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Adaptive nonlinear control
without overparametrization *
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Abstract: A new design procedure for adaptive nonlinear control is proposed in which the number of parameter estimates is
minimal, that is, equal to the number of unknown parameters. The adaptive systems designed by this procedure possess stronger
stability properties than those using overparametrization.
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1. Introduction

In this paper we present a new design procedure for adaptive control of nonlinear systems trans-
formable into the parametric-strict-feedback form

¥i=x .+ 0T (x1,...,x;), 1<isn-—1, (1.1a)
X, =do(x) +67¢,(x) +By(x)u, (1.1b)

where 8 € R? is the vector of unknown constant parameters, ¢, B, and the components of ¢,,
1 <i < n, are smooth nonlinear functions in R”, and By(x) # 0, for all x € R".

The global adaptive regulation and tracking problems for systems in this form have recently been
solved in [2,4]. This was achieved using a systematic design procedure and without any growth restrictions
on nonlinearities. However, the procedure of [2,4] has not removed the need for overparametrization, a
significant drawback of earlier adaptive nonlinear schemes [6]. As many as np estimates of p unknown
parameters had to be continuously updated. Recently, this number was reduced in half [1]. Still, the
dynamic order of the resulting adaptive controller is quite high, and is even higher in the case of
output-feedback designs [5,3].

The new design procedure eliminates overparametrization while retaining all the advantages of the
procedure in [2,4]. It employs exactly p estimates for p unknown parameters and significantly reduces
the controller’s dynamic order. This enhances the stability properties of the adaptive system and
improves parameter convergence.

For clarity, we present the new procedure for the regulation problem. Its extension to the tracking
problem is the same as in [2].

Our control objective is to regulate x; to x{ =0 and to stabilize the corresponding equilibrium x*:

x§=0, x5, =-0T¢;=—0",(0, —07¢5,..., —07d; ), i=1,...,n—1. (1.2)
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Note that in the special case when ¢(0)= -+ =¢,_(0) =0, the equilibrium is x¢ = 0 for all values of
6. However, as we shall see later, a nonzero equilibrium x€ # 0 improves parameter convergence and
stability properties.

2, Backstepping design with tuning functions

The design procedure is recursive. At its i-th step and i-th-order subsystem is stabilized with respect
to a Lyapunov function V, by the design of a stabilizing function «; and a tuning function r,. The update
law for the parameter estlmate 6(¢) and the feedback control u are designed at the final step.

Step 1: Introducing z, =x, and z, =x, — a;, we rewrite %, =x, + 87¢,(x,) as

Zi=z,+a,+0%,(x)) (2.1)

and use @, as a control to stabilize (2.1) with respect to the Lyapunov function V, = 1z? + 1(6 —
8)"I'~'(6 — 6). Then

Vi=zi(za+ e, +0%,) + (8- 0) T'(6-T2,9,). (2.2)

If x, were our actual control, we would let z, =0, that is, x, = ;. Then, we would eliminate 6 — 6 from
V1 with the update law 6= T,, where

(%) =Tz;y(x,). (23)
To make V, = —c,z2, we would choose
al(xlvé)z —Clzl_éTd’l(xl)' (2.4)

Since x, is not our control, we have x,# 0, and we do not use 6 = r, as an update law. However, we
retain 7, as our first tuning function and a, as our first stabilizing function. We thus postpone the
decision about # and tolerate the presence of § — 6 in v

Vi=—cizi+zz,+(6-0) T (6-1,). (2.5)
The second term z,z, in V, will be cancelled at the next step. The closed-loop form of (2.1) with (2.4) is

. AT

Z=—czytz;+(0-0) dy(xy). (2.6)

Step 2: Introducing z; =x; — a,, we rewrite X, =x; + 6'¢,(x,, x,) as

. T aal T aal A
22=z3+a2+0 ¢2—§(x2+0 d)l)—gg, (27)
1

and use a, as a control to stabilize the (z,, z,)-system (2.6)-(2.7) with respect to V, =V, + 3z2. Then

