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1 | INTRODUCTION

| Yujuan Wang'? | Miroslav Krstic?

Summary

This paper provides a time-varying feedback alternative to control of finite-time
systems, which is referred to as “prescribed-time control,” exhibiting several
superior features: (i) such time-varying gain-based prescribed-time control is
built upon regular state feedback rather than fractional-power state feedback,
thus resulting in smooth (C™) control action everywhere during the entire
operation of the system; (ii) the prescribed-time control is characterized with
uniformly prespecifiable convergence time that can be preassigned as needed
within the physically allowable range, making it literally different from not
only the traditional finite-time control (where the finite settling time is deter-
mined by a system initial condition and a number of design parameters) but also
the fixed-time control (where the settling time is subject to certain constraints
and thus can only be specified within the corresponding range); and (iii) the
prescribed-time control relies only on regular Lyapunov differential inequality
instead of fractional Lyapunov differential inequality for stability analysis and
thus avoids the difficulty in controller design and stability analysis encountered

in the traditional finite-time control for high-order systems.

KEYWORDS

finite-time control, fixed-time control, prescribed-time control, time-varying feedback

Professor Vadim I. Utkin has built one of the unmatched legacies in the field of control engineering.? Sliding mode
controllers, ie, fathered and championed by Professor Utkin for over 4 decades, are probably more ubiquitous, both in
the control practice and in research, than just about any other class of controllers except for PID. Methods such as model
predictive control, backstepping, and H,, control can only aspire for an impact in the future, which is comparable to the
range of cumulative impact of sliding mode control (SMC).

Sliding mode control owes its popularity to its effectiveness. Its use of “variable structure” feedback results, simulta-
neously, in 2 desirable properties: complete rejection (rather than partial attenuation) of disturbances of a known upper
bound and the regulation of the state to zero in finite time.

The ability of the classical SMC? to achieve finite-time regulation has inspired many “spin-off” finite-time method-
ologies that use fractional-order feedback,*® homogeneity,”'* etc. Indeed, finite-time control has been an active research

Int J Robust Nonlinear Control. 2018;1-16. wileyonlinelibrary.com/journal/rnc Copyright © 2018 John Wiley & Sons, Ltd. | 1


https://doi.org/10.1002/rnc.4084
http://orcid.org/0000-0002-2167-1861

2 Wl LEY SONG ET AL.

[ : : :
0.5¢
> 013
-0.5f /
-1
-1 —0‘.5 6 015 1

Time(s)

FIGURE1 y=sgn(x)|x|* (Jx| <1)whena =0,0 < a <1and a = 1[Colour figure can be viewed at wileyonlinelibrary.com]

topic during the past decades'** due to its appealing features of faster convergence rate, better disturbance rejection, and
stronger robustness against uncertainties. Thus far, most existing finite-time control methods are based on fractional or
SMC in that the control schemes are of the form u = —c sgn(x)|x|* (see the work of Bhat and Bernstein*) with ¢ > 0 and
0 < a < 1, essentially signum function-based when the fraction « = 0, ie, u = —c sgn(x)(Figure 1 illustrates the evolution
of the function of y = sgn(x)|x|* for different a, a € [0, 1]).2*

In this work, we present a time-varying feedback alternative to achieving finite-time control, which is referred to as
“prescribed-time control”*® or predefined-time control.>3* We show that such prescribed-time control exhibits several
superior features. (i) The time-varying gain-based prescribed-time control is built upon regular state feedback, not on
fractional-power state feedback, thus resulting in smooth (C") control action everywhere during the entire operation of
the system. (ii) The prescribed-time control is characterized with uniformly prespecifiable convergence time that is inde-
pendent of initial condition and any other design parameters and can be preassigned as needed within the physically
allowable range. It is noted that in the traditional finite-time control, the settling time is determined by the system initial
condition and a number of design parameters and thus cannot be arbitrarily prespecified. In addition, the settling time
T(xo) in fixed-time control still cannot be preassigned arbitrarily within any physically possible range because the upper
bound of T(xy) is subject to certain restrictions. From this aspect, the prescribed-time control differs from the finite-time
control and the fixed-time control. (iii) The prescribed-time control relies only on a regular Lyapunov differential inequal-
ity rather than a fractional Lyapunov differential inequality for stability analysis and thus avoids the difficulty in controller
design and stability analysis encountered in the traditional finite-time control for high-order systems.

2 | FINITE-TIME STABILITY THEORY

Before moving on, we first give the definitions for finite-time stability, fixed-time stability, and prescribed-time stability
and the related lemmas.

Definition 1. (See the work of Polyakov et al*®)
Consider a dynamical system

x(6) = fx(0), 1), f(0,0)=0, x(0)=xo, t€ Ry, 1)

where x € R" is the state vector, f : Uy X Ry — R" is a nonlinear vector field locally bounded on an open neighbor-
hood Uj of the origin and uniformly in time. The origin of system (1) is said to be (locally) uniformly finite-time stable
if it is uniformly asymptotically stable, and, for any initial condition x, € U (U C Up), there exists a locally bounded
function T : U — R [J{0} such that x(xo, £) = 0 for all ¢ > T(xy), where X(xo, £) is an arbitrary solution of the Cauchy
problem (1). The function T(xo) is called the settling-time function. If U = U, = R", the origin of system (1) is said to
be globally uniformly finite-time stable.

From Definition 1, we see that the settling time in traditional finite-time stability is not uniform in the initial condition.
For example, the origin of system x(f) = —sign(x(t))|x(¢)|*/?, x € R is globally uniformly finite-time stable because its
settling-time function T is locally bounded: T(xp) = 2\/@ , but it is obvious that the settling time T(x() depends on the
initial condition.
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Definition 2. (See the work of Polyakov®)
The origin of system (1) is said to be globally fixed-time stable if it is globally uniformly finite-time stable and the
settling-time function T is globally bounded, ie, 3Tmax € R+ such that T(xp) < Tax, ¥X0 € R".

