > 0, 0 € R!. Moreover, Assumption H2 guarantees
that for each fixed s > 0, 6 € R, the mapping = — Vj(z; s) is
radially unbounded. [23, Proposition 2.2, p. 107] implies that
for each fixed s > 0, 0 € R, there exist ap.s, B()ﬁs € K4 such
that

g (|z]) < Vi(w;s), Bos (|z]) > Qo(x;s) forall z € R".

(55

It folloyvs from (44), (53), and definitions (§4) and (55) that for

every 6,6(0), x(0) # 0, the solution (x(t), 0(t)) of the closed-

loop system with z(0) # 0, #(0) € R! satisfies the following
estimate for all ¢ = 0, ..., 5:

g s (Jz(t)]) < Bo.s (lz(7)])

with s := |A(0) — /. Define for each fixed s > 0, 6 gy , (1) :=
ay " (Bp.s(r)), 7 >0 (notice that gy s € Ko). It follows from
(56) and the fact j € {0,1,..

forallt € [1;,7i41]  (56)

., N'} that the following estimate

holds:
o] < ¢ (|2(0))) forallt € [0,]  (57)
where qé]\i) ‘=¢ps0...0qps With s:= |é(0) — 0]. Combin-
” —_———

N times
ing (52), (57), and the facts j € {0,1,..., N} and 7; < 7n <
NT [a direct consequence of (13)], we obtain that for every
6 e R, 2(0) #0, 0(0) € R!, the solution (x(t),0(t)) of the

closed-loop system with initial condition x(0) # 0, 6(0) satis-
fies the following estimate for all ¢ > 0:

2(0)] < 05" (exp(—(t = NT)B () (l2(0))) ) (5®)

with s := |0(0) — 6|. Estimate (58) holds for the case :(0) = 0
as well. The conclusion is a consequence of (58) and definition
7.4(r,t) = a;  (exp(—(t — NT))By(qy") (r))) for rt>0
and s := |@ — |. The proof is complete. <

Proof of Theorem 4.2: Since all assumptions of Theorem
4.1 hold for Theorem 4.2, all relations in the proof of The-
orem 4.1 hold. Since for each § € ®', 0 € R" is LES for
(2), there exists a family of constants My, wy, Ry > 0 pa-
rameterized by 6, such that for every 6 € R, zp € R" with
|zo| < Ry, the solution of (2) with z(0) = z, satisfies the esti-
mate |z(t)] < My exp(—wpt) |xg| for ¢ > 0. Consequently, the
solution (z(£), 6(£)) of (1) with (12), (13), (15), (16), (21), and
(26), z(0) # 0, (0) € R' satisfies

|z(t)] < exp(—wy (t — 7;)) My |(7;)|, for t > 7;  (59)
provided that |z(7;)| < Ry. Define
A= sup{|x|72a(x) cx #£0, |2 §5}. (60)

Notice that due to (29), (60), and (54) for every 6, there exist
constants R > 0, Ky > K; > 0 such that

K|z < Vy(xss), (Ko + Al > Qo(wss)

forall z € ®" with |z| < min(R,J) (61)

with s := |A(0) — 6]. It follows from (44), (53), and definitions
(54) and (61) that for every 0,0(0) € R, x(0) # 0, the solu-
tion (x(t),4(t)) of (1) with (12), (13), (15), (16), (21), (26),
and initial condition z(0) # 0, §(0) € R! satisfies the following
estimate for all ¢ = 0, ..., 5:
lz(t)| < /K7 ' (Ky + A) |o(r;)| forall t € [, 7i01]
(62)

provided that |z(7;)| < /K (K> + A)~' min(R, §). It follows

from (62) and the fact j € {0, 1, ..., N} that the following esti-
mate holds for all ¢ € [0, 7;]:

()] < Ky VP (Ky + AN22(0)| <Ry (63)

provided that |a(0)| < KY/? (K, + A)~N/2 min(R, 8, Ry).
Combining (59), (63), and the facts j € {0,1,...,N} and
7; <7n < NT [a consequence of (13)], we obtain that for
every 0,0(0) € R!, (0) # 0, the solution (z(t),d(t)) of (1)
with (12), (13), (15), (16), (21), (26), and 2(0) # 0, é(O) e R
satisfies the following estimate:

|z(t)| <exp(—wyt) exp(ngT)MgKl_N/2(K2 —|—A)N/2 |z(0)]
forall t >0 (64)

provided that |2(0)] < K1/*(Ky + A)~N/2 min(R, 5, Ry).
We notice that estimate (64) holds for the case x(0) =0 as
well. The conclusion of the theorem is a direct consequence of
(64) and definitions

