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a b s t r a c t

The paper provides results for the application of boundary feedback control with Zero-Order-Hold (ZOH)
to 1-D linear parabolic systems on bounded domains. It is shown that the continuous-time boundary
feedback applied in a sample-and-hold fashion guarantees closed-loop exponential stability, provided
that the sampling period is sufficiently small. Two different continuous-time feedback designs are
considered: the reducedmodel design and the backstepping design. The obtained results provide stability
estimates for weighted 2-norms of the state and robustness with respect to perturbations of the sampling
schedule is guaranteed.
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1. Introduction

Sampled-data feedback control is awell-studied topic for finite-
dimensional systems due to the fact that modern control systems
employ digital technology for the implementation of the controller
(see for instance Fridman, Seuret, and Richard, 2004; Herrmann,
Spurgeon and Edwards, 1999; Karafyllis and Kravaris, 2009;
Karafyllis and Krstic, 2012a; Karafyllis and Krstic, 2012b; Nešić
and Teel, 2001; Nešić, Teel, and Carnevale, 2009; Sontag, 1998 and
the references therein). However, for infinite-dimensional systems
there are few results on sampled-data feedback control.Most of the
available results dealwith delay systems (see Fridman&Dambrine,
2009; Karafyllis & Krstic, 2016; Pepe, 2014, 2015a, b, 2016; Seuret,
Fridman, & Richard, 2005). For systems described by Partial Dif-
ferential Equations (PDEs) the design of sampled-data feedback
control is a major challenge because of the technical difficulties
involved: even the notion of the solution of a PDE under sampled-
data feedback control has to be clarified. Sampled-data controllers
for parabolic systems were designed by Fridman and coworkers in
Bar Am and Fridman (2014), Fridman and Bar Am (2013), Fridman
and Blighovsky (2012) and Selivanov and Fridman (2016) by using
matrix inequalities. In the context of abstract infinite-dimensional
semigroup theory (see Curtain & Salamon, 1986; Tucsnak &Weiss,
2009), the major works (Logemann, Rebarber, & Townley, 2003;
Rebarber & Townley, 2006) provided necessary and sufficient con-
ditions for sampled-data control of general infinite-dimensional
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systems under periodic sampling. The results in Logemann et
al. (2003) and Rebarber and Townley (2006) were extended in
the case of ‘‘generalized sampling’’ in Logemann, Rebarber, and
Townley (2005) and Townley, Rebarber, Zwart, and Oates (1996).
Approximate models of infinite-dimensional systems were used
in Tan, Trelat, Chitour, and Nešić (2009) for practical stabiliza-
tion. Sampled-data feedback control for hyperbolic age-structured
models was proposed in Karafyllis and Krstic (2017b).

In the linear finite-dimensional case, there are results that guar-
antee closed-loop exponential stability for continuous-time linear
feedback designs when applied with Zero-Order-Hold (ZOH) and
sufficiently small sampling period (see for instance Herrmann et
al., 1999; Karafyllis & Kravaris, 2009; Nešić & Teel, 2001; Nešić et
al., 2009). The results deal with the globally Lipschitz case (which
contains the linear case as a subcase) and the application of the
continuous-time feedback under ZOH is called the ‘‘emulation’’
sampled-data feedback design.

A general robustness result that guarantees closed-loop ex-
ponential stability for continuous-time linear boundary feedback
designs when applied with ZOH and arbitrary (not necessarily
periodic) sampling schedules of sufficiently small sampling period
is missing for the case of linear parabolic PDEs. The present work is
devoted to the development of such general results for continuous-
time boundary feedback controllers. We consider two different
boundary feedback designs for linear parabolic PDE models:

• the ‘‘Reduced Model Design’’, originally proposed in Trig-
giani (1980) and later studied in Cerpa (2010), Christofides
(2001), Lasiecka and Triggiani (1983), Lasiecka and Triggiani
(2000), and

• the ‘‘Backstepping Design’’, developed in Krstic and
Smyshlyaev (2008) and Smyshlyaev and Krstic (2004).
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In each of the above cases, we prove that there is a sufficiently
small sampling period, such that the closed-loop system preserves
exponential stability under sample-and-hold implementation of
the controller (Theorems 3.2 and 3.3). In other words, we prove
that emulation design works for the case of linear parabolic PDEs
with boundary feedback. The derived exponential stability esti-
mates are expressed in appropriate weighted L2 norms of the state
and (conservative) upper bounds for the sampling period are de-
rived. Finally, robustness with respect to perturbations of the sam-
pling schedule is established, exactly as in the finite-dimensional
case.

Summarizing, the contributions and novelties of the present
work are:

• the derivation of explicit formulas for sampled-data feed-
back stabilizers, which are based on the emulation of the
reduced model boundary feedback design or the emulation
of the backstepping boundary feedback design; to this pur-
pose no special assumptions are employed except of the
basic assumption that the corresponding continuous-time
controller works for continuously adjusted inputs,

• the clarification of the notion of the solution of a parabolic
PDE system under sampled-data control (Section 2),

• the derivation of estimates for the maximum upper diame-
ter of the sampling schedule that can be used for practical
purposes (Section 3.3),

• the consideration of arbitrary (non-uniform, non-periodic)
sampling schedules, which guarantees robustness with re-
spect to uncertainties of the sampling schedule.

The above features cannot be found in the existing literature.
For example, in Logemann et al. (2003) and Rebarber and Town-
ley (2006) the authors consider sampled-data control of abstract
infinite-dimensional control systems, which include parabolic PDE
systems with boundary control inputs. However, the results in
Logemann et al. (2003) and Rebarber and Townley (2006) are
dealing onlywith uniform sampling schedules and no estimates for
the magnitude of the sampling period are provided. The results in
Logemann et al. (2003) andRebarber and Townley (2006) are based
on certain assumptions for certain transfer functions, whose veri-
fication for either the reduced model boundary feedback design or
the backstepping boundary feedback design is highly non-trivial.
Similar comments apply for the results in Logemann et al. (2005)
and Townley et al. (1996).

The methodology for proving the main results of the present
work is very different for each boundary feedback design. The
reason for the difference in the proofs is that the reduced model
design and the backstepping design are very different (although
they look similar; see Section 3.3 for additional explanations). An-
other thing that should be emphasized at this point is that a general
Lyapunov-like proof that can work for every linear parabolic PDE
under a linear stabilizing boundary feedback is not available and
may not exist (contrary to the finite-dimensional case; see for
instance Herrmann et al., 1999; Karafyllis & Kravaris, 2009; Nešić
& Teel, 2001; Nešić et al., 2009): the effect of the boundary input is
expressed by unbounded linear operators. Consequently, the effect
of the difference between the continuous-time feedback and the
applied control action (the input holding error) is also expressed
by linear unbounded operators, which makes a Lyapunov-like
analysis of the closed-loop system difficult. This issue does not
appear in the finite-dimensional case, where the effect of the input
holding error can be studied by means of a Lyapunov function for
the closed-loop system, as if the input holding errorwere an exoge-
nous disturbance. It should be noted here that unbounded linear
input operators are considered in abstract infinite-dimensional

semigroup theory (see Curtain & Salamon, 1986; Tucsnak &Weiss,
2009), where linear parabolic PDE systems are also studied.

The structure of the present work is as follows: Section 2 is
devoted to the presentation of the problem and the clarification of
the notion of the solution for a parabolic system under boundary
sampled-data control. Section 3 provides the statements of the
main results (Theorems 3.2 and 3.3) as well as a discussion of the
main results. The proofs of themain results are provided in Section
4. A simple illustrating example is presented in Section 5. The
concluding remarks are provided in Section 6. Finally, Appendix
contains the proofs of all auxiliary results.

Notation. Throughout this paper, we adopt the following nota-
tion.
∗ ℜ+ := [0,+∞). Z+ denotes the set of all non-negative integers.
∗ Let U ⊆ ℜ

n be a set with non-empty interior and letΩ ⊆ ℜ be a
set. By C0(U ; Ω), we denote the class of continuous mappings on
U , which take values inΩ . By Ck(U ; Ω), where k ≥ 1, we denote
the class of continuous functions on U , which have continuous
derivatives of order k on U and take values inΩ .
∗ For a vector x ∈ ℜ

m, x′ denotes the transpose of x. For real
numbers ai, i = 1, . . . ,m, diag(a1, a2, . . . , am) denotes the diag-
onal square matrix with a1, a2, . . . , am on its main diagonal. For
a matrix W ∈ ℜ

m×m the matrix norm |W | is given by |W | =

max { |Wx| : x ∈ ℜ
m , |x| = 1}.

∗ Let r ∈ C0([0, 1]; (0,+∞)) be given. L2r (0, 1) denotes the equiv-
alence class of measurable functions f : [0, 1] → ℜ for which

∥f ∥r =

(∫ 1
0 r(z)|f (z)|2dz

)1/2
< +∞. L2r (0, 1) is a Hilbert space

with inner product ⟨f , g⟩ =
∫ 1
0 r(z)f (z)g(z)dz. When r(z) ≡ 1,

we use the notation L2(0, 1) for the standard space of square-

integrable functions and ∥f ∥ =

(∫ 1
0 |f (z)|2dz

)1/2
< +∞ for

f ∈ L2(0, 1). For an interval I ⊆ ℜ+, the space C0(I; L2r (0, 1)) is

the space of continuous mappings I ∋ t → u[t] ∈ L2r (0, 1).