According to Definition 2, the finite settling time in a fixed-time system, although uniform with respect to the initial
condition, is still subject to certain restrictions and thus can only be prespecified within a certain range. For example,
the origin of the system x(t) = —sign(x(t))(|x(t)|*/? + |x(t)|*/?), x € R, is globally fixed-time stable since its settling time
T(x) = 2 arctan(\/@) is uniformly bounded by 7, from which we see that the upper bound of the finite convergence
time is subject to certain constraints, ie, it cannot be preselected (assigned) to be smaller than .

Lemma 1. (See the work of Bhat and Bernstein®*)

Consider system (1). If there is a continuously differentiable positive definite Lyapunov function V(x, t) defined on U X R,

where U C Uy is a neighborhood of the origin, real constants ¢ > 0 and 0 < r < 1, such that V(x,t) < —cV(x,t)" on U,

then the origin of system (1) is finite-time stable. Moreover, the finite settling time T* satisfies T* < % for any given

initial condition x(tp) € U. If U = R", then the origin of system (1) is globally finite-time stable.

Lemma 2. (See the works of Wang et al**%*)

Consider system (1). If there exist a continuously differentiable positive definite Lyapunov function V(x,t) defined on

U x R* where U C Uy, and there are real constants ¢ > 0,0 < r < 1, and ||d||y,..; where ||d|l;1,.q = supre[to’t]ld(r)l,

such that V(x,t) < —cV(x, )" + ldlls,.c0, then system (1) is locally finite-time convergent within a finite settling time T*,
PN % V()"

satisfying T* < C;@‘(’—lir)

t > T*, the state trajectory converges to a compact set

©=< x|Ven < Nl % )
7\ e - 6o) '

Now, we introduce a different approach to finite-time control, namely, prescribed-time control. The key in the
prescribed-time control design is the utilization of the monotonically increasing function®

, Where 0 < 6y < 1 is a real constant, for any given initial condition x(t,) € U. Moreover, when

/’ll(t - tO) = te [tO’ o + T)s (3)

T+ty—t
where T > 0 with the properties that 4,(0) = 1 and p;(T) = +c0. We review 2 definitions related to the prescribed-time
stability.

Definition 3. (PT-ISS*)

The system X = f(x, t, d) (of arbitrary dimensions of x and d) is said to be prescribed-time input-to-state stable (PT-ISS)
in time T if there exist a class KL function g and a class K function y, such that, for all t € [ty, to + T),

(D) < B (%o, 1t = t0) = 1)+ 7 (i) - 4

The function u,(t—ty)—1 = (t—ty) /(T +1t, —¢t) starts from zero at t = f, and grows monotonically to infinity ast — to+ T.
Therefore, a system that is PT-ISS is, in particular, ISS with the additional property that in the absence of the disturbance
d, it is prescribed-time globally asymptotically stable in T.

Definition 4. (PT-ISS+C3°)

The system x = f(x, t, d) (of arbitrary dimensions of x and d) is said to be prescribed-time input-to-state stable in time
T and convergent to zero (PT-ISS+C) if there exist class KL functions £ and fi;, and a class K function y, such that, for
allt € [ty, to + 1),

X1 < By (BUxol. t = to) + 7 (lldll.e1) » a(t — t0) — 1) (5)

Clearly, a system that is PT-ISS+C is also PT-ISS, with the additional property that its state converges to zero in time T
despite the presence of a disturbance.
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Lemma 3. (See the works of Song et al*®)

Consider the function
TI’H-m

= W = (1t — o))" o

on [to, ty + T), with positive integers m, n (n is corresponding to the order of the system). If a continuously differentiable
function 'V : [ty, ty + T) — [0, +00) satisfies

u(t — ty)

. t—t
V() < ~2kutt - v + L Pawy ™
for positive constants k and A, then
_Zk_T( (t—t, )m+n—1_1) “dllfto,[]
V(t) < exp” men-1 110 V(to) + TR Ve [to,to+ T). (8)

Corollary 1. Under the conditions of Lemma 3, if d(t) = 0, then lim,_,, .7V () = 0.

Corollary 1 is a time-varying fixed-time counterpart of the basic nonsmooth finite-time result of theorem 4.2 by Bhat
and Bernstein,” whereas Lemma 3 is a time-varying finite-time counterpart of the robustness result in theorem 5.2 by
Bhat and Bernstein.’

3 | SOME FEATURES OF THE FINITE-TIME CONTROL
AND PRESCRIBED-TIME CONTROL

In this section, we present some comment features between the traditional finite-time control and the prescribed-time
control and highlight the major differences between them, with particular attention to the control structure, convergence
time, disturbance rejection, and robustness against the uncertainties.

To help with the understanding of the fundamental idea and technical development, we consider the following
single-integrator system:

X=u, ©)
where x and u are the system state and control input, respectively. It is worth mentioning that, for the prescribed-time
control proposed in this paper, neither the plant or its solutions nor the control law is expected to exist beyond the terminal
time (prescribed time), and all the stability analysis made for the closed loop is valid only in that time interval.

3.1 | Control structure

3.1.1 | Traditional finite-time control
The traditional finite-time controller bears the following form!*#:

u = —o(t)sgn(x)|x|*, (10)

where ¢(¢) is the control gain to be designed and 0 < « = p/q < 1 (p and q are positive odd integers). Note that the control
law (10) covers several different cases: when a = 1, it reduces to the typical asymptotical control u = —o(t)x; when a = 0,
it reduces to the signum function-based (sliding mode) finite-time control,® which is discontinuous due to the using of
the signum function; when 0 < @ < 1, it corresponds to the fractional state-based finite-time control established by Bhat
and Bernstein,** which is continuous but nonsmooth with respect to state variables. It is worth mentioning that with
0 < @ < 1, the finite settling time T* is determined by T* = % according to Lemma 1, where ¢ > 0 is some constant

related to the control gain ¢(t) and the fraction index a, and r is related to a.

