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a b s t r a c t

We design and analyze the scalar gradient extremum seeking control feedback for static maps with
actuation dynamics governed by diffusion PDEs. Conceptually, a non-model based online optimization
control scheme is paired with actuation dynamics which occur in chemistry, biology and economics. A
learning-based adaptive control approach with known actuation dynamics is considered in this paper. In
the design part, we first compensate the actuation dynamics in the dither signals. Secondly, we introduce
an average-based actuation dynamics compensation controller via a backstepping transformation, which
is fed by the perturbation-based gradient and Hessian estimates of the static map. The stability analysis of
the error-dynamics is based on using Lyapunov’smethod and applying averaging for infinite-dimensional
systems to capture the infinite-dimensional state of the actuator model. Local exponential convergence
to a small neighborhood of the optimal point is proven and illustrated by numerical simulations.

© 2018 Elsevier Ltd. All rights reserved.

1. Introduction

1.1. Background and state-of-the-art

Extremum seeking control (ESC) is a non-model based, real-
time optimization approach in the field of adaptive control. It is
used to determine and maintain the extremum of an unknown,
perhaps nonlinear, output map of a (stable) dynamic or static
system. The goal is to find the optimal input Θ∗ of an unknown
plant that drives the measurable system output y to its unknown
optimal value y∗, using the perturbation method.

The idea of ESC was first published in the paper of Leblanc
(1922) for maximizing power transfer to a tram car. The Russians
(Kazakevich, 1943) intensively studied this concept in the 1940s,
before it was introduced in the 1950s in the US by Draper and Li
(1951). The first general stability proof of ESC for stable dynamic
systems with unknown output maps was performed by Krstić and
Wang (2000). Since then, ESC has seen renewed interest and addi-
tional theoretical work, e.g., by Ariyur and Krstić (2003), stochastic
ESC by Manzie and Krstić (2009), Newton-based ESC by Ghaffari,
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Krstić, and Nešić (2012) or ESC for stabilization by Scheinker and
Krstić (2016) can be found in literature. Moreover, ESC was suc-
cessfully applied in diverse engineering systems, such as mobile
robots, bioprocesses, combustion engines, brake system control
and more, which is summarized together with the history of ESC
by Tan, Moase, Manzie, Nešić, and Mareels (2010) and references
therein.

On the other hand, actuation dynamics described by infinite-
dimensional systems has been introduced in several applications.
The representative example is a system under actuator delays,
in which the delay propagation can be described by a first or-
der hyperbolic partial differential equation (PDE). Compensation
of the actuator and sensor delay has been developed in Krstic
and Smyshlyaev (2008a) for linear systems and in Krstić (2010)
for nonlinear systems via the infinite-dimensional backstepping
method (Krstić & Smyshlyaev, 2008b). Recently, the first contri-
bution of applying ESC to infinite-dimensional actuation dynamics
was achieved by Oliveira, Krstic, and Tsubakino (2017) in the case
of actuator delays with known delay time. A stability proof of
the error-dynamics and the convergence to the extremum was
presented.

Another well known infinite-dimensional system is a diffusion
processwhich arises in several biological, chemical and economical
systems (see Edelstein-Keshet (1988), Wang, Wang, Xu, Wu, and
Jia (2013)). Compensation of actuator dynamics governed by a
diffusion PDE was studied in Krstić (2009) for the stabilization of
a linear system. However, there is no work in the literature which
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concerns ESC in the presence of actuation dynamics governed by
diffusion PDEs, or more general parabolic PDEs.

Although our main focus is to consider more general dynamical
systems rather than those governed by ordinary differential equa-
tions, where extremum seeking methodology can be extended to
a class of diffusion PDEs, our problem setting is close to be applied
to practical scenarios since it satisfies the basic conditions raised in
chemical engineering literature. Motivated by examples like opti-
mizing the product rate of a tubular bioreactor (Cougnon, Dochain,
Guay, & Perrier, 2006; Hudon, Guay, Perrier, & Dochain, 2008;
Winkin, Dochain, & Ligarius, 2000), where the model is described
by coupled (in-domain) linear parabolic PDEs, we can consider
problems with the dynamical model of the bioreactor as infinite-
dimensional actuator dynamics, which generates an exponentially
stable C0-semigroup, as shown in Winkin et al. (2000). Finding
andmaintaining the optimal unknown product rate, described by a
static map, is a more advanced setting of the problem we consider
in this paper. Therefore, we first study the pure diffusion actuation
dynamics paired with ESC, before we extend the results to more
complex applications.

We tackle this problem with a semi-model-based or so-called
‘‘partially model based’’ approach, since the diffusion coefficient is
known, but the plant model (map) is unknown and its parameters
are estimated using perturbations, as done in Oliveira et al. (2017).
As previously mentioned by learning-based controllers in Benos-
man (2016) and Benosman, Lewis, and Guay (2018), such kind of
controllers are partly based on a physics-based model, and partly
based on a model-free learning algorithm. In this paradigm, model
free learning is used to complement the physics-based model and
compensate for the uncertain or the missing part of the model.

1.2. Contributions and organization of the paper

In this paper, we design ESC for static maps with actuation
dynamics governed by diffusion PDEs. The controller to compen-
sate the known actuation dynamics is designed via an infinite-
dimensional backstepping transformation and is fed with the
gradient and Hessian estimate of the static map. The main contri-
bution of this paper is on stability analysis. Firstly, the transformed
target systemassociatedwith the low-pass filtered boundary value
for ESC is shown to be exponentially stable. Secondly, invoking
the averaging theorem for infinite-dimensional systems was suc-
cessfully applied to the parabolic PDE of the average system via
semigroup analysis, while in Oliveira et al. (2017) the system was
described as a functional differential equation. Finally, conver-
gence to the neighborhood of the extremum is proven.