V. + T I
= — tzy+a,— —0 +
2 ¢ 21 Z3|Z4y T3 T ax]xz Y3 b, — axld)l
A T ., 0a;
+(6—-6) I —I'lz,p,+2z,| d,— g(;bl . (2.8)
1
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If x; were our actual control, we would let z; =0 and eliminate § — 0 from V, with the update law
6 =,, where

A da; da;
7'2(x1, X2, 0) =Tz, +2z,{ ¢~ rd’l =7 +1'z,| by - ‘a"“¢1 . (2.9)
X1 Xy
Then, to make V,= —c,z? —c,2z2, we would design a, such that the bracketed term multiplying z,
equals —c,z,, namely
A da, dar, " da,
X, X0, 0)=—2,—Crz,+ — —1,—- 0", — —o,|. 2.10
“2( 1 X2 ) 1 242 ox, PY; T2 (4’2 3x1¢1 ( )

It is important to note that in this expression 7, replaces 8. Since x5 is not our control, we have z; #0
and we do not use § = T, as an update law. However, we retain 7, as our second tuning function and «,
as our second stabilizing function. The resulting V2 is

Vy=—ciz8 —cyz23+ 2,25+

zzaiil +(0—6)Tr—1](72—5). (2.11)

The first two terms in V2 are negative definite, the third term will be cancelled at the next step, and the
last term is tolerated at this step, as the decision about 8 is again postponed. The closed-loop form of
(2.7 with (2.10) is

' 24 (0=0) b= | + (7, =) (2.12)
Zy= —Z1 —Cyr2Z z - - —= |7~ . .
2 1 242 3 2 axl 1 Y] 2
Step 3: Introducing z, =x, — a3, we rewrite X; =x, + 8'd;(x,, x,, x;) as
da, da, dar, 5
Zy=z,+a;+ 0T — —(x,+07d,) — —(x;+07p,) — — 8, 2.13
3 4 3 &3 axl( 2 4’1) axz( 3 ¢’2) Y ( )

and use a; as a control to stabilize the (z,, z,, z5)-system with respect to V; =V, + 3z2. Then

V=—cz —c,2% 4z aal(f —é)
3 141 242 26@ 2

O, oa, aoz2 £ an dar, oo,
+(6-0)'r! 5—F(z1¢1 +Zz(¢2— S Y PO P -aﬁdum- (2.14)
0x, dx, 0x,

If x; were our actual control, we would let z,=0 and eliminate 6 — 6 from V, with the update law
0 = 15, where

A da, da, da,
73(%1, X2, %3, 0) =T| 21001 + 25| §, = Pl 2l Bkt L Salevanl T hlewl 2
1 1 2
Oar, da,
=13+ T'z3\ 5~ ;4’1 - gd’z . (2.15)
1 2

Noting that

A A X da, da,
0—1,=0—T13+73—-7,=0—713+1z, ¢3—gx‘“¢1——¢2 s (2.16)
1
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we rewrite V; as

v " (ra— )
= —czi—c,zi+z,— (13—
3 1 222 T2\ Ts
oar, da, dary 5 " a, 0a, da,
+z3lz, vz tas— —x,— —x —0+ 8T —z,—T — ¢, - —
B[ F2 T T T g T gy 2738 3 ax1¢] axzd’z
A T A
+(6-8) I(6-r,). (2.17)
Then, to make V, = —c,z2 — ¢,23 — c,z2, we would design a, such that the bracketed term multiplying
z4 equals —c;z5, namely
P da, dat, da,
X1y X9, X3, = —Zy,=C32Z3F — X5+ —Xx;+ —x
03(1 2> X3 ) 27 €323 axlz 6x23 73
aal da da, 218
+{z,— - —b,— — b, .
g T4 gt 5 (2.18)

where 75 replaces 8. Since x3 is not our control, we have z, # 0 and we do not use 6= T4 as an update
law. We again postpone the decision about 8 and retain T3 as our third tuning function and «, as our
third stabilizing function. The resulting V is

o

; 2 2 2 ! da, Ay -1 A
Vi= —cizi —Cy25 — 325+ 232, + zza—é +z3—a? +(6-6) T (73 - 0). (2.19)