3.1.2 | Prescribed-time control
The time-varying scaling function utilized is of the form
T1+m

= —(T " [)1+m , L€ [t(), to + T), (11)
0—

u(t — ty)
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which corresponds to the case of n = 1 in (6). With such y, we conduct the following simple transformation, w = ux, on
t € [ty, to + T). Then, the prescribed-time controller based on time-varying gain is of the form

u = —k(t)ux, (12)
with k(t) > 0.

3.2 | Convergence time

3.2.1 | Traditional finite-time control
For the traditional finite-time method, applying to system (9), we choose

o(t) = g0 > 0, (13)
ie, a constant gain, then we have the following result.
Observation 1. For system (9) with controller (10) and (13), the following result is obtained:

(i) When 0 < a < 1 (fractional state-based control), the finite settling time satisfies

V(to) ™2

T* < 1+a ’ (14)
200 (1 - T)
with V() being a Lyapunov function related to the initial state.
(ii) When a = 0 (sliding mode-based control), the finite settling time satisfies T* < IX(OLN.
(iii) When a = 1 (regular state-based control), the settling time satisfies T* = +co.
Proof. System (9) with (10) and (13) is rewritten as
X = —0osgn(x)|x|". (15)

The details of the finite-time stability of (15) can be seen in the works of Bhat and Bernstein* and Poznyak et al*
for (i), in the works of Utkin' and Polyakov and Poznyak® for (ii), and in the work of Khalil** for (iii) and thus are
omitted here. O

From (i) and (ii) in Observation 1, we see that the finite settling time T* under the fractional state-based finite-time
control is dependent on the initial condition and a number of design parameters, and T* by the sign function-based
control depends on the initial condition.

3.2.2 | Time-varying gain-based prescribed-time control
The prescribed-time controller for system (9) has the following control gain:

k=k0+1+m

>0, (16)

which leads to the following result.
Observation 2. System (9) with controller (12) and (16) is PT-ISS+C with the prescribed finite settling time T, and

o (15 1)

[x()] < p'exp |x(to)| for t € [ty,to + T), 17
[x(®)] = 0 as t—> (ty+ 1), (18)
where
. t—to
uot—t)=1- (19)

is a monotonically decreasing linear function with the properties that 4~1(0) = 1 and x~'(T) = 0, which means that,
in particular, the state x(f) converges to zero in prescribed time T.
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Proof. With the transformed variable w = ux, system (9) is rewritten as
w = Hu + ﬂx, (20)

where

14+ m)THm 24m
n= ( ) =1+m/41:m, (21)
(T + ty — t)>tm T

Choose the Lyapunov function candidate as V = w?/2 whose derivative along (20) is

V = wpx + wuu. (22)
By noting that
w;kx:w1 yﬁ_xx:w,u“-—m;fnlmyx Swa—mw, (23)
T T
then we have
. 1+m )
V <wu <u + Tw) = wu(—kow) = —kouw* = =2kouV (t). (24)
By using Lemma 3, we arrive at
V(o < expon (T D), (25)
which implies that
21 o, 2 -2 ko (WTE-1)
x(t)* = —w* =2pu""V(t) < 2u™"V(to) < u~"exp x(tp)* = 0, (26)
H

ast — to + T by using the fact that y=' — 0 (Il > 0) as t — f, + T, and thus, (17) holds. This means that the regulation
is achieved in the prescribed time T, which is independent of the initial condition and any other design parameters
and thus can be explicitly prespecified. O

3.3 | Disturbance rejection and robustness against uncertainties

Of particular interest in this section is the capability for disturbance rejection and robustness against uncertainties.
Consider

X=u+ falx,0), 27)

where x and u are the system state and control input, respectively, and f;(x, t) denotes the unknown lumped uncertainty
that may be nonvanishing.

Assumption 1. (Bound on matched but possibly nonvanishing uncertainty)
The nonlinearity f,; in (27) obeys

| fa(x, B)| < d(Oy(x), (28)

where d(f) is a disturbance with an unknown bound ||d||;;,  := SUP. ey, 1] |d(7)|, and w(x) > 0is a known scalar-valued
continuous function.

3.3.1 | Traditional finite-time method
For the traditional finite-time method to system (27), we choose

o(t) = 00 + yy?, (29)

where y > 0is a free design constant parameter, and we have the following result.
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Observation 3. Consider system (27) under Assumption 1. If controller (10) with (29) is applied, the following result
is obtained:

(i) When 0 < a < 1 (fractional state-based control), the state trajectory is convergent to a compact set

o ||d||[2,0,t] & 0
= < _—
DR 4y 00(1 — 6o) (30)

within the finite time T*, which satisfies
1— 2
T < A S — (31)
Booo(1 + )i (1- 22

1+a

where V(t,) is a Lyapunov function related to the initial state and 0 < 6y < 1 is defined the same as in Lemma 2.

(ii) When a = 0 (sliding mode-based control), the state trajectory is convergent to a compact set

1
ldll? >0
® = x|kl < [ ——L ) 1, (32)
4y00(1 — 6o)
. . . lldlIg, s o .
which converges to zero if we choose the design parameters such that W;“"’;) < 1, within the finite time T*, which
o\+™Y%
satisfies v
1y
6000

(iii) When a = 0 (regular state-feedback control), the state trajectory is convergent to a compact set

1
I o\
®; = x|]x] < [ ——l_ (34)
4700(1 - 60)

within the infinite time.
Proof. System (27) with (10) and (29) is rewritten as

% = —(0o + yw?)sgn()[x|* + fa(x,t). (35)

In the following, we analyze the finite-time stability of (35), especially its disturbance rejection and robust ability
against uncertainties.