In the next section, we introduce the problem statement with
setting up the mathematical formulations. Section 3 provides the
design of the diffusion compensation controller and the derivation
of the error-dynamics. Section 4presents the proof of ourmain the-
orem on stability and convergence of the error-dynamics for ESC
with actuation dynamics governed by diffusion PDEs. Numerical
simulations are performed in Section 5, which validate the stability
and convergence property of the closed-loop system. In Section 6
we give a conclusion of the paper.

1.3. Notation

C n(X ) denotes a n-times continuously differentiable function
on the domain X . R+ stands for the domain of positive real num-
bers including 0. We denote the partial derivatives of a function
u(x, t) as ∂xu(x, t) = ∂u(x, t)/∂x, ∂tu(x, t) = ∂u(x, t)/∂t . The 2-
norm of a finite-dimensional (ODE) state vector ϑ : R+ → R is
denoted by single bars, |ϑ(t)|. In contrast, norms of functions (of x)
are denoted by double bars. We denote the spatial L2[0,D] norm
of the PDE state u(x, t) as ∥u(t)∥2

L2([0,D]) :=
∫ D
0 u2(x, t)dx, wherewe

Fig. 1. Basic gradient extremum seeking scheme.

drop the indexL2([0,D]) in the following, hence ∥·∥ = ∥·∥L2([0,D]),
if not otherwise specified. As defined in Khalil (1996), a vector
function f (t, ε) ∈ R is said to be of order O(ε) over an interval
[t1, t2], if ∃k, ε̄ : |f (t, ε)| ≤ kε,∀ε ∈ [0, ε̄] and ∀t ∈ [t1, t2]. In most
cases we give no estimation of the constants k and ε̄, then O(ε)
can be interpreted as an order ofmagnitude relation for sufficiently
small ε.

2. Problem statement

2.1. Basic gradient extremum seeking

As introduced, ESC for static maps is a real-time optimization
control scheme, where the goal is to find and maintain the opti-
mumof an unknownnonlinear staticmapQ : R → Rwith optimal
unknown output y∗

∈ R, unknown optimizerΘ∗
∈ R, measurable

output y ∈ R and input Θ ∈ R (see Fig. 1). Without loss of
generality, we consider maximization problems (for minimization
use y = −y). The method of sinusoidal perturbation (Khalil, 1996)
forms the basics of extremum seeking (Ariyur & Krstić, 2003; Krstić
& Wang, 2000), such that the input parameterΘ of the static map
is varying to estimate the gradient G of the static map. Therefore,
the perturbation signal

S(t) = a sin(ωt), (1)

with perturbation amplitude a and frequency ω, is added to the
estimation of the optimizer Θ∗, given by Θ̂ . The dither signal to
estimate the gradient of the static map is chosen as

M(t) =
2
a
sin(ωt). (2)

The idea of choosing the dither signals as (1) and (2) is derived such
that the averaged signal of the gradient estimate G is given, under
the assumption of a quadratic map Q (·), by Gav(t) = HΘ̃av =

H(Θ̂av − Θ∗), where H is the unknown negative Hessian of the
static map and Θ̃ = Θ̂ − Θ∗ the estimation error. This yields
the averaged error-dynamics ˙̃

Θav = KHΘ̃av, with adaption gain
K > 0. Since Q (·) can be nonlinear, but approximated as quadratic
map in a neighborhood of the optimum (Θ∗, y∗), the system in
Fig. 1 is locally exponentially stable and by the averaging theorem
in Khalil (1996), the local exponential stability of the original error-
dynamics ˙̃

Θ = KHΘ̃ follows.

2.2. Actuation dynamics and output

In addition to the basic ESC scheme in Fig. 1, we consider
actuation dynamics which are described by a diffusion process,
i.e., a heat equation with the actuator θ (t) ∈ R and the propagated
actuatorΘ(t) ∈ R given by

Θ(t) = α(0, t) (3)
∂tα(x, t) = ∂xxα(x, t), x ∈ (0,D) (4)
∂xα(0, t) = 0 (5)
α(D, t) = θ (t), (6)
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where α : [0,D] × R+ → R and D is the known domain
length, i.e., a proportional indicator of the diffusion coefficient. The
measurement is defined by the unknown staticmapwith input (3),
such that

y(t) = Q (Θ(t)). (7)

For the sake of simplicity we assume the following:

Assumption 1. The unknown nonlinear static map is quadratic,
i.e.,

Q (Θ) = y∗
+

H
2
(Θ −Θ∗)2, (8)

where besides the optimal input Θ∗
∈ R and the optimal output

y∗
∈ R being unknown, the scalar H < 0 is the unknown Hessian

of the static map.

Remark 1. Assumption 1 is reasonable, since every nonlinear
function in C 2(R) can be approximate as a quadratic function in
the neighborhood of its extremum. Therefore, all stability results
derived in this paper hold at least locally.

The output of the static map is then given by

y(t) = y∗
+

H
2
(Θ(t) −Θ∗)2. (9)

Combining the actuation dynamics (3)–(6) and the basic ESC
scheme, further adapting the proposed scheme in Oliveira et al.
(2017), the closed-loop ESCwith actuation dynamics governed by a
diffusion PDE system under yet unknown diffusion compensation
controller is shown in Fig. 2.

