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In this paper, we develop a new observer design method for nonlinear systems with large transport
delays. The new observer design is a generalization of the PDE-based backstepping-like observer design
approach. First developed for delayed linear systems, this approach relies on a modelling of the output
time-delay by a 1st order hyperbolic equation, leading to an ODE-PDE representation of the system, and
on coordinate transformations of the innovative system. The major technical challenge, that is faced in
the generalization of the approach to nonlinear systems, consists in making it applicable in the case of
an arbitrarily large time-delay D. This issue is presently coped with by redesigning the cascade observer
method to fit ODE-PDE systems. A new class of observers is thus obtained involving a set of cascaded
high-gain state observers and output predictors. The latter are defined by PDEs that provide estimates of
the system future outputs y(t + x) for all x € [0, D]. The exponential stability of the observer is proved
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using a set of Lyapunov functionals and its performances are illustrated by simulation.
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1. Introduction

In recent years, the problem of designing observers for
continuous-time systems that contain time delay has been an
active research topic, see e.g. [1,2]. Although time-delays are of
fundamentally distributed parameter nature, observer design in
the presence of these elements has proved to be possible using
finite-dimensional design tools. Accordingly, one starts with ex-
ponentially convergent state observers of ODEs (without delay)
and modify them by adding output and/or state predictors to
compensate for the time delay effect. This approach has first been
developed for linear systems in which case arbitrarily large delays
can be accounted for, see e.g. [3,4]. In the more challenging case of
nonlinear systems the maximum admissible delay (MAD) depends
on the level of nonlinearity which, typically, is of globally Lipschitz
nature. Roughly, the larger the Lipschitz constant, the smaller the
MAD. This result has been illustrated using high-gain observers
where the involved predictors proved to be useful in compensating
the delay effect up to some upper limit. To get rid of this limitation,
the concept of chain observer has been introduced [ 1,5-8]. Roughly,
a cascade observer consists of a number of cascaded sub-observers,
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each one of them involves a predictor that compensates for a
fraction of the total system time-delay. Therefore, for a time-delay
of any size, there is a suitable finite number of sub-observers such
that the resulting global observer is exponentially stable. So far, the
idea of cascade observer has only been developed in the context of
ODE based observer design. In the present work, we develop an
infinite-dimensional version of the cascade observer concept.

In this paper, the problem of state observation for systems
with output delay (Fig. 1) is addressed by letting the time de-
lay be what it is: a distributed parameter phenomenon. Accord-
ingly, time delay is captured through a first-order hyperbolic PDE
connected in series with the ODE that describes the system finite-
dimensional dynamics, leading to an ODE-PDE cascade represen-
tation of the system. Then, the observation problem consists in
designing an observer that provides online estimates of both the
(finite-dimensional) state of the ODE subsystem and the (infinite-
dimensional) state of the PDE sensor. This formulation of the
observer design problem has been introduced in [9] and [10]
where the ability of the backstepping design approach, to yield
full-order observers with feedback-predictors, has been demon-
strated for linear systems. Then, arbitrary time-delay sizes can be
compensated for, due to the system linearity. This paper aims at
generalizing the PDE-based backstepping-like observer design ap-
proach of [9] and [10] to nonlinear systems. Specifically, the latter
is described by an ODE of strict-feedback and globally Lipschitz
nonlinearity. To cope with the system nonlinearity, we invoke the
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Fig. 1. System structure.

principle of high-gain observer design as in [11]. In the latter,
we showed that high-gain observers, for cascade systems with
parabolic PDEs, can be made exponentially convergent provided
that the PDE domain length is sufficiently small. A similar result
can be obtained in the case of (first-order) hyperbolic PDEs. A more
challenging problem is one of designing exponentially convergent
observers for ODE-PDE systems with nonlinear ODEs and PDEs of
arbitrarily large domain length. This problem has yet to be solved
both in the case of hyperbolic PDEs (of any order) and in the case
of heat PDEs. In this paper, we develop a solution in the case of
first-order hyperbolic PDEs using the PDE-based backstepping-like
observer design approach. One key idea is to redesign within the
ODE-PDE framework the cascade observer concept, so far only
developed in an ODE framework. Accordingly, we re-express the
initial ODE-PDE system representation in the form of m > 2
fictitious ODE-PDE subsystems involving first-order hyperbolic
PDEs with domain length D/m (D being the arbitrarily-large time-
delay) and appropriate boundary conditions defining the inter-
action between the subsystems. Then, we design an observer for
each ODE-PDE subsystem using the high-gain observer principle
backstepping-like design technique. It turns out that the global
observer is composed of m (high-gain) observers connected in
series. The interconnection is such that the first partial observer is
directly driven by the physical system output. Then, the jth partial
observer is driven by a virtual output generated by the (j — 1)th
observer. Each partial observer includes an output predictor which
compensates for the effects of the fractional time-delay D/m. The
predictors are defined by simple first-order hyperbolic PDEs that
are much simpler compared to some previous works which in-
volved output and state predictors. We then use a backstepping-
like transformation of the estimation error system and construct
an appropriate Lyapunov stability functional to analyse the trans-
formed system. Doing so, we obtain sufficient conditions for the
cascade observer to be exponentially convergent. The sufficient
conditions involve the minimal number m of partial observers: the
larger the system delay the larger the number m. Compared with
ODE-based delay-compensating observers (e.g. [5-8]), the present
observer is full-order in the sense that it estimates both the system
(finite-dimensional) state and the sensor (infinite-dimensional)
state. Also, the present output predictors feature a feedback struc-
ture, while those involved in ODE-based observers are open-loop.

