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a b s t r a c t

A majority of recently published results about control of systems with multi-input time-delay ask for a
perfect knowledge of the system itself. To overcome this disadvantage, this paper investigates adaptive
control methodology of multi-input linear time-invariant (LTI) systems under a coexistence of classic
types of uncertainties, such as unknown and distinct multi-actuator delays, unknown parameters and
unmeasurable state in the ordinary differential equation (ODE) part. Making use of the idea of a transport
partial differential equation (PDE) representation of the delayed input, a unity-rescaled backstepping
transformation and predictor-based PDE full-state feedback is developed to achieve global stabilization
for uncertain LTI systems with multi-input time-delay.

© 2018 Elsevier Ltd. All rights reserved.

1. Introduction

(A) Literature review: Many plants in practice involve actuator
delays which, as is well-known, have adverse impact on stability
and transient performance under feedback. The stabilization of
time-delay systems is not an easy task, especially when the system
information is incomplete. Early work on adaptive control of un-
certain time-delay systems focused on the uncertainty of parame-
ters (Evesque, Annaswamy, Niculescu, & Dowling, 2003; Niculescu
& Annaswamy, 2003; Ortega & Lozano, 1988) and unmodeled
dynamics (Zhou, Wen, & Wang, 2009), neither identification nor
compensation for the delay is considered by the control design.

By a novel concept of regarding the input delay as a first-order
hyperbolic PDE, prediction-based boundary controls employing
backstepping transformations were developed in Krstic (2009)
and Krstic and Smyshlyaev (2008). It is important to note that
the method addressing input delay by PDE is different from the
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existing stabilization algorithms of time-delay systems, such as the
original and modified Smith predictors (Smith, 1959), the finite
spectrum assignment (Kwon & Pearson, 1980; Manitius & Olbrot,
1979), the Artstein’s reduction approach (Artstein, 1982) and the
Lyapunov–Krasovskii-based theory. One merit of the PDE back-
stepping design lies on that it provides a simple construction of
an infinite-dimensional transformation of the actuator state,which
yields a cascade system of transformed stable actuator dynamics
and stabilized plant dynamics. Another bonus is that, by a simple
construction of an explicit Lyapunov–Krasovskii functional, the
PDE backstepping method permits an easy stability analysis of the
complete closed-loop system consisting of the cascade PDE-ODE
plant and the infinite-dimensional feedback law. The relationship,
difference and comparison between the PDE method and those
traditional methods were elaborately presented in Chapter 1.7, 2.1
and 2.3 of Krstic (2009), and Introduction of Zhou, Lin, and Duan
(2012). Making use of the PDE backstepping design, a theoretically
significant advance on adaptive control for the sake of compensa-
tion for the uncertain actuator delaywasmade in Bresch-Pietri and
Krstic (2009). Later on, concentrating on systemswith single-input
delay or equal multi-input delay, a collection of classic uncertain-
ties including unmeasurable ODE state, unmeasurable distributed
PDE state, unknownplant parameters and unknown actuator delay
were addressed by adaptive control approach (Bresch-Pietri, Chau-
vin, & Petit, 2012; Bresch-Pietri & Di Meglio, 2017; Bresch-Pietri &
Krstic, 2010, 2014; Zhu, Krstic, & Su, 2017; Zhu, Su, & Krstic, 2015).

On the other hand, some emerging research on time-delay sys-
tems focuses on the predictor feedback for systems with distinct
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Table 1
Uncertainty combinations of LTI systems with multi-input delays.

Multi-input delays Di Parameter vector θ ODE state X(t) PDE state ui(x, t) Stability

Bresch-Pietri and Di Meglio (2017), Tsubakino et al. (2016) and
Kharitonov (2017)

known known known known Global

Zhu, Krstic, and Su (2018) unknown known known unknown Local
Section 3 unknown known known known Global
Section 4 unknown known unknown known Global
Section 5 unknown unknown known known Global

multi-input delays, both in linear plants (Bresch-Pietri & DiMeglio,
2017; Kharitonov, 2017; Tsubakino, Krstic, & Oliveira, 2016; Zhou,
Li, & Lin, 2013; Zhou, Lin, & Duan, 2010) and nonlinear plants
(Bekiaris-Liberis & Krstic, 2017). The problem of distinct delays
greatly complicates the prediction design as it is necessary to com-
pute different future state values on time horizons. This explains
why the design of control schemes to compensate for distinct
input delays has only been proposed recently. The problem will
be more complex when delay values are unknown. Plants with
multi-actuator delays could find a wide range of applications in
practice, such as linear plants in drilling facilities (Bresch-Pietri
& Di Meglio, 2017; Zhou & Krstic, 2017) and nonlinear plants in
unicycle dynamics (Bekiaris-Liberis & Krstic, 2017), name a few.

(B) Contribution of this paper: Being consistent with Chapter
7.1 of Krstic (2009), a finite-dimensional time-invariant plant with
multi-actuator delays may come with four types of basic uncer-
tainties as follows:

• unknown and distinct multi-input delays Di,
• unknown parameter vector θ ,
• unmeasurable finite-dimensional plant state X(t),
• unmeasurable infinite-dimensional actuator state ui(x, t).

To clearly describe the paper organization and the contribution
relative to existing literature, different combinations of uncertain-
ties considered in references and later sections of the present paper
are summarized in Table 1.

To be elaborate, recent publications on control of systems with
distinct multi-input delays, both for plants that are linear (Bresch-
Pietri & Di Meglio, 2017; Kharitonov, 2017; Tsubakino et al., 2016;
Zhou et al., 2013, 2010) and nonlinear (Bekiaris-Liberis & Krstic,
2017), all require a perfect knowledge of the system itself. In other
words, their prediction-based compensation for time-delay takes
effect only on the basis that the delay value of every actuator
channel is known, as well as the information of plant state and
plant parameters are available. However, the fact is these prior
knowledge may be hard to obtain in practice. To overcome this
shortcoming, our preliminary work (Zhu et al., 2018) achieves a
local stabilization for multi-input LTI systems with uncertainties
on delay and actuator state, whereas in the present paper, by as-
suming actuator state ismeasurable, a stronger global stabilization
for multi-input LTI systems is established. Moreover, besides un-
certainties on distinct delays inmulti-actuator channels, this paper
further considers uncertainties on plant parameters and ODE state
in the finite-dimensional part. For systemswith uncertainty in this
paper, based on the certainty-equivalence principle, an adaptive
control scheme is developed by replacing known variables with
estimates of unknown variables. The PDE boundary control law is
designed to satisfy the boundary condition of the stable closed-
loop system, while the adaptive update law of the unavailable
signal is selected to cancel the estimation error term in Lyapunov-
based analysis. By assuming that the distributed input is measur-
able, which corresponds to a physical transport process of a big
family of practical plants in chemical and biological engineering
(Bresch-Pietri & Krstic, 2009, 2014; Krstic, 2009; Zhou & Krstic,
2017), global stabilization of ODE-PDE cascade independent upon
initial conditions is achieved.

