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In this paper, we address the stabilization problem of interconnected systems with input delays. The
considered system consists of two coupled subsystems with input delays. Distributed predictor-based
controllers are proposed to stabilize such interconnected systems and each controller is independent
of the others and does not utilize the state information of other subsystems to predict the state of the
corresponding subsystem. We also present a low-pass filter version of the predictor-based controller.

In order to analyze the stability of the closed-loop systems, such systems are transformed into partial
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differential equations (PDE). Under the numerical implementations of the predictor-based controller,
exponential stability is asserted for the closed-loop systems and explicit Lyapunov functionals are
constructed. Finally, an example is given to show the effectiveness of the distributed predictor-based

© 2018 Elsevier Ltd. All rights reserved.

1. Introduction

Stabilization of control systems with input delays has attracted
alot of attention over the past years due to its extreme importance
in theory and practice (Artstein, 1982; Karafyllis & Jiang, 2011;
Karafyllis & Krstic, 2012; Krstic, 2008, 2009, 2010; Liu, Xia, Rees,
& Hu, 2007; Mazenc, Niculescu, & Krstic, 2012; Sun, Liu, Wen, &
Wang, 2016). These stabilization approaches include predictor-
based stabilization (Bekiaris-Liberis & Krstic, 2011; Karafyllis &
Krstic, 2012; Krstic, 2008; Mazenc et al., 2012) and various control
designs based on Lyapunov-Krasovskii functional and Lyapunov-
Razumikhin function (Fridman & Shaked, 2002, 2003; Liu, Sun, Liu,
& Teel, 2016). Among these stabilization approaches, predictor-
based stabilization plays a dominant role especially for the case
that the input delays are very long. Substantial results have been
reported for such stabilization approaches in recent years (Karafyl-
lis & Krstic, 2012; Krstic, 2008; Mazenc et al., 2012; Mondié &
Michiels, 2003; Zhong, 2004; Zhou, Lin, & Duan, 2012).
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In the literature, there are mainly three kinds of predictor-
based stabilization for control systems with input delays. The first
one is based on Smith-predictor (Artstein, 1982; Krstic, 2008,
2009, 2010). Such predictor-based controller utilizes the past input
and the current state to predict the future state and then the
control value is sent to the plant. Without any disturbances such as
computation errors and model uncertainties, such controller will
stabilize the control systems with arbitrarily long input delays. The
papers (Mondié & Michiels, 2003; Zhong, 2004) propose some ap-
proaches to suppress the influence of numerical implementations
on stability. The author of the paper (Krstic, 2008) firstly con-
structs a Lyapunov function for predictor-based control systems
and therefore, the robustness against delay uncertainty and model
uncertainty can be analyzed with the proposed Lyapunov function.
The key technique in Krstic (2008) is to transform the closed-
loop system into a PDE and then an infinite-dimensional backstep-
ping technique can be adopted. Such a result is then extended to
control systems with time-varying input delays in Krstic (2009).
Predictor-based stabilization for control systems with distributed
delays is also investigated in Bekiaris-Liberis and Krstic (2011).
In Bekiaris-Liberis and Krstic (2011), there are multiple control
inputs with delays and each controller predicts the future state by
a centralized manner. The second prediction approach abandons
the integral term based on a low-gain principle (Zhou et al., 2012)
and various extensions of such predictors have been investigated
such as control systems with input delays and state delays (Zhou,
Li, Zheng, & Duan, 2012). The third approach is given in Mazenc
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and Malisoff (2017) and Najafi, Hosseinnia, Sheikholeslam, and
Karimadini (2013) and distributed term is not involved. The con-
trollers in Mazenc and Malisoff (2017) and Najafi et al. (2013)
consist of a series of dynamical subsystems and the state of each
subsystem tracks the future state of the plant dynamically. As is
known, interconnected systems can be found in many important
situations such as networked control systems and complex sys-
tems (Borgers & Heemels, 2014; Liu, Wang, & Liu, 2016). The
considered systems consist of multiple coupled subsystems with
input delays and each subsystem has a local controller which is
independent of the other subsystems. Moreover, each controller
can access the state information of the corresponding subsystem
and cannot utilize the state information of the other subsystems.
Compensation for such control systems with input delays keeps a
challenging problem since only part of the state and input infor-
mation can be used to predict the future state for each controller.
Besides, numerical implementation for predictor-based controllers
is an important factor that may influence the stability of the
closed-loop systems (Mondié & Michiels, 2003; Zhong, 2004) and
Lyapunov functionals play a dominant role in robustness analysis
with respect to various kinds of disturbances (Hale & Lunel, 1993;
Khalil, 2002). Therefore, finding an explicit Lyapunov functional
for predictor-based controllers under numerical implementations
becomes an urgent work. This motivates the investigation of this
paper.