(i) Choose the Lyapunov function candidate as V = x'*% /(1 + «), whose time derivation along (35) is

V =x"% = —0ox*® — yy?x®® 4+ x* f,. (36)

Upon using the Young's inequality, we have

a 2.2a ”d”[zt[)st]
X fa()) < ywix* + — a7
Then, we arrive at
- |l lld]|?
V < —oox™ — yy i + yyx 4 % = —0pX™ + —450‘—”- (38)
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2a 2a
By noting that Vi = (H%)H_axz", we then have

5 20
X" =0+ a)+ Vi, (39)
According to (38) and (39), we see that
. a o Nl g
\%4 < _00(1 + a) e Vita 4 ——, (40)
4y
2o = I, .
Letc=00(1+ a) e ,d= %, and r = i—“u According to Lemma 2, we then have, for t > T*, that
: iz, \ >
- = 2a
vos<(—4—) =2 o (D)
(1 —6p)c 1+ a\ 4y00(1 — 6y)
-r - .
with T+ < L™ _ Vi) . From (41), we then arrive at
B gop(1+a) T (1- 25
|2 B
Il 2
N i [to-t]
x| = ") = [A+ V] < | ——— ] . (42)
4y 00(1 — 6o)
(ii) When a = 0, it corresponds to the signum function-based control (SMC)
u = —o(t)sgn()|x|° = —(0o + yy*)sgn(x). (43)
The result in (ii) is straightforward to be obtained by following the similar line as in the proof of (i).
(iii) When a = 1, the control in (10) with (29) reduces to the nonfinite-time control
u = —o(t)sgn()|x| = —(oo + ry?)x, (44)
1
. ldir? 2 . ldir? .
and the bound for the state x is x| < [ —2— | . If choosing g, and y such that —— < 1, and if 0 < a << 1,
4y00(1-6,) 4y0,(1-6,)

1
ldiz o\ > ldi ;'\ 2 e .
then < o4 > << fod (see the work of Wang et al??), which implies that the fractional state-feedback

4700(1_90) 47’00(1_00)

finite-time control proposed in (10) with (29) has better disturbance rejection and robustness against uncertainties
than the regular nonfinite-time control given in (44). Especially, the signum function-based finite-time control (43)
(SMC) has better disturbance rejection and robustness against uncertainties than the fractional state-based finite-time

control (10) with (29) and the regular nonfinite-time control (44). O
3.3.2 | Time-varying gain-based prescribed-time control
In this case, the same controller is used as in (12) with the control gain designed as
k(t) = ko + HTm + 2. (45)

Observation 4. System (27) with the control scheme (12) and (45) is PT-ISS+C with the prespecified finite settling

time T, and
ey I (T — lldll s,
(o] < (L exp o (7)) 4 e (46)
24/koA
for all t € [t, to + T), which means that, in particular, the state converges to zero in prescribed time T.
Proof. By using the time-varying scaling function u(f) given in (11) and the transformed variable w = ux, we have
W= puu+ ufq+ px. 47)
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Choose the Lyapunov function as V' = w? /2 whose derivative along (47) is

V =wpx +wufg +wuu. (48)

Upon using the Young's inequality, we get

e 12 . Mlldllﬁo,t] 4
w < piw +—=w w+ ———.
Hfa < pAwy 1 = Ay ¥ (49)
From (23), (48), and (49), we have
dl|? wulldll?
. 1+m 2 ”” [£:] [£o:t]
V<w <u+—w+ﬂ w>+—=w —kow) + ——
<wu T v 17 u(—kow) 27
. il el .
= —kopw* + ——— = — H+——".
oM 42 ouV () 42 (50)
By using Lemma 3, we then arrive at
ok (e lldll?
V(o) < exp 2o T gy 4 — 100 (1)
8koA
which implies that
ok T (T ldil?
(O = a2 = 2 [ exp Zom () iy 4 ol ) g (52)
4ko A
ast — to + T, meaning that the state x converges to zero when t — t, + T, and therefore, (46) holds naturally. =

4 | HIGH-ORDER NONLINEAR SYSTEMS

In this section, we extend the comparison results in Sections 1 to 3 to nonlinear systems diffeomorphically equivalent to
the “normal form”

X =Xip1,  Xn = bX, Ou+ fa(x,0), y=x, (53)
where x =[x, ... ,x,]" € R", u € R, and y € R are system state, control input, and control output, respectively, b(x, f)
represents the control gain of the system, which would pollute any design input and thus imposes technical challenge for
control if such gain is unknown and time varying.?*2*353% Here, b(x, t) is assumed to be unknown and bounded, f;(x, t) is
unknown and possibly nonvanishing*® satisfying Assumption 1.

Assumption 2. (Global controllability)
For system (53), there exists a known b # 0 (and without loss of generality b > 0) such that b < |b(x, f)| < oo for all
xeNR", teR,.

4.1 | Traditional finite-time control method

To develop the finite-time control for system (53), the following virtual errors &, are defined as

g=x"T—xM =12, .. n, (54)
where g; = (2n+3 - 2i)/(2n+1) > 0(i =1, ... ,n), and the virtual controllers x7 (i = 1, ... , n) is defined as
X =0, xf=-pa&", i=2,....n (55)
with ,_; (i =2, ... ,n) being a positive constant to be designed.

The actual controller is of the following form:

(ﬂn + 6![/2) Z”“. (56)
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Observation 5. (See the work of Wang et al**)

Consider the nonlinear system (53) under Assumptions 1 and 2. If the control scheme (55)-(56) is applied, then for
any initial conditions satisfying V(ty) < ¥ (y > 0 is a bounded constant), the following result is achieved in that the
output state y converges to a small residual set ®, namely,

1+8)kylic \*
©=1y < [A +9)kp]¢ ’ (57)
ﬂl//lea

- 25
in a finite time T* satisfying T* < % where 0 < s < 1,0 < pu; < 1,0 < u, <1, kg, kp, and ¢ are bounded
AT

constants related to a set of design parameters g; (i =1, ... ,n), o, ands.