∗ Let x : ℜ+ × [0, 1] → ℜ be given. We use the notation x[t] to
denote the profile of x at certain t ≥ 0, i.e., (x[t])(z) = x(t, z) for all
z ∈ [0, 1].
∗H2(0, 1) denotes the Sobolev space of continuously differentiable
functions on [0, 1] with measurable, square integrable second
derivative.

2. The notion of the solution for a parabolic system under
boundary sampled-data control

Consider the Sturm–Liouville operator A : D → L2r (0, 1) defined
by

(Af )(z) = −
1

r(z)
d
dz

(
p(z)

df
dz

(z)
)

+
q(z)
r(z)

f (z),

for all f ∈ D and z ∈ (0, 1) (1)

where p ∈ C1([0, 1]; (0,+∞)), r ∈ C0([0, 1]; (0,+∞)), q ∈

C0([0, 1]; ℜ) and D ⊆ H2([0, 1]) is the set of all functions f :

[0, 1] → ℜ for which

b1f (0) + b2
df
dz

(0) = a1f (1) + a2
df
dz

(1) = 0 (2)

where a1, a2, b1, b2 are real constants with |a1| + |a2| > 0, |b1| +

|b2| > 0. The following fact is a direct consequence of Chapter 11
in Boyce and Diprima (1997) and pages 498–505 in Naylor and Sell
(1982).
FACT: All eigenvalues of the Sturm–Liouville operator A : D →

L2r (0, 1), defined by (1), (2) are real. They form an infinite, increas-
ing sequence λ1 < λ2 < . . . < λn < . . .with limn→∞ (λn) = +∞.
To each eigenvalue λn ∈ ℜ (n = 1, 2, . . .) corresponds exactly
one eigenfunction φn ∈ C2([0, 1]; ℜ) with unit norm that satisfies
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Aφn = λnφn and b1φn(0)+b2 dφn
dz (0) = a1φn(1)+a2 dφn

dz (1) = 0. The
eigenfunctions form an orthonormal basis of L2r (0, 1).

In the present work, we make the following assumption for
the Sturm–Liouville operator A : D → L2r (0, 1) defined by (1),
(2), where a1, a2, b1, b2 are real constants with |a1| + |a2| > 0,
|b1| + |b2| > 0.
(H): The Sturm–Liouville operator A : D → L2r (0, 1) defined by (1),
(2), where a1, a2, b1, b2 are real constants with |a1| + |a2| > 0,
|b1| + |b2| > 0, satisfies

∞∑
n=N

λ−1
n max

0≤z≤1
(|φn(z)|) < +∞,

for certain N > 0 with λN > 0. (3)

Assumption (H) holds automatically when the functions p, r , q
are smooth (see Orlov, in press).

We consider the following control system

∂x
∂t

(t, z) −
1

r(z)
∂

∂z

(
p(z)

∂x
∂z

(t, z)
)

+
q(z)
r(z)

x(t, z) = 0,

for z ∈ (0, 1) (4)

b1x(t, 0) + b2
∂x
∂z

(t, 0) = a1x(t, 1) + a2
∂x
∂z

(t, 1) − u(t) = 0, (5)

where x[t] is the state and u(t) is the boundary control input. More
specifically, we consider system (4), (5) under boundary sampled-
data control with ZOH:

u(t) = ui, for t ∈ [τi, τi+1) and for all i ∈ Z+ (6)

where { τi ≥ 0, i = 0, 1, 2, . . . } is an increasing sequence (the se-
quence of sampling times) with τ0 = 0, limi→+∞ (τi) = +∞ and
{ ui ∈ ℜ, i = 0, 1, 2, . . . } is the sequence of applied inputs.

In order to study system (4), (5) under boundary sampled-data
control, we first need to clarify the notion of the solution for this
system. To this purpose the following theorem is a crucial result.
Theorem2.1 dealswith time-varying inputs, while only piecewise-
constant inputs are considered in the present work. Therefore,
Theorem 2.1 can be used for many other purposes (e.g., when the
input is a boundary disturbance). Its proof is given in Appendix.

Theorem 2.1. Consider the Sturm–Liouville operator A : D →

L2r (0, 1) defined by (1), (2), where a1, a2, b1, b2 are real constants
with |a1| + |a2| > 0, |b1| + |b2| > 0, under Assumption (H). Let
T > 0 be a constant and let u : [0, T ) → ℜ be a right continuous
function which is C2 on (0, T )with all meaningful right and left limits
of u(t), u̇(t), ü(t) when t tends to 0 or T being finite. Then for every
x0 ∈ L2r (0, 1), there exists a unique mapping x ∈ C0

(
[0, T ]; L2r (0, 1)

)
satisfying x ∈ C1((0, T ) × [0, 1]), x[t] ∈ C2([0, 1]) for all t ∈ (0, T ],
x[0] = x0 and

∂x
∂t

(t, z) −
1

r(z)
∂

∂z

(
p(z)

∂x
∂z

(t, z)
)

+
q(z)
r(z)

x(t, z) = 0,

for all (t, z) ∈ (0, T ) × (0, 1) (7)

b1x(t, 0) + b2
∂x
∂z

(t, 0) = a1x(t, 1) + a2
∂x
∂z

(t, 1) − u(t) = 0,

for all t ∈ (0, T ). (8)

Having clarified how the solution can be constructed in an
interval, we are in a position to obtain the solution of system (4),
(5) under boundary sampled-data control. The following corollary
is a direct consequence of Theorem 2.1 (applied in a step-by-step
process).

Corollary 2.2. Consider the Sturm–Liouville operator A : D →

L2r (0, 1) defined by (1), (2), where a1, a2, b1, b2 are real constants

with |a1| + |a2| > 0, |b1| + |b2| > 0, under Assump-
tion (H). Let { τi ≥ 0, i = 0, 1, 2, . . . } be an increasing sequence
of sampling times with τ0 = 0, limi→+∞ (τi) = +∞ and
let { ui ∈ ℜ, i = 0, 1, 2, . . . } be a sequence of applied inputs. Then
for every x0 ∈ L2r (0, 1) there exists a unique mapping x ∈

C0
(
ℜ+; L2r (0, 1)

)
satisfying x ∈ C1(I × [0, 1]), x[t] ∈ C2([0, 1]) for

all t > 0, x[0] = x0, and

∂x
∂t

(t, z) −
1

r(z)
∂

∂z

(
p(z)

∂x
∂z

(t, z)
)

+
q(z)
r(z)

x(t, z) = 0,

for all (t, z) ∈ I × (0, 1) (9)

b1x(t, 0) + b2
∂x
∂z

(t, 0) = a1x(t, 1) + a2
∂x
∂z

(t, 1) − u(t) = 0,

for all t ∈ I (10)

where I = ℜ+ \ {τi ≥ 0, i = 0, 1, 2, . . . } and u(t) satisfies (6).

It should be noticed that exactly as in the finite-dimensional
case the solution of the system is continuous at each time in-
stant and differentiable only in the open intervals that are formed
between two consecutive sampling times. However, the solution
mapping is only continuous as a mapping in L2r (0, 1). The solution
will not be (in general) a continuous mapping in L∞(0, 1) in the
case of Dirichlet actuation (i.e., if a2 = 0) and if the sequence
of applied inputs is not constant. It is therefore clear that in the
infinite-dimensional case, the choice of the state space is crucial
for the appropriate notion of the solution.

3. Stability under sampled-data implementation

3.1. Emulation of the reduced model design

The reduced model boundary feedback design is a method
proposed in Cerpa (2010), Christofides (2001), Lasiecka and Trig-
giani (1983), Lasiecka and Triggiani (2000) and Triggiani (1980)
in which all unstable eigenvalues of the Sturm–Liouville operator
A : D → L2r (0, 1) defined by (1), (2) are included in the linear finite-
dimensional system (the reduced model)

ẋn(t) + λnxn(t) = gnu(t), n = 1, . . . ,m (11)

where gn :=
p(1)

a21+a22

(
a2φn(1) − a1 dφn

dz (1)
)

̸= 0 (n = 1, . . . ,m)
are real constants, g = (g1, . . . , gm)′ ∈ ℜ

m and x(t) =

(x1(t), . . . , xm(t))′ ∈ ℜ
m. The fact that the constants gn :=

p(1)
a21+a22

(
a2φn(1) − a1 dφn

dz (1)
)
(n = 1, . . . ,m) are not zero is a direct

consequence of the boundary condition a1φn(1) + a2 dφn
dz (1) = 0

(otherwise we would have φn(1) =
dφn
dz (1) = 0 and consequently,

φn(z) ≡ 0). The integer m ≥ 1 is selected to be sufficiently large
so that λm+1 > 0. For systems of the form (11) the following result
holds.

Lemma 3.1. Let m > 0 be an integer and let λ1 < λ2 < . . . < λm,
gn ̸= 0 (n = 1, . . . ,m) be given constants. Then system (11) is
controllable.

The continuous-time feedback is selected to be u(t) =∫ 1
0 r(z)

(∑m
l=1klφl(z)

)
x(t, z)dz, where k = (k1, . . . , km)′ ∈ ℜ

m

is a vector for which the matrix diag(−λ1, . . . ,−λm) + gk′ is
Hurwitz. The following result shows that the boundary sampled-
data feedback law obtained by the emulation of the continuous-
time reduced model design works.