The main contribution of this paper can be concluded as the
following points. The first one is that distributed predictor-based
controller is proposed to stabilize the interconnected systems with
input delays. Each controller predicts the state of the correspond-
ing subsystem without using the state information of other sub-
systems. Such kinds of controllers can also be used to stabilize a
complex system with input delays which can be decomposed into
interconnected systems with input delays (Borgers & Heemels,
2014; Liu et al, 2016). The second one is that low-pass filter
versions of the distributed controllers are also presented. It is as-
serted that under numerical implementations, the low-pass filter
versions will permit an explicit Lyapunov functional and exponen-
tial stability of the whole closed-loop system can be concluded
provided that the numerical implementations have enough accu-
racy. The construction of such Lyapunov functionals depend on
the backstepping transformation (Krstic, 2008) by introducing a
transport PDE and the construction of Lyapunov functionals for
delayed systems (Fridman, 2014; Liu et al., 2016).

Throughout this paper, R denotes the set of real and R™"
denotes the set of m x n dimensional matrices. |-| denotes the
matrix 2-norm. For a positive definite matrix P, Amq(P) denotes
the largest eigenvalue of P. [ denotes the identity matrix.

2. Distributed controllers

Consider the following interconnected systems consisting of
two linear plants with input delays

{il = Anzy(t) + Az5(t) + B1Uq (t — dy)
zy = Ap1z1(t) 4 Apzy(t) + ByUs(t — dy)

where z; € R™ and z, € R™ are respectively the states of two
different plants P; and P,, U; € R™ and U, € R™ are respectively
the inputs of the two plants, d; > 0 and d, > 0 are respectively
two delay constants.

Now, we design a distributed predictor-based controller to
stabilize the system (1) as follows

(1)

Uq(t) = 1<1(e"ﬂd1z1(t)+/ A1t=9B, U,(6)do)
t—dq

Uy(t) = Ky (e"22%2,(t) + / 20, ,(6)dh). 2)
t—dy

A stability theorem is presented as follows.

Theorem 1. Consider the system consisting of the plant (1) and the
controller (2). The closed-loop system is exponentially stable if for a
given constant § > 0, there exist symmetric matrices P; > 0(j =
1,2), constants ¢; > 0(j = 1,2)and a; > 0(j = 1, 2) such that the
following conditions hold for j = 1, 2

O PiBj  PiAjz—j)
T aj
B/ P; —51 0 <0 (3)
AJ.T(HPJ- 0 —ql
where

1
O =A/Pj+ PA + (8§ + 3 + 503730l

4 "
v = 3G A A A Ama KK )

p = A+ ATl =1,2. (4)

The proof of Theorem 1 is trivial based on Lemma 7 given below.

Remark 2. We note that the paper (Bekiaris-Liberis & Krstic,
2011) considers distributed delays. Each controller in the pa-
per (Bekiaris-Liberis & Krstic, 2011) utilizes the state information
of the whole systems. If a complex system can be decomposed
as an interconnected system in the form of (1), then we offer
an alternative controller design compared with that of Bekiaris-
Liberis and Krstic (2011). Since each distributed controller does not
utilize all the input information and state information, arbitrarily
long input delays may not be permitted.

Next, we will give explicit design of controller gains. The con-
troller gains are designed as follows

Ky = X1Py, K3 = X3P, (5)

where X; € R™>*"V and P; € R%*". With Theorem 1 at hand, we are
ready to give the stabilization result.

Theorem 3. The controller (2) stabilizes the plant (1) exponentially
with Ky and K, specified in (5) if for a given constant §* > 0,
there exist symmetric matrices Q; = Pj’] > 0(j = 1, 2), matrices
X; € R™N( = 1,2) positive numbers ai > 0( = 1,2),
cj* >0 =12, >0 =12)and g > 0(G = 1,2)such
that the following matrix inequalities hold for j = 1, 2

2 G Q Q
Qo 2 0 <0 (6)
Q 0 = 0
Q O 0 —2y5 a5
oQ > LXX < B (7)
where
3

% T - -
¥ Amax(Ajs—Ajz—j) = 4a]2 Bjdjel++rid

2 = QA + AjQ + 2a’B;B] + B1X1 + X{B]
+ ¢ Ais-pAis)
o = A+ AjLJ=1,2. (8)
The proof of Theorem 3 is a combination of Theorem 1 and Schur

complement lemma and thus is omitted.