Remark 1. In the high-order case, the signum function-based control method is not available because in such case
1/q; (i=1, ... ,n) would correspond to 1/0, which is equal to co. It is worth mentioning that the Lyapunov function
for the stability analysis of the fractional state-based finite-time control method for high-order systems normally

1 L1\ 2~%
includes an adding power integrator of the form W;(xy, ... ,x;) = /x x‘ <s‘h’ - X, & > ds(i =2, ... ,n), making stability

analysis rather involved.

4.2 | Time-varying gain-based prescribed-time method

For the time-varying gain-based prescribed-time control, the following transformation is conducted:

wy(t) = p(t — to)x1 (),

wi(t) =dw;1(0)/dt, i=2,...,n+1. (58)
Denote
rn = [Wl, ,Wn_l]T = le S ER"_I (59)
ry=ip =Wy, ..., w,]T =Lwe R, (60)
where

N= et Ogenpa] s 2= [Op-vxas  Inaa] (61)
and K,y = [ki, ... ,k,_1]7 € R"!, where K,_; is an appropriately chosen coefficient vector so that the polynomial

st 4 k,_18"2 4 - - - + k; and the matrix

_| 0 I

A=k —ky — kg (62)

are both Hurwitz. Now, we replace the state w, by the new variable z as

Z=w, +K!_n. (63)

This then results in
= Ar; + e, 1%, (64)
where e,_; = [0, ... ,0,1]T € R"L. Before proceeding, we note that the linear system (64) is ISS with respect to z, which

means that there exist positive constants Mj, 61, y; such that

@] < Mie™“0Nr @) + nllzllg.a. Yt E o, o+ T). (65)

The derivative of the new state (63) is
z=wWw, +K! Jw, (66)

which, by substitution of w, = w,,; and X,, = x,,11, yields

Z=,L4(Xn +L0+L1) = /,l(bu+f+L0+L1) (67)



SONG ET AL. Wl LEY 11

with
" n M(l‘) T
LO = Z < i > 7xn+1_i, L = Vn+mKn_1J2W, (68)
i=1
in which the quantity L, is expressed in terms of w as Ly, = v™lp(v)w, where lp(v) = [lo1,lo2, ... ,lo.], and for
i=12,....n1 ;(v) =l ;! with
n—j : . .
s n+m n i+j-1 “D'@Cn+m—i-))!
lo’f_Tn+1—j'0<n—i—j+l>< i >>< (n+m—1i)! ) (69)
=l

Furthermore, [y(v) is bounded.
The time-varying gain-based prescribed-time controller for system (53) is designed as

u=-2 (ko+0+ y(xr)z, (70)

where z is defined via (63), in which the control gains are chosen such that p, ky, 4 > 0,
pk() > ]/1/4, (71)

where y,, defined in (65), depends on the choice of the gain vector K,_; in (62) and (64), and where 6 > 6, and

- 2
0. =k +To + p max. |(VKTJ2 + b)) (I = enki )| - (72)

Observation 6. (See the work of Song et al*®)
Consider system (53) under Assumptions 1 and 2. If controller (70) with (71)-(72) is applied, system (53) is PT-ISS+C
and there exist M, 5, 7 such that

()] < v(t = to)™! (Me D lx(to)] + 7l ) (73)

for all Vt € [ty, to + T). Furthermore, control u remains uniformly bounded over [ty, ty + T).

5 | NUMERICAL SIMULATIONS

Simulations on 2 numerical examples are conducted in this section to demonstrate and validate the fast convergence time,
good disturbance rejection, and robustness against uncertainties of the time-varying gain-based prescribed-time control
scheme.

Example 1. The simulation model in this example is the single integrator system described by (9).

The purpose of the numerical simulation is to compare the convergence performance between the tradi-
tional fractional state-feedback-based finite-time control given in (10) with (13) and the time-varying gain-based
prescribed-time control given in (12) with (16). To make a fair comparison, the design parameters for the traditional
control (10) with (13) are taken as ¢, = 3.5, « = 1/3; the design parameters for the time-varying gain-based control
(12) with (16) are taken as ky = 0.5, T = 1 second, and m = 2, and thus, the initial control gain is the same in the
2 control methods.

The simulation results are represented in Figures 2 to 4. From Figures 2 to 4, we see that the convergence time of
the state under the traditional finite-time control method depends on the initial state, whereas the convergence time
under the time-varying gain-based prescribed-time control method can be prespecified uniformly, independent of
any initial condition and other design parameters. In addition, the control signal under the signum function-based
control (@ = 0, SMC) is discontinuous when the state approaches to zero.

Example 2. The simulation model in this example is the first-order system subject to unknown nonvanishing uncer-
tainties descried by (27), in which the lumped uncertainty is taken as f4(x,t) = ag + a;xcos(t) with ag = 1 and
a; = 1.

The purpose of the numerical simulation is to compare the disturbance rejection and the robustness against the
uncertainties between the traditional fractional state-based finite-time control given in (10) with (29) (including the
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z(ty) = 4,T* < 1s 0 (te) = 2 |

x(ty) =3,T* < 1s

z(ty) =2,T* < 1s
z(tg) =4

1t E -10 |
0(; 05 1 s % 05 1 15
’ Time(s) ’ ' Time(s) '
(A) (B)

FIGURE 2 Response of the single integrator system with time-varying gain-based prescribed-time control law (12) and (16) under
ko =0.5,m = 2,and T = 1 second. A, x; B, u [Colour figure can be viewed at wileyonlinelibrary.com]

4 ‘ b
x(ty) = 4,T* = 1.25s > 1s

i

z(ty) = 3,7 = 1s

z(ty) = 2,T* = 0.75s < s

0 ‘ .