The paper is organized as follows: first, the observation problem
under study is formulated in Section 2; then, the observer design
and analysis are respectively dealt with in Sections 3 and 4; simula-
tion results are presented in Section 5; a conclusion and reference
list end the paper.

2. Observation problem formulation

As depicted by Fig. 1, the system under study consists of a
finite-dimensional nonlinear subsystem connected in series with
a time delay. Analytically, the considered output-delayed system
is described as follows:

X(t) = AX(t) + F(X(t), v(D)),
y(t) = CX(t — D)

t>0, (1a)
(output) (1b)

with the known matrices

010 ---0
00 1

A=1::. -, e R™™ ¢ =[10...0] € R*" (1c)
00--- 0 1
00---00

where X(t) € R" is the system state vector, y(t) € Ris the system
output, v € C%([0, 00) : £2,) is an external signal (control input)
taking values in some known subset 2, C R,f € C2([0, co) : R™")
is a known bounded vector field with the triangular form:

fiX1, v)

X1, X,
fxw=| PR (1d)

(X1, ..., Xn, v)

where f; : R — R.Itis supposed that f(.) is globally Lipschitz with
respect to X, uniformly in v € £2,. That is, the following property
holds:

3Bo > 0,VX € R", Vv € 2, : |xX)Il < Bo. (1e)

The positive real constant D denotes a time-delay that is arbitrarily
large but known. Both the input v and output y are accessible
to measurements, but the state vector X(t) is not. Following the
approach developed in [9] and [10], the output Eq. (1b) is given an
equivalent representation in the form of a first-order hyperbolic
equation. Accordingly, the system model (1a)-(1c) rewrites as
follows:

X(t) = AX(t) + fX(£), v(t)), t>0 (2a)
u(D, t) = CX(t) (2b)
u(x, t) = uy(x,t), 0<x<D, t=>0 (2¢0)

y(t) = u(o, t). (2d)

The solution of (2b)-(2c) is well known to be:

ux,t)=CX(t+x—D), 0<x<D, t>0. (3)

That is, the boundary measurement (2d) gives the delayed output
y(t) = CX(t — D), which is identical to (1b).

We seek the design of an observer that provides accurate online
estimates of the finite-dimensional state X(t) and the distributed
state u(x, t) (0 < x < D). The observer must only make use of the
measurements of y(t), v(t).

Remark 1. (1) In the case of a zero function f(.) (i.e. case of linear
systems), exponentially convergent observers have been designed
in[9] and[10] using the (infinite-dimensional) backstepping trans-
formation approach. In such a linear context, there is no limitation
on the delay size.

(2) In the case of nonlinear systems (nonzero function f(.)) and
a parabolic PDE (instead of (2c)), an exponentially convergent
observer has been designed in [11] combining the backstepping
transformation and the high-gain observer design technique (this
motivated the triangular structure (1d) of the nonlinear func-
tion f(.)). The exponential convergence of the observer in [11]
was established under the condition that the PDE domain length
(presently, equivalent to the delay D) is sufficiently small.

(3) The present class of systems, described by (2a)-(2d), differs
from that [11] in that the PDE is hyperbolic type and the domain
length D is of arbitrary size which, together with the nonlinear
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function f(.), entails an extra difficulty. To get rid of this difficulty,
a chain observer will be developed that is of quite different nature
compared to those in [9-11].

3. Cascade observer design

The cascade observer design is performed in three steps. First,
the initial system model (1a)-(1d) is given a cascade representa-
tion. Then, a set of backstepping transformations is introduced and
a new cascade system representation is established in the trans-
formed coordinates. Finally, the cascade observer is constructed on
the basis of the new system representation.

3.1. System cascade representation

Lettingm > 1be any integer, define the following signals where
j=1,...,m

)g(t):X(t—}—j%—D), t>0 (4a)
u;(x, t)_u(x—i—(]—l)g ), forOfxfB;tzO (4b)
m m
.D
vj(t):v(t +]m—D>, t>0. (4c)

The following useful expressions are immediately obtained from
(4a)-(4b) and (3):

uj(x, t) = X <t+x+(}—l)a D

forj=1,...,m; t>0;0

IA

X<

S\U\T/

D
uir1 (0,0 =ui(—. 1) = CXi(t), j=2,....m; =0 (5b)

Xm(t) =X (t) , vm(t) = v(t), Um(%, t) = Xn(t)=u(D,t)  (5¢)

u(x, t) =u(x,t) and uy(0,t) = CX(t — D) =y(t), t>0. (5d)