Theorem 3.2. Consider the Sturm–Liouville operator A : D →

L2r (0, 1) defined by (1), (2), where a1, a2, b1, b2 are constants with
|a1| + |a2| > 0, |b1| + |b2| > 0, under Assumption (H). Let m ≥ 1 be
an integer so that λm+1 > 0. Let k = (k1, . . . , km)′ ∈ ℜ

m be a vector
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for which the matrix diag(−λ1, . . . ,−λm) + gk′ is Hurwitz, where
g = (g1, . . . , gm)′ ∈ ℜ

m and gn :=
p(1)

a21+a22

(
a2φn(1) − a1 dφn

dz (1)
)

̸= 0
for n = 1, . . . ,m. Then there exist constants G, c, T > 0 such that
for every increasing sequence { τi ≥ 0, i = 0, 1, 2, . . . } with τ0 = 0,
sup
i≥0

(τi+1 − τi) ≤ T , limi→+∞ (τi) = +∞ and for every x0 ∈ L2r (0, 1)

the unique mapping x ∈ C0
(
ℜ+; L2r (0, 1)

)
satisfying x ∈ C1(I ×

[0, 1]), x[t] ∈ C2([0, 1]) for all t > 0, x[0] = x0, (9), (10) with
I = ℜ+ \ {τi ≥ 0, i = 0, 1, 2, . . . } and

u(t) =

∫ 1

0
r(z)

(
m∑
l=1

klφl(z)

)
x(τi, z)dz,

for t ∈ [τi, τi+1) and for all i ∈ Z+, (12)

satisfies the following estimate

∥x[t]∥r ≤ G exp (−c t) ∥x0∥r , for all t ≥ 0. (13)

3.2. Emulation of the backstepping design

Here, we focus for simplicity reasons on the following control
system

∂x
∂t

(t, z) = p
∂2x
∂z2

(t, z) − q(z)x(t, z), (14)

b1x(t, 0) + b2
∂x
∂z

(t, 0) = x(t, 1) − u(t) = 0, (15)

where q ∈ C0([0, 1]; ℜ), p > 0, b1, b2 ∈ ℜ are constants with
|b1| + |b2| > 0, x[t] is the state and u(t) is the control input.
Indeed, there exists a transformation that brings system (4) to the
form (14) (see page 44 in Krstic and Smyshlyaev, 2008). The reason
for considering only the Dirichlet actuation case will be explained
shortly.

Theorem 2 in Smyshlyaev and Krstic (2004) guarantees for
every c ≥ 0 the existence of functions K , L ∈ C2

(
[0, 1]2

)
such

that the Volterra transformation

y(t, z) = x(t, z) −

∫ z

0
K (z, s)x(t, s)ds,

for all (t, z) ∈ ℜ+ × [0, 1] (16)

with inverse

x(t, z) = y(t, z) +

∫ z

0
L(z, s)y(t, s)ds,

for all (t, z) ∈ ℜ+ × [0, 1] (17)

maps the solutions of (14), (15) to the solutions of

∂y
∂t

(t, z) − p
∂2y
∂z2

(t, z) + c y(t, z) = 0, (18)

b1y(t, 0) + b2
∂y
∂z

(t, 0) = y(t, 1) − u(t) +

∫ 1

0
k(s)x(t, s)ds

= 0, (19)

where k(z) = K (1, z) for all z ∈ [0, 1]. Selecting c ≥ 0 suffi-
ciently large, we can guarantee that the closed-loop system (14),
(15), with u(t) =

∫ 1
0 k(s)x(t, s)ds is exponentially stable in the L2

norm. Based on the feedback law u(t) =
∫ 1
0 k(s)x(t, s)ds we are

in a position to prove the following result, which shows that the
boundary sampled-data feedback law obtained by the emulation
of the continuous-time backstepping design works.

Theorem 3.3. Consider the Sturm–Liouville operator A : D →

L2(0, 1) defined by (1), (2), where r(z) ≡ 1, p(z) ≡ p > 0, a1 = 1,
a2 = 0, b1, b2 are real constants with |b1| + |b2| > 0, under
Assumption (H). Let c ≥ 0 be sufficiently large so that the closed-
loop system (14), (15), with u(t) =

∫ 1
0 k(s)x(t, s)ds is exponentially

stable in the L2 norm. Then there exist constantsM, σ , T > 0 such that
for every increasing sequence { τi ≥ 0, i = 0, 1, 2, . . . } with τ0 = 0,
sup
i≥0

(τi+1 − τi) ≤ T , limi→+∞ (τi) = +∞ and for every x0 ∈ L2(0, 1)

the unique mapping x ∈ C0
(
ℜ+; L2(0, 1)

)
satisfying x ∈ C1(I ×

[0, 1]), x[t] ∈ C2([0, 1]) for all t > 0, x[0] = x0, and

∂x
∂t

(t, z) = p
∂2x
∂z2

(t, z) − q(z)x(t, z),

for all (t, z) ∈ I × (0, 1) (20)

b1x(t, 0) + b2
∂x
∂z

(t, 0) = x(t, 1) − u(t) = 0,

for all t ∈ I (21)

u(t) =

∫ 1

0
k(s)x(τi, s)ds,

for t ∈ [τi, τi+1) and for all i ∈ Z+ (22)

where I = ℜ+ \ {τi ≥ 0, i = 0, 1, 2, . . . }, satisfies the following
estimate

∥x[t]∥ ≤ M exp (−σ t) ∥x0∥ , for all t ≥ 0. (23)

3.3. Discussion of the main results

Both main results (Theorems 3.2 and 3.3) provide exponential
stability estimates in the L2 norm. Unfortunately, it is not known if
exponential stability estimates in different norms hold.

The aforementioned issue is closely related with the consider-
ation of only the case of Dirichlet actuation in the backstepping
design. In the case of Neumann or Robin actuation, the continuous-
time backstepping feedback design involves a trace term, i.e., it is of
the form u(t) = k0x(t, 1)+

∫ 1
0 k(z)x(t, z)dz, where k0 is a non-zero

real constant and k ∈ C0([0, 1]) is a continuous function. Since the
proof of Theorem 3.3 is based on the estimation of the difference
between the continuous-time feedback and the applied control
action, it follows that in the case of Neumann or Robin actuation
wewould have to obtain pointwise estimates for the solution. This
is exactly what is needed for the derivation of exponential stability
estimates in the L∞ norm: unfortunately, it is not known if this is
possible.

The proof of Theorem 3.2 is very different from the proof of
Theorem 3.3. In the proof of Theorem 3.2 there is no need to
obtain estimates of the difference between the continuous-time
feedback and the applied control action. There is an important
reason that explains this difference: the reduced model design
and the backstepping design are very different (although they look
similar). The backstepping design affects thewhole spectrumof the
Sturm–Liouville operator A : D → L2(0, 1), while not assigning
any of the eigenvalues individually, whereas the reduced model
design affects only the first m eigenvalues of A, where m is the
dimension of the linear finite-dimensional system (11). However,
both proofs exploit the eigenfunction expansion procedure, which
was recently used in Karafyllis and Krstic (2017a, 2016) for the
derivation of ISS estimates with respect to boundary disturbances.
Moreover, both proofs provide estimates for the maximum upper
diameter of the sampling schedule that can be used. Specifically,
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for the reducedmodel design themaximum upper diameter T > 0
of the sampling schedule must satisfy the inequality

G |g| p1(T ) |k|Γ < µ

where g = (g1, . . . , gm)′ ∈ ℜ
m, Γ :=

(∑m
n=1|gnk − λnen|2

)1/2
,

e1 = (1, 0, . . . , 0)′,. . . , em = (0, 0, . . . , 1)′, G, µ > 0 are constants
for which the inequality |exp(W t)| ≤ G exp(−µ t) holds for all
t ≥ 0 with W := diag(−λ1, . . . ,−λm) + gk′, p1(s) :=

1−exp(−λ1s)
λ1

when λ1 ̸= 0, s ≥ 0 and p1(s) := s when λ1 = 0, s ≥ 0. For the
backstepping design the maximum upper diameter T > 0 of the
sampling schedule must satisfy the inequality

γ L̃T

(
p ∥k∥

N∑
n=1

⏐⏐⏐⏐kn dφn

dz
(1)
⏐⏐⏐⏐+ N∑

n=1

|knλn|

)
+ 2γ L̃ ∥k − g∥ < 1

where L̃ := 1 +

(∫ 1
0

(∫ z
0 |L(z, s)|2ds

)
dz
)1/2

, γ :=

(∫ 1
0 x2(z)dz

)1/2
with x ∈ C2([0, 1]) being the solution of the boundary value
problem p d2x

dz2
(z) − cx(z) = 0, for all z ∈ [0, 1], b1x(0) + b2 dx

dz (0) =

0, x(1) = 1, N ≥ 1 is an integer sufficiently large so that
2γ L̃ ∥k − g∥ < 1 and g(z) :=

∑N
n=1knφn(z) for all z ∈ [0, 1]

with kn :=
∫ 1
0 k(s)φn(s)ds. Both estimates for the maximum upper

diameter of the sampling schedule are conservative because they
are obtained by means of small-gain arguments in the proofs of
both main results. However, both estimates can be used in order
to understand the qualitative dependence of the maximum upper
diameter of the sampling schedule on the controller gain k =

(k1, . . . , km)′ ∈ ℜ
m in the reduced model design, or the controller

kernel k ∈ C2 ([0, 1]) in the backstepping design, respectively.
It should also be noticed that, if the dimension of the linear

finite-dimensional system (11) m is very large, then the design
of a vector k = (k1, . . . , km)′ ∈ ℜ

m for which the matrix
diag(−λ1, . . . ,−λm)+ gk′ is Hurwitz, can be very difficult. Indeed,
if m is very large then the design of k = (k1, . . . , km)′ ∈ ℜ

m

can become very sensitive to errors in the constants gn and the
eigenvalues λn (n = 1, . . . ,m); particularly when λn < 0 for
n = 1, . . . ,m (strongly unstable open-loop system). This is an
important disadvantage of the reducedmodel design relative to the
backstepping design.

