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Boundary Feedback Stabilization of a Class of Coupled Hyperbolic
Equations With Nonlocal Terms

Lingling Su , Jun-Min Wang , Senior Member, IEEE, and Miroslav Krstic , Fellow, IEEE

Abstract—This paper solves the problem of boundary feedback
stabilization of a class of coupled ordinary differential equations–
hyperbolic equations with boundary, trace, and integral nonlocal
terms. Using the backstepping approach, the controller is designed
by formulating an integral operator, whose kernel is required to
satisfy a coupled hyperbolic partial integral differential equation.
By applying the method of successive approximations, the kernel’s
well-posedness is given. We prove the exponential stability of the
origin of the system in a suitable Hilbert space. Moreover, a wave
system with nonlocal terms is stabilized by applying the above
result.

Index Terms—Backstepping method, coupled ordinary differen-
tial equations–hyperbolic equations, nonlocal term, wave equation.

I. INTRODUCTION

We investigate boundary stabilization for coupled ordinary differ-
ential equations (ODEs)– partial differential equations (PDEs) with
nonlocal terms, including boundary, trace, and strict-feedback/volterra
terms. Though much attention has been paid to the applications of PDE
backstepping methods to parabolic PDEs with nonlocal terms [1], for
hyperbolic equations, scant literature exists for similar nonlocal terms,
except in the context of shear beam models [2], [3]. Thus, it is of impor-
tance to design control laws for such hyperbolic systems. In this paper,
we derive a hyperbolic-ODE coupled equation from a wave equation
with boundary, trace, and integral nonlocal terms. Hence, the coupled
hyperbolic-ODE system is equivalent to the second-order hyperbolic
system with nonlocal terms.

Many authors have contributed to the control of first-hyperbolic
PDEs without nonlocal terms. In [4] and [5], quasi-linear hyperbolic
systems are studied using the characteristic method. In [6], the stabiliza-
tion of a two-state heterodirectional system is studied by the frequency-
domain approach. In [7]–[10], the Lyapunov approach is used to
investigate the boundary control of hyperbolic systems. In [11]–[13],
the boundary feedback controller design for first-order hyperbolic equa-
tions, a 2 × 2 quasi-linear hyperbolic system, and a system of n + 1
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coupled first-order hyperbolic linear PDEs has also been investigated
using the backstepping method, respectively.

Since the nonlocal terms can destroy the passivity of the system,
the traditional passive design cannot be applied to the systems in our
paper. However, the backstepping method is proven to be powerful in
dealing with unstable or even antistable PDEs [14]. It does not require
the original system to be passive. Thus, in this paper, we adopt the
backstepping method to deal with the nonlocal terms of a class of
the coupled hyperbolic PDE–ODE system. For the application of the
backstepping method, we refer to [15]–[19].

In this paper, we consider the boundary feedback stabilization of a
generalized coupled ODE-hyperbolic partial integrodifferential system
with boundary, trace, and integral nonlocal terms. It is an extension of
the previous paper [3], in which only the boundary nonlocal term is
considered. In particular, the integral term appearing in the hyperbolic
case is more difficult to deal with. Using the backstepping approach, the
controller is designed. Different from [3], by employing a backstepping
transformation of only the actuated component of the coupled system,
the whole system can be transformed into a stable target system.

The coupled hyperbolic PDE–ODE problem can be used in many
application areas ranging from aerospace to civil structures. In [2],
the shear beam model that describes the atomic force microscopy is
studied. System (1) is an wave PDE derived from the shear beam
model; it consists the trace, boundary, and integral nonlocal terms in
the equation

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

δwtt (x, t) = wxx (x, t) + b2w(x, t) − b2 cosh(bx)w(0, t)
+ b3

∫ x

0 sinh b(x − y)w(y, t)dy

wx (0, t) = −qw(0, t)
wx (1, t) = U (t)

(1)

where x ∈ [0, 1], t > 0, b > 0, q > 0, and δ > 0 is the propagating
speed; for each time t ≥ 0, U (t) is the input.

The rest of this paper is organized as follows. In Section II, we
present our main problem. In Section III, we give the state feedback
control of (2) by the backstepping method. Section IV gives the kernel
functions via the backstepping method, as well as the well-posedness
of the kernels. Section V gives the stability of the original system (2).
Section VI applies the result of Section III to give the control law of
(1). Section VII presents the numerical simulations. Section VIII gives
the concluding remarks.

Preliminary Notations:
1) L2 (0, 1) denotes the Lebesgue space of square integrable functions

on [0,1].
2) H = R × L2 (0, 1) × L2 (0, 1) denotes the Hilbert space with the

inner product given by

〈(h1 , f1 , g1 )�, (h2 , f2 , g2 )�〉H = h1h2 +
∫ 1

0
f1 (x)f2 (x)dx

+
∫ 1

0
g1 (x)g2 (x)dx

∀(hi , fi , gi ) ∈ H , i = 1, 2.
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3) ∀X = (x1 , x2 , . . . , xn )�, ‖X‖2 =
√

x2
1 + x2

2 + · · · + x2
n .