2.3. System and signals

We adapt the perturbation signal S(t) from the basic scheme
in Fig. 1, which should add a sin(ωt) to Θ(t) as in the standard
extremum seeking scheme, i.e., in the case of actuation dynamics,
the diffusion process has to be compensated. Hence, a sin(ωt) with
perturbation amplitude a and frequency ω is applied as follows:

S(t) := β(D, t) (10)
∂tβ(x, t) = ∂xxβ(x, t), x ∈ (0,D) (11)
∂xβ(0, t) = 0 (12)
β(0, t) = a sin(ωt), (13)

where β : [0,D] × R+ → R. Eqs. (10)–(13) describe a trajectory
generation problem as in Krstić and Smyshlyaev (2008b). The
explicit solution of (10) is given by

S(t) =
1
2
ae

√
ω
2 D sin

(
ωt +

√
ω

2
D
)

+
1
2
ae−

√
ω
2 D sin

(
ωt −

√
ω

2
D
)
. (14)

The optimal unknown actuator θ (t) ≡ Θ∗ drives the static map to
its optimal value y∗. Since our objective is to findΘ∗, we introduce
the estimators

θ̂ (t) = θ (t) − S(t), Θ̂(t) = Θ(t) − a sin(ωt). (15)

Furthermore, we define the estimation errors in the input and
propagated input variables as

θ̃ (t) := θ̂ (t) −Θ∗, ϑ(t) := Θ̂(t) −Θ∗. (16)

Let ᾱ : [0,D]×R+ → R be defined as ᾱ(x, t) := α(x, t)−β(x, t)−
Θ∗. By (3)–(6) and (10)–(13) with the help of (15) and (16), we

have

ϑ(t) = ᾱ(0, t), (17)
∂t ᾱ(x, t) = ∂xxᾱ(x, t), x ∈ (0,D) (18)
∂xᾱ(0, t) = 0, (19)

ᾱ(D, t) = θ̃ (t). (20)

Assume that ᾱ, ᾱt , ᾱx, ᾱxx ∈ C 1([0,D] × R+). Then by taking the
time derivative of (17)–(20) and with ˙̃

θ = U(t), see Fig. 2, the so
called propagated error-dynamics can be written as

ϑ̇(t) = u(0, t), (21)
∂tu(x, t) = ∂xxu(x, t), x ∈ (0,D) (22)
∂xu(0, t) = 0, (23)
u(D, t) = U(t), (24)

where u(x, t) := ∂t ᾱ(x, t) = ∂xxᾱ(x, t). The relation among the
propagated estimation error ϑ(t), the propagated input Θ(t), and
the optimizer of the static mapΘ∗, derived by combining (15) and
(16), is given by

ϑ(t) + a sin(ωt) = Θ(t) −Θ∗. (25)

It remains to define the dither signalN(t) which is used to estimate
the Hessian of the static map by multiplying it with the output
y(t) of the static map. Ghaffari et al. (2012), derived the Hessian
estimate as

Ĥ(t) = N(t)y(t) with N(t) = −
8
a2

cos(2ωt). (26)

Note that the dither signal M(t), to estimate the gradient, is the
same as in the basic ESC (see (2)), such that

G(t) = M(t)y(t). (27)

3. Controller design and error-dynamics

3.1. Diffusion compensation controller

Weconsider the PDE–ODE cascade (21)–(24). As inKrstić (2009)
we use the backstepping transformation

w(x, t) = u(x, t) −

∫ x

0
q(x, r)u(r, t)dr − γ (x)ϑ(t), (28)

with gain kernels q(x, r) = K̄ (x − r) and γ (x) = K̄ , which
transforms (21)–(24) into the target system

ϑ̇(t) = K̄ϑ(t) + w(0, t) (29)
∂tw(x, t) = ∂xxw(x, t), x ∈ (0,D) (30)
∂xw(0, t) = 0 (31)
w(D, t) = 0, (32)

with K̄ < 0. Since the target system (29)–(32) is exponentially
stable (see Krstić (2009)), the controller which compensates the
diffusion process can be obtained by evaluating the backstepping
transformation (28) at x = D as

U(t) = K̄ϑ(t) + K̄
∫ D

0
(D − r)u(r, t)dr. (33)

However, the proposed control law in (33) is not applicable di-
rectly, becausewehavenomeasurement onϑ(t). Therefore,we ex-
tended an important result of Ghaffari et al. (2012) to the parabolic
PDE case (proof in Appendix B.1): The averaged version of the
gradient (27) and Hessian estimate (26) are calculated to

Gav(t) = Hϑav(t), Ĥav = H, (34)
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Fig. 2. Gradient extremum seeking control loop with actuation dynamics governed by a diffusion PDE.

if a quadratic map as in (8) is considered. Accordingly to (34), we
average (33) and choose K̄ = KH with K > 0 and the introduced
unknown Hessian H of the static map, such that

Uav(t) = KHϑav(t) + KH
∫ D

0
(D − r)uav(r, t)dr. (35)

Hence, by plugging the averaged gradient and Hessian estimate
(34) into (35), we obtain

Uav(t) = KGav(t) + KĤav

∫ D

0
(D − r)uav(r, t)dr. (36)

Due to technical reasons in the application of the averaging theo-
rem for infinite-dimensional systems (AppendixA) in the following
stability proof, we introduce a low pass filter to the controller
in order to write the error-dynamics (21)–(24) as an infinite-
dimensional system including U(t) as a state. Finally, we get the
average-based infinite-dimensional control law to compensate the
diffusion process by

U(t) = T

{
K

[
G(t) + Ĥ(t)

∫ D

0
(D − r)u(r, t)dr

]}
, (37)

with the low pass filter operator

T {ϕ(t)} = L −1
{

c
s + c

}
∗ ϕ(t), ϕ(t) : R+ → R, (38)

where the corner frequency c > 0 is chosen later, L −1
{·} is the

inverse Laplace transformation and ∗ the convolution operator.
Note, the feedback law (37) depends on the full PDE state infor-
mation u(x, t), x ∈ [0,D]. Since u(x, t) is an artificial state while
it is used for the analysis in the sequel, the feedback law (37)
should be described with respect to the plant state α(x, t) and
dither signals. Assuming that ∂tα(x, t) is measured for x ∈ [0,D],
considering u(x, t) = ∂t ᾱ(x, t) = ∂tα(x, t)− ∂tβ(x, t) and applying
the integration by parts to the integration of ∂tβ(x, t) = ∂xxβ(x, t),
associated with (10)–(13), the feedback law (37) is rewritten as

U(t) = T

{
K

[
G(t) + Ĥ(t)

(∫ D

0
(D − r)∂tα(r, t)dr

−(S(t) − a sin(ωt))
)]}

. (39)

Remark 2. In practice, having the measurement of Θ(t) (input of
the static map) is more reasonable than measuring ∂tα(x, t) which
is the time-derivative of the spatially distributed plant state. In
such a case, the control law (39) can be rewritten as

U(t) = T

{
K

[
G(t) + Ĥ(t)

(
θ̂ (t) −Θ(t) + a sin (ωt)

)]}
(40)

with the help of the diffusion equation ∂tα(x, t) = ∂xxα(x, t) and
the integration by parts, associated with (3)–(6) and (15)–(16).