The closed-loop form of (2.13) with (2.18) is

. AT dary dar,
Z3= 2= C323t 24+ (6 - ) 4’3_54’1_5;“4’2
1 2

aaz( 0) da, rle. - da, (b 8a2¢ (2.20)
=~ |7 to s — ¢ - — .
B \3 2 37 o, 2
Step i: Introducing z;,, =x;,, — a;, we rewrite X, =x,,, + 8¢ (x,,...,x,) as
' e da;_y &
Zi=z; g ta;+ 0%, — Y —a—(ka+0T¢k)— -8, (2.21)
k=1 9%k a9
and use a; as a control to stabilize the (z,,..., z;,)-system with respect to V; =V,_, + 3z2. Then
. i—1 aak A
Vi=— Lezit sz+l 3 )( i—1"0)
k=1
i1 3a;_, ;1 x4 =1 3a,_,
vz zi vz ta = Y X — —— 0+ 07|, — :
i|%i—1 i+1 7 @Q; kgl o, k+1 7 30 ¢, kgl ox, b
-1 3
~ T a;_
+(6-0) T 16— FZzl(qb, Yy o 44”- (2.22)
k=1 %%

If x;,, were our actual control, we would let z,,, =0 and eliminate 6 — 6 from V, with the update law
8 = 7;, where

-1
(%00 %, ) FZZ,((I), Y
k=1

aa,_

i-1 3q.
BB am

k=1 0Xy

1
=71,_,+Tz
axk (bk) i—1 i
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Noting that

A A A i-1 aa,'..l
-1 =0—1+7,—7_ =0-1,+Tz|d,— ¥ AR (2.24)
k=1 0%y
we rewrite V, as
i-1 da; R il 9a;_,
Z ez + Z Ziv1 (Ti_o) tz|zi gtz e — L ‘a—‘xk+1
a0 k=1 Xy
aai—l A ( i—1
- 6 Z Z A )( '— Z )}
% k+1 ol axk
a T A
+(6~0) I'(6-1,). (2.25)
Then, to make V, = — ¥ _,c, z;, we would design a; such that the bracketed term multiplying z; equals
—c,;z;, namely
R =1 9a;_ da;_
ai(x1.0 X, 0) = =z, —c;z;+ Z +Tﬂri
i—1 aai-l
Z z,(+1 r BTJ(@-— P P d>k), (2.26)
k=1 9%k

where 7; replaces 9. Since X;11 1s not our control, we have z, # 0 and we do not use f= 7; as an update
law. However we retain 7; as our i-th tuning function and a; as our i-th stabilizing functlon The
resulting V, is

t

i i—1 .
Vi= = ¥ cpzl+z,z,, + szH v +(0 0) r- ]( —(3) (2.27)
The closed-loop form of (2.21) with (2.26) is
n -l da,_
2i=‘Zi—l_Cizi+zi+1+(0“0)T(¢i_ Z l¢k)
ke1 Oxg
da;_, ' e
+ -0 ,\ - . 2.28
PY; (7 ) sz+l )(d’ k{:l ox, o ( )
Step n: With z, =x, —a,_,, we rewrite %, = do(x) + 87, (x) + B,(x)u as
"1 da, _ 0, 1 x
2, =+ 0T, +Bu— Y l(xk+1+0T¢k)— 6. (2.29)
k=1

We now design our actual update law 0 =7, and feedback control u to stabilize the full z-system with
respect to V, = V,_, + 3z2. Our goal is to make ¥, nonpositive:

n—1

. aa A
Vio=— L azi+ (sz-H "k)(Tn—I-G)
k=1

nolda, Oat,,_ x "1 da, _,
tz|z,  H B+ o= Y X — ——0+6T[p, - ¥ —Llg
[ 1 k1 o 36 k=1

+(6-0)

R n -1 3“1—1
0-T'Y z,| ¢~ )y b )| (2.30)
I=1

k=1 9%
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To eliminate 6 — 6 from V, we choose the update law