4) ‖|K(·, ·)|‖2 = supX ∈R n + 1 ,‖X ‖2 =1 ‖K(·, ·)X‖2 .
5) Suppose that f (x) is a function defined on the domain D; then,

the norm ‖ · ‖∞ is defined by ‖f (x)‖∞ = maxx∈D |f (x)|.

II. PROBLEM STATEMENT

In this paper, we study the following coupled ODE-PDE system:

εẊ(t) = AX(t) + Bξ(0, t)

εηt (x, t) + ηx (x, t) =
∫ x

0
f11 (x, y)η(y, t)dy

+
∫ x

0
f12 (x, y)ξ(y, t))dy + g1 (x)ξ(0, t)

+ c1 (x)ξ(x, t) + D1 (x)X(t)

η(0, t) = ξ(0, t) + CX(t)

εξt (x, t) − ξx (x, t) =
∫ x

0
f21 (x, y)η(y, t)dy

+
∫ x

0
f22 (x, y)ξ(y, t))dy + g2 (x)ξ(0, t)

+ c2 (x)η(x, t) + D2 (x)X(t)

ξ(1, t) = W (t) (2)

where x ∈ [0, 1], t > 0, ε > 0, X(t) ∈ Rn , A ∈ Rn×n , B ∈ Rn , C ∈
R1×n , fij (x, y) ∈ C([0, 1] × [0, 1]), i, j = 1, 2, g1 (x), g2 (x), c1 (x),
c2 (x) ∈ C([0, 1]), D1 (x), D2 (x) : [0, 1] → R1×n are 1 × n continu-
ous vector functions, W (t) is the input, and c1 (x)ξ(x, t), c2 (x)η(x, t)
are the trace terms.

As can be seen, (2) is an ODE–PDE cascade problem. The ODE is
coupled with two first-order hyperbolic PDE, and the two first-order
hyperbolic are also coupled by the boundary, state,(trace), and integral
terms. This problem is an extension for n = m = 1 to the case with
nonlocal terms of the general (arbitrary n, m) 1-D linear hyperbolic
heterodirectional PDE–ODE problem solved in [20] without nonlocal
terms.

Remark: We are going to show that the shear beam model is a
special case of our problem (2). We first change system (1) into a 2 × 2
system of first-order transport equations, which convect in opposite
directions. To achieve this, we define the following transformations:

ξ(x, t) =
√

δwt (x, t) + wx (x, t)

η(x, t) =
√

δwt (x, t) − wx (x, t) (3)

together with its inverses given by

wt (x, t) =
ξ(x, t) + η(x, t)

2
√

δ

wx (x, t) =
ξ(x, t) − η(x, t)

2
. (4)

Using (4) to express w(x, t) in the form of ξ(x, t), η(x, t), we obtain

w(x, t) =
1
2

∫ x

0
(ξ(y, t) − η(y, t))dy − wx (0, t)

q

=
1
2

∫ x

0
(ξ(y, t) − η(y, t))dy − ξ(0, t) − η(0, t)

2q
.

Let W (t) =
√

δwt (1, t) + U (t). By integrating by parts and com-
puting the time and space derivative of ξ(x, t), η(x, t) from the
transformation (3), then system (1) is equivalent to the following

system:

wt (0, t) =
qw(0, t) + ξ(0, t)√

δ

√
δηt (x, t) + ηx (x, t) =

b2

2

∫ x

0
cosh b(x − y)(ξ(y, t) − η(y, t))dy

η(0, t) = ξ(0, t) + 2qw(0, t)

√
δξt (x, t) − ξx (x, t) =

b2

2

∫ x

0
cosh b(x − y)(ξ(y, t) − η(y, t))dy

ξ(1, t) = W (t) (5)

where x ∈ [0, 1], t > 0. So far, we have transformed (1) into a 2 × 2
system of first-order transport equations, which convect in opposite
directions cascaded with an unstable ODE equation. It can be seen that
(5) is a special case of (2). Thus, we focus our attention on the design
for (2) in our paper.

III. CONTROL DESIGN OF (2)

Our control design is based on the backstepping approach. We in-
troduce the following backstepping transformation between (X(t),
η(x, t), ξ(x, t)) and (X(t), η(x, t), β(x, t)):

β(x, t) = ξ(x, t) −
∫ x

0
k(x, y)ξ(y, t)dy

−
∫ x

0
l(x, y)η(y, t)dy + r(x)X(t) (6)

with its inverse transformation

ξ(x, t) = β(x, t) +
∫ x

0
ρ(x, y)β(y, t)dy

+
∫ x

0
σ(x, y)η(y, t)dy − λ(x)X(t) (7)

where k(x, y), l(x, y), r(x), ρ(x, y), σ(x, y), λ(x) are the kernel func-
tions to be determined on the triangular domain

D = {(x, y) ∈ R2 |0 ≤ y ≤ x ≤ 1}.
Following the backstepping approach, we design the control law by
mapping system (2) into a so-called target system.