(C) Organization: In Section 2, the LTI time-delay systems of
interest and the control objectives are presented. Moreover, some
potential uncertainties waiting for addressing are outlined. In Sec-
tion 3, the case of uncertainty of multi-input delay is considered.
While Sections 4 and 5 are devoted to uncertainty collections
of (multi-input delay, ODE state) and (multi-input delay, plant
parameter), respectively. In Section 6, a numerical simulation is
provided to verify the effectiveness of the proposed control design.
Finally, Section 7 concludes the paper.

Before ending the introduction section, the following notation
is given and it holds throughout the whole paper.
Notation

For a function κ(x, t), κ : [0, 1] × R+
→ R, ∥κ(x, t)∥ =

(
∫ 1
0 κ(x, t)2dx)1/2.

2. Problem statement and outline of uncertainty

Consider a general class of linear time-invariant (LTI) systems
with distinct multi-input time-delay as follows,

Ẋ(t) = A(θ )X(t) +

m∑
i=1

bi(θ )Ui(t − Di) (1)

Y (t) = CX(t) (2)

where X(t) ∈ Rn is the state vector of ordinary differential
equation (ODE), Ui(t) ∈ R is the ith scalar control input with
a constant delay Di ∈ R+ for i = 1, 2, . . . ,m. Without loss of
generality, the length sequence satisfies 0 < D1 ≤ D2 ≤ · · · ≤

Dm. Y (t) ∈ Rq is the output vector. A(θ ) ∈ Rn×n, bi(θ ) ∈ Rn,
and C ∈ Rq×n are the system matrix, the input matrix and the
output matrix, respectively. θ ∈ Rp is a constant parameter vector
including plant parameters and control coefficients, and can be
linearly parameterized such that,

A(θ ) = A0 +

p∑
h=1

θhAh, bi(θ ) = bi0 +

p∑
h=1

θhbih (3)

Our objective is to develop a control scheme to stabilize the
potentially unstable LTI systems (1). To achieve the stabilization
target, the following assumption about (1) is supposed to hold
throughout the whole paper,

Assumption 1. The pair
(
A(θ ), B(θ )

)
is fully controllable with

matrix B(θ ) =
(
b1(θ ), b2(θ ), . . . , bm(θ )

)
∈ Rn×m. In other words,

there exists a matrix K (θ ) =
(
kT1(θ ), k

T
2(θ ), . . . , k

T
m(θ )

)T
∈ Rm×n in

which ki(θ ) ∈ R1×n for i = 1, 2, . . . ,m, such thatA(θ )+B(θ )K (θ ) =

A(θ ) +
∑m

i=1bi(θ )ki(θ ) is Hurwitz, namely,

(A + BK )T (θ )P(θ ) + P(θ )(A + BK )(θ ) = −Q (θ ) (4)

with P(θ ) = P(θ )T > 0 and Q (θ ) = Q (θ )T > 0.

The linear parameterization (3) and Assumption 1 are not re-
strictive, as illustrated by the following example in the general
strict-feedback form.
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Example 1. Consider a potentially unstable linear time-delay
system with two-input as follows,

Ẋ1(t) = θX1(t) + X2(t) (5)

Ẋ2(t) = U1(t − D1) + U2(t − D2) (6)

Y (t) = X1(t) (7)

Contrasting (5)–(7) with (1)–(2), it is obvious that (3) has the
concrete form below

A(θ ) = A0 + θA1 =

[
0 1
0 0

]
+ θ

[
1 0
0 0

]
=

[
θ 1
0 0

]
(8)

b1(θ ) = b10 =

[
0
1

]
, b2(θ ) = b20 =

[
0
1

]
(9)

If gain matrices k1(θ ) and k2(θ ) are designed as

k1(θ ) = [−1 − (θ + 1)2, 0], k2(θ ) = [0, −θ − 2] (10)

then it is not hard to calculate that there exist positive definite and
symmetric matrices P(θ ) and Q (θ ) having the forms

P(θ ) =
1
2
Q (θ ) =

[
1 + (1 + θ )2 1 + θ

1 + θ 1

]
(11)

to let (4) hold.

Recent publication (Tsubakino et al., 2016) provides an exact
predictor feedback law to stabilize certain LTI systems (1), in
which multi-input delay Di and parameter vector θ are completely
known, as well as the ODE state X(t) being fully measured. For
i = 1, 2, . . . ,m, the idea of exact predictor-feedback in Tsubakino
et al. (2016) is to realize,

Ui(t − Di) = ki(θ )X(t), equivalently,Ui(t) = ki(θ )X(t + Di) (12)

where ki(θ ) in Assumption 1 renders (A + BK )(θ ) Hurwitz.
To address the delayed input, a transport partial differential

equation (PDE) in Tsubakino et al. (2016) is introduced as

ui(σ , t) = Ui(t + σ − Di), σ ∈ [0,Di] (13)

To develop a certainty-equivalence and Lyapunov-based adap-
tive control for uncertain systems, we first need to unity-rescale
the transport PDE (13) on the spatial interval σ ∈ [0,Di] into a
rescaled PDE on the interval [0, 1]. As a result, by the equivalent
change of variable σ = Dix, the transport PDE (13) representing
the input with delay is turned into the following form,

ui(x, t) = Ui(t + Di(x − 1)), x ∈ [0, 1] (14)

As a consequence, the initial system (1) is converted to the follow-
ing unity-rescaled ODE-PDE cascade,

Ẋ(t) = A(θ )X(t) +

m∑
i=1

bi(θ )ui(0, t) (15)

Di∂tui(x, t) = ∂xui(x, t), x ∈ [0, 1] (16)

ui(1, t) = Ui(t), i ∈ {1, 2, . . . ,m} (17)

Based on the state–space model (15)–(17), four sorts of uncer-
tainties that need to be addressed in adaptive controlmethodology
has been outlined in Section 1 B of Introduction. Adaptive control
problems for single-input delay m = 1 or identical multi-input
delay D1 = D2 = · · · = Dm have been extensively studied by
Bresch-Pietri and Di Meglio (2017), Bresch-Pietri and Krstic (2009,
2010, 2014), Bresch-Pietri et al. (2012), Zhu et al. (2017) and Zhu et
al. (2015). However, adaptive control for distinctmulti-input delay
are still open and non-trivial problems. As shown in Table 1, in

later Chapters 3–5, we deal with adaptive global stabilization for
delay uncertainty (Di), and a couple of uncertainty combinations
(Di, X(t)) and (Di, θ ), respectively.