. n -1 3o n—1 3
A a 1—1 n—1
6= n(z’o)zrzzl(d)l_ Z Py d)k): n—1+an (vbn_ Z 3 d)k . (231)
-t k=1 X k=1 %X
Then, noting that
1 n—1 3a,,-
O—Tn—l=7n_7n~1=‘rzn(¢n_ Z ld)k)’ (232)
k-1 90X
we rewrite V, as
. n—1 n—13g da, _q 4
V== Y cuzi+z,| 2, + Bt + o~ X _n—lxk+1_ 6
k=1 k=1 0%y a6
. n—2 aak n—1 da 1
+{6T- Y z, —Ar)(qsn— Y ——¢ ]| (2.33)
PR k=1 09Xy
Finally, we choose the control u such that the bracketed term multiplying z, equals —c, z,;:
1 nol aan—l aan—l
u=—\|-z,_,—¢c,z,— g+ — X —
Bo[ n—1 n<n ¢0 kgl axk k+1 Y Tn
n—2 aak . n—1 o 1
+ Z zk+1_AF_0T ¢, = Z . il |- (2.34)
k=1 00 k=1 %k

We have thus reached our goal:
Vo=— XL czi- (235)
k=1

With (2.34) the closed-loop form of (2.29) becomes

) T n—1 aan—l n-2 aak n—1 aan—l
Zn=_-zn—l_—cnzn+(0—0) (¢n_ Z ax ¢k + sz-kl'gr ¢n_ Z ox ‘;bk .
k=1 k k=1 k=1 k
(2.36)
In the more compact notation
. i-1 da,
Wi(X1e %, 0) == X ——d, (2.37)
k=1 %k
the overall closed-loop system is rewritten as
AT
i =-cz;tz,+(0—-6) wy, (2.38a)
AT " da
Zy=—2,—Cyzytz3+(0—60) wy— Y. a—AlI’zkwk, (2.38b)
k=3 08
AT o da, da,
Zy=—2,—C3Z3+2,+(0—80) wy— Y, —&)A—szw" +zza—éfw3, (2.38¢c)

k=4
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AT n . da;_ i=2 oa
Gi= =z =iz ¥z +(0-0) w,— ¥ ——Tzw,+ ¥ 2., —Tw, (2.384d)
k=i+1 08 k=1 a0
A T n_2 da
2,= =2, ,—C,z,+(0-80) w,+ Y zk+1—Akan, (2.38¢)
k=1 06
B n

=1

Remark 1. Even though the new procedure is presented for strict-feedback systems (1.1), its first n — 1
steps remain the same for parametric-pure-feedback systems:

=%, +0%(x;,..., %), 1<i<n-—1, (2.392)

X, = do(x) +07¢,(x) + [ Bo(x) +6"B(x)]u, (2.39b)

where ¢, By, and the components of B € R? and ¢, € R?, 1 <i < n, are smooth nonlinear functions in
B,, a neighborhood of the origin x =0, By(x)# 0, for all x€B,. The completion of the n-th step
requires that feasibility conditions similar to those in [2] be satisfied. A verifiable geometric characteriza-
tion of this class of systems is given in [2].

3. Stability and convergence

To prove stability of the closed-loop system (2. 38) we express ¢;, «;, 7;, w; in the z-coordinates. Then
the global stabxhty of the equilibrium 2z =0, 6=6 follows from the fact that the derivative of
V,= 1Tz 4+ L6 -6)TT"'(6 - 6) for (2.38) is given by (2.35). From LaSalle’s invariance theorem, it
further follows that the state (z(¢), 6(1)) converges to the largest invariant set M of (2.38) contained in

={(z, 6) e R"*?| z = 0}, that is, in the set where v, =0.