_1 L L
0 0.5 1 1.5 50 0.5 1 1.5
Time(s) Time(s)

(A) (B)

FIGURE 3 Response of the single integrator system with traditional finite-time control law (10) and (13) under « = 1/3 and ko = 3.5. A, x;
B, u [Colour figure can be viewed at wileyonlinelibrary.com]

‘ 5
4 2(ty) = 4,7 = 1.31s > 1s 1
3 z(tg) =3,T* =0.98s < 1s - or

— z(tg) =2,T* = 0.66s < 1s 1 3 -5t 2(t0) = 2 /
5 // ad (to) = 4

1 1 -10p f L
0 =5

L L _15 122 12201 12201 12201 12202

0 0.5 . 1 1.5 0 0.5 1 15
Time(s) Time(s)
(A) (B)

FIGURE 4 Response of the single integrator system with traditional finite-time control law (10) and (13) under « = 0 and ko = 3.5. A, x;
B, u [Colour figure can be viewed at wileyonlinelibrary.com]|

sign function-based control as a specifical case when a = 0) and the time-varying gain-based prescribed-time control
given in (12) with (45). To make a fair comparison, the design parameters for the traditional control law (10) with (29)
are taken as g, = 3.5, « = 1/3,y = 0.1, and y = 1 + |x| (the sign function-based control is corresponding to a = 0);
the design parameters for the time-varying gain-based control law (12) with (45) are taken as ky = 0.5, 4 = 0.1,
v =1+ |x|, T = 1second, and m = 2, and thus, the initial control gain is the same in the 2 control methods.
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x(tg) = 2.5,T* < 1s

2 / 1

z(tg) = 1.5,T* < 1s

o 05 1 15 2 % 05 1 15 2
Time(s) Time(s)
(A) (B)

FIGURE 5 Response of first-order system (27) subject to unknown nonvanishing uncertainties with time-varying gain-based
prescribed-time control law (12) and (45) under ky = 0.5, 41 = 0.1, m = 2, and T = 1 second. A, x; B, u [Colour figure can be viewed at
wileyonlinelibrary.com]

3 w \ 5 w
w(t)) =25,T" =192s > 1s z(t)) =05
2 19 ok ]
z(tg) = 1.5,T* = 1.48s > 1s —5F ]
8 1 b 3_107 (o) = 1.5 z(tg) = 2.5 |
or ~15} ]
x(tg) = 0.5, 7" = 0.83s < 1s
-1 L L L -20 L L !
0 0.5 1 1.5 2 0 0.5 1 15 2
Time(s) Time(s)
(A) B)

FIGURE 6 Response of first-order system (27) subject to unknown nonvanishing uncertainties with the traditional finite-time control law
(10) and (29) under a = 1/3, g, = 3.5, and y = 0.1. A, x; B, u [Colour figure can be viewed at wileyonlinelibrary.com]

z(tg) =2.5,T* = 1.6s > 1s

2 z(ty) = 1.5,T* = 0.92s < s ]
8 1 i 3
0T ) = 25 e S
ot 1.8603 \ 1.8604 1.8605 1.8606
_15,
z(ty) = 0.5, T = 0.25s < 1s z(to) = 1.5
_1 ! ! ! _20 1 1 1
0 0.5 1 1.5 2 0 0.5 1 1.5 2
Time(s) Time(s)
(A) (B)

FIGURE 7 Response of first-order system (27) subject to unknown nonvanishing uncertainties with the traditional finite-time control law
(10) and (29) under a = 0 (SMC), ¢, = 3.5, and y = 0.1. A, x; B, u [Colour figure can be viewed at wileyonlinelibrary.com]

The simulation results are represented in Figures 5 to 7. The robustness against the uncertainties and the dis-
turbance rejection are reflected by the convergence time in the simulation. From Figures 5 to 7, we see that the
convergence time of the state under the traditional finite-time control method does depend on the initial state,
whereas the convergence time under the prescribed-time control method can be prespecified uniformly, which does
not depend on the initial condition and any other design parameters. In particular, the control signal under the signum
function-based control (¢ = 0, SMC) is discontinuous when the state approaches to zero.

Example 3. To further compare the time-varying gain-based prescribed-time control method with the commonly
used finite-time control,’ we conduct simulation on the double integrator system (because the existing method
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3t (z1(t0), z2(t0)) = (2.5,-2.5) ]

(le(to)7m2(t0)) _ (157 715) ] (I1<t0>,12(tn)) = (05 —05)

§ = -20 ]
(21(to), 22(t0)) = (1.5,—1.5)
1 (21(t0), z2(t0)) = (0.5,—0.5) i
—40F  (x1(to), wa(t)) = (2.5, —2.5) |
0 .
| : -60 ‘ ‘

: 1 1.

0 0.5 Time(s) S 0 0.5 Time(s) 15

(A) (B)

FIGURE 8 Response of the double integrator system with time-varying gain-based prescribed-time control law (74) under k = 1, k; = 0.1,
and T = 1 second. A, x1; B, u [Colour figure can be viewed at wileyonlinelibrary.com]

by Shen and Huang" is not applicable to systems with time varying and unknown control gain and nonvanishing
uncertainty). The prescribed-time controller corresponding to the linear system is of the form

U= —%(f+Lo+L1+koZ), (74)

where Ly and L, are defined as in (68), which is used with the design parameters: ky = 1 and k; = 0.1, with T =
1 second and m = 2. According to the algorithm given in the work of Shen and Huang," the corresponding finite-time
control law is

u=—¢8le, +1/3(1+ )], (75)

with & = x;/qz — le/qz, x; = —(c1x)®(1 + I(1 + x?)), in which the parameters are set as g, = 3/5, q; = 1/5, ¢; = 2.5,
c; = 4.5,and [ = 0.18 as in the aforementioned work."

The evolution (versus time) of x; of the double integrator under the control of the proposed scheme (74) and the
scheme (75) by Shen and Huang" is presented in Figure 8A and Figure 9A, respectively. It is seen that our control
(74) achieves prescribed-time regulation in T = 1 second, whereas the convergence time of the controller by Shen
and Huang" depends on initial conditions. Besides, from Figure 8B and Figure 9B, it is observed that our scheme
demands a lower overall (initial) control effort and exhibits smoother control action, avoiding the sharp transitions
(nearly jumps) at sign changes as reflected in Figure 9B.