In view of these relations, and Eqs. (2a)-(2c¢), time-differentiation
of (4a) and (4b) yields the following set of subsystems, with state
functions (u;(x, t), X;(t)) G =1, ..., m):

Subsystem m:

Xin(t) = AXm() + f(Xim(0), v(£)), £ >0 (6a)
U <% t) = CXn(t), t=>0 (6b)
U (X, £) = umx(X, ), 0<x< % t>0. (6¢)
Subsystemj(j=2,...,m—1):
Xi(t) = AX;(£) + F(X(0), v(t). £ =0 (7a)
U (%, t) =Xj(t) =uj41 (0, 1), t=>0 (7b)
Uje(x, t) = ujx(x,t), 0<x< % t>0. (7¢)
Subsystem 1:
Xi(t) = AXy(t) + F(Xa(t), va(t)), >0 (8a)
Uy <% t) =CXy(t), t=0 (8b)
ure(x, t) =ugx(x,t), 0<x< % t>0. (8¢c)

Eqgs. (6) to (8) constitute an equivalent representation of the system
in the form of m cascaded ODE-PDE subsystems. A key feature of
this representation is that all subsystems are of equal time-delay
D/m. The larger m, the smaller this time-delay.

3.2. System coordinate transformation

Inspired by [9] and [11], we introduce the following m
backstepping-like transformations:

D
pi(x, t) = uj(x, t) — cM(x)M™! (E) Xi(t);

j=1,....m; 0<x<—,t>0 9)

where M(x) € R™" is defined by the ODE:

dMm
—(x) =AM(x), M(0) =1 (10)
dx
which simply solves by:
M(x) = e™. (11a)
Presently, this simplifies further as follows:

Ak k kAk k
M(><)=1+;T _1+Z (11b)

using the fact that A" = 0, which is a property of (1c). Additional
properties are:
AM(x)

= M(x)A, AM~(x) = M~ (x)A. (12)

Using these properties and Egs. (6¢), (7c), (8c) and (10 ) it follows
from (9) that the new state functions pj(x, t) (] =1,... ) are
governed by the following PDEs, for j = 1,...,m; 0
t>0:

Pi.e(X, £) = Pja(x, £) — cM()M ™! (%)f(xj(t), vi(t)) (13)

D
pj <E’t> =0 (14)

where the boundary conditions (14) are immediately obtained
from (9), using (10), (8b), (7b) and (6b). For convenience, the
transformed system cascade representation, is rewritten in terms

of the state functions (X;(t), pj(x, t)),forj=1,...,m,0 < x < %

andt > 0:

Xj(t) = AXi(t) + F(Xi(t), vy(t)), =0 (15a)

D

pi.e(x, t) = pj(x, t) — cM(x)M ™" (E)f(xj(t)a vj(t)) (15b)
D

pj <*,t> =0, (15¢)
m

uj(x, t) = pj(x, t) + cM(x)M ! (%) X;(t). (15d)

3.3. Cascade observer statement

Inspired by [8] and [11], we propose the following high-gain-
type chain observer:
Observer for (X;(t), p1(x, t)), with0 < x < %; t>0:
= AKi(£) + F(Xa(0), v (1))
D ..
- M(E)L (i1(0, 1) = u(0, 1)),

X (t)
(16a)
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Pre(x, t) = Prx(x, t) — cM(x)M ! <%>f(f<1(t), vi(t)) (16b)

o (1)

pil—=.t)=0, (16¢)
m

{i1(x, £) = pa(x, t) + cM(x)M ™! (%)Xl(r), (16d)

with L € R" is a gain to be chosen later, where (0, t) = u(0, t)
(by (5d)) is accessible to measurements, and X;(0) is arbitrary.
Observer for (X(t), pj(x, t)),withj=2,...,mandt > O:

(f)— Xi(t) + FXi(t), vi(0))

-M (%)L(ﬁj(o,t)—ﬁj_l (%t)) (17a)
D ~
Pre(x, t) = pja(x, t) — MM~ <E>f(xj(f), vi(t)) (17b)
5, (D’ t) —0. (17¢)
m
fi(x, t) = Pj(x, t) + cM(x)M ! (%) )A(j(t)
D
0<x<—; t>0, (17d)
m

where )A(j(O) is arbitrary and all other observer parameters are as

n (16a)-(16d). Note that Egs. (17a)-(17d) define a set of sub-
observers that must be run in order, starting with the sub-observer
indexed by j = 2. Accordingly, when the jth sub-observer is being
executed, the quantity &_; (2, t) has already been computed by
the sub-observer of index j — 1 Then, in view of (5b), it makes a
sense to use ﬁj_l (% t) as output measurement for sub-observer
indexed by j.

Remark 2. (1) As already noticed in Section 1, cascade observers
can directly be designed on the basis of the initial system represen-
tation (1a)-(1d), using ODE-based tools, see e.g. [5-8].