For the sake of completion, the full closed-loop with respect to
Fig. 2 is stated in Appendix C.

3.2. Error-dynamics

With the approximated gradient and Hessian depending on
ϑ(t) and H , calculated in (B.2) and (B.3), the infinite-dimensional
control law (36) is given by

U(t) = T

{
K

[
y∗

+
H
2
ϑ2(t) + Ha sin(ωt)ϑ(t)

+
Ha2

2
sin2(ωt)

]
×

[
2
a
sin(ωt)

−
8
a2

cos(2ωt)
∫ D

0
(D − r)u(r, t)dr

]}
. (41)

Substituting (41) into (24), we can write the error-dynamics
(21)–(24) as

ϑ̇(t) = u(0, t), (42)
∂tu(x, t) = ∂xxu(x, t), x ∈ (0, D) (43)
∂xu(0, t) = 0, (44)
u(D, t) = T {K [Hf1(t) + Hϑ(t)

+ sin(ωt)f2(t) − cos(2ωt)f3(t)
− sin(3ωt)f4(t) + cos(4ωt)f5(t)]} , (45)

where f1(t) =
∫ D
0 (D − r)u(r, t)dr , f2(t) = (2y∗

+ Hϑ2(t) +

4ϑ(t)f1(t) + 3a2H/4)/a, f3(t) = 8y∗f1(t)/a2 + Hϑ(t) + 2H +

4Hϑ2(t)f1(t)/a2, f4(t) = 4Hϑ(t)f1(t)/a + Ha/4 and f5(t) = Hf1(t).

4. Stability and convergence analysis

The following theorem summarizes the stability and conver-
gence property of the error-dynamics (42)–(45) and is proven in
this section.

Theorem1. For a sufficiently large c > 0, there exists some ω̄(c) > 0,
such that ∀ω > ω̄, the error-dynamics (42)–(45) with states ϑ(t),
u(x, t), has a unique exponentially stable periodic solution in t of
periodΠ := 2π/ω, denoted by ϑΠ (t), uΠ (x, t), satisfying ∀t ≥ 0:(⏐⏐ϑΠ (t)

⏐⏐2 +
uΠ (t)

2
+

∂xuΠ (t)
2

+
⏐⏐uΠ (D, t)

⏐⏐2)1/2
≤ O (1/ω) . (46)

Furthermore,

lim sup
t→∞

|θ (t) −Θ∗
| = O

(
|a|eD

√
ω/2

+ 1/ω
)
, (47)

lim sup
t→∞

|Θ(t) −Θ∗
| = O (|a| + 1/ω) , (48)

lim sup
t→∞

|y(t) − y∗
| = O

(
|a|2 + 1/ω2) . (49)

Proof. Structured into Steps 1 to 6 below: First, in Steps 1–4, we
show the exponential stability of the average error-dynamics of
(42)–(45) via a backstepping transformation. Then we invoke the
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averaging theorem for infinite-dimensional systems (Appendix A)
in Step 5 to show the exponential stability of the original error-
dynamics (42)–(45). Finally, Step 6 shows the convergence of
(θ (t),Θ(t), y(t)) to a neighborhood of the extremum (Θ∗,Θ∗, y∗).

Step 1: Average error-dynamics
The average version of the system (42)–(45) for ω large is

ϑ̇av(t) = uav(0, t), (50)
∂tuav(x, t) = ∂xxuav(x, t), x ∈ [0, D] (51)
∂xuav(0, t) = 0, (52)
d
dt

uav(D, t) = −cuav(D, t)

+ cKH
[
ϑav(t) +

∫ D

0
(D − r)uav(r, t)dr

]
, (53)

where the low-pass filter is represented in state-space form. To
derive (50)–(53), the terms in (45) depending on sine or cosine of
argument kω for k = 1, . . . , 4, are set to zero, as shown in the proof
of (34) in Appendix B.1.

Step 2: Backstepping transformation into target system
The backstepping transformation (see Krstić (2009))

w(x, t) = uav(x, t)

− KH
[
ϑav(t) +

∫ x

0
(x − r)uav(r, t)dr

]
, (54)

maps the average error-dynamics (50)–(53) into the exponentially
stable target system (stability shown in Step 3)

ϑ̇av(t) = KHϑav(t) + w(0, t) (55)
∂tw(x, t) = ∂xxw(x, t), x ∈ (0, D), (56)
∂xw(0, t) = 0, (57)
∂tw(D, t) = − cw(D, t) − KHw(D, t)

− (KH)2eKHD
[∫ D

0

(
e−KH(D−r)

− 1
)
w(r, t)dr + ϑav(t)

]
. (58)

Eqs. (55)–(57) can be derived by plugging the inverse backstepping
transformation (see Krstić (2009))

uav(x, t) = w(x, t) + KHeKHxϑav(t)

+ KH
∫ x

0

(
eKH(x−r)

− 1
)
w(r, t)dr, (59)

into the average error-dynamics (50)–(52). With the boundary
equation (53) and the backstepping transformation (54) we obtain

w(D, t) = −
1
c
∂tuav(D, t). (60)

Calculating the time derivative of the backstepping transformation
(54) evaluated at x = D

∂tw(D, t) = ∂tuav(D, t) − KHuav(D, t), (61)

and substituting (59) and (60) into (61), we arrive at (58).