Ry = K"*(Ky + A)"/*min(R, 6, Ry),

Me,é = eXp(ngT)MgK;N/2(K2 + A)N/2,

The proof is complete. <

Proof of Theorem 4.3: The proof of Theorem 4.3 is almost
identical with the proof of Theorem 4.2, except of the fact that no
restrictions in the magnitude of |x| are needed for the derivation
of all estimates. <

Proof of Theorem 2.1: Due to (3) and (4), the verification
of Assumption H3 with N = [ requires to show the following
implication:

“If there exist times 0 =79 < 7 < ... <7, vectors 0 =
(91, ...,91)/, dy = (do_]l, ey d071>/, o, dp = (dl_l, ---,dl,l)/ €
R with d; # 0fori = 0, ..., 1 and aright differentiable mapping
z € CU([0,7]; R") N CH([0, n)\{70, ..., 71 }; R") satisfying
()= f(@(t), k(0+di, 2(8) +30, -1 9 (@(t), k(0+di, 2(1)))
Open, for te[r,mip1), i=0,....,0—1, gy(x(t), k(O +
dj,x(t)))dix1, =0 for all t€[r, 7], p=1,...,1
1=0,...,01—1,7=0,...,4,then z(t) = 0 forall t € [0, 7;].”

Suppose that there exist times O =7 <7 <...<7T,
vectors 0 = (91, ey 91)/, d[) = (d()‘yl, ey d(]_’l)/, P
dl:(dl717...,dl7l)/€%l with dz#o for 7=0,...,1
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and a right differentiable mapping z € C°([0,7;]; R") N
CH[0,7]\{70,..., 71 };R") satisfying @(t) = f(z(t), k(0 +
di,x(t))) + 22:1 gp(x(t), k(0 4 d;, x(t)))0pen, for te
[7_7',; 7_7?+1)? i = 07 cee al -1, gp(x(t)v k(o + djvx(t)))dinLl,p =
0 for all telr,741], p=1., i=0,...,1—-1,
7 =0,...,i. Moreover, suppose that the application of
the algorithm with 6 € R and 6, = 0 +do,..., 0, = 0+ d;_,
gives UL, I, = {1,...,1}.

Step 1 of the algorithm with f; = @ + d;, in conjunction with
the fact that g, (x(¢), k(6 + do, (t)))d; , = Oforallt € [0, ],
p € I,i=1,...,0 and implication (5), guarantees that x(t) =
0 for all t € [0, 7;] when d; ;, # 0. Therefore, next we consider
thecase Iy # {1,...,l},d;, =0forpe I;,i=1,..,1L

Step 2 of the algorithm with 6y =0 +dy,in conjunction with
the facts that d; , =0 for pe I, i = 1,...,1, g,(z(t), k(8 +
di,z(t)))d; , =0forall t € [r, ], p€lr,i=2,...,l and
implication (5), guarantees that xz(¢) =0 for all ¢ € [0, 7]
when d; , # 0. Therefore, next we consider the case I; U Iy #
{1,...,1},d;, =0forallpe 1 UL,i=2,...,L

Continuing in this way, at the final step, we conclude that
x(t) = 0 forall t € [0, ;] because we cannot have d; , = 0 for
allp € U,_, I, = {1,...,1}. The proof is complete. <

VIl. CONCLUDING REMARKS

Our CE (indirect) adaptive design with finite-time LS-based
regulation-triggered identification is distinct from both the ex-
isting tuning-based approaches (Lyapunov-based and modular)
and from the supervisory (direct, nontuning-based) approaches.
This is the first use of a simple CE adaptive controller for non-
linear systems, without restrictions on the growth of nonlinear-
ities in the system’s model. Our regulation-triggered LS-based
identifier achieves parameter convergence, in finite time, for all
initial conditions other than those where the initial plant state
is zero, even without PE, and the adaptive controller guarantees
global regulation of the plant state.

In future work, we will address robustness beyond the in-
tuitive dead-zone-like modification in (42) and the simulation
study for vanishing and nonvanishing perturbations in Section V.
As pointed out in [7], the inclusion of noise, parameter time vari-
ation, and unmodeled dynamics in the study of adaptive control
schemes is a real challenge. Such a study will require the devel-
opment of novel approaches and mathematical tools.
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