(2) The cascade observers obtained with the ODE-based observer
design involve pointwise output predictors which are fully defined
by ODEs aiming at estimating the system output only at times
t —D+j2, forj=1...mandallt, where D denotes the system
time delay. The present ODE-PDE-based observer design approach
also provides cascade observers that involve output predictors.
But, the latter are presently distributed parameter, defined by the
PDEs (16b)-(16d)and (17b)-(17d). Accordingly, the system output
y(t + x — D) = u(x,t) is estimated, forall0 < x < D and
t > 0, whereas the pointwise predictors only estimate the outputs
y(t +x — D) = u(x,t) withx = j%,j = 1...m. Furthermore,
as pointed out in e.g. [10], the ODE-based observers essentially
estimate the past state from D/m seconds back, and then advance it
in an open-loop manner D/m seconds in the future. In contrast, the
state estimation with the present PDE-based observer is performed
all the time in closed-loop.

4. Cascade observer analysis

For analysis purpose, the following notation are introduced:
Xi=Xj—X. Dj=b—p
A =di 1 ! !

= dia e

e e

Also, the following properties are easily checked, using (1c) and
(11a):

U=10—u, forj=1...m (18)

] R™"  forany@ > 1. (19)

AAATT=0A, cA=c, cA ' = (20a)

AM(X) A~ = eAAA7Ix _ o0Ax (20b)

AM(x) T AT = e AR gm0, (20¢)

Now, differentiating the errors )N(] ; — X; and p; with respect to
t, yields using (16a)-(16¢) and (17a)-(17 )

X1(t) = AXy(6) + FR(E), va(6)) = FXa(E), va(E))
—M( )LC1 (0, t)) (21a)
- ~ (D
P1.e(X, t) = p1x(x, t) — cM(x)M (E) X
(f(fﬁ(t), vi()) — FXs (0), vl(t))) (21b)
- D
D1 (*, f) =0 (21¢)
m

and,forj=2...m

= AX(6) + (6, vi(£) = F(0), vy

(8w

Using the equality 0 = —u; (0, t) + uj_1 (2, t) which is a conse-
quence of (7b). Also, one gets from (17¢)-(17d) that ﬂj,1(%, t) =
cXja(t )whlchtogetherw1th(7b)g1ves Ui—1(2, t) = cXj_1(t). Then,
(22) writes for0 < x < E ;t>0:

Xi(t) = AX(t) + FR(0), vi(£) — FOX(E), vy(1))
( )LuJOt M(%)Lc}@,ﬂt), t>0 (23a)
Di.e(x, ) =il
— cMEom ! (9) (FECe w() — £, 5())  (23b)
m ) ] ol )

~ (D

Dj (—, t) =0. (23c)
m

Then, the main analysis result is stated in the following theo-

rem, where the notation z[t] designates the function [0, D/m) —

R, x — z[t](x) = z(x, t):

Theorem 1. Consider the cascade observer described by Egs. (16a)-
(16d) and (17a)-(17d) and denote L = § A~'Ly where Ly € R" is any
vector gain such that the matrix A — Lyc is Hurwitz. Then there exist
a scalar 6* > 0 and an integer m* > 0 such that, for all 0 > 6*
and all m > m*, the cascade observer (when applied to the system
(1~a)—(1e)) is globally exponentially convergent in the sense that
||X )| and fOD (Uj(x, t))?dx, for j = 1...m, are exponentially decay-
ing to zero as t — oo for all initial condltlons

X;(0), j(O) € R", y[0], i[0], p;[0], p;[0] € H'(0, D/m), with
(01)D/m) = 0, (u[0])(D/m) = CX;(0)

The overall estimation errors ”X(t H and fo
ally exponentially decay to zeroast — oo. O

(x, t))?dx also glob-

Proof. First note that, the selection of Ly € R" so that A — Lyc is
Hurwitz is not an issue because the pair (A, c) is observable. Also,
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introduce the coordinate change:

D ~
Zj(t)=AM_1(E)Xj(t), j=1...m (24a)
or, equivalently,
~ D
)g(t):M(a)A*zj(t), j=1...m (24b)

Then, it readily follows from (16d), (17d) and (18) the following
relation:

Ti(x, t) = Pi(x, t) + M(x)M™! (9) X;

m
= Pi(x, t) + cM(x)A™'Z{(t),

)

forj=1..m;0<x<—; t>0. (25)

3

Now, the proof of Theorem 1 is divided into two main parts. First,
we will show that, forj = 1, HZ] || and fD/m e"p] X, t)dx are
exponentially vanishing. Then we will show in Step 2 that the
same result holds forj = 2.

Step 1. Proof of the theorem results for j = 1.
From (21a) one gets using (22) and (24)-(25
t>0:

).foro <x < 2;

. D, ~ .
Zy(t) AM_1(E) (AXa(t) + FXa(0), vi(£)) = F(Xa (D), v1(f))>

- AM”(%) (M (i) L(Pi(0,6) + CA‘121(t)))

= (AAA—1 - ALcA—l)zl( )
+ AM (/ fx + SX ) U](f))dS)
x M(m)A 'Z,(t) — ALP(0, t) (26)

where the second equality is obtained using the mean value the-
orem and the property M(0) = I. Using (20a)-(20b)-(21) and the
equality L = 8 A~ 'Ly, Eq. (26) develops as follows, for 0 < x < %;
t>0:

Zi(t) =0~ Loc)zl

+AM™!