Finally, we notice that both main results guarantee robustness
with respect to perturbations of the sampling schedule: the expo-
nential stability estimates (13) and (23) hold for every increasing
sequence { τi ≥ 0, i = 0, 1, 2, . . . } with τ0 = 0, sup

i≥0
(τi+1 − τi) ≤

T , limi→+∞ (τi) = +∞.

4. Proofs of main results

We first provide the proof of Lemma 3.1.

Proof of Lemma 3.1. We consider the change of coordinates

ξn = g−1
n xn, n = 1, . . . ,m (24)

We get from (11):

ξ̇ = diag(−λ1, . . . ,−λm)ξ + bu (25)

where b = (1, . . . , 1)′ ∈ ℜ
m. Theorem 3 on page 89 in Sontag

(1998) (Kalman controllability condition) implies that system (25)
(and consequently its equivalent system (11)) is controllable if and
only if the rank of the matrix⎡⎢⎢⎢⎢⎣

1 −λ1 . . . (−λ1)
m−1

1 −λ2 . . . (−λ2)
m−1

...
...

...

1 −λm . . . (−λm)
m−1

⎤⎥⎥⎥⎥⎦

is n. However, the abovematrix is a Vandermondematrix and since
λ1 < λ2 < . . . < λm its determinant is not zero. Thus system (11)
is controllable. The proof is complete. ◁

The following auxiliary lemma guarantees exponential
sampled-data stabilization of the linear finite-dimensional system
(11).

Lemma 4.1. Let m > 0 be an integer and let λ1 < λ2 < . . . < λm,
gn ̸= 0 (n = 1, . . . ,m) be given constants. Let k ∈ ℜ

m be a
vector for which the matrix diag(−λ1, . . . ,−λm) + (g1, . . . , gm)′k′

is Hurwitz. Then there exist constants M, σ , T > 0 such that for
every increasing sequence { τi ≥ 0, i = 0, 1, 2, . . . } with τ0 = 0,
sup
i≥0

(τi+1 − τi) ≤ T , limi→+∞ (τi) = +∞ and for every x0 ∈ ℜ
m the

solution x(t) = (x1(t), . . . , xm(t))′ ∈ ℜ
m of the initial value problem

(11) with

u(t) = k′x(τi),
for t ∈ [τi, τi+1) and for all i ∈ Z+ (26)

and initial condition x(0) = x0 satisfies the following estimate

|x(t)| + |u(t)| ≤ M exp (−σ t) |x0| , for all t ≥ 0. (27)

Proof. Define g := (g1, . . . , gm)′ ∈ ℜ
m and let k ∈ ℜ

m be a vector
for which the matrix W := diag(−λ1, . . . ,−λm) + gk′ is Hurwitz.
Let T > 0 be a constant (to be selected). It follows that there exist
constants G, σ , ε > 0 so that |exp(W t)| ≤ G exp(−(σ + ε)t) for
all t ≥ 0. Let { τi ≥ 0, i = 0, 1, 2, . . . } be an increasing sequence
with τ0 = 0, sup

i≥0
(τi+1 − τi) ≤ T , limi→+∞ (τi) = +∞ and let

x0 ∈ ℜ
m be given. Consider the solution x(t) ∈ ℜ

m of the initial
value problem (11) with (26) and initial condition x(0) = x0. It
holds that

x(t) = exp (Wt) x(0) +

∫ t

0
exp (W (t − s)) g(u(s) − k′x(s))ds,

for all t ≥ 0 (28)

from which we obtain

sup
0≤s≤t

(|x(s)| exp (σ s))

≤ G |x0| + Gε−1
|g| sup

0≤s≤t

(⏐⏐u(s) − k′x(s)
⏐⏐ exp (σ s)) ,

for all t ≥ 0. (29)

For i ∈ Z+ and t ∈ [τi, τi+1) we get (11), (26) for n = 1, . . . ,m:

xn(t) − xn(τi) = pn(t − τi)
(
gnk′x(τi) − λnxn(τi)

)
= pn(t − τi)(gnk − λnen)′x(τi)

(30)

where e1 = (1, 0, . . . , 0)′,. . . , em = (0, 0, . . . , 1)′, pn(s) :=
1−exp(−λns)

λn
when λn ̸= 0, s ≥ 0 and pn(s) := s when λn = 0,

s ≥ 0. Since pn(s) ≤ p1(s) for all n = 1, . . . ,m and s ≥ 0, we obtain
from (30) for all i ∈ Z+ and t ∈ [τi, τi+1):

|x(t) − x(τi)| ≤ p1(t − τi)Γ |x(τi)| (31)

where Γ :=
(∑m

n=1|gnk − λnen|2
)1/2

. Since p1(s) ≤ p1(t) for all
t ≥ s ≥ 0 and since sup

i≥0
(τi+1 − τi) ≤ T , we obtain from (26), (30)

for all t ≥ 0:⏐⏐u(t) − k′x(t)
⏐⏐ exp (σ t)

≤ |k| p1(T ) exp (σ T )Γ sup
0≤s≤t

(|x(s)| exp (σ s)) . (32)
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Combining (29) and (32), we obtain:

sup
0≤s≤t

(|x(s)| exp (σ s))

≤ G |x0| + Gε−1
|g| p1(T ) exp(σT ) |k|Γ sup

0≤s≤t
(|x(s)| exp (σ s)) ,

for all t ≥ 0. (33)

Selecting T > 0 sufficiently small so that Gε−1 |g| p1(T ) exp(σT )
|k|Γ < 1 (always possible since p1(s) is a continuous functionwith
p1(0) = 0), we conclude that

sup
0≤s≤t

(|x(s)| exp (σ s))

≤
(
1 − Gε−1

|g| p1(T ) exp(σT ) |k|Γ
)
G |x0| ,

for all t ≥ 0. (34)

Estimate (27) with

M = (1 + exp(σT ))
(
1 − Gε−1

|g| p1(T ) exp(σT ) |k|Γ
)
G

is a direct consequence of inequality (34) and the inequality

sup
0≤s≤t

(|u(s)| exp (σ s)) ≤ exp(σT ) sup
0≤s≤t

(|x(s)| exp (σ s)) ,

for all t ≥ 0

which follows from (26) and the fact that sup
i≥0

(τi+1 − τi) ≤ T . The

proof is complete. ◁

We are now ready to provide the proof of Theorem 3.2.

Proof of Theorem 3.2. Let M, σ , T > 0 be constants such that for
every increasing sequence { τi ≥ 0, i = 0, 1, 2, . . . } with τ0 = 0,
sup
i≥0

(τi+1 − τi) ≤ T , limi→+∞ (τi) = +∞ and for every x0 ∈ ℜ
m

the solution of the initial value problem (11) with (26) and initial
condition x(0) = x0 satisfies estimate (27).

Let { τi ≥ 0, i = 0, 1, 2, . . . } be an increasing sequence with
τ0 = 0, sup

i≥0
(τi+1 − τi) ≤ T , limi→+∞ (τi) = +∞ and let x0 ∈

L2r (0, 1) be an arbitrary function.
Existence/uniqueness of the mapping x ∈ C0

(
ℜ+; L2r (0, 1)

)
satisfying x ∈ C1(I × [0, 1]), x[t] ∈ C2([0, 1]) for all t > 0,
x(0, z) = x0(z) for all z ∈ [0, 1], (9), (10) and (12) is guaranteed
by Corollary 2.2.

Since the eigenfunctions {φn}
∞

n=1 of the Sturm–Liouville opera-
tor A : D → L2r (0, 1) defined by (1), (2) under Assumption (H) form
an orthonormal basis of L2r (0, 1), it follows that Parseval’s identity
holds, i.e.,

∥x[t]∥2
r =

∞∑
n=1

x2n(t), for all t ≥ 0 (35)

where

xn(t) :=

∫ 1

0
r(z)x(t, z)φn(z)dz, for n = 1, 2, . . . . (36)

Our goal is to show that there exists a constant K > 0 such that
the following estimate holds for all t ≥ 0:

∞∑
n=m+1

|xn(t)|2 ≤ 2 exp (−2σ t)
∞∑

n=m+1

|xn(0)|2

+
2K

a21 + a22
max
0≤s≤t

(
|u(s)|2 exp (−2σ (t − s))

)
.

(37)

Inequality (37) will be combined with estimate (27) in order to
obtain estimate (13).

Notice that the mappings ℜ+ ∋ t → xn(t) for n = 1, 2, . . .
are continuous (by virtue of continuity of the mapping ℜ+ ∋ t →

x[t] ∈ L2r (0, 1)) and the mappings I ∋ t → xn(t) for n = 1, 2, . . .
are C1. By virtue of (9), it follows from repeated integration by
parts, that the following equalities hold for all t ∈ I:

ẋn(t) =

∫ 1

0
r(z)

∂x
∂t

(t, z)φn(z)dz

=

∫ 1

0

∂

∂z

(
p(z)

∂x
∂z

(t, z)
)
φn(z)dz −

∫ 1

0
q(z)x(t, z)φn(z)dz

= p(1)
∂x
∂z

(t, 1)φn(1) − p(0)
∂x
∂z

(t, 0)φn(0)

−

∫ 1

0
p(z)

∂x
∂z

(t, z)
dφn

dz
(z)dz −

∫ 1

0
q(z)x(t, z)φn(z)dz

= p(1)
(
∂x
∂z

(t, 1)φn(1) − x(t, 1)
dφn

dz
(1)
)

+ p(0)
(
dφn

dz
(0)x(t, 0) −

∂x
∂z

(t, 0)φn(0)
)

+

∫ 1

0
x(t, z)

[
d
dz

(
p(z)

dφn

dz
(z)
)

− q(z)φn(z)
]
dz.