Remark 4. o and §; (j = 1, 2) are tuning parameters. If we firstly
give a set of positive numbers «;(j = 1,2) and g;(j = 1,2),
then the linear matrix inequality conditions can be obtained by
combining Theorem 3 and the Schur complement lemma to design
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the controller gains K; and K. Such approaches are often used to
transform complex nonlinear matrix inequalities into linear ones
(detailed discussions on this approach can be found in Fridman
and Shaked (2002)). This result is also tested in Section 4.

3. Exponential stability under numerical implementations by
low-pass filters

In the last section, we have shown that the distributed con-
troller (2) can stabilize the plant (1). While, the numerical im-
plementation of such a controller may encounter difficulty due
to the effect of high frequency input. A low-pass filter version of
predictor-based controller is proposed in Mondié and Michiels
(2003) and asymptotic stability has been established based on
the frequency domain approach. In this section, it will be con-
cluded that under numerical implementations, the low-pass filter
versions of the distributed controllers can guarantee exponential
stability of the interconnected systems.

Consider the following predictor-based controllers by low-pass
filters under numerical implementations

_h
Ui(t) = +f1

L d dy
-t ZeA“lNl ByUy(t — sz))

i=1 1
f f2 Ko(e"2%2,(t)

dz ZeAzthzB Up(t — 11(\17)) 9)

i=1

Ki(e"11%1zy(t)

Us(t) =

where N; and N, are two positive integers and the notation s de-

notes Laplace operator. Note that the time domain and frequency

domain have been incorporated into an equation for brevity.
Now, we are in the position to present the main result of this

paper.

Theorem 5. Consider the closed-loop system consisting of the plant
(1) and the controller (9). Suppose that all the conditions of Theorem 1
hold. Then, there exist constants jj* > 0(j = 1, 2) such that for each
fi zfj* (j = 1, 2), there exist positive integers N* > 0(j = 1, 2) such
that the closed-loop system is exponentially sta[ﬂe with N; > Nj* =
1, 2) in the following sense

2 t
S (200 + U )|2+/ O
j=1 tfdj
2 0
< M7e Y O + O + [ e

j=1 4

0
+ / 10(0)%d6) (10)

_d]

where M** > 0 and u** > 0 are some constants.

Remark 6. Continuous and piecewise differentiable initial func-
tions U; : [—d;, 0] — R™ (j = 1, 2) can guarantee the existence
and uniqueness of the solution for the system consisting of (1) and
(9) (Hale & Lunel, 1993). For delayed systems, exponential stability
notion has been well developed in the literature (Fridman, 2014)
with the derivatives of initial functions belonging to a space of
square integrable functions.

Before presenting the strict proofs of Theorem 5, we need the
following procedures.

(I) We firstly represent the plant (1) described by ordinary
differential equation (ODE) with controller (9) into the following
system by introducing transport PDEs

21 = Anzi(t) + Anpza(t) + Byu' (0, t)
uf(x1, t) = u} (x1,t)
u'(dy, t) = U(t)

2y = Anzi(t) + Apza(t) + Bou?(0, )
U7 (%2, t) = U, (xz, 1)
u*(dy. t) = Us(t).

The ODE-PDE system (11) is well-posed since the solution of
the PDE can be explicitly given as

(11)

W(x;, t) = Uit +x — d;),x € [0, dj],j € {1,2}, (12)

with the initial functions U; : [—d;, 0] — R™. The existence and
uniqueness of the solution for the system consisting of (1) and (9)
follow from the standard arguments of delay system theory (Hale
& Lunel, 1993).

Introduce error variables w’, j € {1, 2} as follows

wi(x, t) = W(x, t) — Kpi(x, t),
pi(x, t) = e¥z(t)
+ / i Bi(, t)do, x € [0, d;]. (13)
0

Denote A; = Aj + BiK;, j € {1, 2}. We can derive the following
inverse transformation from (13) by using integration of parts

w(x, t) = w(x, t) + Km(x, t)
ﬂj(X, t) = eAf"zj(t)
+ / = IBui(6, £)do, x € [0, dj]. (14)
0

Then we can further transform system (11) into the following
system

# =A1z1(t) + A1azy(t) + Byw'(0, t)

wl(x1,t) = w, [(x1, 8) — KieM1™1A,2,(t)

w'(dy, t) = Us(t) — Kipa(dy, t) (15)
Z; = Azlz(t) + Anzi(t) + Bow?(0, t)

wi (X2, ) = w} (X, 1) — Ko Ag 24 (¢).

w?(dy, t) = Up(t) — Kapa(da, t).

Well-posedness of system (15) can be claimed since system (11) is
well-posed and w’ is an inverse transformation of 1. The solutions
of the system (15) can also be explicitly given by (12) and (13)
under the boundary conditions of (15).