Remark 2. In all the simulations for time-varying gain-based prescribed-time control above, the terminal time is
taken slightly larger than its prescribed value so that, while the state has already been regulated to a very small value
(roughly at 1077 in all the 3 examples) at the end of the simulation, the gain is still finite at the prescribed time (here,

4 20

3 (malto),w2(ty)) = (2.5,-2.5),T" = 1.3s ] 0 - N ————
(Zl(tﬂ),l‘z(to)) = (057 —05)

(21(to), @a(ty)) = (15,—1.5), " = 1.2s ]

T

(21(to), 22(t0)) = (1.5, —1.5)

1 (z1(to), 22(t)) = (0.5,—0.5), T* = 0.75s
“A00 (@ (to).aa(to)) = (2.5,-2.5) 1
0
| ‘ -60 ‘ ‘
Time(s) 0 0-5 Time(s) 5
(A) (B)

FIGURE 9 Response of the double integrator system with traditional finite-time control law (75) in the work of Shen and Huang!® under
q, =3/5,¢; =2.5,and ¢, = 4.5. A, x;; B, u [Colour figure can be viewed at wileyonlinelibrary.com]
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the terminal time of 1.03 seconds is used in the simulation so that the desired result is achieved at the prescribed time
of 1 second, and at the same time, the control gain is finite before the terminal time).

Remark 3. It should be mentioned that SMCs also have the property of finite-time,>® fixed-time,*”-*® and the so-called
equiuniformly finite-time (see the work of Orlov'® for the definition) convergence. By combining SMC with fractional
power state feedback, predefined-time control can be achieved for a certain class of systems with perturbation.***
However, the control smoothness is always an issue when SMC and fractional state power feedback are utilized. In
addition, it is worth noting that for the case when the system is still alive after convergence to the origin the SMC
can maintain the solution in the origin. Therefore, the proposed controller can be used to regulate reaching phase of
sliding mode controller.

Remark 4. 1t is interesting to note that the proposed input (11), (12) approaches, in a certain sense, the Dirac con-
trol law xo6(t — to) as T goes to zero. The latter was established in Orlov's work® to impose the perfect regulation on
the system in question while minimizing the closed-loop quadratic performance. Moreover, by applying the sequen-
tial approach to the Dirac distribution definition, an appropriate approximation of the above Dirac signal is capable
of ensuring the prescribed finite-time stability of the closed-loop system. Such an approximation was illustrated by
Y. Orlov by means of high gain kx as k escapes to infinity, whereas, in this work, we simply apply the time rescaling to
arrive at a time-varying feedback, approaching the delta signal, thereby ensuring the prescribed finite-time stability
of the closed-loop system. It is worth mentioning that using the constant high gain all the way from the beginning
in control scheme could result in an excessively large initial control demand when the initial state or initial tracking
error is large, whereas the proposed control involving time-varying gain does not have such issue.

| CONCLUSIONS

This paper focuses on an alternative to finite-time control design for a class of uncertain nonlinear systems, demonstrating
the difference between the traditional finite-time control and the newly developed prescribed-time control. It shows that
the traditional finite-time control is based on fractional-power state feedback, in which the resultant finite settling time
depends on the system initial condition and some other design parameters, whereas the prescribed-time control is based
on aregular state feedback with time-varying gain, leading to finite settling time uniform with respect to the system initial
condition and any other design parameters.

ACKNOWLEDGEMENTS

This work was supported in part by the National Natural Science Foundation of China (No. 61773081), and technology
transformation program of Chongging higher education university (KJZH17102).

ORCID

Yongduan Song"® http://orcid.org/0000-0002-2167-1861

REFERENCES
1. Utkin VL. Sliding Modes in Control and Optimization. New York, NY: Springer-Verlag; 1992.
2. Utkin VI. Variable structure systems with sliding modes. IEEE Trans Autom Control. 1977;22(2):212-222.
3. Levant A. Sliding order and sliding accuracy in sliding mode control. Int J Control. 1993;58(6):1247-1263.
4. Bhat SP, Bernstein DS. Continuous finite-time stabilization of the translational and rotational double integrators. Autom Trans Autom
Control. 1998;43(5):678-682.
5. Bhat SP, Bernstein DS. Finite-time stability of continuous autonomous systems. SIAM J Control Optim. 2000;38(3):751-766.
6. Moulay E, Perruquetti W. Finite time stability and stabilization of a class of continuous systems. J Math Anal Appl. 2006;323:1430-1443.
7. Wang L, Xiao F. Finite-time consensus problems for networks of dynamic agents. IEEE Trans Autom Control. 2010;55(4):950-955.
8. LiC, Qu Z. Distributed finite-time consensus of nonlinear systems under switching topologies. Automatica. 2014;50(6):1626-1631.
9. Levant A. Homogeneity approach to high-order sliding mode design. Automatica. 2005;41:823-830.
10. Orlov Y. Finite time stability and robust control synthesis of uncertain switched systems. SIAM J Control Optim. 2005;43(4):1253-1271.


http://orcid.org/0000-0002-2167-1861
http://orcid.org/0000-0002-2167-1861

16 Wl LEY SONG ET AL.

11.
12.
13.
14.
15.

16.

17.

18.

19.
20.

21.

22.

23.

24.

25.

26.

27.
28.

29.

30.

31.

32.

33.

34.
35.

36.

37.

38.

39.

Hong Y, Huang J, Yu X. On an output feedback finite-time stabilization problem. IEEE Trans on Autom Control. 2001;46:305-309.
Hong Y. Finite-time stabilization and stabilizability of a class of controllable systems. Syst Control Lett. 2002;46:231-236.

Haimo VT. Finite time controllers. SIAM J Control Optim. 1986;24(4):760-770.