Thus we get for all t ∈ I:

ẋn(t) = p(1)
(
∂x
∂z

(t, 1)φn(1) − x(t, 1)
dφn

dz
(1)
)

+ p(0)
(
dφn

dz
(0)x(t, 0) −

∂x
∂z

(t, 0)φn(0)
)

−

∫ 1

0
r(z)x(t, z) (Aφn) (z)dz.

(38)

It follows from (38), the fact that (Aφn)(z) = λnφn(z) and definition
(36) that the following equation holds for all t ∈ I:

ẋn(t) + λnxn(t) = p(1)
(
∂x
∂z

(t, 1)φn(1) − x(t, 1)
dφn

dz
(1)
)

+ p(0)
(
dφn

dz
(0)x(t, 0) −

∂x
∂z

(t, 0)φn(0)
)
.

(39)

Next, we show that for all t ∈ I:

x(t, 0)
dφn

dz
(0) −

∂x
∂z

(t, 0)φn(0) = 0. (40)

Indeed, the equation b1x(t, 0)+ b2 ∂x∂z (t, 0) = 0 (see (10)) gives:

b21x(t, 0)
dφn

dz
(0) + b1b2

dφn

dz
(0)
∂x
∂z

(t, 0) = 0

b1b2φn(0)x(t, 0) + b22φn(0)
∂x
∂z

(t, 0) = 0

from which we obtain:

0 = (b21 + b22)
(
x(t, 0)

dφn

dz
(0) − φn(0)

∂x
∂z

(t, 0)
)

+

(
b1
∂x
∂z

(t, 0) − b2x(t, 0)
)(

b2
dφn

dz
(0) + b1φn(0)

)
.

Eq. (40) follows directly from the above equation and the fact that
b1φn(0) + b2 dφn

dz (0) = 0.
Moreover, the equation a1x(t, 1) + a2 ∂x∂z (t, 1) = u(t) (see (10))

gives:

a21x(t, 1)
dφn

dz
(1) + a1a2

dφn

dz
(1)
∂x
∂z

(t, 1) = u(t)a1
dφn

dz
(1)

a1a2φn(1)x(t, 1) + a22φn(1)
∂x
∂z

(t, 1) = u(t)a2φn(1)
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from which we obtain:

u(t)
(
a1

dφn

dz
(1) − a2φn(1)

)
= (a21 + a22)

(
x(t, 1)

dφn

dz
(1) − φn(1)

∂x
∂z

(t, 1)
)

+

(
a1
∂x
∂z

(t, 1) − a2x(t, 1)
)(

a2
dφn

dz
(1) + a1φn(1)

)
.

The fact that a1φn(1) + a2 dφn
dz (1) = 0 in conjunction with the

above equation implies that:

φn(1)
∂x
∂z

(t, 1) − x(t, 1)
dφn

dz
(1)

=
u(t)

a21 + a22

(
a2φn(1) − a1

dφn

dz
(1)
)
.

(41)

Using (39), (40) and (41), we obtain for all t ∈ I:

ẋn(t) + λnxn(t) =
p(1)u(t)
a21 + a22

(
a2φn(1) − a1

dφn

dz
(1)
)
. (42)

It follows from (27) that the following inequality holds:

|u(t)| +

(
m∑

n=1

x2n(t)

)1/2

≤ M exp (−σ t)

(
m∑

n=1

x2n(0)

)1/2

,

for all t ≥ 0. (43)

Without loss of generality we may assume that σ < λm+1. Inte-
grating the differential equations (42), we obtain for all t ≥ 0 and
n = m + 1,m + 2, . . .:

xn(t) = exp (−λn t) xn(0)

+
p(1)

a21 + a22

(
a2φn(1) − a1

dφn

dz
(1)
)∫ t

0
exp (−λn(t − s)) u(s)ds.

(44)

Eqs. (44) in conjunction with the inequality σ < λm+1 imply the
following estimates for all t ≥ 0 and n = m + 1,m + 2, . . .:

|xn(t)| ≤ exp (−σ t) |xn(0)| +

p(1)(λn − σ)−1

a21 + a22

⏐⏐⏐⏐a2φn(1) − a1
dφn

dz
(1)
⏐⏐⏐⏐

× max
0≤s≤t

(|u(s)| exp (−σ (t − s))) .

(45)

Let w > −λ1 be a constant. Notice that the Sturm–Liouville
operator (A + w Id), where Id is the identity operator, has positive
eigenvalues (λn +w for n = 1, 2, . . .) and the same eigenfunctions
with A. Changing z by 1 − z and using Lemma 2.1 in Karafyllis and
Krstic (2016), it follows that the boundary value problem

d
dz

(
p(z)

dx
dz

(z)
)

− q(z)x(z) − wx(z) = 0, for all z ∈ [0, 1], (46)

with

b1x(0) + b2
dx
dz

(0) = 0

a1x(1) + a2
dx
dz

(1) =

√
a21 + a22

(47)

has a unique solution x ∈ C2([0, 1]), which satisfies

p2(1)
∞∑
n=1

(λn + w)−2

⏐⏐⏐⏐⏐⏐ a1√
a21 + a22

dφn

dz
(1) −

a2√
a21 + a22

φn(1)

⏐⏐⏐⏐⏐⏐
2

=

∫ 1

0
r(z)x2(z)dz.

(48)

Consequently, we obtain from (48):

K :=

p2(1)
∞∑

n=m+1

(λn − σ )−2

⏐⏐⏐⏐⏐⏐ a1√
a21 + a22

dφn

dz
(1) −

a2√
a21 + a22

φn(1)

⏐⏐⏐⏐⏐⏐
2

≤

(
λm+1 + w

λm+1 − σ

)2 ∫ 1

0
r(z)x2(z)dz < +∞.

(49)

It follows from (45) and (49) that estimate (37) holds. Estimate
(13) is a direct consequence of (35), (43) and (37). The proof is
complete. ◁

Next, we provide the proof of Theorem 3.3.

Proof of Theorem 3.3. Let T > 0 be a constant (to be selected). Let
{ τi ≥ 0, i = 0, 1, 2, . . . } be an increasing sequence with τ0 = 0,
sup
i≥0

(τi+1 − τi) ≤ T , limi→+∞ (τi) = +∞ and let x0 ∈ L2(0, 1) be

given. Existence/uniqueness of the mapping x ∈ C0
(
ℜ+; L2(0, 1)

)
satisfying x ∈ C1(I×[0, 1]), x[t] ∈ C2([0, 1]) for all t > 0, x[0] = x0,
(20), (21) and (22) is guaranteed by Corollary 2.2. It follows from
(16) that the function y : ℜ+ × [0, 1] → ℜ defined by (16) is of
class y ∈ C1(I × [0, 1]) satisfying y[t] ∈ C2([0, 1]) for all t > 0,
y(0, z) = x0(z) −

∫ z
0 K (z, s)x0(s)ds for all z ∈ [0, 1], (18) for all

(t, z) ∈ I × (0, 1) and (19) for all t ∈ I .
The proof consists of two technical steps:
1st step: We show that there exist constants G, σ , γ > 0 such

that the following estimate holds for all t ≥ 0:

∥y[t]∥ ≤ G exp (−σ t) ∥y[0]∥
+γ sup

0≤s≤t
(|v(s)| exp (−σ (t − s))) (50)

where v(t) is the input holding error, defined by

v(t) := u(t) −

∫ 1

0
k(s)x(t, s)ds, for all t ≥ 0. (51)

2nd step:We estimate the evolution of the magnitude of the input
holding error.

The proof is completed by combining the estimates for the input
holding error with (50).
1st step: Let 0 < µ1 < µ2 < . . . < µn < . . .with limn→∞ (µn) =

+∞ be the eigenvalues of the Sturm–Liouville operator B : D →

L2(0, 1) defined by

(Bf )(z) = −p
d2f
dz2

(z) + c f (z),

for all f ∈ D and z ∈ (0, 1)

with D ⊆ H2(0, 1) is the set of all functions f : [0, 1] → ℜ for
which

b1f (0) + b2
df
dz

(0) = f (1) = 0.