It can be computed from (13) and (14) by using integration of
parts

wlx,£) = wix,£) = Dy(e3(0) (16)
Di(X) = Kje'" A
w{;(x, t)= U{}(x, t) — Kj(eAijAijj(t)
+ B 0+ / OB, t)do ) (17)
0

wi(x, t) = (x, ) — Ig(e“mjzj(t)

+ Bw/(x, f)+/xAjeAj(x_6)ijj(9, t)de). (18)

0
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(I1) Rewrite the controllers (9) as the following form by repre-
senting the sum into the form of integral and then using Newton-
Leibniz formula

0i(6) = —fUe) + ik (9 5(0)

t

+ f ) B U(0)0 ) — FKigi(e, &, Ny, (19)
t=q;
where
t 0 s(t—
d(e"i"—B;U;
&-(t,dj,N,-)Z/ / dede, (20)
t—d; Jo—¢ dx
) )

d; d; d;
(O)=0—t+it,0elt—it, t—(i—1)2),
#5(0) + N [ N (i-1) N )
€{1,2,...,Nj}. (21)
Note that the derivative with respect to the variable x is well
defined in (20) since U; is differentiable with respect to x. From (13),
the system (19) can be rewritten as

Ui(t) = —f(wi(d;, t) + Kigj(t, dj, Ny)). (22)

Note that 0 < 6 — ¢;(0) < % and 6 — ¢;(0) approach to zero

as Nj,j € ({1, 2} approach to infinite. Before constructing the

Lyapunov functional, we will need to replace U;,j € {1,2} in

(9) and (19) with the variables w/,j € {1,2} and obtain some

inequalities. The procedures of replacing are presented as follows.
Firstly, substitute (14) into (9), then it holds that

Uj(t)

= —fiw (d], t) + Bi(Nj)z;(t) +

Zsﬂ 2,

dj .
(0, t)d6 — / wmw(n. Odn - (23)
0

1 N i
+ 2 ffg-,-(e)w’
where

Bi(N;) = fiK;e'i — fK;eM

Nj—1
lj i(d; l
WZM I g

d~

d.
Aji(dj—igh
1 = fidie ™0,

0ii(0) = ﬁdjlge’*ﬁ(df‘i%)legeAj‘i%“’ B
wi(n) = fiK;eH B, (24)
Let
B = filKie" — Kieh|

+ fid; sup |K;e®ii~"BK;eM|

0<0<
8 =fid; sup |1<je"ﬂ(df* Bj|
0595(1]-
0j=fidj sup |K;e"ii™BK;e*")p;
0§9§X§dj
fj=f sup KB (25)
0=<n=d;

It is direct to get that for any positive integers N;,j € {1, 2}, any

ie{0,1,. -1}, any@e[O,ldj]andanyne[O d;], the
following 1nequallt1es hold
|ﬂ]( )| =< ﬂ]’ |61 il < 8; , |Q] i(0) < Q]» |M](77)| =< M] (26)

Combining (18), (23) and (26) and then using Young’s inequality
and Jensen'’s inequality, we can derive that

lwi(d;, )

d.
. 2 J : 2
< Lialw/(d;, t)| +Lj,2|zj(t)|2+Lj,3/ lwi(o, t)|"do
0

§2 Nj—1
+ 205 ! Z|w’ l— r)| (27)
where M;(6) = IgAjeAf<dr9>, Lis = 20f? + 4|K;B|*, Lj» = 2087 +

4|M;(0), Lj 3 = 20d;p? + 20d;i? + 4djsup0§(,§dj|1v1j(9)3j|2.
Secondly, from (20), it holds that
dj 6
g(t, di, Nj) = / / (—A; 4Bl (x, t)
0 Jo—gi(0)
+ i Bd (x, t))dxd6 (28)

where ¢;(0) = 0 — (l—l) 96[('_1)1\1’.;)

Substitute (14) and (18) into (28), then we have

4 o .
gt N)) = / / i (x, ©) + 7g27(0)
0—pj(0)

+ Aj3wh(x, t))dxdd

// / Hw’y, Ydydxdo (29)
0—¢j(0)

ief1,2,...,N;}.

where
Aja(x) = GBI — Aj)B;
Aja(x) = G (BKA; — AjBK; et
Aj3(x) = 4B

Aja(x,y) = B KA V)B;

— A B KM ‘”B]» x €10, dj].
y € [0,x]. (30)

Denote jj; = SUPo.<y< 4.1 (X)1, hja = suPgeyeq Xi2(), Az =

SUPg<x<d; [Aj3(x)], A]4 = SUPp<y<x<d; [Aj.4(x, ¥)|. Using the Young’s
1nequa11ty and Jensen'’s inequality, we can obtain from (29) that