We want to map system (2) into the following target system:

εẊ(t) = (A + BK)X(t) + Bβ(0, t)

εηt (x, t) + ηx (x, t) =
∫ x

0
f11 (x, y)η(y, t)dy

+
∫ x

0
f12 (x, y)β(y, t)dy

+
∫ x

0
f12 (x, y)

∫ y

0
ρ(y, z)β(z, t)dzdy

+
∫ x

0
f12 (x, y)

∫ y

0
σ(y, z)η(z, t)dzdy

−
∫ x

0
f12 (x, y)λ(y)X(t)dy

+ g1 (x)β(0, t) − g1 (x)λ(0)X(t)

+ c1 (x)β(x, t) + c1 (x)
∫ x

0
ρ(x, y)β(y, t)dy

+ c1 (x)
∫ x

0
σ(x, y)η(y, t)dy

− c1 (x)λ(x)X(t) + D1 (x)X(t)
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η(0, t) = β(0, t) + (C + K)X(t)

εβt (x, t) − βx (x, t) = 0

β(1, t) = 0 (8)

where K ∈ R1×n , and A + BK is Hurwitz. This system is designed
as a copy of the original dynamics of (2), from which the coupling
terms appearing in the fourth equation of (2) are removed. By solving
β(x, t), it is known that subsystem β(x, t) becomes zero in finite time.
Therefore, the stability of the target system (8) can be easily obtained.
This system can be shown to be exponentially stable, as stated in the
following lemma.

Lemma 1: Let A ∈ Rn×n , B ∈ Rn , C ∈ R1×n , and K ∈ R1×n ,
and assume that A + BK is Hurwitz, f11 (x, y), f12 (x, y) ∈ C([0, 1]
× [0, 1]), g1 (x), c1 (x) ∈ C([0, 1]), ρ(x, y), σ(x, y) ∈ C(D), γ(x) ∈
C([0, 1]), and D1 (x) : [0, 1] → R1×n are 1 × n continuous vector
functions; then, the system (8) is exponentially convergent to the equi-
librium (X, η, β)T = (0, 0, 0)T in the H space.

Proof: By defining

H(x, y) = f11 (x, y) +
∫ x

y

f12 (x, z)σ(z, y)dz + c1 (x)σ(x, y)

J(x, y) = f12 (x, y) +
∫ x

y

f12 (x, z)ρ(z, y)dz + c1 (x)ρ(x, y)

M (x) =
∫ x

0
f12 (x, y)λ(y)dy + g1 (x)λ(0) + c1 (x)λ(x) − D1 (x)

we rewrite (8) as

εẊ(t) = (A + BK)X(t) + Bβ(0, t)

εηt (x, t) + ηx (x, t) =
∫ x

0
H(x, y)η(y, t)dy +

∫ x

0
J(x, y)β(y, t)dy

− M (x)X(t) + g1 (x)β(0, t) + c1 (x)β(x, t)

η(0, t) = β(0, t) + (C + K)X(t)

εβt (x, t) − βx (x, t) = 0

β(1, t) = 0. (9)

Define the Lyapunov–Krasovskii functional candidate

V (t) = εX(t)�PX(t) +
ε

2

∫ 1

0
pe−ax η2 (x, t)dx

+
ε

2

∫ 1

0
hedx β2 (x, t)dx, t ≥ 0

where the parameter h, a, d, p > 0 are the design parameters, and the
matrix P = P � > 0 is the solution to the Lyapunov equation

P (A + BK) + (A + BK)�P = −Q

for some Q = Q� > 0. Let λm in (Q) be the minimum eigenvalue of
matrix Q. We will take a time derivative of V (t) along the solution of
the target system (8), and we denote

L> max{‖H(x, y)‖∞,‖J(x, y)‖∞,‖M (x)‖∞,‖g1(x)‖∞, ‖c1(x)‖∞}.
�

By integrating by parts and using the Cauchy–Schwartz Inequality,
we get

V̇ (t) = −X(t)�QX(t) + 2X(t)�PBβ(0, t)

+ p

∫ 1

0
e−ax

∫ x

0
H(x, y)η(y, t)η(x, t)dydx

+ p

∫ 1

0
e−ax

∫ x

0
J(x, y)β(y, t)η(x, t)dydx

−p

∫ 1

0
e−ax ηx (x, t)η(x, t)dx

−p

∫ 1

0
e−ax M (x)X(t)η(x, t)dx

+ p

∫ 1

0
e−ax g1 (x)β(0, t)η(x, t)dx

+ p

∫ 1

0
e−ax c1 (x)β(x, t)η(x, t)dx

+ h

∫ 1

0
edx βx (x, t)β(x, t)dx

≤ −λm in (Q)
2

|X(t)|2 +
2|PB|2
λm in (Q)

β2 (0, t)

+
pL

2

∫ 1

0
e−ax η2 (x, t)dx +

pL

2a

∫ 1

0
e−ax η2 (x, t)dx

+
pL

2

∫ 1

0
e−ax η2 (x, t)dx +

pL

2a

∫ 1

0
e−ax β2 (x, t)dx

+ pβ2 (0, t) + p|C + K |2 |X(t)|2

−pa

2

∫ 1

0
e−ax η2 (x, t)dx

+
pL

2
|X(t)|2 +

pL

2

∫ 1

0
e−ax η2 (x, t)dx

+
pL

2
β2 (0, t) +

pL

2

∫ 1

0
e−ax η2 (x, t)dx

+
pL

2

∫ 1

0
e−ax β2 (x, t)dx +

pL

2

∫ 1

0
e−ax η2 (x, t)dx

−h

2
β2 (0, t) − dh

2

∫ 1

0
edx β2 (x, t)dx

≤
(

− λm in (Q)
2

+ p|C + K |2 +
pL

2

)

|X(t)|2

+
(

2|PB|2
λm in (Q)