Let {ψn}
∞

n=1 be the eigenfunctions of the operator B : D →

L2(0, 1). It is verified (by direct computation) that the operator
B : D → L2(0, 1) satisfies Assumption (H) (see also Karafyllis and
Krstic, 2016; Orlov, in press for the cases b2 = 0 and b1 ≤ 0,
b2 > 0). Since the eigenfunctions of the Sturm–Liouville operator
B : D → L2(0, 1) form an orthonormal basis of L2(0, 1), it follows
that Parseval’s identity holds, i.e.,

∥y[t]∥2
=

∞∑
n=1

y2n(t), for all t ≥ 0 (52)

where

yn(t) :=

∫ 1

0
y(t, z)ψn(z)dz, for n = 1, 2, . . . . (53)
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Notice that the mappings ℜ+ ∋ t → yn(t) for n = 1, 2, . . . are
continuous (by virtue of continuity of the mapping ℜ+ ∋ t →

x[t] ∈ L2(0, 1) and by virtue of continuity of the transformation
(16)) and the mappings I ∋ t → yn(t) for n = 1, 2, . . . are C1.
Following the same procedure as in the proof of Theorem 3.2, we
are in a position to guarantee that the following equalities hold for
all t ∈ I:

ẏn(t) + µnyn(t) = −p
dψn

dz
(1)v(t). (54)

Following the same procedure as in the proof of Theorem 2.2
in Karafyllis and Krstic (2016) and using the continuity of the
mappings ℜ+ ∋ t → yn(t) for n = 1, 2, . . . as well as (52) and
(54), we are in a position to guarantee the existence of constants
G, σ , γ > 0 such that estimate (50) holds for all t ≥ 0. A detailed
derivation of (50) is given in Appendix.
2nd step: Define the following upper bounds for the norms of the
transformations given by (16), (17):

K̃ := 1 +

(∫ 1

0

(∫ z

0
|K (z, s)|2ds

)
dz
)1/2

L̃ := 1 +

(∫ 1

0

(∫ z

0
|L(z, s)|2ds

)
dz
)1/2

.

(55)

Moreover, let N ≥ 1 be an integer (to be selected) and define:

g(z) :=

N∑
n=1

knφn(z), for all z ∈ [0, 1] (56)

where

kn :=

∫ 1

0
k(s)φn(s)ds. (57)

We select N ≥ 1 to be sufficiently large so that

2γ L̃ ∥k − g∥ < 1. (58)

Define:

w(t) =

∫ 1

0
g(s) (x(τi, s) − x(t, s)) ds,

for t ∈ [τi, τi+1) and for all i ∈ Z+. (59)

Notice that (22) and definitions (51), (59) imply that

v(t) = w(t) +

∫ 1

0
(k(s) − g(s)) (x(τi, s) − x(t, s)) ds,

for t ∈ [τi, τi+1) and for all i ∈ Z+. (60)

Using (20) we obtain for t ∈ (τi, τi+1) and for all i ∈ Z+:

ẇ(t) = p
(
dg
dz

(1)x(t, 1) − g(1)
∂x
∂z

(t, 1)
)

+p
(
g(0)

∂x
∂z

(t, 0) −
dg
dz

(0)x(t, 0)
)

+

∫ 1

0
(Ag) (s)x(t, s)ds.

(61)

Using (40), (21), (22), definition (56) and the fact that φn(1) = 0
for n = 1, 2, . . ., we obtain from (61) for t ∈ (τi, τi+1) and for all
i ∈ Z+:

ẇ(t) = p
∫ 1

0
k(s)x(τi, s)ds

N∑
n=1

kn
dφn

dz
(1)

+

N∑
n=1

knλn

∫ 1

0
φn(s)x(t, s)ds.

(62)

It follows from (62), the Cauchy–Schwarz inequality and the fact
that ∥φn∥ = 1 for n = 1, 2, . . . that the following inequality holds

t ∈ (τi, τi+1) and for all i ∈ Z+:

|ẇ(t)| ≤ p ∥k∥ ∥x[τi]∥
N∑

n=1

⏐⏐⏐⏐kn dφn

dz
(1)
⏐⏐⏐⏐+ ∥x[t]∥

N∑
n=1

|knλn| . (63)

Continuity of the mapping ℜ+ ∋ t → x[t] ∈ L2(0, 1) in conjunc-
tion with (59) implies that the mapping ℜ+ ∋ t → w(t) ∈ ℜ

is right continuous with w(τi) = 0 for all i ∈ Z+. Consequently,
we get from (63) in conjunction with the fact that sup

i≥0
(τi+1 − τi)

≤ T :

|w(t)| ≤ Tp ∥k∥ ∥x[τi]∥
N∑

n=1

⏐⏐⏐⏐kn dφn

dz
(1)
⏐⏐⏐⏐

+ T sup
τi≤s≤t

(∥x[t]∥)
N∑

n=1

|knλn| ,

for t ∈ [τi, τi+1) and for all i ∈ Z+. (64)

Using (64) and the fact that sup
i≥0

(τi+1 − τi) ≤ T , we obtain:

|w(t)| exp(σ t) ≤

T exp(σ T )

(
p ∥k∥

N∑
n=1

⏐⏐⏐⏐kn dφn

dz
(1)
⏐⏐⏐⏐+ N∑

n=1

|knλn|

)
∥x∥[0,t] ,

for t ≥ 0 (65)

where ∥x∥[0,t] := sup
0≤s≤t

(∥x[s]∥ exp(σ s)). Using (60) and (65), we

obtain for all t ∈ [τi, τi+1) and for all i ∈ Z+:

|v(t)| exp(σ t) ≤

T exp(σ T )

(
p ∥k∥

N∑
n=1

⏐⏐⏐⏐kn dφn

dz
(1)
⏐⏐⏐⏐+ N∑

n=1

|knλn|

)
∥x∥[0,t]

+ ∥k − g∥ ∥x[τi]∥ exp(σ t) + ∥k − g∥ ∥x[t]∥ exp(σ t).

(66)

It follows from (66) and the fact that sup
i≥0

(τi+1 − τi) ≤ T that the

following estimate holds for all t ≥ 0:

|v(t)| exp(σ t) ≤

T exp(σ T )

(
p ∥k∥

N∑
n=1

⏐⏐⏐⏐kn dφn

dz
(1)
⏐⏐⏐⏐+ N∑

n=1

|knλn|

)
∥x∥[0,t]

+ ∥k − g∥ (exp(σ T ) + 1) ∥x∥[0,t] .

(67)

Using the fact that L̃ > 0 defined by (55) is an upper bound for the
norm of the transformation (17), we obtain for all t ≥ 0:

|v(t)| exp(σ t) ≤

L̃T exp(σ T )

(
p ∥k∥

N∑
n=1

⏐⏐⏐⏐kn dφn

dz
(1)
⏐⏐⏐⏐+ N∑

n=1

|knλn|

)
∥y∥[0,t]

+̃L ∥k − g∥ (exp(σ T ) + 1) ∥y∥[0,t]

. (68)

where ∥y∥[0,t] := sup
0≤s≤t

(∥y[s]∥ exp(σ s)). Combining (50)with (68),

we obtain for all t ≥ 0:

∥y∥[0,t] ≤ γ L̃ ∥k − g∥ (exp(σ T ) + 1) ∥y∥[0,t] + G ∥y[0]∥

γ L̃T exp(σ T )

(
p ∥k∥

N∑
n=1

⏐⏐⏐⏐kn dφn

dz
(1)
⏐⏐⏐⏐+ N∑

n=1

|knλn|

)
∥y∥[0,t] .

(69)

We select T > 0 sufficiently small so that:

Ξ := γ L̃T exp(σ T )

(
p ∥k∥

N∑
n=1

⏐⏐⏐⏐kn dφn

dz
(1)
⏐⏐⏐⏐+ N∑

n=1

|knλn|

)
+γ L̃ ∥k − g∥ (exp(σ T ) + 1) < 1.

(70)
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The existence of a constant T > 0 sufficiently small so that (70)
holds is a consequence of the continuity of the expression of the
left hand side of inequality (70) with respect to T and inequality
(58). Inequality (69) in conjunction with (70) and the fact that
K̃ > 0 defined by (55) is an upper bound for the norm of the
transformation (16), gives for all t ≥ 0:

sup
0≤s≤t

(∥y[s]∥ exp(σ s)) ≤ (1 −Ξ)−1GK̃ ∥x[0]∥ . (71)

Inequality (23) with M := (1 −Ξ)−1G̃LK̃ is a direct consequence
of (71) and the fact that L̃ > 0 defined by (55) is an upper bound
for the norm of the transformation (17). The proof is complete. ◁

Discussion of the proof of Theorem 3.3: There are two things that
are important in the proof of Theorem 3.3.

(1) The stability analysis is performed for the transformed
system (18), (19) and not for the original system. This feature is
expected since it holds also for the case of the continuous-time
feedback (see Krstic & Smyshlyaev, 2008; Smyshlyaev & Krstic,
2004). However, the stability analysis of the transformed system
(18), (19) becomes more involved here, because of the existence
of a perturbation in the boundary condition: the difference be-
tween the applied control action and the action determined by the
continuous-time nominal feedback. This difference is defined in
(51) to be the input holding error v(t).

(2) It can be shown that the time derivative of the signal v(t)
satisfies the differential equation

v̇(t) = p
(
dk
dz

(1)x(t, 1) − k(1)
∂x
∂z

(t, 1)
)

+ p
(
k(0)

∂x
∂z

(t, 0) −
dk
dz

(0)x(t, 0)
)

+

∫ 1

0
(Ak) (s)x(t, s)ds

for all t ∈ (τi, τi+1) and for all i ∈ Z+. However, the above
differential equation does not allow the derivation of an upper
bound of the magnitude of v̇(t), since it contains terms which
cannot be estimated (e.g., the term k(1) ∂x

∂z (t, 1)). Therefore, in order
to estimate the magnitude of the input holding error v(t), we use
the decomposition (60). In this way, the magnitude of the signal
w(t) can be estimated by estimating the magnitude of its time
derivative and the signal

∫ 1
0 (k(s) − g(s)) (x(τi, s) − x(t, s)) ds can

become arbitrarily small by controlling the magnitude of ∥k − g∥.