3. Global stabilization under unknown delay by PDE full-state
feedback

Starting with this section, we deal with adaptive global stabi-
lization for a variety of uncertainties aforementioned like Di, θ and
X(t). Furthermore, throughout the whole paper, we assume that
the actuator state ui(x, t) of (14) driven by PDE dynamics (16)–(17)
is measurable. Firstly, as shown in Table 1, we focus on the delay
uncertainty in this section.

As A(θ ) and bi(θ ) of (1) and (15) are assumed to be known in this
section, for sake of brevity, we denote

A = A(θ ), bi = bi(θ ) (18)

Thus (15)–(17) is rewritten as

Ẋ(t) = AX(t) +

m∑
i=1

biui(0, t) (19)

Di∂tui(x, t) = ∂xui(x, t), x ∈ [0, 1] (20)

ui(1, t) = Ui(t), i ∈ {1, 2, . . . ,m} (21)

Remark 1. Some readers may wonder whether the assumption
that the actuator state is measurable but the delay is unknown
is reasonable. They may argue that if the infinite dimensional
variable ui(x, t) can be measured, then the delay can be derived
from (20) as Di =

∂xui(x,t)
∂tui(x,t)

, thus the assumption that distributed

input ui(x, t) is measurable while the delay Di is unknown may
be a problem which does not make sense. This seems true mathe-
matically. However, in practice,measurements are noisy and finite,
i.e., spatially and temporally point-wise. As the previous calculus
involves time- and space-derivatives of the measurement of the
PDE state, this methodology should not give an accurate delay
estimate. Thus adaptive control by PDE full state feedback under
unknown delay can still be of importance. Furthermore, some
plants in practice do fit in this kind of structure which possesses
certain set-up to measure the distributed input despite the delay
is unknown. They correspond to a big family of process control
plants in chemical and biological engineering where delay arises
from a physical transport process, rather than computational or
communication-based delay, and in which the distributed input
is measured but not the speed of propagation. In fact, this case
of unknown delay but measurable actuator state for single-input
or identical multi-input systems has been considered in Zhou and
Krstic (2017), Chapter 7 and 9 of Krstic (2009) and also Bresch-
Pietri and Krstic (2009), while their relationship has been dis-
cussed fully in a recent publication (Bresch-Pietri & Krstic, 2014),
please see the fifth paragraph of its introduction section (Bresch-
Pietri & Krstic, 2014) and the realistic examples in Section 3
of Bresch-Pietri and Krstic (2014) and Section 5 of Zhou and Krstic
(2017).

To achieve stabilization under unknown delay, another as-
sumption is offered.

Assumption 2. Distinct and unknown multi-input delays satisfy

0 < D1 ≤ D1 ≤ D1,2 ≤ D2 ≤ D2,3 ≤ D3 ≤ D3,4 ≤ · · ·

≤ Di−1,i ≤ Di ≤ Di,i+1 ≤ · · · ≤ Dm−1,m ≤ Dm ≤ Dm (22)

where Di−1,i > 0, Di,i+1 > 0 for i = 1, 2, . . . ,m, with D0,1 = D1,
Dm,m+1 = Dm are known constants, representing lower and upper
bounds of Di, respectively.
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As in Bresch-Pietri and Krstic (2009, 2010) and Bresch-Pietri
et al. (2012), Assumption 2 is unrestrictive and allows a large
uncertainty within the time interval [Di−1,i,Di,i+1].

The estimate D̂i(t) with estimation error D̃i(t) = Di − D̂i(t) is
brought in for unknown Di. Referring to (15) and (17) in Tsub-
akino et al. (2016), by using (14) and certainty-equivalence princi-
ple, the invertible backstepping transformation

(
X(t), ui(x, t)

)
↔(

X(t), wi(x, t)
)
in the delay-adaptive unity-rescaled scheme is pre-

sented as follows,

wi(x, t) = ui(x, t) − kiΦ(D̂ix, D̂v
l , 0)X(t)

−

m∑
j=1

D̂j

∫ φj(D̂ix,D̂j)

0
kiΦ(D̂ix, D̂v

l , D̂jy)bjuj(y, t)dy (23)

ui(x, t) = wi(x, t) + kieAmD̂ixX(t)

+

m∑
j=1

D̂j

∫ φj(D̂ix,D̂j)

0
kieAm(D̂ix−D̂jy)bjwj(y, t)dy (24)

where for j ∈ {1, 2, . . . ,m},

φj(D̂ix, D̂j) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
D̂i

D̂j
x, x ∈

[
0,

D̂j

D̂i

]

1, x ∈

[
D̂j

D̂i
,
D̂m

D̂i

] (25)

and D̂v
l = (D̂v−1, D̂v−2, . . . , D̂l+1, D̂l), for

D̂v−1
D̂j

≤ y ≤
D̂i
D̂j
x ≤

D̂v

D̂j
,

i, j ∈ {1, 2, . . . ,m}, v ∈ {1, 2, . . . , i},

Φ(D̂ix, D̂v
l , D̂jy) = eAv−1(D̂ix−D̂jy), (26)

for D̂v−1
D̂i

≤ x ≤
D̂v

D̂i
, D̂l−1

D̂j
≤ y ≤

D̂l
D̂j
, i, j ∈ {1, 2, . . . ,m}, v, l ∈

{1, 2, . . . , i}, l < v,

Φ(D̂ix, D̂v
l , D̂jy) = eAv−1(D̂ix−D̂v−1)eAv−2(D̂v−1−D̂v−2)

· · · eAl(D̂l+1−D̂l)eAl−1(D̂l−D̂jy) (27)

and specifically for (27), if l = v − 1,

Φ(D̂ix, D̂v
l , D̂jy) = eAv−1(D̂ix−D̂v−1)eAv−2(D̂v−1−D̂jy) (28)

with

D̂0 = 0,

⎧⎪⎪⎨⎪⎪⎩
A0 = A,

Ai = Ai−1 + biki, i ∈ {1, 2, . . . ,m}

Am = A + BK = A +

m∑
i=1

biki
(29)

Subsequently, for i = 1, 2, . . . ,m, by substituting x = 1
into (23) to meet boundary condition wi(1, t) = 0 of closed-loop
systems, the prediction-based PDE boundary control in the delay-
adaptive feedback scheme has the expression such that

Ui(t) = ui(1, t) = kiΦ(D̂i, D̂v
l , 0)X(t)

+

m∑
j=1

D̂j

∫ φj(D̂i,D̂j)