( / X(0) + K )vl(t))ds)

x M(E)A‘lzl(t) — 6LgP4(0, t). (27)

Similarly, (21b) rewrites using (24b):

([ s

M()a72,(0 (282)

pi|—.t)] =0
m

where the last equality is identical to (21c). To analyse the system
(27)-(28), consider the Lyapunov function candidate:

Pre(x, t) = Prx(x, t)

— cM(x)M

(28b)

a D/m
Vi =Z1PZ; + > / epA(x, t)dx (29)
0

where a; > 0is a real constant and P = PT > 0 is the solution of
the equation,

(A—Loc)"P+P(A—Lyc) = —pul (30)

where u > 0is arbitrary and I € R"™" is the identity matrix. Time
differentiation of (29) gives, using (27)-(28) and (30):

D/m

= Z.1TPZ1 +ZlTPZ1 +a; ep1(x, )P e(x, t)dx

0

(/ KX +SX (t), vy (t ))d5>

D/m
—260Z](t)PLeP1(0, t) + ay / ePa(x, t)p1x(x, t)dx
0

= —pb |z, )?

+2Z]{PAM™
D

x M(=)A"1Z,
m

D/m

- epa(x, t)eM(x)M ™! <B>

0 m

1
X (/ fx(X +S§Z, U])dS)
0

xM(B)A_lzl(t)dx
m
= —ub |1Z1]?
+22TPAM™( (/ fx(X(£) + sX(t), vi(t ))ds)
x 1\/1(9)[121
m

—20Z1(t)PLyP1(0, t) — a;

P%0,t) a; [Pm™
POO S [ epim tax
0

D/m

- EPi(x, t)eM(x)M ™! <2>
m

0

1
x (/ f(X +sX, vl)ds>
0

x M(%)A’lzl(t)dx (31)

where we have used an integration by parts and boundary condi-
tion (21c). The second term on the right side of (31) is worked out
as follows:

1
AM*‘(%)A”A (f Fe(X(t) + sX(t), vl(t))ds> A7l
0
x AM(B)A_l
m

=(AM”(D )[ (/ Fe(X(t) + sX(t), vt ))ds) A”]
m

X <AM(9)A’1). (32)
m

Using the triangular structure (1d) of the function f(.) and the
diagonal structure of the matrix A, it is readily checked that, there
exists a scalar 8; > 0 such that forall 6 > 1:

H (f fx(X(£) + sX(t), v ())ds)A—l

Note that B; depends on the Lipschitz constant of f(.), but is
independent on 6. Also, using the fact that |A*| < 1, fork =
1,...,n — 1, which is a consequence of (1c), it follows from (20c)
that, forall¢ > 1,allD € [0, #) and all x € [0, 2]:

< p1. (33)

[aMx) a7 < B (34)
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for someB, > 0 independent on 6. Using (32)-(34), one gets:

( / Se(X(0) + $X( )vl(t))dS)

<2618 1Z:(0)11% . (35)

szT( t)PAM™

D
M(E)A‘lzm

In turn, the third term on the right side of (31) is bounded from
above as follows, using Young’s inequality:
2602 (t)PLop:(0, 1)| < ? 1Z1(6)11* + 6&1 IPIl [ILolI* P3(0, £).  (36)

For any &; > 0. Finally, the last term on the right side of (31) is
bounded from above as follows, using Schwartz inequality:

D/m
o [ e eMEoM ( )( / f(X
0

( ) ( / A
+sX(t), v1(t))ds> M (%) A*zl(t)) 2dx> 12

D/m
< @ epa(x, t)dx
2 Jo
a D/m
T A G )(/ A
+sX(t), vl(t))ds> M (%) A‘lzl(t)> 2dx (37)

whatever ¢ > 0, where the last inequality is obtained applying
Young's inequality. In turn, the last term on the right side of (37) is
worked out as follows, using (11a):

D/m
) (o (2) ([
~ D O
+ sX(t), v1(t))ds) <E> Zl(t)>
= a o (e’z(cA] |:AM1 (9 —x) A1]
201 m
[ </ FeX(£) + sX( )vl(t))ds> A’l]
2
[ (3) )
m

Then, using (33) and (34) and the fact that ||c|| = 1and cA™! =,
it follows that, for6 > 1,D € [0, 7'),x € [0, 2]:

’m
a D/m
— <e2 cM(x)

2t ( ></ LX®
+s>“<'(t),v1<t»ds) (9> %(r))
m

alﬂlﬂz D/m 2
29, — 5 e =1z (0l

I A

(11,31/322 (61/9
21

IA

= DIIZi(ON>. (38)

Using (38), (37), (36) and (35), one gets from (31):