Step 3: Exponential stability of the target system
Consider the Lyapunov–Krasovskii functional

Υ (t) =
ϑ2
av(t)
2

+
a
2
∥w(t)∥2

+
b
2
∥∂xw(t)∥2

+
d
2
w2(D, t), (62)

where a, b, d > 0 to be chosen later. We define λ := −KH
with λ > 0. By calculating the time derivative of (62), associated
with the solution of the target system (55)–(58) and the help of

integration by parts, leads to

Υ̇ (t) = − λϑ2
av(t) + ϑav(t)w(0, t)

+ aw(D, t)∂xw(D, t) − a∥∂xw(t)∥2

+ b∂xw(D, t)∂tw(D, t) − b∥∂xxw(t)∥2

+ dw(D, t)∂tw(D, t). (63)

Applying Young’s, Poincaré’s, Agmon’s and the Cauchy–Schwarz’s
inequalities on (63), of which the details are shown in Ap-
pendix B.2, and the choice of a = (c − λ)/(8Dλ3), b = 1/(8Dλ3),
d = 1, we get

Υ̇ (t) ≤ −
λ

4
ϑ2
av(t) + (c∗

1 − c)w2(D, t)

+ (c∗

2 − c)∥∂xw(t)∥2
−

1
32Dλ3

∥∂xxw(t)∥2, (64)

with

c∗

1 =
3
2
λ3 + λ+

1 + 2D
λ

+ 2Dλζ (D), (65)

c∗

2 = λ+ 8Dλ3
[
4D2

+ 1
λ

+ 4D2λζ (D)
]
, (66)

where ζ (D) =
∫ D
0 (e−λ(D−r)2

− 1)dr . Hence, from (64), if c is chosen
such that c > max

{
c∗

1 , c
∗

2

}
, we obtain for some µ > 0

Υ̇ (t) ≤ −µΥ (t). (67)

Thus, the target system (55)–(58) is exponentially stable in the
sense of the H1-norm(
ϑ2
av(t) + ∥w(t)∥2

+ ∥∂xw(t)∥2
+ w2(D, t)

)1/2
, (68)

i.e., in the transformed variable (ϑav, w).

Step 4: Exponential stability estimate (H1) of the average error-
dynamics

We define

Ψ (t) = ϑ2
av(t) + ∥uav(t)∥2

+ ∥∂xuav(t)∥2
+ u2

av(D, t). (69)

Then there exist an upper and a lower bound of the Lyapunov–
Krasovskii functional (62) with respect to Ψ (t), such that

¯

ρΨ (t) ≤ Υ (t) ≤ ρ̄Ψ (t), with
¯

ρ =
¯
τ
¯
σ , ρ̄ = τ̄ σ̄ , (70)

where

¯
σ = min

{
1
2
,
a
2
,
b
2

}
, σ̄ = max

{
1
2
,
a
2
,
b
2

}
, (71)

and τ̄ ,
¯
τ , defined in Appendix B.3. Eq. (70), along with the expo-

nential stability of the target system (67), implies

Ψ (t) ≤
ρ̄

¯

ρ
e−µtΨ (0), (72)

which completes the proof of exponential stability of the average
error-dynamics (50)–(53) in sense of the H1-norm Ψ 1/2(t) in the
variable (ϑav, uav).

Step 5: Invoking the averaging theorem for infinite-dimensional sys-
tems

To satisfy the conditions of the averaging theorem for infinite
dimensional systems, stated in Appendix A, the error-dynamics
(42)–(45) has to be in the form

ż(t) = Γ z(t) + J(ωt, z(t)), (73)

where the conditions forΓ and J(ωt, z(t)) are given in the theorem.
By state-transformation of (42)–(45) with v(x, t) = u(x, t) −
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U(t), we obtain the error-dynamics with homogeneous boundary
conditions

ϑ̇(t) = v(0, t) + U(t), (74)
∂tv(x, t) = ∂xxv(x, t) − φ (ϑ, v,U, t) , x ∈ (0,D) (75)
∂xv(0, t) = 0, (76)
v(D, t) = 0, (77)

U̇(t) = φ (ϑ, v,U, t) , (78)

with

φ (ϑ, v,U, t) = −cU(t)

+ cK
[
G(t) + Ĥ(t)

∫ D

0
(D − r)(v(r, t) + U(t))dr

]
. (79)

Next, we write the PDE system (75)–(77) as an evolutionary equa-
tion (see Lunardi (2012)) in the Banach space X

V̇ (t) = A V (t) − φ̃(ϑ, V ,U, t), t > 0, (80)

where V (t) is a function which belongs to the Banach space X .
Furthermore, A is the realization of the second order derivative
with one Dirichlet and Neumann boundary condition in X with

A ϕ :=
∂2ϕ

∂x2
(81)

and the domain

D(A ) =

{
ϕ ∈ X : ϕ,

d
dx
ϕ ∈ X are a.c.,

d2

dx2
ϕ ∈ X ,

d
dx
ϕ(0) = 0, ϕ(D) = 0

}
, (82)

where a.c. means absolutely continuous. To express v(0, t) in the
ODE (74) in terms of V (t), we introduce the linear boundary oper-
ator B : X → R, such that

BV (t) := v(0, t). (83)

Furthermore, we define the linear operators α⊤
: X → R and

β : R → X as

α⊤V (t) :=

∫ D

0
(D − r)v(r, t)dr,

βζ := [β1, β2, . . .]
⊤ζ , ζ ∈ R

with βk =

∫ D

0
ψk(x)dx

= −

√
2
D

2D
π (2k − 1)

(−1)k, k = 1, 2, . . . , (84)

where ψk(x) =
√
2/D cos (π/2(2k − 1)x/D) , k = 1, 2, . . ., are the

eigenfunctions of A . Finally, the error-dynamics with the infinite-
dimensional state vector z(t) = [ϑ(t) V (t) U(t)]⊤ can be rewritten
as (73) with