5. Illustrative example

We consider the following control system

∂x
∂t

(t, z) = p
∂2x
∂z2

(t, z) + qx(t, z) (72)

x(t, 1) = u(t) (73)
x(t, 0) = 0, (74)

where p > 0, q ∈ ℜ are constants, x[t] is the state and u(t) is
the control input. More specifically, we consider the system under
boundary sampled-data control with ZOH:

u(t) = ui, for t ∈ [τi, τi+1) and for all i ∈ Z+ (75)

where { τi ≥ 0, i = 0, 1, 2, . . . } is an increasing sequence (the se-
quence of sampling times) with τ0 = 0, limi→+∞ (τi) = +∞ and
{ ui ∈ ℜ, i = 0, 1, 2, . . . } is the sequence of applied inputs.

Notice that the Sturm–Liouville operator A = −p d2

dz2
−q defined

on the set of all functions f ∈ H2(0, 1) for which

f (0) = f (1) = 0 (76)

satisfies Assumption (H) with r(z) ≡ 1, p(z) ≡ p, q(z) ≡ −q,
a1 = b1 = 1, a2 = b2 = 0, φn(z) =

√
2 sin(nπz), λn = n2π2p − q

for n = 1, 2, . . ..

For the sampled-data stabilization of system (72), (73), (74),
we first apply the reduced model design. For the reduced model
design, we need to impose a restriction on the magnitude of the
constant q, because q determines the number of unstable poles of
the open-loop system, i.e., the dimension (m) of the reducedmodel
(11). Suppose that

pπ2
≤ q < 4pπ2. (77)

Let k > q − pπ2 be a constant (arbitrary). Applying Theorem
3.2 with m = 1, g1 := p

√
2, we conclude that there exist

constants G, µ, T > 0 such that for every increasing sequence
{ τi ≥ 0, i = 0, 1, 2, . . . } with τ0 = 0, sup

i≥0
(τi+1 − τi) ≤ T ,

limi→+∞ (τi) = +∞ and for every x0 ∈ L2(0, 1) the unique
mapping x ∈ C0

(
ℜ+; L2(0, 1)

)
satisfying x ∈ C1(I × [0, 1]), x[t] ∈

C2([0, 1]) for all t > 0, x[0] = x0, and

∂x
∂t

(t, z) = p
∂2x
∂z2

(t, z) + qx(t, z), for all (t, z) ∈ I × (0, 1) (78)

x(t, 0) = x(t, 1) − u(t) = 0, for all t ∈ I (79)

u(t) = −kp−1
∫ 1

0
sin(πz)x(τi, z)dz,

for t ∈ [τi, τi+1) and for all i ∈ Z+ (80)

where I = ℜ+ \ {τi ≥ 0, i = 0, 1, 2, . . . }, satisfies the following
estimate

∥x[t]∥ ≤ G exp (−µ t) ∥x0∥ , for all t ≥ 0. (81)

Following the proof of Lemma 3.1 and the proof of Theorem 3.2,
we are in a position to determine a (conservative) upper bound for
T > 0 and the convergence rate µ > 0. The constant T > 0 must
satisfy the inequality

k
(
k + pπ2

− q
)
T exp((q + σ − pπ2)T ) + σ < k + pπ2

− q

for certain σ > 0 and the convergence rate µ > 0 satisfies the
(conservative) bounds µ < 4pπ2

− q and µ ≤ σ . Similarly,
we can deal with cases where q ≥ 4pπ2, but in such cases the
dimension (m) of the reduced model (11) will be greater than 1
and the sampled-data feedback law will not be given by (80).

Next we apply the backstepping design. Indeed, the results
in Section VIII.A. in Smyshlyaev and Krstic (2004) and Theorem
3.3 allow us to obtain a different sampled-data feedback law for
system (72), (73), (74). Let I1(s) denote themodified Bessel function
of order 1. It follows from Theorem 3.3 that for every c ≥ 0,
there exist constants G, µ, T > 0 such that for every increasing
sequence { τi ≥ 0, i = 0, 1, 2, . . . } with τ0 = 0, sup

i≥0
(τi+1 − τi) ≤

T , limi→+∞ (τi) = +∞ and for every x0 ∈ L2(0, 1) the unique
mapping x ∈ C0

(
ℜ+; L2(0, 1)

)
satisfying x ∈ C1(I × [0, 1]), x[t] ∈

C2([0, 1]) for all t > 0, x[0] = x0, (78), (79) and

u(t) = −(q + c)p−1
∫ 1

0
s
I1
(√

(q + c)p−1(1 − s2)
)

√
(q + c)p−1(1 − s2)

x(τi, s)ds,

for t ∈ [τi, τi+1) and for all i ∈ Z+ (82)

where I = ℜ+ \ {τi ≥ 0, i = 0, 1, 2, . . . }, satisfies (81) as well.
It should be noticed that the feedback law (82) is guaranteed

to work for all values of the constants p > 0, q ∈ ℜ, whereas the
control law given by (80) is only applicable for p > 0, q ∈ ℜ which
satisfy inequality (77). ◁
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6. Concluding remarks

The paper provides two different results for the application
of boundary feedback control with ZOH to 1-D linear parabolic
systems on bounded domains. The two different results are de-
veloped for two different continuous-time boundary feedback de-
signs: the reduced model design and the backstepping design.
It is shown that the continuous-time boundary feedback applied
in a sample-and-hold fashion guarantees closed-loop exponential
stability, provided that the sampling period is sufficiently small.
The obtained results provide stability estimates for weighted 2-
norms of the state and robustness with respect to perturbations
of the sampling schedule is guaranteed.

Future work may involve the development of boundary feed-
back designs that are capable to handle simultaneous sampling in
space and time. To this purpose, sampled-data observers for linear
1-D parabolic systems must be developed.

Appendix. Proof of Theorem 2.1 and Derivation of (50)

Proof of Theorem 2.1. Without loss of generality we will assume
thatλ1 > 0. Indeed, if this is not the case,wemayperform the same
analysis for the function y(t, z) = exp(−kt)x(t, z) with k > λ1 (the
function y(t, z) satisfies a PDE similar to (4)with the corresponding
Sturm–Liouville operator satisfying λ1 > 0). Moreover, it follows
from (3) that

∞∑
n=1

λ−1
n max

0≤z≤1
(|φn(z)|) < +∞. (83)

Our goal is to construct a solution by solving a similar PDE
initial–boundary value problem on the infinite time interval with
homogeneous boundary conditions. This will be achieved by per-
forming the transformation

x(t, z) := y(t, z) + v(t)
(
σ1z2 + σ2z3

)
,

for all (t, z) ∈ ℜ+ × [0, 1] (84)

where σ1 :=
3a1−a2
a21+a22

, σ2 :=
a2−2a1
a21+a22

and

v(t) := u(t), for t ∈ [0, T ) (85)

v(t) = lim
l→T−

(u(l))+ (t − T ) lim
l→T−

(u̇(l))

+
1
2
(t − T )2 lim

l→T−
(ü(l)) , for t ∈ [T ,+∞). (86)

Indeed, if y : ℜ+ × [0, 1] → ℜ is a unique solution of

∂y
∂t

(t, z) −
1

r(z)
∂

∂z

(
p(z)

∂y
∂z

(t, z)
)

+
q(z)
r(z)

y(t, z) = f (t, z), for all (t, z) ∈ (0,+∞) × (0, 1) (87)

b1y(t, 0) + b2
∂y
∂z

(t, 0) = a1y(t, 1) + a2
∂y
∂z

(t, 1) = 0,

for all t ∈ (0,+∞) (88)

where

f (0, z) := −(σ1z2 + σ2z3) lim
l→0+

(u̇(l))

+
v(0)
r(z)

(
d
dz

(
(2σ1z + 3σ2z2)p(z)

)
− q(z)(σ1z2 + σ2z3)

)
,

for all z ∈ [0, 1] (89)

f (t, z) := −(σ1z2 + σ2z3)v̇(t)

+
v(t)
r(z)

(
d
dz

(
(2σ1z + 3σ2z2)p(z)

)
− q(z)(σ1z2 + σ2z3)

)
,

for all (t, z) ∈ (0,+∞) × [0, 1] (90)

with initial condition y(0, z) = x0(z) − u(0)
(
σ1z2 + σ2z3

)
for all

z ∈ [0, 1], then x(t, z) defined by (87) is the required unique
solution. Notice that f ∈ C1 (ℜ+ × [0, 1]). The argument can be
made precise. If there is a unique function y : ℜ+ × [0, 1] → ℜ

for which the mapping ℜ+ ∋ t → y[t] ∈ L2r (0, 1) is continuous,
with y ∈ C1((0,+∞) × [0, 1]) satisfying y[t] ∈ C2([0, 1]) for all
t > 0, y(0, z) = x0(z) − u(0)

(
σ1z2 + σ2z3

)
for all z ∈ [0, 1]

and (87), (88), then we can define x : [0, T ] × [0, 1] → ℜ by
(84). Notice that (85) in conjunction with the fact that y(0, z) =

x0(z) − u(0)
(
σ1z2 + σ2z3

)
for all z ∈ [0, 1] implies that

∥x[t] − x0∥r = ∥y[t] + u(t)h − u(0)h − y[0]∥r ,

for all t ∈ (0, T )

where h(z) = σ1z2 + σ2z3 for all z ∈ [0, 1]. Continuity of the
mapping ℜ+ ∋ t → y[t] ∈ L2r (0, 1), right continuity of u : ℜ+ →

ℜ and the above equality imply that the mapping [0, T ] ∋ t →

x[t] ∈ L2r (0, 1) is continuous. Eqs. (7), (8) for t ∈ (0, T ) are verified
by using (85), (84), (91), (87), (88) and (90). Moreover, (85), (86)
and (84) imply that x[t] ∈ C2([0, 1]) for all t ∈ (0, T ].