+ p +
pL

2
− h

2

)

β2 (0, t)

+
(

5pL

2
+

pL

2a
− pa

2

) ∫ 1

0
e−ax η2 (x, t)dx

+
(

pL

2a
+

pL

2
− dh

2

) ∫ 1

0
e−dx β2 (x, t)dx

and arrives at

V̇ (t) ≤
(

− λm in (Q)
2

+ p|C + K |2 +
pL

2

)

|X(t)|2

+
(

5pL

2
+

pL

2a
− pa

2

) ∫ 1

0
e−ax η2 (x, t)dx

+
(

pL

2a
+

pL

2
− dh

2

) ∫ 1

0
e−dx β2 (x, t)dx

≤ −ωV (t)

where ω = 1
ε

min{ λm in (Q )
2λm a x (P ) − p

λm a x (P ) |C + K |2 − pL
2λm a x (P ) ,−5L

− L
a

+ a,− pL
ha

− pL
h

+ d}, which is positive, and 2 |P B |2
λm in (Q ) + p + pL

2

− h
2 < 0 for sufficiently large a, h > 0, and sufficiently small p > 0

and completes the proof.
In order to get the control law, by plugging the transformation (6)

into the last equation of system (2), we have

W (t) =
∫ 1

0
k(1, y)ξ(y, t)dy +

∫ 1

0
l(1, y)η(y, t)dy − r(1)X(t).

(10)
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IV. BACKSTEPPING TRANSFORMATION

In this section, we derive a set of PDEs satisfied by the transformation
kernels. The existence, uniqueness, and continuity of the solution to the
kernels system will also be given. By differentiating (6) with respect to
x and t, respectively, to yield that the kernels satisfy

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

f22 (x, y)+ ky (x, y) − ∫ x

y
k(x, z)f22 (z, y)dz − ∫ x

y
l(x, z)f12 (z, y)

dz + kx (x, y) + l(x, y)c1 (y) = 0

f21 (x, y) − ly (x, y) − ∫ x

y
k(x, z)f21 (z, y)dz − ∫ x

y
l(x, z)f11 (z, y)

dz + lx (x, y) + k(x, y)c2 (y) = 0

k(x, 0) − l(x, 0) + r(x)B + g2 (x) − ∫ x

0 k(x, y)g2 (y)dy

− ∫ x

0 l(x, y)g1 (y)dy = 0

l(x, x) = − c 2 (x )
2

r′(x) = D2 (x) + r(x)A − l(x, 0)C − ∫ x

0 l(x, y)D1 (y)dy

− ∫ x

0 k(x, y)D2 (y)dy

r(0) = −K
(11)

where 0 ≤ y ≤ x ≤ 1, t > 0.
From (11), we can easily get

r(x) = −KeA x − C

∫ x

0
eA (x−s) l(s, 0)ds +

∫ x

0
(D2 (s)

−
∫ s

0
l(s, y)D1 (y)dy −

∫ s

0
k(s, y)D2 (y)dy

)

eA (x−s)ds. (12)

Therefore, if we can get the well-posedness of l(x, y), the well-
posedness of r(x) is obtained.

Substituting (12) into (11), we get the coupled equation of k(x, y)
and l(x, y) only in the domain D

f22 (x, y) + ky (x, y) −
∫ x

y

k(x, z)f22 (z, y)dz −
∫ x

y

l(x, z)f12 (z, y)

dz + kx (x, y) + l(x, y)c1 (y) = 0

f21 (x, y) − ly (x, y) −
∫ x

y

k(x, z)f21 (z, y)dz −
∫ x

y

l(x, z)f11 (z, y)

dz + lx (x, y) + k(x, y)c2 (y) = 0

k(x, 0) = l(x, 0) + KeA x B + C

∫ x

0
eA (x−s) l(s, 0)dsB − g2 (x)

+
∫ x

0
k(x, y)g2 (y)dy +

∫ x

0
l(x, y)g1 (y)dy

−
∫ x

0

(

D2 (s) −
∫ s

0
l(s, y)D1 (y)dy −

∫ s

0
k(s, y)D2 (y)dy

)

eA (x−s)dsBl(x, x) = − c2 (x)
2

. (13)

The following theorem establishes the well-posedness of the
PDE (13).

Theorem 1: The PDE (13) has a unique solution C1 (D) × C1 (D),
where D = {(x, y)|0 ≤ y ≤ x ≤ 1}. Moreover

|k(x, y)| ≤ MeM (x−y ) , |l(x, y)| ≤ MeM (x−y ) (14)

where

h̄ = max
x∈[0 ,1]

{CeA x B, KeA xB, D1 (x)eA x B, D2 (x)eA x B}

f̄ = max
x∈[0 ,1]

{f11 (x), f12 (x), f21 (x), f22 (x)}

ḡ = max
x∈[0 ,1]

{g2 (x), g1 (x), c1 (x), c2 (x)}

M = 4h̄ + 3f̄ + 3ḡ + f̄ ḡ + h̄ḡ + h̄f̄ + ḡ2 .