0
kiΦ(D̂i, D̂v

l , D̂jy)bjuj(y, t)dy (30)

After a lengthy and sophisticated calculation, the ODE-PDE cas-
cade (19)–(21) could be converted into the following closed-loop
system,

Ẋ(t) = (A + BK )X(t) +

m∑
i=1

biwi(0, t) (31)

Di∂twi(x, t) = ∂xwi(x, t) −

m∑
h=1

Di

Dh
D̃hpih(x, t) − Diqi(x, t,

˙̂D),

x ∈ [0, 1] (32)

wi(1, t) = 0, i ∈ {1, 2, . . . ,m} (33)

where pih(x, t) and qi(x, t,
˙̂D) are shown as (A.1) and (B.1) in Ta-

bles A.1–B.1 of Appendix A, respectively.
Dependent upon (32), as shown later in the proof of Theorem 1,

the delay-adaptive update law is designed to cancel the terms
containing estimation error D̃i in the Lyapunov-based stability
analysis. It has the form as follows, for i = {1, 2, . . . ,m},
˙̂Di(t) = γDProj[Di−1,i,Di,i+1]

τDi (t), D̂i(0) ∈ [Di−1,i,Di,i+1], (34)

τDi (t) = −

∑m
h=1

∫ 1
0 (1 + x)wh(x, t)phi(x, t)dx

1 + X(t)TPX(t) + g
∑m

i=1

∫ 1
0 (1 + x)wi(x, t)2dx

(35)

where γD > 0 and g > 0 are design coefficients, P is a symmetric
and positive matrix defined in Assumption 1, Proj

[Di−1,i,Di,i+1]
(·) is a

standard projection operator defined on the interval [Di−1,i,Di,i+1].
Then the results in Section 3 are summarized as amain theorem

below and followed by its proof subsequently.

Theorem 1. Under Assumptions 1–2 and that PDE state ui(x, t) in
(20)–(21) is measurable, consider the closed-loop system consisting
of the ODE-PDE cascade (19)–(21), the backstepping transformation
(23)–(24), the PDE boundary control (30) and the delay-adaptive
update law (34)–(35). All the signals of the closed-loop system are
globally bounded and regulation is achieved, i.e., limt→∞X(t) = 0.

Proof. We build a Lyapunov candidate encompassing all states of
the closed-loop system (31)–(33),

V (t) =
(
Π

m
h=1Dh

)
log V0(t) +

g
γD

m∑
i=1

((
Π

m
h=1
h̸=i

Dh

)
D̃i(t)2

)
(36)

where V0(t) is the denominator of (35) such that

V0(t) = 1 + X(t)TPX(t) + g
m∑
i=1

∫ 1

0
(1 + x)wi(x, t)2dx (37)

Bearing the boundary condition (33) in mind, take the time-
derivative of V (t) along the dynamics of the target closed-loop
systems (31)–(33), we have

V̇ (t) =

(
Π

m
h=1Dh

)
V0(t)

[
−X(t)TQX(t) + 2

m∑
i=1

X(t)TPbiwi(0, t)

− g
m∑
i=1

1
Di

(
wi(0, t)2 + ∥wi(x, t)∥2)

− 2g
m∑
i=1

(∫ 1

0
(1 + x)wi(x, t)qi(x, t,

˙̂D)dx

)]

−
2g
γD

m∑
i=1

((
Π

m
h=1
h̸=i

Dh

)
D̃i

(
˙̂Di − γDτDi (t)

))
(38)

According to (23)–(24), applying Young’s and Cauchy–Schwarz in-
equalities, for i ∈ {1, 2, . . . ,m}, we have the following inequality:

∥ui(x, t)∥2
≤ N0

(
|X(t)|2 +

m∑
i=1

∥wi(x, t)∥2

)
(39)

where N0 > 0 is a constant independent of initial conditions. Re-
calling (34)–(35), (B.1) and (39), according to Young’s and Cauchy–
Schwarz inequalities, as well as inequalities 0 ≤

|x|
1+x2

≤ 1 and
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0 ≤
x2

1+x2
≤ 1, the following inequality holds,

− 2g
m∑
i=1

∫ 1

0
(1 + x)wi(x, t)qi(x, t,

˙̂D)dx

≤ gγDN1

(
|X(t)|2 +

m∑
i=1

(
∥wi(x, t)∥2

+ ∥wi(0, t)∥2)) (40)

where N1 > 0 is a constant independent of initial conditions.
Consequently, if we carefully design the coefficients g and γD as

well as the matrices P and Q , it is not hard to make (38) become

V̇ (t) ≤ −
Π

m
h=1Dh

V0(t)
N2

[
|X(t)|2 +

m∑
i=1

(
∥wi(x, t)∥2

+ wi(0, t)2
)]

(41)

where N2 is a positive constant. As a result, based on the non-
positivity of the time-derivative V̇ (t), following a similar procedure
as in Krstic (2009), the boundedness of states X(t), ui(x, t), Ui(t),
wi(x, t), D̂i(t), D̃i(t) for i ∈ {1, 2, . . . ,m} is guaranteed. Further-
more, by applying Barbalat’s lemma, the stabilization, i.e., the
convergence limt→∞X(t) = 0 is also established. This completes
the proof of Theorem 1.

4. Global stabilization under unknown delay and unmeasured
ODE state by PDE full-state feedback

In this section, as shown in Table 1, we consider a more compli-
cated case of uncertainty combination (Di, X(t)).

Since θ is known, bearing (18) and (14) inmind, the system (1)–
(2) is transformed into a ODE-PDE cascade such that

Ẋ(t) = AX(t) +

m∑
i=1

biui(0, t) (42)

Y (t) = CX(t) (43)

Di∂tui(x, t) = ∂xui(x, t), x ∈ [0, 1] (44)

ui(1, t) = Ui(t), i ∈ {1, 2, . . . ,m} (45)

To deal with unmeasurable ODE state X(t), an additional as-
sumption is required as follows.

Assumption 3. The pair (A, C) is detectable, in other words, there
exists a matrix L ∈ Rn×q to make A − LC Hurwitz such that

(A − LC)TPL + PL(A − LC) = −QL (46)

with PT
L = PL > 0 and Q T

L = QL > 0.