Γ =

[0 B 1
0 A cβ
0 0 −c

]
,

J(ωt, z) =

⎡⎢⎢⎣
0

−cβK
[
G(t) + Ĥ(t)g(z)

]
cK

[
G(t) + Ĥ(t)g(z)

]
⎤⎥⎥⎦ , (85)

where g(z) =
1
2D

2U(t) + α⊤V (t). Since A is a sectorial operator,
therefore generates an analytic semigroup (Pazy, 2012), B is A -
bounded (∥BV (t)∥ ≤ 4D

√
D∥A V (t)∥) and β, c are bounded, Γ

generates an analytic semigroup by the operatormatrix theorem in

Nagel (1989). Furthermore, J(ωt, z) in (85) is Fréchet differentiable
in z, strongly continuous and almost periodic in t uniformly with
respect to z. Hence, all conditions to apply the averaging theorem
for infinite-dimensional systems in Appendix A are satisfied and
the average error-dynamics are exponentially stable (see (70)).
Thus, the original error-dynamics (42)–(45) has an exponentially
stable periodic solution zΠ (t) that satisfies (46).

Step 6: Convergence to a neighborhood of the extremum
In this step we prove the convergence statements (47)–(49).

Therefore, applying Agmon’s, Poincaré’s and Young’s inequality on
the LHS of (17), along with (17)–(20), leads to

θ̃
2
(t) ≤ 3ϑ(t)2 + (4D + 1)∥ᾱx∥

2. (86)

By taking the time derivative of Ῡ (t) =
µ

16D∥ᾱx(t)∥2
+

1
2ϑ

2(t) +
1
2∥u(t)∥

2
+

1
2∥ux(t)∥2

+
1
2U(t)2 alongwith the exponential stability

of the original system, it holds ˙̄Υ ≤ −µmin
{

1
4 ,

1
64D3

}
Ῡ with

µ > 0. Hence, there exists someM > 0, such that

∥ᾱx(t)∥2
≤ Me−kt with k = µmin

{
1
4
,

1
64D3

}
. (87)

With (86), (87) and adding the periodic solution ϑΠ (t), it follows

lim sup
t→∞

|θ̃ (t)|
2

= lim sup
t→∞

{
3|ϑ(t) + ϑΠ (t) − ϑΠ (t)|2

}
. (88)

By applying Young’s inequality on (88) it holds

|ϑ(t) + ϑΠ (t) − ϑΠ (t)|2 ≤
√
2
(
|ϑ(t) − ϑΠ (t)|2 + |ϑΠ (t)|2

)
and

by the averaging theorem in Appendix A, we have ϑ(t)−ϑΠ (t) →

0 exponentially. Hence,

lim sup
t→∞

|θ̃ (t)|
2

= lim sup
t→∞

{
3
√
2|ϑΠ (t)|2

}
. (89)

Along with (46) and (89), we obtain

lim sup
t→∞

|θ̃ (t)| = O (1/ω) . (90)

Since θ (t) − Θ∗
= θ̃ (t) + S(t) from (16) and Fig. 2 and S(t) is of

order O

(
|a|eD

√
ω/2

)
, as shown in (14), we finally get with (90)

lim sup
t→∞

|θ (t) −Θ∗
| = O

(
|a|eD

√
ω/2

+ 1/ω
)
. (91)

The convergence of the propagated actuatorΘ(t) to the optimizer
Θ∗ is proven in the next step. Using (25) and taking the absolute
value, one has

|Θ(t) −Θ∗
| = |ϑ(t) + a sin(ω(t))| . (92)

As in the convergence proof of the parameter θ (t) to the optimal
input Θ∗ above, we write (92) in terms of the periodic solution
ϑΠ (t) and follow the same steps by applying Young’s inequality
and ϑ(t) − ϑΠ (t) → 0 exponentially by the averaging theorem in
Appendix A. Hence, along with (46), we finally get

lim sup
t→∞

⏐⏐Θ(t) −Θ∗
⏐⏐ = O (|a| + 1/ω) . (93)

To show the convergence of the output y(t) of the static map to the
optimal value y∗, we replace Θ(t) − Θ∗ in (9) by (25) and taking
the absolute value

|y(t) − y∗
| =

⏐⏐⏐⏐H2 [ϑ(t) + a sin(ω(t))]2
⏐⏐⏐⏐ . (94)

Expanding the quadratic term in (94) and applying Young’s
inequality to the resulting equation, one has |y(t) − y∗

| =⏐⏐H [
ϑ(t)2 + a2sin2(ωt)

]⏐⏐. As before, we add the periodic solution
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Fig. 3. ESCwith actuation dynamics governed by a diffusion PDEwith compensating
controller (37) and perturbation signal (14): (a) static map y(t); (b) parameters
(θ (t),Θ(t)).

ϑΠ (t), applying Young’s inequality and ϑ(t) − ϑΠ (t) → 0 expo-
nentially by the averaging theorem (Hale & Lunel, 1990). Hence,
again with (46), we get (49). □

5. Simulations

Numerical simulations illustrate the stability and convergence
property of extremum seeking with actuation dynamics governed
by diffusion PDEs. Consider a quadratic static map as in (8), with
Hessian H = −2, the optimizer Θ∗

= 2, and the optimal value
y∗

= 5 and a domain length D = 1 for the actuator dynamics.
The parameters of the dither signal and the designed controller
are chosen as ω = 10, a = 0.2, c = 10, and K = 0.2. The
simulation results of the closed-loop are illustrated in Fig. 3. One
can observe that each variable (θ,Θ, y) converges to a neighbor-
hood of the optimum (Θ∗,Θ∗, y∗). Due to the significant roll-off
at high frequencies of the actuator dynamics, a larger neighbor-
hood of convergence of θ (t) is observed, which is consistent with
(47). Our proposed ESC scheme with controller (37) and adapted
perturbation signal (14) is compared to the basic ESC scheme with
extended dither signals which compensates the known phase lag
caused by the actuation dynamics. Hence, the dither signals are
chosen asM(t) =

2
a sin(ωt − ϕ) and S(t) = a sin(ωt − ϕ), where ϕ

is the phase of the transfer function of (3)–(6) evaluated atω. Using
the same parameters for ω, a and K as in the prior simulation,
results in instability of θ (t) as illustrated in Fig. 4(a). On the other
hand, Fig. 4(b) shows the response for a lower frequency ω =

5.0, in which we observe that the convergence speed gets much
slower than the result in Fig. 3. Hence, our proposed ESC controller
stands as a strong improvement of the basic ESC in the presence
of actuation dynamics governed with diffusion PDEs, even if the
phase lag of the actuator dynamics is compensated in the dither
signals.