\gi(t, dj, Ny)I* < 432 —/ / lw(x, £)°dxd6
6 </1J

4
4A2di 432 d
+A2N|zj(|+ t)l°dy

+ 4,\23—/ / lwl(x, t)] 2 dxde. (31)
0—p;(0)

With the above observations and the inequalities (27) and (31)
at hand, we next give a lemma on a functional which can be
used to establish exponential stability in the absence of numerical
implementations. Consider the following function

2
V)= Y2(F R0 + 50w, 0 wid; 0
j=1
+ a’/ 1+ 0, )T, t)d@) (32)
2 Jo

where @ > 0,a; > 0(j = 1, 2) are constants to be given.

Lemma 7. Consider the system (15). Suppose that all the conditions of
Theorem 1 hold. Then, there exist constantsj;.* >0(=1,2),aa>0
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such that for all f; > f]* (j = 1, 2), the derivative of V(t) defined in
(32) along the solution of system (15) satisfies the following inequality
for some constants * > 0 and £** > 0

< —¢ Z|z,(r| S Z'“’] d;, t)°
* j j 2 ok

p Z/ W6, OFd8 + e 3 gt NP
=170 j=1

Proof of Lemma 7. Taking the derivative of V along the closed-
loop system (15) and then using the Young's inequality, we can
derive that

5
V(t)+ aV(t) 72|z,

+Z(

, 1
+ 22] ()P Bw/(0, £) + ;ZjT(t)PjAjB Aj_pPzi(t)
]

V(t) + aV(t)

N

8
(t)XA[P; + PA; + 1+ aPz(0)

+ gl OF — SwA0.0f /Odj eV w6, 1)dg
%} /Odj e (w9, 0) K Ay x
A]TG @ KT Wi, t)de
+ Sl {07 + sa(wd, 0 wid, 0
+ Wd;, O witd;, 0). (33)

From (4) we have 4" < 4?1 Then, it holds that e%iAjs_,

Al i3y Aje < Amax(Ajs—j)AL;_)e’1. As a result, we can derive

J(3=)
V(t)+ aV(t)
s 2 2 @ d 5
' _
< —E}Dzj(t)lz—zg i lwi(6, t)"de
j=1 j=1
+ZXJ ,x,+2/ N w6, £)d6

2
1
+ 50[2 (dj, ) wi(dj, t) +; w/(d;, ) wi(d;, t) (34)

5 1
@j1 = A[P; + PiA; + Sl +abi+ ;PJAJ(H‘)AjT(s-;)Pj
J

1
+ (c3-+ 5513—])/37])1
1 d:
v = 3, %° 2000 43021 ) onAjia— AL IGK
]

3a;
_ Je(1+a)61.
8

Choose 0 < a < min{§, m m} Then from the matrix
inequality conditions of Theorem 1, ®; <0and ¥; < 0(j = 1, 2).

Combining Eq. (18
equality yields that

(w/(d;, ) wi(d;, £) < (w(d;, 0) (. )

), the Young’s inequality and Jensen’s in-

1 )
+ IM;(O)I(;W(dJ,f)I + Ajlzi(0)]%)
]
" 1
+ |KjeAJdeAj(3fj)|(;|w'(djv t)|2 + Ajlzs—i(O)
]
+ KBl [wi(dj, O]

1 .
+ sup [M(O)BI(—lw(d, )]

0=<0<d; .j

4
+Ajdj/ lwi(8, £)1°d6) (35)
0

where A; > 0(j = 1, 2) are positive constants and M;(¢) has been
defined in (27). Substituting (22) and (35) into (34), we can derive

'(r)+av (t)

< Z|z] Ik —Z“f/

9t|d9

2
1 f;
+ 5o ;(uﬂ(d,,r)) w(d;, t) — ;‘fw d;, t)°
2. FIK[? 2
+ ; i : lgi(t, d;, N))I? +A1]2;|z,

i(x, t)| dx (36)

+Azz|w’ d;, t)| +A3Z/

where Ay = maxje(1,2)(|K3—jeG3-DAi_j|As_j+ [M;(0)|3;), A
maxje(1,2)(IMj(0)] + |Kie"i%iAjs_j)| + |KB | + supg<y<q4; IM;(6)B |)
and Ajs is derived as A3 = maX¢q 1.2)SUPo<p <, IM;(0 )Bj|d Aj. Note
thatin (36), we have used the inequality |j§(w’(dj, ) Kigi(t, dj, Np)|
< Bwi(d;, 0 + LK Pigi(e. d NP
From (36), there exist f* > 0 and f;” > 0 such that for each
fi = fiand f, > f5, the following inequality holds for some & > 0