. 0 a1,31,322 1/6 2
Vi< —(puo—-2 — = = 2 — 1)) 1Zi(t
1 < ( B85 & 20, ( ) ) IZ2 ()l
a D/m
—3(1—01)/ eplxt
a
~ (5 - ealPIILI?) Fo. 0. (39)
Let the free parameters a;, &; and 1, be set as follows:
1 2 M 1
— =0&||IP|| |Loll*, — = =, = =. 40
> &1 IIPIILoll 5= 2= (40)
Then, inequality (38) simplifies as follows:
. wo 2p1B;
Vi < —0 (5 - # — 2 1P1 ol 182 — 1) Iz
a D/m
- epa(x, t)dx. (41)
4 Jo

2
Clearly, 22 + 4 |P|| |Lo|1? 13 — 1) ,—_ 0. Then, there
—00
exists a@* > 0, such that forall® > 6* and all D € [O, %) :

no 2B1B; 9

72 2 _ ZpI L e/ —1)> L. 42
5 0 || Il ILoll* B1B5 (e 1) > 2 (42)
Then, (41) yields foralld > 6* andallD € [0, 7) :
D/m
2 aq X~
Vi < 9 Z: ()" — Z/ ePi(x, t)dx (43)
which 1mmed1ately gives, using (29)
Vi < —6 ZI(t)Pzy(e) — & eBA(x, t)d
'= 4)\'m1n(P) 1 l 4 0 p1
0 1
< —min ( iy 7> v, (44)
4)Lmin(P) 2

with Amin(P) the minimal singular value of P. Inequality (44), to-

gether with (29), immediately implies that ||Z;(¢)||*> and fD/m“Q

(x, t)dx are exponentially vanishing as t — oo. B}/ (24b) and
m

(25), the same properties hold with || X;(t)||?> and f AQ (x, t)dx,
respectively, which proves Theorem 1 for j = 1 and ends Step 1.

Step 2. Proof of the theorem results forj =2...m
Just as for (21a), Egs. (23a) is first rewritten in terms of the state
vector Z;, defined by (24a), as follows:

Zi(t) = 6 (A— Loc) Z(t)

—I—AM’]( )([ e

x M <%> AT'Z(t) — 0Lop;(0, t)

+sX )vj(t))ds>

D
+0LOCM(E)A’1Zj,1(t), forj=2...m, t>0. (45)

This is completed by Eqgs. (23b)-(23c), which are rewritten as
follows (using the mean value theorem and (24a)):

( )(/ X0 + sKt ())ds)
x M <2> AT'Zi(t)
m

forj=2...m

ﬁi,t(X’ t) = 5j,x(x t)

—cM(x)M

D
0<x< —,
m

t>0 (46a)
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~ (D
pj(a,t>:o, forj=2...m, t=0. (46b)

In fact, the system (44)-(45) is similar to the system (27)-(28),
except for the last term on the right side of (44) which stands as

an external input in the system (44)-(45). Consider the Lyapunov
function candidate,

a [P/m
v;=zfpz,-+5’/ ePix, tdx, j=2...m (47)
0

where g; > 0 is arbitrary and P is as in (30). Following mutatis-
mutandis Egs. (31) through (43), one gets forallj =2...m

. OM a D/m N
Vi< - |z - Z‘/O E(x, t)dx

+2eijL0cM(%)A”zj,1(t)
0 D/m N
<=2 lg0l =5 [ ewo o ¢ ol
0

2

+§ “GLOCM(i)A_1Zj_1(t) (48)

whatever ¢ > 0, where the last mequallty is obtained using
Young S mequallty Letting ¢ = Z£, inequality (48) yields, for all

j=2.
. 0“/ r a D/m
Vi< — Z: (t)PZi(t) — —/ e'pi(x, t)d.
! Skmin(P) J ! 4 0
2
+— [[LocM(=)A™'Z4(¢)
0 1 8 D 2
< —min(—£_ - Vi+ — LocM( )A™!
8Amin(P) 2 1%
2
< [Z0]. (49

By Step 1, [|Z;(t)||? is exponentially vanishing as t — oo. Then,
using the comparison Lemma (e.g. [12, p. 102]), it follows from
(49) that V, exponentially converges to zero as t — oo and,
due to (47), so do ||Z5(t)| and fOD/m e"’ﬁg(x, t)dx. Then, proceeding
with a mathematical induction, one shows that, forj = 2...m,
V; exponentially converges to zero as t — oo which, due to

(51), implies that so do ||Z] || and D/mex (x t)dx. By (24b) and

(25), the same properties hold with [[X;(t || and D/m“’z(x t)dx,
respectively, for j = 2 ... m. This proves Step 2 and completes the
proof of Theorem 1.