We now set out to determine M. On this invariant set, we have z =0 and zZ =0. Setting z=0, 2=0
in (2.38) we obtain 6 = 0 and

(0-0)'w,=0, i=1,...,n,¥(z, 8) M. (3.1)

Using (2.37) and (3.1) for i=1 we get (6 — B)Td>1(0) 0 - 6?)T<j>e 0 on M. Recall from (2.4) that
az1 = —C2Z;— 6 T$,. Therefore, on M we have a, —0Tq'>e —0T¢e Combining this with z, = 0, we get
=x§ on M. Using (2.37) and (3.1) for i = 2, we obtain (6 — 6)"(¢, — (3a;/3x,)$,) = 0. Since on M we
have (6 —6)T¢S=0and d,(x,, x,) = ¢2(O ~67¢3) = ¢5, this implies that (0 (:?)Td)e 0. Continuing in
the same fashion, we prove that x;, =x{ and (8 — 0)T¢>° Oon M, i=1,.
Thus, the largest invariant set M in E is

={(z,0) eR™*: 2=0,(0-8) ¢ =0,i=1,...,n)

={(x,0) eR"P: x=x°, (0-6) ¢ =0,i=1,....n). (3.2)

These two equivalent expressions for M and the convergence of (z(¢), 6(¢)) to M prove that x(¢) > x® as
t > oo,

Another important property of M is its dimension p — r, where r = rank[¢5, ..., ¢¢]. It is well known
from the adaptive control literature that as the dimension of M is reduced, the robustness properties of
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the adaptive system are irpproved. When r =p, the dimension of M is zero, that is, M becomes the
equilibrium point x =x¢, 8 = O.AThis means that the parameter estimates converge to their true values,
so that the equilibrium x =x¢, 8 = 0 is globally asymptotically stable.

The above facts prove the following result:

Theorem 1. Suppose that the design procedure is applied to the parametric-strict-feedback system (1.1).
Then, the equilibrium x = x° 0 0 of the resulting adaptive system is globally stable. Furthermore, its state
(x(2), 8(¢)) converges to the ( p — r)-dimensional manifold M given by (3.2). The equilibrium x = x¢, 6 = 9 is
globally asymptotically stable if and only if r=p. O

The new procedure can achieve global asymptotic stability with as many as p = n unknown parame-
ters, while in earlier procedures that number was at most p = 2.

4. A design example

Let us illustrate the difference between the new procedure and the procedure of [2,4] on the
‘benchmark’ example:

Xy;=x,+0¢(x,), (4.1a)
Xy=Xx;, (4.1b)
Xy=1u. (4.1c)

The controller of [2,4] employs three estimates 3, ¥, ¥5:

%, =20, (4.2a)
] il 4.2b)
2= Z:zaxld’, (4.

§ it 4.2
3= —23§¢~ (4.2¢)

The corresponding stabilizing functions and the feedback control u are

a; = —z, - %, (4.3a)
oo o
a,=—z,—2z;+ ———(x2 + %,0) + ld), (4.3b)
Oa, 5 oo, da, da, Oay 43
=z, -z, —(x,+ b Xyt ——z b~ ——zy—— :
u=mmnt g (Rt ) st s M 55, 2, (4.3¢)

In contrast to the three estimates in (4.2), the new design procedure needs only one estimate 8. Thg
tuning functions are 7, =z,¢, 7, =7, — 2,0, /3x ), T3 = 17, — 25(3e, /0x )¢, and the update law for 8
is

A day oa,
O=r3=21¢p -2, —¢ 23—
o e e

®, (44)
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while the stabilizing functions and the feedback control u are

A

Sy ¢ il (4.5b)
a,= —z,—z;+ Xy + + Rz Ty, .
2 27 % axl( 2 ) YL
0ary n oar,, da, da, O,
U= —2;—2,t+ —(x,+0¢)+ —x3+ — 13— 2,— — 4.5¢
3722 axl( 2 ¢) ox, 3 60 ‘296 ox, (4.5¢)

Comparing (4.2)-(4.3) with (4.4)-(4.5), we see that the new design procedure reduces the dynamic
order of the adaptive controller.

5. Concluding remarks

The new design procedure eliminates the need for more than the minimum number of parameter
estimates. Among the advantages of having exactly p estimates for p parameters are a reduction in the
controller’s dynamic order, enhanced stability properties, and improved parameter convergence. In
particular, if there are at most » unknown parameters and r = p, then the adaptive system is globally
asymptotically stable, and, hence, more robust to disturbances.
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