2 2 d;
) 2 a; b 2
YO+ av(n) < =5 Slor =3 1 [ e, o'
j=1 j=1
2 dj ) ,
- er [w(0, t)"do
=170
2. Ik
+ > T yg(t dj, N2,
j=1
The proof is completed with ¢* = min{4, T, 2, ¢e}and e =

filKi12
maxje(1,2 25—, O

We are now in the position to construct the following functional
for system (15).

w(t)

2 dj dj 6 )
=V(t)+Zyj,1f / / L e (x, ) dxd6dn
j=1 o Jn Jo-g
J
2 dj dj 0 ) )
+Y %2 / / f 5 X1 (x, t)| dxdodn
j=1 T
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2 L ‘
+Zm/ / e (x, 0] dxdd

j=1 di—y; /6

2
o,

j=1

2 Nj—] d
+) ys Z/d X |yi(x, 1) dx (37)
j=1 i=0 N;

/ x|yl (x, 1)) dxdd

N

where V(t) is defined in (32), « > 0is a constant, yj; > 0( €

{1,2}, k € {1,2,...,5})are constants to be given, and
w(x, 1), x € [0, dj]
Wx, t) = d;
0=V 0xei-3 0
N;
wi(x, t), x € [0, d;]
W(x,t) = d; (38)

j
0,xe| N,-’ 0).

Based on Lemma 7, the derivative of V(t) contains some additional
terms |gj(t, dj, Nj)l2 from (29). Therefore, additional functionals in
W(t) are introduced and the derivatives of these functionals will
cancel the terms from |g;(t, d;, Nj)lz. The derivatives of the triple
integrals in W(t) will cancel the double integrals coming from
lgi(t, dj, 1\]]‘)|2 and the derivatives ofthe single integrals in W (t) will
cancel the term Zi |w’( 4 t)| coming from the inequality (27).
To conclude exponential sta]blllty of system (15), it is sufficient to
prove that W(t) is a Lyapunov functional for the system (15). We
firstly need to prove the following lemma.

Lemma 8. Consider the following functionals,

d} d}

Fia(t /f/ e“+“|wfxt)| dxdodn
dJ

Fi»(t) /// e“+“|wf(x 6) dxdodn

Fi3(t) / / 1+“>X|uﬂ (x, )" dxdo
dj—f

Fja(t) / / e T i (x, £)| 2dxde. (39)
dj—f

Then, along the solutions of the system (15), it holds that

. dj d2
Fia(t) = d]/ e1+eX|yi(x, ) dx — W'“’J(O OF
J

2\&

e“*‘”’wwf (x. ) dxdy — (1 + @)F;(t)

) dj () d2
Fio(t) = d; Xl (x, £) dx — —— [wl(0, t
5.2(t) ]/dff [wi(x, £)| dx 2NI 2 ( )’

fdj /n
- d
0 n NJ

i J
e(]w)xlﬁ)ﬁ;(x, t)lzdxdn a4+ ot)Fj,z(t)
N
dj dj 0 ) )
- 2/ / f d e(lﬂt)x(a’i(xv t))TEj(X)Zafj(t)dXder;
o Jy *Wj

ﬁe“+a)df|u}i(dj, t)|2
N
dj .
- / e i, P dx — (14 )y (0)
d

JNj

d: d:
-2 f Jd, / Je(H“JX(wf(x, £))" Di(x)z3_(t)dxd6
djffj

Fjj(t) =

Fia(t) = ,‘i e+ (g, 1))

J

dj i ) )
—f y € oo 00k (1 )
d;

x O)E; i(%)z3—j(t)dxdo

where
Dj(x). x € [0, d}] Ejlx). x € [0. 4]
_ 4 E(x) = g 4
i(%) 0,xe[—-2,0)" i) 0,xe[--2,0) “0)
N; N;
and Ej(x) = KiA;j€"*Aj3_j).