Proof: Now, we will use the method of characteristic line to give
the successive approximations of k(x, y) and l(x, y). Along the line
dx
dy

= −1 or x = −y + τ1 , we have

⎧
⎪⎪⎨

⎪⎪⎩

dl(y )
dy

= f21 (τ1 − y, y) − ∫ τ 1 −y

y
k(τ1 − y, z)f21 (z, y)dz

− ∫ τ 1 −y

y
l(τ1 − y, z)f11 (z, y)dz + k(τ1 − y, y)c2 (y)

l
(

τ 1
2 , τ 1

2

)
= − c 2 ( τ 1

2 )
2 .

(15)

�
By solving the above ODE, we get

l(x, y) = − c2 ( x+ y
2 )

2
+

∫ y

x + y
2

f21 (−s + x + y, s)ds

−
∫ y

x + y
2

∫ −s+x+ y

s

k(−s + x + y, z)f21 (z, s)dzds

−
∫ y

x + y
2

∫ −s+x+ y

s

l(−s + x + y, z)f11 (z, s)dzds

+
∫ y

x + y
2

k(x + y − s, s)c2 (s)ds. (16)

We write it in the integral form as

l(x, y) = G0 (x, y) + G[k, l](x, y) (17)

where

G0 (x, y) =
∫ y

x + y
2

f21 (−s + x + y, s)ds − c2 ( x+ y
2 )

2

G[k, l](x, y) = −
∫ y

x + y
2

∫ −s+x+ y

s

k(−s + x + y, z)f21 (z, s)dzds

−
∫ y

x + y
2

∫ −s+x+ y

s

l(−s + x + y, z)f11 (z, s)dzds

+
∫ y

x + y
2

k(x + y − s, s)c2 (s)ds. (18)

Similarly, along the line dx
dy

= 1 or x = y + τ2 , we have

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dk (y )
dy

+ f22 (y + τ2 , y) − ∫ y + τ 2
y

k(y + τ2 , z)f22 (z, y)dz

− ∫ y + τ 2
y

l(y + τ2 , z)f12 (z, y)dz + l(y + τ2 , y)c1 (y) = 0

k(0) = l(τ2 , 0) + KeA τ 2 B + C
∫ τ 2

0 eA (τ 2 −s) l(s, 0)dsB

−g2 (τ2 ) +
∫ τ 2

0 k(τ2 , y)g2 (y)dy +
∫ τ 2

0 l(τ2 , y)g1 (y)dy

− ∫ τ 2
0

(
D2 (s) −

∫ s

0 l(s, y)D1 (y)dy

− ∫ s

0 k(s, y)D2 (y)dy
)
eA (τ 2 −s)dsB.

(19)
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By solving the ODE, we get

k(x, y) = l(x − y, 0) + KeA (x−y )B + C

∫ x−y

0
eA (x−y−s) l(s, 0)dsB

−g2 (x − y) +
∫ x−y

0
k(x − y, z)g2 (z)dz

−
∫ x−y

0

(

D2 (s) −
∫ s

0
l(s, z)D1 (z)dz

−
∫ s

0
k(s, z)D2 (z)dz

)

eA (x−y−s)dsB

+
∫ x−y

0
l(x − y, z)g1 (z)dz −

∫ y

0
f22 (s + x − y, s)ds

+
∫ y

0

∫ s+x−y

s

k(s + x − y, z)f22 (z, s)dzds

+
∫ y

0

∫ s+x−y

s

l(s + x − y, z)f12 (z, s)dzds

−
∫ y

0
l(s + x − y, s)c1 (s)ds.

Moreover, from (16), we have

k(x, y) = F0 (x, y) + F [k, l](x, y) (20)

where

F0 (x, y)

= − c2 ( x−y
2 )

2
+

∫ 0

x −y
2

f21 (−s + x − y, s)ds

+KeA (x−y )B − C

∫ x−y

0
eA (x−y−τ ) c2 ( τ

2 )
2

dτB

+C

∫ x−y

0
eA (x−y−τ )

∫ 0

τ
2

f21 (−s + τ, s)dsdτB

−g2 (x − y) −
∫ y

0
f22 (s + x − y, s)ds

∫ y

0

c2 ( x−y +2s
2 )

2
c1 (s)ds

−
∫ y

0

∫ s

x −y + 2 s
2

f21 (−σ + x − y + 2s, σ)c1 (s)dσds

−
∫ x−y

0
D2 (s)eA (x−y−s)dsB,

F [k, l](x, y)

= −
∫ 0

x −y
2

∫ −s+x−y

s

k(−s + x − y, z)f21 (z, s)dzds

−
∫ 0

x −y
2

∫ −s+x−y

s

l(−s + x − y, z)f11 (z, s)dzds

+
∫ 0

x −y
2

k(x − y − s, s)c2 (s)ds +
∫ x−y

0

( ∫ s

0
l(s, z)D1 (z)dz

+
∫ s

0
k(s, z)D2 (z)dz

)

eA (x−y−s)dsB

−C

∫ x−y

0
eA (x−y−τ )