Under Assumption 3, the ODE observer is selected as,

˙̂X(t) = AX̂(t) +

m∑
i=1

biui(0, t) + L(Y (t) − CX̂(t)) (47)

where X̂(t) is an estimate of unmeasurable X(t), while observer
error X̃(t) = X(t) − X̂(t) is governed by

˙̃X(t) = (A − LC)X̃(t) (48)

By taking place of X(t) with X̂(t) in (23)–(24), (30), the ODE-
observer-based backstepping transformation and the boundary
control law are designed as follows,

wi(x, t) = ui(x, t) − kiΦ(D̂ix, D̂v
l , 0)X̂(t)

−

m∑
j=1

D̂j

∫ φj(D̂ix,D̂j)

0
kiΦ(D̂ix, D̂v

l , D̂jy)bjuj(y, t)dy (49)

ui(x, t) = wi(x, t) + kieAmD̂ixX̂(t)

+

m∑
j=1

D̂j

∫ φj(D̂ix,D̂j)

0
kieAm(D̂ix−D̂jy)bjwj(y, t)dy (50)

where φj(D̂ix, D̂j) and Φ(D̂ix, D̂v
l , D̂jy) are exactly identical with

(25)–(28), and

Ui(t) = ui(1, t) = kiΦ(D̂i, D̂v
l , 0)X̂(t)

+

m∑
j=1

D̂j

∫ φj(D̂i,D̂j)

0
kiΦ(D̂i, D̂v

l , D̂jy)bjuj(y, t)dy (51)

is chosen to meet boundary condition wi(1, t) = 0.
Employing (47), (49)–(51), the system (42)–(45) is transformed

into the closed-loop system such that

˙̂X(t) = (A + BK )X̂(t) +

m∑
i=1

biwi(0, t) + LCX̃(t) (52)

˙̃X(t) = (A − LC)X̃(t) (53)

Di∂twi(x, t) = ∂xwi(x, t) −

m∑
h=1

Di

Dh
D̃hp̄ih(x, t)

−Diq̄i(x, t,
˙̂D) − DikiΦ(D̂ix, D̂v

l , 0)LCX̃(t)
x ∈ [0, 1] (54)

wi(1, t) = 0, i ∈ {1, 2, . . . ,m} (55)

where p̄ih(x, t) and q̄i(x, t,
˙̂D) are shown as (A.2) and (B.2) in Ta-

bles A.1–B.1 of Appendix, respectively.
Based on (54), the following delay-adaptive update law is se-

lected to cancel the delay estimation error term D̃i in the Lyapunov-
based analysis,
˙̂Di(t) = γDProj[Di−1,i,Di,i+1]

τDi (t), D̂i(0) ∈ [Di−1,i,Di,i+1], (56)

τDi (t) = −

∑m
h=1

∫ 1
0 (1 + x)wh(x, t)p̄hi(x, t)dx

1 + X̂(t)TPX̂(t) + g
∑m

i=1

∫ 1
0 (1 + x)wi(x, t)2dx

(57)

Then the results in Section 4 are summarized as amain theorem
below.

Theorem 2. Under Assumptions 1–3 and that PDE state ui(x, t) of
(44)–(45) is measurable, consider the closed-loop system consisting
of the ODE-PDE cascade (42)–(45), the ODE state observer (47), the
invertible backstepping transformation (49)–(50), the PDE boundary
control (51) and the delay-adaptive update law (56)–(57). All the
signals of the closed-loop system are globally bounded and regulation
is achieved, i.e., limt→∞X(t) = 0.

Proof. We build a Lyapunov candidate encompassing all states of
the closed-loop system (52)–(55),

V (t) =
(
Π

m
h=1Dh

)
log V0(t) +

g
γD

m∑
i=1

((
Π

m
h=1
h̸=i

Dh

)
D̃i(t)2

)
+
(
Π

m
h=1Dh

)
X̃(t)TPLX̃(t) (58)

where V0(t) is the denominator of (57) such that

V0(t) = 1 + X̂(t)TPX̂(t) + g
m∑
i=1

∫ 1

0
(1 + x)wi(x, t)2dx (59)

Taking time-derivative of V (t) along (52)–(55), following a similar
procedure of proof of Theorem 1, it is not hard to show the non-
increasing property of V (t) and consequently proof of Theorem 2
could be obtained. Due to space limitation, we do not go into
details.
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5. Global stabilization under unknown delay and unknown pa-
rameter by PDE full-state feedback

In this section, as shown in Table 1, we further consider another
case of uncertainty combination (Di, θ ), which is more challenging
than previous cases in Sections 3–4.

To deal with unknown parameter vector θ , besides Assump-
tions 1–2, an additional assumption is made below.

Assumption 4. The unknown parameter vector satisfies

Θ = {θ ∈ Rp
|P(θ ) ≤ 0} (60)

where P(·) : Rp
→ R is a known, convex and smooth function, Θ

is a convex set with a smooth boundary ∂Θ .

As in Bresch-Pietri and Krstic (2009) and Bresch-Pietri et al.
(2012), Assumption 4 is unrestrictive and allows a large uncer-
taintywithin the setΘ . Since θ is unknown in this section,we focus
on the ODE-PDE cascade (15)–(17).

By certainty-equivalence principle, use the parameter estimate
θ̂ (t) to replace the unknown θ with the estimation error θ̃ (t) =

θ − θ̂ (t). Recalling (3), we have

A(θ̂ ) = A0 +

p∑
h=1

θ̂hAh, bi(θ̂ ) = bi0 +

p∑
h=1

θ̂hbih (61)

A(θ̃ ) =

p∑
h=1

θ̃hAh, bi(θ̃ ) =

p∑
h=1

θ̃hbih (62)

The backstepping transformation have the forms below,

wi(x, t) = ui(x, t) − ki(θ̂ )Φ(D̂ix, D̂v
l , 0, θ̂ )X(t)

−

m∑
j=1

D̂j

∫ φj(D̂ix,D̂j)

0
ki(θ̂ )Φ(D̂ix, D̂v

l , D̂jy, θ̂ )bj(θ̂ )uj(y, t)dy (63)

ui(x, t) = wi(x, t) + ki(θ̂ )eAm(θ̂ )D̂ixX(t)

+

m∑
j=1

D̂j

∫ φj(D̂ix,D̂j)

0
ki(θ̂ )eAm(θ̂ )(D̂ix−D̂jy)bj(θ̂ )wj(y, t)dy (64)

where for j ∈ {1, 2, . . . ,m}, φj(D̂ix, D̂j) is exactly identical with
(25), while D̂v

l = (D̂v−1, D̂v−2, . . . , D̂l+1, D̂l), for
D̂v−1
D̂j

≤ y ≤
D̂i
D̂j
x ≤

D̂v

D̂j
, i, j ∈ {1, 2, . . . ,m}, v ∈ {1, 2, . . . , i},

Φ(D̂ix, D̂v
l , D̂jy, θ̂ ) = eAv−1(θ̂ )(D̂ix−D̂jy), (65)

for D̂v−1
D̂i

≤ x ≤
D̂v

D̂i
, D̂l−1

D̂j
≤ y ≤

D̂l
D̂j
, i, j ∈ {1, 2, . . . ,m}, v, l ∈

{1, 2, . . . , i}, l < v,

Φ(D̂ix, D̂v
l , D̂jy, θ̂ ) = eAv−1(θ̂ )(D̂ix−D̂v−1)eAv−2(θ̂ )(D̂v−1−D̂v−2)