Proof of Lemma 8. We give the proof for Fj,(t). Taking the
derivative of F; »(t) along the solution of system (15) leads to
d

N 2
] d(f: 4 XX, 1)) dx)

2(0) fdj/' =
- (t) =
)2 o J, dt

Combining (17) and ¥/(x, t) = Uj(t + x — d;), we can derive by
replacing variable x with y 4 d; — t for x € [0, d;]

dodn. (41)

Wix, t) =7y, 1),y € [t — dj, t] (42)
where
7y, t) = Uily) — K15 0A,z(c) — KiBU,(y)
1<f A;ieiV=B,U;(0)d6. (43)
[7dj
Define
‘ . t).y €t —dt]
A = d
POD=Yoyert—d-9 ¢—a (44)
N;j
Then, for each pair of (x, y) satisfyingx =y +d; — t,x € [— d]
it holds
W(x, £) = Py, 1)) € {1,2}. (45)
As aresult, it holds for each 6 € [0, d;] that
0 (1+a) () 2 )
d(fe_l%e |il(x, )] dx
dt
Ao ey, ody)
r—dj+9—Nfi_
- _ dr
=M —di+0,0)" — 5(0)
t dj+9 ) )
S [, o, oty
t—dj+6—
[—dj+0
+ 2/ § e(l+a)(y+d [ n{y, (46)
t—dit6— 4
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where

5i(0)
B~ -Lor 0 erL.g)

=1 g N ! (47)
(¢ - d;, )%, 6 € [0, M)

It can be computed from (43) and (44) that

. 6)

— 1(j€Afj(y+dj_[)AﬁAj(_a,_j)Zg_j(t), ye|t— dj, t]
= d; 48
O,ye[t—dj—i,t—dj). (48)
N;

Substitute (45) into (46

(S g i o ax)
J

), then it follows that

dt
i 2
= e g0, 1) = ¢(0)

0
-1 —i—oc)/ 4 e(1+a)x|ﬁ)f((x, t)|2dX
0—

I\Tj
0
- 2/ 0 e (x, ) Ej(x)z3_j(t)dx (49)
N
with
d,
(I+a)0—7), d;
e Vw01, o0 €l d]
5@ = i ! (50)
wi(0, ), 0 € [0, ).
lw(0, O, e[,Nj)
Note that

4 rd; (e 5 4 rd; .
[ [ e ro.orasan - [ [ gooan
0 n 0 n
G ra (1+a) |, j 2
=/ / e 0, o dody
0 jiﬁj-

G o (1+a)0 | A 2 dfz ' 2
- e (0, t)]"dodn — —|w(0, )" (51)
9% 2N:
0 N J

Substituting (49) and (51) into (41), we can derive the derivative of
Fj, as givenin Lemma 8. The derivative of F; 4 can be derived similar
to that of Fj ,. The derivatives of F; ; and F; 3 can be derived by com-
bining (18) and integration of parts. The proof is completed. O

Proof of Theorem 5. Let the constants ]j* > 0(j = 1,2)and
a > 0 be given as that of Lemma 7. Then from Lemma 7, for each

fi = f]* (G = 1, 2), there exist ¢* > 0 and ¢** > 0 such that the
derivative of W along the solution of system (15) satisfies

W(t)+ aW(t) < —¢ Z|z, )P —&* ZW d;, t)°

_82/

wi(6, )| d9+5**Z|g]t d;, N))I?

kF]I<t)+aZZV]kF]k (52)

j=1 k=1

Choose

Yi3 = Viadi, Y4 = ¥j.2d;. (53)
Using Lemma 8, we can obtain from the inequality (52) that

W(t)+ aW(t)

2 2
* % i 2
<-¢ Z|z,-(t)|2—s Z|uﬂ(d,-,t)|
~ z [
—Zyle(”"‘ f/ Wi(x, ) dxdy
W]
+ yype TN / / Iwi x, t)| dxdn)
dl dJ
+Zﬁm,1/ / / o e zs_(0)*dxdOdn
=1 0 Jn Jo-g
2 di pdj 0
ST / / / . e z3_(6)]*dxdOdn
j=1 0 Jn -5
J
2 4 4
+Y hivis / . / 14X\ (1) dxd6
j=1 dj*N*j- 6
2 4 4
+Zf)jyj,4/ dj / e(1+a)x|z3_j(t)|2dxd9
+zmzﬁ a0
. i 2
+ Z s 2 e |ui(d;. ¢)
j=1 i=0
2 Nj—1 d: 2
_ ' w l'i]’ t
ZVJ,S Z| ( N )
+ZV
+ Z Vi, 4

where p; = sup0<x<d(|DT(x)Dj(x)| + |Ef (0E;(x)]). Note that in
the 1nequa11ty (54), we use the inequalities (w’(x t)) 15]23 _j(t) <

w0, t)| d0+e**Z|g]t d;, Nj)|?

1+Ol)d] |u)](d t)|

”")"flwf(d 0l (54)

(W(x, ) W(x, t) 4 23_;(t)D] Djz3_(t) and (Whx, ) Eizs_j(t) <
(@hx, ) WK, £) +25_(OF Ezs ().
Substitute (27), (31) into (54) and choose
e(1+a)d]8** - e(1+a)dj8** R
Vi = ————4hd? y0 = T4xﬁ3df
il J
1
Yis = N—zos2 ael1 Mg, (55)

i
Then we can derive

<—¢ Z|zj(r| — Z'“” d;, t)°
W@, t)| d9+2

W(t) + aW(t)

xfzdﬂz] t)?