∫ 0

τ
2

∫ −s+ τ

s

k(−s + τ, z)f21 (z, s)dzdsdτB

−C

∫ x−y

0
eA (x−y−τ )

∫ 0

τ
2

∫ −s+ τ

s

l(−s + τ, z)f11 (z, s)dzdsdτB

+C

∫ x−y

0
eA (x−y−τ )

∫ 0

τ
2

k(τ − s, s)c2 (s)dsdτB

+
∫ x−y

0
k(x − y, z)g2 (z)dz +

∫ x−y

0
l(x − y, z)g1 (z)dz

+
∫ y

0

∫ s+x−y

s

k(s + x − y, z)f22 (z, s)dzds

+
∫ y

0

∫ s+x−y

s

l(s + x − y, z)f12 (z, s)dzds

+
∫ y

0

∫ s

x −y + 2 s
2

∫ x−y +2s−σ

σ

k(x − y + 2s − σ, z)

×f21 (z, σ)c1 (s)dzdσds

+
∫ y

0

∫ s

x −y + 2 s
2

∫ x−y +2s−σ

σ

l(x − y + 2s − σ, z)

×f11 (z, σ)c1 (s)dzdσds

−
∫ y

0

∫ s

x −y + 2 s
2

k(x − y + 2s − σ, σ)c2 (σ)c1 (s)dσds. (21)

From (20) and (17), we rewrite the integral equation in the vector form
as

(k(x, y), l(x, y))T = (F0 (x, y), G0 (x, y))T

+ (F [k, l](x, y), G[k, l](x, y))T . (22)

Let us solve (k(x, y), l(x, y)) using the method of successive approx-
imations. Set

k0 (x, y) = F0 (x, y),

l0 (x, y) = G0 (x, y),

kn +1 (x, y) = F0 (x, y) + F [kn , ln ](x, y),

ln +1 (x, y) = G0 (x, y) + G[kn , ln ](x, y)

for n = 0, 1, . . . and consider the differences Δkn +1 = kn +1 − kn ,
Δln +1 = ln +1 − ln , with Δk0 = F0 , Δl0 = G0 . It is easy to see that
Δkn and Δln satisfy that

Δkn +1 = F [Δkn , Δln ](x, y)

Δln +1 = G[Δkn , Δln ](x, y). (23)

Denote

h̄ = max
x∈[0 ,1]

{CeA x B, KeA xB, D1 (x)eA x B, D2 (x)eA x B}

f̄ = max
x∈[0 ,1]

{f11 (x), f12 (x), f21 (x), f22 (x)}

ḡ = max
x∈[0 ,1]

{g2 (x), g1 (x), c1 (x), c2 (x)}

M = 4h̄ + 3f̄ + 3ḡ + f̄ ḡ + h̄ḡ + h̄f̄ + ḡ2 .

Let us assume that

|Δkn | ≤ Mn (x − y)n

n!

|Δln | ≤ Mn (x − y)n

(n)!
. (24)
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Then, from (18), (21), and (23), we get

|Δkn +1 |

≤ f̄Mn

∫ 0

x −y
2

∫ −s+x−y

s

(−s + x − y − z)n

n!
dzds

≤ Mn +1 (x − y)n +1

(n + 1)!
,

|Δln +1 |

≤ f̄

∫ y

x + y
2

∫ −s+x+ y

s

Mn (x + y − s − z)n

n!
dzds

+f̄

∫ y

x + y
2

∫ −s+x+ y

s

Mn (x + y − s − z)n +1

n!
dzds

+ḡMn

∫ y

x + y
2

(x + y − 2s)n

n!
ds

≤ Mn +1 (x − y)n +1

(n + 1)!
.

By induction, (24) is proved. It is easy to verify that F [k, l](x, y) and
G[k, l](x, y) are continuous operators [13]; therefore, the series

k(x, y) =
∞∑

n =0

Δkn (x, y)

l(x, y) =
∞∑

n =0

Δln (x, y)

uniformly converges to the solution of (22) with n ⇀ ∞. Also, we
show that

|k(x, y)| ≤ MeM (x−y ) , |l(x, y)| ≤ MeM (x−y ) .

Hence, this is a solution to the PDE (13).
To show the uniqueness of this solution, consider the difference

between two solutions (k1 , l1 ) and (k2 , l2 ): (δk, δl) = (k1 − k2 , l1 −
l2 ). For δk and δl, we obtain the homogeneous integral equation

δk(x, y) = F [δk, δl](x, y)

δl(x, y) = G[δk, δl](x, y). (25)

It is easy to show by repeating the calculations above that

|δk(x, y)| ≤ Mn (x − y)n

n!

|δl(x, y)| ≤ Mn (x − y)n

(n)!
.

for any n, which implies δk(x, y) ≡ 0 and δl(x, y) ≡ 0 or k1 = k2
and l1 = l2 .