Thus we are left with the task of proving that there is a unique
function y : ℜ+ × [0, 1] → ℜ is the unique function for which
the mapping ℜ+ ∋ t → y[t] ∈ L2r (0, 1) is continuous, with
y ∈ C1((0,+∞) × [0, 1]) satisfying y[t] ∈ C2([0, 1]) for all t > 0,
y(0, z) = x0(z)−u(0)

(
σ1z2 + σ2z3

)
for all z ∈ [0, 1] and (87), (88).

Define:

y0(z) = x0(z) − u(0)
(
σ1z2 + σ2z3

)
for all z ∈ [0, 1] (91)

cn =

∫ 1

0
r(z)φn(z)y0(z)dz, for n = 1, 2, . . . (92)

θn(t) :=

∫ 1

0
r(z)φn(z)f (t, z)dz, for all t ≥ 0, n = 1, 2, . . . . (93)

Since the mapping [0, 1] ∋ z → f (t, z) ∈ ℜ is C1 for each t ≥ 0,
it follows from Theorem 11.2.4 in Boyce and Diprima (1997), that
the following equation holds:

f (t, z) =

∞∑
n=1

θn(t)φn(z), for all (t, z) ∈ (0,+∞) × (0, 1). (94)

Moreover, notice that the Cauchy–Schwarz inequality, in con-
junction with the fact that ∥φn∥r = 1 (for n = 1, 2, . . .) and the
fact that f ∈ C1(ℜ+ × [0, 1]; ℜ), implies the following relations:

|θn(t)| ≤

(∫ 1

0
r(z)|f (t, z)|2dz

)1/2

, for all t ≥ 0 (95)

θ̇n(t) =

∫ 1

0
r(z)φn(z)

∂ f
∂t

(t, z)dz, for t ≥ 0 (96)

⏐⏐θ̇n(t)⏐⏐ ≤

(∫ 1

0
r(z)

⏐⏐⏐⏐∂ f∂t (t, z)
⏐⏐⏐⏐2dz

)1/2

, for t ≥ 0. (97)

Notice that since the mapping ℜ+ ∋ t → f (t, z) ∈ ℜ is C1, it
follows that the mapping ℜ+ ∋ t → θn(t) ∈ ℜ is C1 on ℜ+. Since
for every t1 > 0 the mapping [0, t1]× [0, 1] ∋ (t, z) → f (t, z) ∈ ℜ

is bounded, there exists M > 0 such that |f (t, z)| ≤ M for (t, z) ∈

[0, t1] × [0, 1]. It follows from (95) that

|θn(t)| ≤ M
(∫ 1

0
r(z)dz

)1/2

,

for all t ∈ [0, t1] and n = 1, 2, . . . (98)⏐⏐⏐⏐φn(z)
∫ t

0
exp (−λn(t − s)) θn(s)ds

⏐⏐⏐⏐
≤ Mλ−1

n max
0≤z≤1

(|φn(z)|)
(∫ 1

0
r(z)dz

)1/2

,

for all (t, z) ∈ [0, t1] × [0, 1] and n = 1, 2, . . . . (99)
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Moreover, the Cauchy–Schwarz inequality and (92) imply that

|cn| ≤

(∫ 1
0 r(z)y20(z)dz

)1/2
forn = 1, 2, . . . and sinceλn exp (−λnt)

= t−1λnt exp (−λnt) ≤ t−1
0 exp(−1) for all t ∈ [t0, t1] with

t0 ∈ (0, t1), it follows that

|φn(z) exp (−λnt) cn| ≤ t−1
0 exp(−1)λ−1

n max
0≤z≤1

(|φn(z)|) ∥y0∥r ,

for(t, z) ∈ [t0, t1] × [0, 1], n = 1, 2, . . . . (100)

Inequalities (99), (100) and (83) imply that the series
∞∑
n=1

φn(z)
(
exp (−λnt) cn +

∫ t

0
exp (−λn(t − s)) θn(s)ds

)
is uniformly and absolutely convergent on (t, z) ∈ [t0, t1] × [0, 1]
for all t1 > t0 > 0. Therefore, we define y ∈ C0((0,+∞) × [0, 1])
by means of the formula:

y(t, z) :=

∞∑
n=1

φn(z)
(
exp (−λnt) cn +

∫ t

0
exp (−λn(t − s)) θn(s)ds

)
,

for all (t, z) ∈ (0,+∞) × [0, 1] (101)

and we also define

y(0, z) := y0(z), for all z ∈ [0, 1]. (102)

The fact that y0 ∈ L2r (0, 1) (which implies that
∑

∞

n=1c
2
n <

+∞) in conjunction with (98) and the fact that
∑

∞

n=1λ
−2
n (a

consequence of (83) and the fact that 1 =
∫ 1
0 r(z)φ2

n (z)dz ≤(
max0≤z≤1 (|φn(z)|)

)2 ∫ 1
0 r(z)dz for n = 1, 2, . . .) show that for all

t ∈ [0, t1] and for every integer N ≥ 1, it holds that

∥y[t] − y0∥2
r

≤ 2
∞∑
n=1

(exp (−λnt)− 1)2c2n

+ 2K 2
∞∑
n=1

λ−2
n (exp (−λnt)− 1)2

≤ 2
∞∑

n=N+1

c2n + 2K 2
∞∑

n=N+1

λ−2
n

+ 2(exp (−λN t)− 1)2
(

N∑
n=1

c2n + K 2
N∑

n=1

λ−2
n

)

where K := M
(∫ 1

0 r(z)dz
)1/2

. The above inequality shows that the
mapping ℜ+ ∋ t → y[t] ∈ L2r ([0, 1]) is continuous.

From this point the proof is exactly the same with the proof
of Theorem 3.2 in Karafyllis and Krstic (2016). Finally, uniqueness
follows from Corollary 2.2 on page 106 of the book Pazy (1983),
since the constructed function y : ℜ+ × [0, 1] → ℜ is a strong
solution (see Definition 2.8 on page 109 of the above book). The
proof is complete. ◁

Derivation of (50). Since the mappings ℜ+ ∋ t → yn(t) for
n = 1, 2, . . . are continuous and since differential equations (54)
hold for all t ∈ I , it follows that the following equations hold for all
t ≥ 0 and n = 1, 2, . . .:

yn(t) = exp (−µnt) yn(0)

−p
dψn

dz
(1)
∫ t

0
exp (−µn(t − s)) v(s)ds.

(103)

Eqs. (103) imply that the following equations hold for all σ ∈

(0, µ1), t ≥ 0 and n = 1, 2, . . .:

|yn(t)| ≤ exp (−µnt) |yn(0)|

+
p

µn − σ

⏐⏐⏐⏐dψn

dz
(1)
⏐⏐⏐⏐ sup
0≤s≤t

(|v(s)| exp(−σ (t − s)))
(104)

which give for every β > 0:

|yn(t)|2 ≤
(
1 + β−1) exp (−2µnt) |yn(0)|2

+
(1 + β)p2

(µn − σ )2

⏐⏐⏐⏐dψn

dz
(1)
⏐⏐⏐⏐2 sup

0≤s≤t

(
|v(s)|2 exp(−2σ (t − s))

)
.

(105)

It follows from (52), (105) and the fact that 0 < µ1 < µ2 <

. . . < µn < . . ., that the following estimate holds for all σ ∈

(0, µ1), t ≥ 0, β > 0 and n = 1, 2, . . .:

∥y[t]∥2
≤
(
1 + β−1) exp (−2µ1t) ∥y[0]∥2

+(1 + β)p2 sup
0≤s≤t

(
|v(s)|2 exp(−2σ (t − s))

)
×

∞∑
n=1

1
(µn − σ )2

⏐⏐⏐⏐dψn

dz
(1)
⏐⏐⏐⏐2.

(106)

Changing z by 1 − z and using Lemma 2.1 in Karafyllis and Krstic
(2016), it follows that the boundary value problem

p
d2x
dz2

(z) − cx(z) = 0, for all z ∈ [0, 1], (107)

with

b1x(0) + b2
dx
dz

(0) = 0, x(1) = 1 (108)

has a unique solution x ∈ C2([0, 1]), which satisfies

p2
∞∑
n=1

µ−2
n

⏐⏐⏐⏐dψn

dz
(1)
⏐⏐⏐⏐2 =

∫ 1

0
x2(z)dz. (109)

Consequently, we obtain from (109):

K := p2
∞∑
n=1

(µn − σ )−2
⏐⏐⏐⏐dψn

dz
(1)
⏐⏐⏐⏐2

≤

(
µ1

µ1 − σ

)2 ∫ 1

0
x2(z)dz < +∞.

(110)

Therefore, we obtain from (106) and (110) that the following
estimate holds for all σ ∈ (0, µ1), β > 0 and t ≥ 0:

∥y[t]∥2
≤
(
1 + β−1) exp (−2σ t) ∥y[0]∥2

+(1 + β)K sup
0≤s≤t

(
|v(s)|2 exp(−2σ (t − s))

)
.

(111)

Inequality (50) is a direct consequence of inequality (111). The
derivation is complete. ◁
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