—52/
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d
‘ 2
kﬁds / lwiy, t)|"dy

+Z

1 o
+ Z ﬁjL,-,ly,-Adje“”)"f w/(d;, ©)|

2

jz)/; adiet % |Z()2

+Z

o (Y 2

+Z ,3)/]4de +a>f/ lwi(6, t)["d6
0

+ Z v ol

j=1

+ Z W¢5M6(1+a)dj |u)](d], t)|2

j=1

2

+ ) hiyisNidie T 1z (o))
=1
2

1. .
2 gy v+ vz (0

j=1
2
1. o
+y° NP yia)dZe T zs ()], (56)
j=1

From (53), (55) and (56), it is direct to see that there exist positive
integers N* > 0(j = 1,2) such that for all positive integers
N; > Nj* (j = 1, 2), the following inequality

W(t)+aW(t) < 0. (57)
Combining (13), (14) and (18), we can derive

Bier = W(t) < 593 (58)
where g > 0 and 8; > 0 are some constants, and

2 t
o= Z(|z,-(t)|2+ P+ [ jue)kde)

t—dj

vi = S (5O + U [ , U@

j=1
t
. 2
+/ |U;(0)]do). (59)
[—dj
Exponential stability follows from the inequalities (57) and (58).
The proof is completed. O

Remark 9. The same conclusion can also be asserted for the

trapezoidal rule and Simpson’s rule. For example, consider the
following numerical implementation of the integration in (2)

/fds%

+f(t—d+(i+1)%))

d
(f(t—d+1ﬁ)

d
—)(N = 2). 60
N)( >2) (60)
We can also write the controller equation into the form (19)
by representing sum into the form of integration and using

+ %f(t—d—i—(N—])

3000

2000

1000

-1000

-2000

_3000 . . . . . . .
0

Fig. 1. Trajectory of z, under input delays d; = d, = 0.1 without using predictor.

Newton-Leibniz formula. An additional term gj(t, d;, N;) similar to
gi(t, d;, N;) can be given. With W defined in (27) at hand, Lyapunov
functional for the trapezoidal rule can be trivially constructed.

4. Examples

Consider the linearized model of the interconnected pendulum
used in Heemels, Borgers, van de Wouw, Nesic, and Teel (2013)
and Liu et al. (2016). The matrix parameters are as follows

B 0 1 0 0]
29156 0 -—-0.0005 O
A =
0 0 0 1
L —1.6663 0 0.0002 0]
B 0 0 0 0] 0
0.0011 0 0.0005 0 —0.0042
Ap = ,B1 =
0 0 0 0 0
L —0.0003 0 -—0.0002 O 0.0167
By = By, A = A1, A21 = Ana. (61)

Such system is open-loop unstable. To stabilize this system, the
controller gains are chosen as follows

Ky =[11396 7196.2 573.96 1199.0].
K, =[29241 18135 2875.3 3693.9].

The resulting closed-loop system is stable in the absence of in-
put delays. However, without using the predictor, the controllers
Ui(t) = Kyz1(t) and Uy(t) = Kyz5(t) can only allow very small input
delays and become unstable when d; = d, = 0.1. This is verified

by Fig. 1.
We choose § = 0.01 in Theorem 1. When the input delays are
di; = d; = 1, the linear matrix inequalities in Theorem 1 are

also feasible. The permitted input delays with predictor-based con-
troller are 10 times longer than that of non-predictor case. In order
to suppress the possible effect of numerical implementations on
stability, we use the version of filters as given in (9). f; and f, are
chosen as f; = f, = 400. The simulation figures in Fig. 2 illustrate
the effectiveness of the proposed results.

Besides, if the controller gains K; and K; are not explicitly given,
for§ = 0.01 and d;y = d, = 1, K; and K, can be solved based on
Theorem 3 by choosing o = f; = 108(j=1,2).

5. Conclusions
In this paper, stabilization problem of interconnected systems

with input delays is addressed. Distributed predictor-based con-
trollers are proposed to stabilize such interconnected systems.
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Fig. 2. (a) and (b) are respectively the state trajectories of z; and z, under d; = d, = 1 by predictor-based controller.

In order to suppress the effect of numerical implementations on
stability, a low-pass filter version of the proposed controller is also
presented and exponential stability under numerical implementa-
tions has been shown by constructing Lyapunov functionals.
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