6. Conclusion

We present the design and stability analysis of the proposed
learning-based adaptive control law for extremumseeking of static
maps with known actuation dynamics governed by diffusion PDEs.
The average-based controller to compensate the actuation dynam-
ics is designed via the backstepping method and fed with the
perturbation-based gradient and Hessian estimates of the static
map. The additive perturbation signal also takes the actuation

Fig. 4. Basic uncompensated ESC with dither signals which consider the phase
lag introduced by the actuator dynamics: (a) instability for large ω; (b) slow
convergence for small ω.

dynamics into account and compensates that. Finally, local expo-
nential stability and convergence to a small neighborhood of the
extremum point were shown, extending the theory of extremum
seeking to cover also awider class of infinite-dimensional systems.

Appendix A. Hale’s theorem: averaging for infinite dimensional
systems

The key step of the proof of Theorem 1 in Section 4 is the
theorem for infinite dimensional systemsbyHale and Lunel (1990),
which we summarize here. Consider the infinite-dimensional sys-
tem, defined in the Banach space X

ż = A z + J(ωt, z) (A.1)

with z(0) = z0 ∈ X and the operator A : D(A ) → X

generates an analytic semigroup. Moreover the nonlinearity J :

R+ × X → X with t ↦→ J(ωt, z) is Fréchet differentiable in z,
strongly continuous and periodic in t uniformly with respect to z
in a compact subset of X . Along with (A.1), the average system

żav = A zav + J0(zav) (A.2)

with J0(zav) = limT→∞
1
T

∫ T
0 J(τ , zav)dτ is considered. Suppose that

zav = 0 ∈ D ⊂ X is an exponentially stable equilibrium point of
the average system (A.2), then for some ω̄ > 0 and ω > ω̄ holds:

(a) there exists a unique exponentially stable periodic solution
t ↦→ z̄(t, 1/ω), continuous in t and 1/ω, with ∥z̄(t, 1/ω)∥ ≤

O(1/ω) for t > 0,
(b) and with ∥z0 − zav(0)∥ ≤ O(1/ω)), the solution estimate of

(A.1) is given by

∥z(t) − zav∥ ≤ O(1/ω), t > 0, (A.3)

(c) and for ∥z0∥ ≤ O(1/ω), and the stable manifold theorem, it
holds

∥z(t) − z̄(t, 1/ω)∥ ≤ Ce−γ t , t > 0, (A.4)

for some C, γ > 0.
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Appendix B. Proofs and derivations

B.1. Proof of (34)

Firstly, by plugging (25) into (9), such that the output of the
static map is given in terms of ϑ(t), we have

y(t) = y∗
+

H
2
(ϑ(t) + a sin(ωt))2. (B.1)

Then, by plugging (2) and (B.1) into (27), such that

G(t) =
2
a
sin(ωt)

(
y∗

+
H
2
(ϑ(t) + a sin(ωt))2

)
=

2
a
y∗ sin(ωt)

+
H
a

(
ϑ2(t) sin(ωt) + 2aϑ(t)sin2(ωt) + a2sin3(ωt)

)
. (B.2)

Furthermore, by plugging (B.1) into (26) one has

Ĥ(t) = −
8
a2

cos(2ωt)
(
y∗

H
2
(ϑ(t) + a sin(ωt))2

)
= −

8
a2

y∗ cos(2ωt) −
4H
a2
(ϑ(t) cos(2ωt)

+ 2aϑ(t) sin(ωt) cos(2ωt) + a2sin2(ωt) cos(2ωt)
)
. (B.3)

Averaging (B.2) and (B.3) with ω large, hence ϑ(t) ≈ const, results
in

Gav(t) = Hϑav(t), Ĥav(t) = H, (B.4)

since

ω

2π

∫ 2π
ω

0
sin(ωτ )dτ = 0,

ω

2π

∫ 2π
ω

0
sin2(ωτ )dτ =

1
2

ω

2π

∫ 2π
ω

0
sin3(ωτ )dτ = 0,

ω

2π

∫ 2π
ω

0
sin2(ωτ )dτ = 0

ω

2π

∫ 2π
ω

0
sin(ωτ ) cos(2ωτ )dτ = 0,

ω

2π

∫ 2π
ω

0
sin2(ωτ ) cos(2ωt)dτ = −

1
4
. (B.5)

B.2. Derivation of (64)

Startingwith (63).We apply Young’s inequality onϑav(t)w(0, t)
and Cauchy–Schwarz’s and Young’s inequalities on −bλ2wx(D, t)[∫ D

0

(
e−λ(D−r)

− 1
)
w(y, t)dr

]
and −dλ2w(D, t)

[∫ D
0

(
e−λ(D−r)

− 1
)

w(r, t)dr + e−λDϑav(t)
]
, where γ1, γ2, γ5 > 0. Furthermore we

choose b =
a

c−λ , such that

Υ̇ (t) ≤

(
1

2γ1
− λ

)
ϑ2
av(t) +

γ1

2
w2(0, t)

− a∥wx(t)∥2

+
1

2γ2
∥w(t)∥2

+
γ2

2
b2λ4

(∫ D

0
(e−λ(D−r)

− 1)2dr
)
w2

x (D, t)

− bλ2e−λDwx(D, t)ϑav(t) − b∥wxx(t)∥2

+
1

2γ5
∥w(t)∥2

+
γ5

2
d2λ4

(∫ D

0
(e−λ(D−r)

− 1)2dr
)
w2(D, t)

− dλ2e−λDw(D, t)ϑav(t) − d(c − λ)w2(D, t).