5. Simulation

Toillustrate the observer design of Sections 3 and 4, we consider
the mass-spring system which is a classic example of nonlinear
mechanical system. This is composed of body of mass My that is
connected to a fixed point via a spring. One possible model of this
system is the following Duffings equation:

MoZ + ¢pZ + krz + Kra =F (50)

where z denotes the body displacement, —c,z represents the vis-
cous force, —i;z — «;az> the restoring force of the spring and F
an external force applied to the body of mass My. Introducing the
state vector X = [z z]” and the delayed output y(t) = z(t — D)
and denoting the input signal v(t) = F(t)/My, Egs. (50) can be
rewritten in the state space form (1a)-(1b) with:

01
A= [0 O]’ fX,v) = Ky KUG?X? Cy ol (51)

X'(t) : Observation error on X(t)

LY SRR R R PEY

RNV INNY /w\mﬂ\)mf N f\a‘\; M ﬁ«
o8 | riniciiacunannng snennen aianuneve Giannning i
10}
B S WO S A S N -
Y [ S S N N N N N

0 10 20 30 40 50 60 70 80 90 100

Fig. 2. Estimation error X (t) obtained with the standard observer involving m = 1
predictor in the presence of the delay D = 0.5.

Observation error on u(x t)

tildeu(}{,t)

Fig. 3. Estimation error i(x, t) = 1 (x, t) (0 < x < D/m)obtained with the standard
observer involving m = 1 predictor in the presence of the delay D = 0.5.

It is shown (see e.g. [12], pp. 172-174) that if v(t) is bounded
(which currently is the case) then so is the state vector X(t). Let
2x denotes any compact where X(t) takes its values. Then, the
function f(X, v) is Lipschitz within the set £2x (outside this set,
f(X, v) can be extended by any C* globally Lipschitz function).
Hence, the observer design of Sections 3 and 4 can be applied to the
system defined by (50). For the purpose of simulation, the system
parameters are given the valuesa, = ¢, = «, = Mg = 1.
The delay D will be given different values and the external force
F(t) = cos(t).

The cascade observer defined by Eqs. (16a)-(16d) and
(17a)-(17d) is first considered with the following values of the
delay and the design parameters: D = 05 m = 1, =
[2 117, & = 1.1. The estimation errors X(t) and u(x, t) are shown
by Figs. 2 and 3. Clearly, the errors diverge proving that a simple
observer (involving a single predictor) is not enough to compen-
sate for the delay D = 0.5. Then, a cascade observer involving

= 2 predictors is considered. The resulting estimation errors
are plotted in Figs. 4 and 5 which show a rapid convergence of the
errors to zero, confirming the result of Theorem 1.

The previous observations have been confirmed with several
additional simulations. For instance, it is checked that for the larger
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X(t) : Observation error on X(t)

5 10 15 20 25 30

Fig. 4. Estimation error X (t) obtained with the cascade observer involving m = 2
predictors in the presence of the delay D = 0.5.

Observation error on ux t)

tilde (xt

Fig. 5. Estimation error l(x, t) = ©;(x, t)(0 < x < D/m) obtained with the standard
observer involving m = 2 predictor in the presence of the delay D = 0.5.

delay D = 1.5, a chain observer with m = 4 partial observers is
necessary to get quite satisfactory performances. Any undersized
chain observer (with m = 1,2 or m = 3) is unable to achieve
satisfactory performances.

6. Conclusion

The problem of state observation is addressed for the class
of nonlinear systems depicted by Fig. 1 and analytically

modelled by the ODE-PDE cascade (1a)-(1d). The aim is to get
online estimates of both the finite-dimensional state X(t) and
the infinite-dimensional state u(x, t) over the x-domain (0, D),
where D > 0 is allowed to be arbitrarily large. We have dealt
with this observation problem by invoking the high-gain observer
method, the backstepping-like design approach and the chain
observer principle. The observer obtained this way, described by
Eqs. (16a)-(16d) and (17a)-(17d), is cascade-structure and high-
gain nature. The matrix function M(x), which plays an instrumental
role in the achievement of the observer exponential convergence
(Theorem 1), materializes the difference of the PDE-based ob-
servers and the standard ODE-based high-gain observers [8]. The
current study can be persued toward the extension of the proposed
observer design approach to the case of sampled output measure-
ment [13].

References

[1] F.Cacace, A. Germani, C. Manes, A Chain Observer for nonlinear systems with
multiple time-varying measurement delays, SIAM ]. Control Optim. 52 (3)
(2014) 1862-1885.

M. Kahelras, T. Ahmed-Alj, T. Folin, F. Giri, F. Lamnabhi-Lagarrigue, Observer

design for triangular nonlinear systems using delayed sampled-output mea-

surements. in: [EEE Conference on Decision and Control, Las Vegas, NV, USA,

2016, pp. 1447-1451.

J. Leyva-Ramos, A.E. Pearson, An asymptotic modal observer for linear au-

tonomous time lag systems, IEEE Trans. Automat. Control AC 40 (7) (1995)

1291-1294.

H. Trinh, M. Aldeen, Comments on an asymptotic modal observer for linear

autonomous time lag systems, IEEE Trans. Automat. Control 42 (5) (1997)

742-745.

A. Germani, C. Manes, P. Pepe, A new approach to state observation of nonlin-

ear systems with delayed output, IEEE Trans. Automat. Control 47 (1) (2002)

96-101.

T. Ahmed-Ali, 1. Karafyllis, F. Lamnabhi-Lagarrigue, Global exponential

sampled-data observers for nonlinear systems with delayed measurements,

Systems Control Lett. 62 (2013) 539-549.