To ensure that the target and the closed-loop system have equiva-
lent stability properties, transform (6) has to be invertible. We rewrite
transformation (6) as

ξ(x, t) −
∫ x

0
k(x, y)ξ(y, t)dy = β(x, t)

+
∫ x

0
l(x, y)η(y, t)dy − r(x)X(t). (26)

From Theorem 1, k(x, y) is continuous; there exists a unique continu-
ous inverse kernel ρ(x, y) defined on D and such that (see, e.g.,[21])

ξ(x, t) = β(x, t) +
∫ x

0
l(x, y)η(y, t)dy − r(x)X(t)

+
∫ x

0
ρ(x, y)

(

β(y, t) +
∫ y

0
l(y, z)η(z, t)dz

−r(y)X(t)
)

dy

which yields the following inverse transformation:

ξ(x, t) = β(x, t) +
∫ x

0
ρ(x, y)β(y, t)dy

+
∫ x

0
σ(x, y)η(y, t)dy − λ(x)X(t)

where

σ(x, y) = l(x, y) +
∫ 1

y

ρ(x, z)l(z, y)dz

λ(x) = r(x) +
∫ x

0
ρ(x, z)r(z)dz.

We immediately have the following lemma.
Lemma 2: The kernel functions ρ(x, y), σ(x, y), and λ(x) of the

inverse backstepping transformation (7) are well-posed. Moreover,
ρ(x, y), σ(x, y) ∈ C(D), λ(x) ∈ C([0, 1]).

V. STABILITY OF THE ORIGINAL SYSTEM (2)

In this section, we will give the stability of the original system (2).
This is the direct consequence of the equivalence between system (2)
with the control law (10) and system (9). We now state the main result
concerning the control law.

Theorem 2: Let A∈Rn×n , B∈Rn , C ∈R1×n fij (x, y) ∈ C([0, 1]
× [0, 1]), i, j = 1, 2, and g1 (x), g2 (x), c1 (x), c2 (x) ∈ C([0, 1]). As-
sume that D1 (x), D2 (x) : [0, 1] → R1×n are 1 × n continuous vector
functions, and k(x, y), l(x, y), r(x) satisfy the PDEs (11); then, the
equilibrium (X, η, β)T = (0, 0, 0)T of system (2) with the control law

W (t) =
∫ 1

0
k(1, y)ξ(y, t)dy +

∫ 1

0
l(1, y)η(y, t)dy − r(1)X(t)

is exponentially stable in H .
Proof: From Lemma 1, there exists a constant C > 0 such that

‖(X(t), η(·, t), β(·, t)‖H ≤ Ce−ω t‖(X(0), η(·, 0), β(·, 0)‖H .

By Theorem 1, the kernels k(x, y), l(x, y), r(x), ρ(x, y), σ(x, y), and
λ(x) are continuous; therefore, we can define the following upper
bounds K∞, L∞ > 0:

K2
∞ = max

{

max
(x,y )∈D

‖|k(x, y), l(x, y)|‖2
2 , max

x∈[0 ,1]
‖|r(x)|‖2

2

}

L2
∞ = max

{

max
(x,y )∈D

‖|ρ(x, y), σ(x, y)|‖2
2 , max

x∈[0 ,1]
‖|λ(x)|‖2

2

}

.
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From (7), we have

‖ξ(·, t)‖L 2 (0 ,1)

≤ ‖β(·, t)‖L 2 (0 ,1) +
∥
∥
∥
∥

∫ ·

0
ρ(·, y)β(y, t)dy

∥
∥
∥
∥

L 2 (0 ,1)

+
∥
∥
∥
∥

∫ ·

0
σ(·, y)η(y, t)dy

∥
∥
∥
∥

L 2 (0 ,1)
+ ‖λ(·)X(t)‖R

≤ ‖β(·, t)‖L 2 (0 ,1) +

√
∫ 1

0

∫ x

0
‖|ρ(x, y)|‖2‖β(y, t)‖2

2dydx

+

√
∫ 1

0

∫ x

0
‖|σ(x, y)|‖2‖η(y, t)‖2

2dydx

+

√
∫ 1

0
‖|λ(x)|‖2‖X(t)‖|22dx

≤ ‖β(·, t)‖L 2 (0 ,1) + K∞‖β(·, t)‖L 2 (0 ,1) + K∞‖η(·, t)‖L 2 (0 ,1)

+K∞‖X(t)‖L 2 (0 ,1)

≤ (1 + K∞)Ce−ω t‖β(·, 0)‖L 2 (0 ,1) + K∞Ce−ω t‖η(·, 0)‖L 2 (0 ,1)

+K∞Ce−ω t‖(X(0)‖R

which shows that the equilibrium (X, η, β)T = (0, 0, 0)T of system
(2) with the control law W (t) is exponentially stable in in H .