(B.6)

By Agmon’s and Poincaré’s inequality we find the upper bound
w2

x (D, t) ≤ 4D∥w2
xx(t)∥

2 and again with Poincaré’s inequality we

can bound ∥w(t)∥2
≤ 2Dw2(D, t) + 4D2

∥wx(t)∥2. Hence, (B.6)
results in

Υ̇ (t) ≤

(
1

2γ1
− λ

)
ϑ2
av(t) +

γ1

2
w2(0, t)

+

(
D
γ2

+
γ5

2
d2λ4

(∫ D

0
(e−λ(D−r)

− 1)2dr
)

+
D
γ5

− d(c − λ)
)
w2(D, t)

+

(
2D2

γ2
+

2D2

γ5
− a

)
∥wx(t)∥2

+

(
2Dγ2b2λ4

(∫ D

0
(e−λ(D−r)

− 1)2dr
)

− b
)

∥wxx(t)∥2

− dλ2e−λDw(D, t)ϑav(t) − bλ2e−λDwx(D, t)ϑav(t).

(B.7)

Finally, apply Young’s inequality on −λ2bwx(D, t)eλDϑav(t) and
apply Agmon’s, Poincaré’s, Young’s inequality to find an upper
bound of w2(0, t), where γ3, γ4 > 0

Υ̇ (t) ≤

(
1

2γ1
+
γ3

2
+
γ6

2
− λ

)
ϑ2
av(t)

+

(
D
γ2

+
γ5

2
d2λ4

(∫ D

0
(e−λ(D−r)

− 1)2dr
)

+
D
γ5

− d(c − λ) +
γ1

2

(
1 +

2D
γ4

)
+

d2λ4

2γ6

)
w2(D, t)

+

(
γ1

2

(
4D2

γ4
+ γ4

)
+

2D2

γ2
+

2D2

γ5
− a

)
∥wx(t)∥2

+

(
2Dγ2b2λ4

(∫ D

0
(e−λ(D−r)

− 1)2dr
)

+
2Db2λ4

γ3
− b

)
∥wxx(t)∥2. (B.8)

Choosing λ2 = λ6 = λ/2, γ1 = 2/λ, γ4 = 1 and γ2 = γ5 =

λ−1
∫ D
0 (e−λ(D−r)

− 1)−2dr leads to (64).

B.3. Constants of Step 4 in proof of Theorem 1

It can easily be shown with (54) and (59)

∥w(t)∥2
≤ α1∥uav(t)∥2

+ α2ϑ
2
av(t),

∥∂xw(t)∥2
≤ β1∥uav(t)∥2

+ β2∥∂xuav(t)∥2,

w2(D, t) ≤ γ1u2
av(D, t) + γ2∥uav(t)∥2

+ γ3ϑ
2
av(t)

∥uav(t)∥2
≤ δ1∥w(t)∥2

+ δ2ϑ
2
av(t),

∥∂xuav(t)∥2
≤ ε1∥w(t)∥2

+ ε2∥∂xw(t)∥2
+ ε3ϑ

2
av(t),

u2
av(D, t) ≤ ζ1w

2(D, t) + ζ2∥w(t)∥2
+ ζ3ϑ

2
av(t), (B.9)

with

α1 =
(
3 + λ2D4) , α2 = 3Dλ2,

β1 = 2λ2D2, β2 = 2,

γ1 = 3, γ2 = D3dx, γ3 = 3λ2,

δ1 = 3 + 3λ2D∥e−λx
− 1∥2, δ2 =

3λ
2

(e−2λD
− 1),

ε1 =
3λ3D
2

(e−2λD
− 1), ε2 = 3, ε3 = ε2/D,

ζ1 = 3, ζ2 = 3λ2∥e−λx
− 1∥2, ζ3 = 3λ2e−2λD,

such that

Υ ≤ τ̄ σ̄Ψ , and
¯
τ
¯
σΨ ≤ Υ
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with

¯
τ = 1/max {δ2 + ε3 + ζ3 + 1, δ1 + ε1 + ζ2, ε2, ζ1} ,

τ̄ = max {α2 + γ3 + 1, α1 + β1 + γ2, β2, γ1} .

Appendix C. Full closed-loop dynamics

For the sake of clarity and completion we state the full closed
loop dynamics with respect to Fig. 2:

Optimizer approximation
˙̂
θ (t) = U(t). (C.1)

Actuator dynamics
Θ(t) = α(0, t)
∂tα(x, t) = ∂xxα(x, t), x ∈ (0,D)
∂xα(0, t) = 0
α(D, t) = θ̂ (t) + S(t).

(C.2)

Output static map
y(t) = Q (Θ(t)). (C.3)

Gradient approximation

G(t) =
2
a
sin(ωt)y(t). (C.4)

Hessian approximation

Ĥ(t) = −
8
a2

cos(2ωt)y(t). (C.5)

Controller dynamics
∂tu(x, t) = ∂xxu(x, t) (C.6)
∂xu(0, t) = 0 (C.7)
∂tu(D, t) = −cu(D, t)

+ cK
[
G(t) + Ĥ(t)

∫ D

0
(D − r)u(r, t)dr

]
. (C.8)

Controller

U(t) = T

{
K

[
G(t) + Ĥ(t)

(∫ D

0
(D − r)∂tα(r, t)dr

−(S(t) − a sin(ωt))
)]}

. (C.9)
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on adaptive, nonlinear, and stochastic control, extremum seeking, control of PDE
systems including turbulent flows, and control of delay systems.
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