G. Besancon, D. Georges, Z. Benayache, Asymptotic state prediction for

continuous-time systems with delayed input and application to control, in:

European Control Conference, 2007.

M. Kahelras, T. Ahmed-Ali, F. Giri, F. Lamnabhi-Lagarrigue, Sampled-data

chain-observer design for a class of delayed nonlinear systems, Internat. J.

Control (2017). http://dx.doi.org/10.1080/00207179.2017.1305512.

M. Krstic, A. Smyshlyaev, Backstepping boundary control for first-order hy-

perbolic PDEs and application to systems with actuator and sensor delays,

Systems Control Lett. 57 (2008) 750-758.

[10] M. Krstic, Delay Compensation for Nonlinear, Adaptive, and PDE Systems,
Birkhauser, ISBN: 978-0-8176-4698-1, 2009.

[11] T. Ahmed-Ali, F. Giri, M. Krstic, F. Lamnabhi-Lagarrigue, High-gain observer
design for a class of nonlinear ODE-PDE cascade systems, Systems Control Lett.
83(2015) 19-27.

[12] H.K.Khalil, Nonlinear Systems, Prentice Hall, ISBN: 978-0130673893, 2002.

[13] T. Ahmed-Ali, 1. Karafyllis, F. Giri, M. Krstic, F. Lamnabhi-Lagarrigue, Expo-
nential stability analysis of sampled-data ODE-PDE systems and application
to observer design, IEEE Trans. Automat. Control 62 (6) (2017) 3091-3098.

2

[3

[4

[5

(6

[7

[8

[9


http://refhub.elsevier.com/S0167-6911(18)30001-X/sb1
http://refhub.elsevier.com/S0167-6911(18)30001-X/sb1
http://refhub.elsevier.com/S0167-6911(18)30001-X/sb1
http://refhub.elsevier.com/S0167-6911(18)30001-X/sb1
http://refhub.elsevier.com/S0167-6911(18)30001-X/sb1
http://refhub.elsevier.com/S0167-6911(18)30001-X/sb3
http://refhub.elsevier.com/S0167-6911(18)30001-X/sb3
http://refhub.elsevier.com/S0167-6911(18)30001-X/sb3
http://refhub.elsevier.com/S0167-6911(18)30001-X/sb3
http://refhub.elsevier.com/S0167-6911(18)30001-X/sb3
http://refhub.elsevier.com/S0167-6911(18)30001-X/sb4
http://refhub.elsevier.com/S0167-6911(18)30001-X/sb4
http://refhub.elsevier.com/S0167-6911(18)30001-X/sb4
http://refhub.elsevier.com/S0167-6911(18)30001-X/sb4
http://refhub.elsevier.com/S0167-6911(18)30001-X/sb4
http://refhub.elsevier.com/S0167-6911(18)30001-X/sb5
http://refhub.elsevier.com/S0167-6911(18)30001-X/sb5
http://refhub.elsevier.com/S0167-6911(18)30001-X/sb5
http://refhub.elsevier.com/S0167-6911(18)30001-X/sb5
http://refhub.elsevier.com/S0167-6911(18)30001-X/sb5
http://refhub.elsevier.com/S0167-6911(18)30001-X/sb6
http://refhub.elsevier.com/S0167-6911(18)30001-X/sb6
http://refhub.elsevier.com/S0167-6911(18)30001-X/sb6
http://refhub.elsevier.com/S0167-6911(18)30001-X/sb6
http://refhub.elsevier.com/S0167-6911(18)30001-X/sb6
http://dx.doi.org/10.1080/00207179.2017.1305512
http://refhub.elsevier.com/S0167-6911(18)30001-X/sb9
http://refhub.elsevier.com/S0167-6911(18)30001-X/sb9
http://refhub.elsevier.com/S0167-6911(18)30001-X/sb9
http://refhub.elsevier.com/S0167-6911(18)30001-X/sb9
http://refhub.elsevier.com/S0167-6911(18)30001-X/sb9
http://refhub.elsevier.com/S0167-6911(18)30001-X/sb10
http://refhub.elsevier.com/S0167-6911(18)30001-X/sb10
http://refhub.elsevier.com/S0167-6911(18)30001-X/sb10
http://refhub.elsevier.com/S0167-6911(18)30001-X/sb11
http://refhub.elsevier.com/S0167-6911(18)30001-X/sb11
http://refhub.elsevier.com/S0167-6911(18)30001-X/sb11
http://refhub.elsevier.com/S0167-6911(18)30001-X/sb11
http://refhub.elsevier.com/S0167-6911(18)30001-X/sb11
http://refhub.elsevier.com/S0167-6911(18)30001-X/sb12
http://refhub.elsevier.com/S0167-6911(18)30001-X/sb13
http://refhub.elsevier.com/S0167-6911(18)30001-X/sb13
http://refhub.elsevier.com/S0167-6911(18)30001-X/sb13
http://refhub.elsevier.com/S0167-6911(18)30001-X/sb13
http://refhub.elsevier.com/S0167-6911(18)30001-X/sb13