VI. CONTROL DESIGN TO SYSTEM (1)

Now, we will go back to model (1). Since it can be transformed into
(5) via the invertible transformation (3), we will consider the controller
of (5) instead of (1) now. To apply the backstepping design to system
(5), we want to transform system (5) into the following target system
(27) via the transformation (6) with its inverse transformation (7) as
stated in Section III:

wt (0, t) =
β(0, t) − cw(0, t)√

δ
√

δηt (x, t) + ηx (x, t)
b2/2

= −
∫ x

0
cosh(b(x − y))η(y, t)dy

+
∫ x

0
cosh b(x − y)β(y, t)dy

+
∫ x

0
cosh b(x − y)

∫ y

0
ρ(y, z)β(z, t)dzdy

+
∫ x

0
cosh b(x − y)

∫ y

0
σ(y, z)η(z, t)dzdy

−
∫ x

0
cosh b(x − y)λ(y)w(0, t)dy

η(0, t) = β(0, t) + (q − c)w(0, t)
√

δβt (x, t) − βx (x, t) = 0

β(1, t) = 0. (27)

As we can see, the target system is a special case of (8). From Lemma 1,
system (27) is exponentially stable. By a long computation, the kernel

function of k(x, y), l(x, y), r(x) satisfies the following PDE:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

b2

2 cosh(b(x − y)) + ky (x, y) − b2

2

∫ x

y
k(x, z) cosh(b(z − y))dz

− b2

2

∫ x

y
l(x, z) cosh(b(z − y))dz + kx (x, y) = 0

b2

2 cosh(b(x − y)) + ly (x, y) − b2

2

∫ x

y
k(x, z) cosh(b(z − y))dz

− b2

2

∫ x

y
l(x, z) cosh(b(z − y))dz − lx (x, y) = 0

k(x, 0) − l(x, 0) + r(x) = 0

l(x, x) = 0

r′(x) = qr(x) − 2ql(x, 0)

r(0) = c + q.
(28)

Using Theorem 1, we know that the k(x, y), l(x, y), r(x) has a unique
continuous solution. Therefore, from Theorem 2, the controller of (5)
is

W (t) =
∫ 1

0
k(1, y)ξ(y, t)dy +

∫ 1

0
l(1, y)η(y, t)dy − r(1)w(0, t).

Moreover

U (t) = W (t) −
√

δwt (1, t)

=
√

δ

∫ 1

0
k(1, y)wt (y, t)dy + k(1, 1)w(1, t)

−
∫ 1

0
ky (1, y)w(y, t)dy +

√
δ

∫ 1

0
l(1, y)wt (y, t)dy

+
∫ 1

0
ly (1, y)w(y, t))dy −

√
δwt (1, t).

Hence, we can immediately have the following result from Theorem 2.
Corollary 1: The equilibrium (w(0, t), w(x, t), wt (x, t))T = (0,

0, 0)T of system (1) with the control law

U (t) =
√

δ

∫ 1

0
k(1, y)wt (y, t)dy + k(1, 1)w(1, t)

−
∫ 1

0
ky (1, y)w(y, t)dy +

√
δ

∫ 1

0
l(1, y)wt (y, t)dy

+
∫ 1

0
ly (1, y)w(y, t))dy −

√
δwt (1, t) (29)

is exponentially stable in the H space.
So far, we have given the control law U (t) (29) for system (1), which

is the same as the control design in [2].

VII. NUMERICAL SIMULATIONS

In this section, we give some numerical simulation results for the
open-loop system (2) and the closed-loop system (2) under control
(10). The finite-difference method is adopted in both the time domain
and the space domain for both PDEs and the boundary conditions.

The parameter values are set to be A = 1, B = 1, C = 1, K = −3,
f11 (x, y) = x − y, f12 = sin x, f21 (x, y) = y, f22 (x, y) = 1, g1 (x)
=1, g2 (x)= 1, c1 (x) = 1, c2 (x) = 0, D1 = 0, and D2 = 1. We take
the grid size M = 100 and the time step dt = 10−2 .

The initial values for both the open-loop and closed-loop systems
are taken to be X(t) = 1, ξ(x, t) = η(x, t) = 10 sin(2πx).

Figs. 1–3 show that the state X(t), η(x, t), ξ(x, t) of the open-
loop system (2) grows very large in a very short time, and the state
X(t), η(x, t), ξ(x, t) of the closed-loop system (2) under control (10)
converges to zero very quickly. It can be seen that under the control law
(10), the state of the unstable coupled ODE–PDE with nonlocal terms
is exponentially convergent to zero.
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Fig. 1. X (t) of the open-loop system (2) (left) and the closed-loop
system (2) under control (10) (right).

Fig. 2. η(x, t) of the open-loop system (2) (left) and the closed-loop
system (2) under control (10) (right).

Fig. 3. ξ(x, t) of the open-loop system (2) (left) and the closed-loop
system (2) under control (10) (right).

VIII. CONCLUDING REMARKS

In this paper, we design the control law for a generalized coupled
ODE-hyperbolic system with boundary, trace, and integral nonlocal
terms. The backstepping approach is employed only on the actuated
component of the coupled system to transform the whole system into
a stable target system. The well-posedness of the kernels is given. The
closed-loop system is proven to be exponentially stable in a suitable
Hilbert space.

From this paper, we not only give the control for a class of coupled
first-order hyperbolic PDEs with the coupled integral term, the bound-
ary term, and the trace term, but also conclude that the wave equation

with nonlocal terms can also be stabilized by the backstepping design.
We will consider m × n coupled hyperbolic PDEs with nonlocal terms
in the future work.
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