Huang X, Lin W, Yang B. Global finite-time stabilization of a class of uncertain nonlinear systems. Automatica. 2005;41(5):881-888.

Qian C, Li J. Global finite-time stabilization by output feedback for planar systems without observable linearization. IEEE Trans Autom
Control. 2005;50(6):885-890.

Hong Y, Jiang ZP. Finite-time stabilization of nonlinear systems with parametric and dynamic uncertainties. IEEE Trans Autom Control.
2006;51(12):1950-1956.

Hui Q, Haddad WM, Bha SP. Finite-time semistability and consensus for nonlinear dynamical networks. IEEE Trans Autom Control.
2008;53(8):1887-1900.

Li S, Du H, Lin X. Finite-time consensus algorithm for multi-agent systems with double-integrator dynamics. Automatica.
2011;47(8):1706-1712.

Shen Y, Huang Y. Global finite-time stabilisation for a class of nonlinear systems. Int J Sys Sci. 2012;43:73-78.

Wang YJ, Song YD, Krstic M. Collectively rotating formation and containment deployment of multi-agent systems: a polar coordinate
based finite time approach. IEEE Trans Cybern. 2017. https://doi.org/10.1109/TCYB.2016.2624307

Huang J, Wen C, Wang W, Song YD. Adaptive finite-time consensus control of a group of uncertain nonlinear mechanical systems.
Automatica. 2015;51:292-301.

Wang YJ, Song YD, Krstic M, Wen CY. Fault-tolerant finite time consensus for multiple uncertain nonlinear mechanical systems under
single-way directed communication interactions and actuation failures. Automatica. 2016;63:374-383.

Wang YJ, Song YD, Krstic M, Wen CY. Adaptive finite time coordinated consensus for high-order multi-agent systems: adjustable fraction
power feedback approach. Inf Sci. 2016;372:392-406.

Wang Y, Song YD. Fraction dynamic-surface-based neuroadaptive finite-time containment control of multiagent systems in nonaffine
pure-feedback form. IEEE Trans Neural Netw Learn Sys. 2017;28(3):678-689.

Polyakov A, Poznyak A. Lyapunov function design for finite-time convergence analysis: “twisting” controller for second-order sliding
mode realization. Automatica. 2009;45:444-448.

Poznyak A, Polyakov A, Strygin V. Analysis of finite-time convergence by the method of Lyapunov functions in systems with second-order
sliding modes. J Appl Math Mech. 2011;75:289-303.

Cruz-Zavala E, Moreno JA, Fridman LM. Uniform robust exact differentiator. IEEE Trans Autom Control. 2011;56(11):2727-2733.

Polyakov A. Nonlinear feedback design for fixed-time stabilization of linear control systems. IEEE Trans Autom Control.
2012;57(8):2106-2110.

Polyakov A, Efimov D, Perruquetti W. Finite-time and fixed-time stabilization: implicit Lyapunov function approach. Automatica.
2015;51:332-340.

Song YD, Wang Y, Holloway J, Krstic M. Time-varying feedback for robust regulation of normal-form nonlinear systems in prescribed
finite time. Automatica. 2017;83:243-251.

Sanchez-Torres JD, Sanchez EN, Loukianov AG. Predefined-time stability of dynamical systems with sliding modes. Paper presented at:
American Control Conference (ACC); 2015; Chicago, IL.

Jimnez-Rodrinchez E, Snchez-Torres JD, Loukianov AG. On optimal predefined time stabilization. Int J Robust Nonlinear Control.
2017;27:3620-3642.

Jimnez-Rodriguez E, Sanchez-Torres JD, Loukianov JD. Predefined-time backstepping control for tracking a class of mechanical systems.
IFAC World Cong. 2017;50(1):1680-1685.

Khalil HK. Nonlinear Systems, 3rd ed. Upper Saddle River, NJ: Prentice Hall; 2002.

Song YD, Wang Y, Wen C. Adaptive fault-tolerant PI tracking control with guaranteed transient and steady-state performance. IEEE Trans
Autom Control. 2017;62(1):481-487.

Song YD, Huang XC, Wen CY. Tracking control for a class of unknown nonsquare MIMO nonaffine systems: a deep-rooted information
based robust adaptive approach. IEEE Trans Autom Control. 2016;61(10):3227-3233.

Wang YJ, Song YD, Lewis FL. Robust adaptive fault-tolerant control of multi-agent systems with uncertain non-identical dynamics and
undetectable actuation failures. IEEE Trans Indust Elect. 2015;62(6):3978-3988.

Wang YJ, Song YD, Gao H, Lewis FL. Distributed fault-tolerant control of virtually and physically interconnected systems with application
to high speed trains under traction/braking failures. IEEE Trans Intelligent Transport Syst. 2016;17(2):535-545.

Orlov Y. Shwartz' distributions in nonlinear setting: applications to differential equations, filtering, and optimal control. Math Probl Eng.
2002;8(4-5):367-387.

How to cite this article: Song Y, Wang Y, Krstic M. Time-varying feedback for stabilization in prescribed finite
time. Int J Robust Nonlinear Control. 2018;1-16. https://doi.org/10.1002/rnc.4084



https://doi.org/10.1109/TCYB.2016.2624307
https://doi.org/10.1002/rnc.4084

	Time-varying feedback for stabilization in prescribed finite time
	Abstract
	Introduction
	Finite-Time Stability Theory
	Some Features of the Finite-Time Control and Prescribed-Time Control
	Control structure
	Traditional finite-time control
	Prescribed-time control

	Convergence time
	Traditional finite-time control
	Time-varying gain–based prescribed-time control

	Disturbance rejection and robustness against uncertainties
	Traditional finite-time method
	Time-varying gain–based prescribed-time control


	High-Order Nonlinear Systems
	Traditional finite-time control method
	Time-varying gain–based prescribed-time method

	Numerical Simulations
	Conclusions
	References