· · · eAl(θ̂ )(D̂l+1−D̂l)eAl−1(θ̂ )(D̂l−D̂jy) (66)

and specifically for (66), if l = v − 1,

Φ(D̂ix, D̂v
l , D̂jy, θ̂ ) = eAv−1(θ̂ )(D̂ix−D̂v−1)eAv−2(θ̂ )(D̂v−1−D̂jy) (67)

with

D̂0 = 0,

⎧⎪⎪⎪⎨⎪⎪⎪⎩
A0(θ̂ ) = A(θ̂ ),
Ai(θ̂ ) = Ai−1(θ̂ ) + bi(θ̂ )ki(θ̂ ), i ∈ {1, 2, . . . ,m}

Am(θ̂ ) = (A + BK )(θ̂ ) = A(θ̂ ) +

m∑
i=1

bi(θ̂ )ki(θ̂ )
(68)

Subsequently, for i = 1, 2, . . . ,m, by substituting x = 1 into (63)
to meet boundary condition wi(1, t) = 0, the prediction-based

PDE boundary control in the delay-parameter-adaptive feedback
scheme has the expression such that

Ui(t) = ui(1, t) = ki(θ̂ )Φ(D̂i, D̂v
l , 0, θ̂ )X(t)

+

m∑
j=1

D̂j

∫ φj(D̂i,D̂j)

0
ki(θ̂ )Φ(D̂i, D̂v

l , D̂jy, θ̂ )bj(θ̂ )uj(y, t)dy (69)

Then the ODE-PDE cascade (15)–(17) could be converted into the
following closed-loop system,

Ẋ(t) = (A + BK )(θ̂ )X(t) +

m∑
i=1

bi(θ̂ )wi(0, t)

+

p∑
h=1

θ̃h

(
AhX(t) +

m∑
i=1

bihui(0, t)

)
(70)

Di∂twi(x, t) = ∂xwi(x, t) −

m∑
h=1

Di

Dh
D̃h ¯̄pih(x, t)

−Di ¯̄qi(x, t,
˙̂D) − Di

p∑
h=1

θ̃hrih(x, t)

−Di

p∑
h=1

˙̂
θhsih(x, t), x ∈ [0, 1] (71)

wi(1, t) = 0, i ∈ {1, 2, . . . ,m} (72)

where ¯̄pih(x, t), ¯̄qi(x, t,
˙̂D), rih(x, t), sih(x, t) are shown as (A.3), (B.3),

(B.5) and (B.6) of Tables A.1–B.1 in Appendix, respectively.
Based on (70) and (71), the delay-parameter-adaptive update

laws are selected to cancel the delay and parameter estimation
error terms D̃i and θ̃i in the Lyapunov-based analysis, as follows,

i = 1, 2, . . . ,m,

˙̂Di(t) = γDProj[Di−1,i,Di,i+1]
τDi (t), D̂i(0) ∈ [Di−1,i,Di,i+1], (73)

τDi (t) = −

∑m
h=1

∫ 1
0 (1 + x)wh(x, t) ¯̄phi(x, t)dx

1 + X(t)TP(θ̂ )X(t) + g
∑m

i=1

∫ 1
0 (1 + x)wi(x, t)2dx

(74)

i = 1, 2, . . . , p,
˙̂
θ i(t) = γθProjΘτθi (t), θ̂i(0) ∈ Θ, γθ > 0 (75)

τθi (t) =
2X(t)TP(θ̂ )

(
AiX(t) +

∑m
h=1 bhiuh(0, t)

)
/g

1 + X(t)TP(θ̂ )X(t) + g
∑m

i=1

∫ 1
0 (1 + x)wi(x, t)2dx

−
∑m

h=1

∫ 1
0 (1 + x)wh(x, t)rhi(x, t)dx

1 + X(t)TP(θ̂ )X(t) + g
∑m

i=1

∫ 1
0 (1 + x)wi(x, t)2dx

(76)

Then the results in Section 5 are summarized as amain theorem
below.

Theorem 3. Under Assumptions 1–2, 4 and that PDE state ui(x, t) in
(16)–(17) is measurable, consider the closed-loop system consisting
of the ODE-PDE cascade (15)–(17), the invertible backstepping trans-
formation (63)–(64), the PDE boundary control (69) and the delay-
parameter-adaptive update laws (73)–(76). All the signals of the
closed-loop system are globally bounded and regulation is achieved,
i.e., limt→∞X(t) = 0.

Proof. We build a Lyapunov candidate encompassing all states of
the closed-loop system (70)–(72),

V (t) =
(
Π

m
h=1Dh

)
log V0(t) +

g
γD

m∑
i=1

((
Π

m
h=1
h̸=i

Dh

)
D̃i(t)2

)
+

g
γθ

(
Π

m
h=1Dh

)
θ̃ (t)T θ̃ (t) (77)
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where V0(t) is the denominator of (74) and (76) such that

V0(t) = 1 + X(t)TP(θ̂ )X(t) + g
m∑
i=1

∫ 1

0
(1 + x)wi(x, t)2dx (78)

Taking time-derivative of V (t) along (70)–(72), following a similar
procedure of proof of Theorem 1, it is not hard to show the non-
increasing property of V (t) and consequently proof of Theorem 3
could be obtained. Due to space limitation, we do not go into
details.

6. Numerical simulation

In this section, we use (5)–(6) of Example 1 in Section 2 to verify
the effectiveness of the proposed algorithm. The parameter θ =

0.8, the input delays D1 = 0.5 and D2 = 1 are unknown. Obviously
the ODE system has a positive eigenvalue thus it is unstable. The
control laws are to achieve (12) and the stabilization gains have
the same structure as (10). The estimates θ̂ (t), D̂1(t) and D̂2(t) are
brought in for unknown constants θ , D1 and D2. Following (14) in
Section 2 and (63) in Section 5, the backstepping transformations
for the uncertain LTI with two-input delays have the structures as
follows.

• i = 1, x ∈ [0, 1]

w1(x, t) = u1(x, t) − k1(θ̂ )eA(θ̂ )D̂1xX(t)

− D̂1

∫ x

0
k1(θ̂ )eA(θ̂ )(D̂1x−D̂1y)b1(θ̂ )u1(y, t)dy

− D̂2

∫ D̂1
D̂2

x

0
k1(θ̂ )eA(θ̂ )(D̂1x−D̂2y)b2(θ̂ )u2(y, t)dy (79)

• i = 2, x ∈

[
0,

D̂1

D̂2

]
w2(x, t) = u2(x, t) − k2(θ̂ )eA(θ̂ )D̂2xX(t)

− D̂1

∫ D̂2
D̂1

x

0
k2(θ̂ )eA(θ̂ )(D̂2x−D̂1y)b1(θ̂ )u1(y, t)dy

− D̂2

∫ x

0
k2(θ̂ )eA(θ̂ )(D̂2x−D̂2y)b2(θ̂ )u2(y, t)dy (80)

• i = 2, x ∈

[
D̂1

D̂2
, 1

]
w2(x, t) = u2(x, t) − k2(θ̂ )eA1(θ̂ )(D̂2x−D̂1)eA(θ̂ )D̂1X(t)

− D̂1

∫ 1

0
k2(θ̂ )eA1(θ̂ )(D̂2x−D̂1)eA(θ̂ )(D̂1−D̂1y)b1(θ̂ )u1(y, t)dy

− D̂2

∫ D̂1
D̂2

0
k2(θ̂ )eA1(θ̂ )(D̂2x−D̂1)eA(θ̂ )(D̂1−D̂2y)b2(θ̂ )u2(y, t)dy

− D̂2

∫ x

D̂1
D̂2

k2(θ̂ )eA1(θ̂ )(D̂2x−D̂2y)b2(θ̂ )u2(y, t)dy (81)

where A1(θ̂ ) = A(θ̂ ) + b1(θ̂ )k1(θ̂ ).
Since the transformed state wi(x, t) are well defined above,

following (69) and (73)–(76), the control law and the update law
are readily derived. The simulation results are shown in Figs. 1–2.
The state stabilization and estimate convergence are achieved.

7. Conclusion

In this paper, we propose a few of adaptive predictor-feedback
controllers for multi-input LTI time-delay systems in spite of a

Fig. 1. State and input.

Fig. 2. Delay and parameter estimate.

collection of classic uncertainties, such as unknown and distinct
multi-input delays, unknown plant parameters and unmeasur-
able ODE state. By utilizing PDE full-state feedback and a unity-
rescaled backstepping transformation, the Lyapunov-based con-
trol schemes are capable of compensating for negative effects of
a variety of uncertainties to achieve the global stabilization of LTI
systems with multi-control channels.
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Table A.1
.

pih(x, t) = kiPΦ(D̂ix,D̂v
l ,0)X(t) + kiΦ(D̂ix, D̂v

l , 0)bhuh(0, t) +

m∑
j=1

D̂j

∫ φj(D̂ix,D̂j)

0
kiPΦ(D̂ix,D̂v

l ,D̂jy)
bjuj(y, t)dy

+

m∑
j=1

ρjkibjuj(φj(D̂ix, D̂j), t) (A.1)

p̄ih(x, t) = kiPΦ(D̂ix,D̂v
l ,0)X̂(t) + kiΦ(D̂ix, D̂v

l , 0)bhuh(0, t) +

m∑
j=1

D̂j

∫ φj(D̂ix,D̂j)

0
kiPΦ(D̂ix,D̂v

l ,D̂jy)
bjuj(y, t)dy

+

m∑
j=1

ρjkibjuj(φj(D̂ix, D̂j), t) (A.2)

¯̄pih(x, t) = ki(θ̂ )PΦ(D̂ix,D̂v
l ,0,θ̂ )X(t) + ki(θ̂ )Φ(D̂ix, D̂v

l , 0, θ̂ )bh(θ̂ )uh(0, t) +

m∑
j=1

D̂j

∫ φj(D̂ix,D̂j)

0
ki(θ̂ )PΦ(D̂ix,D̂v

l ,D̂jy,θ̂ )
bj(θ̂ )uj(y, t)dy

+

m∑
j=1

ρjki(θ̂ )bj(θ̂ )uj(φj(D̂ix, D̂j), t) (A.3)

where

ρj =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

1, if h = i, φj(D̂ix, D̂j) =
D̂i

D̂j
x, i ̸= j

0, if h ̸= i, j, or φj(D̂ix, D̂j) =
D̂i

D̂j
x, i = j, or φj(D̂ix, D̂j) = 1

−1, if h = j, φj(D̂ix, D̂j) =
D̂i

D̂j
x, i ̸= j

(A.4)

P
Φ(D̂ix,D̂v

l ,0) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
∂Φ(D̂ix, D̂v

l , 0)

∂(D̂ix)
, h = i

∂Φ(D̂ix, D̂v
l , 0)

∂D̂h
, h ̸= i,

P
Φ(D̂ix,D̂v

l ,0,θ̂ ) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
∂Φ(D̂ix, D̂v

l , 0, θ̂ )

∂(D̂ix)
, h = i

∂Φ(D̂ix, D̂v
l , 0, θ̂ )

∂D̂h
, h ̸= i

(A.5)

and P
Φ(D̂ix,D̂v

l ,D̂jy)
has the exactly same structure as P

Φ(D̂ix,D̂v
l ,D̂jy,θ̂ )

by taking place of θ̂ with θ , while P
Φ(D̂ix,D̂v

l ,D̂jy,θ̂ )
has the form corresponding to Φ(D̂ix, D̂v

l , D̂jy, θ̂ ) of
(65)–(67) such that

• For Φ(D̂ix, D̂v
l , D̂jy, θ̂ ) of (65)

P
Φ(D̂ix,D̂v

l ,D̂jy,θ̂ )
=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂Φ(D̂ix, D̂v
l , D̂jy, θ̂ )

∂(D̂ix)
, h = i, h ̸= j

∂Φ(D̂ix, D̂v
l , D̂jy, θ̂ )

∂D̂h
= 0, h ̸= i, j

0, h = i = j
∂Φ(D̂ix, D̂v

l , D̂jy, θ̂ )

∂(D̂jy)
, h = j, h ̸= i

(A.6)

• For Φ(D̂ix, D̂v
l , D̂jy, θ̂ ) of (66)–(67)

P
Φ(D̂ix,D̂v

l ,D̂jy,θ̂ )
=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Av−1(θ̂ )e
Av−1(θ̂ )D̂ixΓ (D̂v

l , θ̂ )e−Al−1(θ̂ )D̂jy + eAv−1(θ̂ )D̂ix
∂Γ (D̂v

l , θ̂ )

∂D̂h
e−Al−1(θ̂ )D̂jy, h = i, h ̸= j

eAv−1(θ̂ )D̂ix
∂Γ (D̂v

l , θ̂ )

∂D̂h
e−Al−1(θ̂ )D̂jy, h ̸= i, j

Av−1(θ̂ )e
Av−1(θ̂ )D̂ixΓ (D̂v

l , θ̂ )e−Al−1(θ̂ )D̂jy + eAv−1(θ̂ )D̂ix
∂Γ (D̂v

l , θ̂ )

∂D̂h
e−Al−1(θ̂ )D̂jy

+eAv−1(θ̂ )D̂ixΓ (D̂v
l , θ̂ )e−Al−1(θ̂ )D̂jy(−Al−1(θ̂ )), h = i = j

eAv−1(θ̂ )D̂ix
∂Γ (D̂v

l , θ̂ )

∂D̂h
e−Al−1(θ̂ )D̂jy + eAv−1(θ̂ )D̂ixΓ (D̂v

l , θ̂ )e−Al−1(θ̂ )D̂jy(−Al−1(θ̂ )), h = j, h ̸= i

(A.7)

with Γ (D̂v
l , θ̂ ) coming from (66)–(67) such that

Φ(D̂ix, D̂v
l , D̂jy, θ̂ ) = eAv−1(θ̂ )(D̂ix−D̂v−1)eAv−2(θ̂ )(D̂v−1−D̂v−2) · · · eAl(θ̂ )(D̂l+1−D̂l)eAl−1(θ̂ )(D̂l−D̂jy)

= eAv−1(θ̂ )D̂ix
(
e−Av−1(θ̂ )D̂v−1 eAv−2(θ̂ )(D̂v−1−D̂v−2) · · · eAl(θ̂ )(D̂l+1−D̂l)eAl−1(θ̂ )D̂l

)
e−Al−1(θ̂ )D̂jy

= eAv−1(θ̂ )D̂ixΓ (D̂v
l , θ̂ )e

−Al−1(θ̂ )D̂jy (A.8)

and specifically, if l = v − 1,

Φ(D̂ix, D̂v
l , D̂jy, θ̂ ) = eAv−1(θ̂ )(D̂ix−D̂v−1)eAv−2(θ̂ )(D̂v−1−D̂jy)

= eAv−1(θ̂ )D̂ix
(
e−Av−1(θ̂ )D̂v−1 eAv−2(θ̂ )D̂v−1

)
e−Av−2(θ̂ )D̂jy

= eAv−1(θ̂ )D̂ixΓ (D̂v
l , θ̂ )e

−Av−2(θ̂ )D̂jy (A.9)



278 Y. Zhu et al. / Automatica 96 (2018) 270–279

Table B.1
.

qi(x, t,
˙̂D) = ki

∑
h

∂Φ(D̂ix, D̂v
l , 0)

∂D̂h

˙̂DhX(t) +

m∑
j=1

D̂j

∫ φj(D̂ix,D̂j)

0
ki

(
˙̂Dj

D̂j
Φ(D̂ix, D̂v

l , D̂jy) +

∑
h

∂Φ(D̂ix, D̂v
l , D̂jy)

∂D̂h

˙̂Dh

)
bjuj(y, t)dy

+

m∑
j=1

εj

˙̂DiD̂j − D̂i
˙̂Dj

D̂j
xkibjuj(φj(D̂ix, D̂j), t) (B.1)

q̄i(x, t,
˙̂D) = ki

∑
h

∂Φ(D̂ix, D̂v
l , 0)

∂D̂h

˙̂DhX̂(t) +

m∑
j=1

D̂j

∫ φj(D̂ix,D̂j)

0
ki

(
˙̂Dj

D̂j
Φ(D̂ix, D̂v

l , D̂jy) +

∑
h

∂Φ(D̂ix, D̂v
l , D̂jy)

∂D̂h

˙̂Dh

)
bjuj(y, t)dy

+

m∑
j=1

εj

˙̂DiD̂j − D̂i
˙̂Dj

D̂j
xkibjuj(φj(D̂ix, D̂j), t) (B.2)

¯̄qi(x, t,
˙̂D) = ki(θ̂ )

∑
h

∂Φ(D̂ix, D̂v
l , 0, θ̂ )

∂D̂h

˙̂DhX(t) +

m∑
j=1

D̂j

∫ φj(D̂ix,D̂j)

0
ki(θ̂ )

(
˙̂Dj

D̂j
Φ(D̂ix, D̂v

l , D̂jy, θ̂ )

+

∑
h

∂Φ(D̂ix, D̂v
l , D̂jy, θ̂ )

∂D̂h

˙̂Dh

)
bj(θ̂ )uj(y, t)dy +

m∑
j=1

εj

˙̂DiD̂j − D̂i
˙̂Dj

D̂j
xki(θ̂ )bj(θ̂ )uj(φj(D̂ix, D̂j), t) (B.3)

where

εj =

⎧⎨⎩1, φj(D̂ix, D̂j) =
D̂i

D̂j
x

0, φj(D̂ix, D̂j) = 1
(B.4)

and
∑

h
∂Φ(D̂ix,D̂v

l ,D̂jy)

∂D̂h

˙̂Dh has the form corresponding to Φ(D̂ix, D̂v
l , D̂jy) of (26)–(28), while

∑
h

∂Φ(D̂ix,D̂v
l ,D̂jy,θ̂ )

∂D̂h

˙̂Dh has the form corresponding to Φ(D̂ix, D̂v
l , D̂jy, θ̂ ) of

(65)–(67).

rih(x, t) = ki(θ̂ )Φ(D̂ix, D̂v
l , 0, θ̂ )

⎛⎝AhX(t) +

m∑
j=1

bjhuj(0, t)

⎞⎠ (B.5)

sih(x, t) =
∂ki(θ̂ )

∂θ̂h
Φ(D̂ix, D̂v

l , 0, θ̂ )X(t) + ki(θ̂ )
∂Φ(D̂ix, D̂v

l , 0, θ̂ )

∂θ̂h
X(t) +

m∑
j=1

D̂j

∫ φj(D̂ix,D̂j)

0

(
∂ki(θ̂ )

∂θ̂h
Φ(D̂ix, D̂v

l , D̂jy, θ̂ )bj(θ̂ )

+ ki(θ̂ )
∂Φ(D̂ix, D̂v

l , D̂jy, θ̂ )

∂θ̂h
bj(θ̂ ) + ki(θ̂ )Φ(D̂ix, D̂v

l , D̂jy, θ̂ )
∂bj(θ̂ )

∂θ̂h

)
uj(y, t)dy (B.6)

and ∂Φ(D̂ix,D̂v
l ,D̂jy,θ̂ )

∂θ̂h
has the form corresponding to Φ(D̂ix, D̂v

l , D̂jy, θ̂ ) of (65)–(67).
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