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a b s t r a c t

The paper provides results for the application of boundary feedback control with Zero-Order-Hold
(ZOH) to 1-D inhomogeneous, linear, transport partial differential equations on bounded domains with
constant velocity and non-local terms. It is shown that the emulation design based on the recently
proposed continuous-time, boundary feedback, designed by means of backstepping, guarantees closed-
loop exponential stability, provided that the sampling period is sufficiently small. It is also shown that,
contrary to the parabolic case, a smaller sampling period implies a faster convergence rate with no upper
bound for the achieved convergence rate. The obtained results provide stability estimates for the sup-
norm of the state and robustness with respect to perturbations of the sampling schedule is guaranteed.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

Sampled-data feedback control has been studied extensively for
finite-dimensional systems due to the use of digital technology
in modern control systems for the implementation of the con-
troller (see for instance [1–7] and the references therein). How-
ever, sampled-data feedback control has been scarcely studied
for infinite-dimensional systems. Most of the available results
deal with delay systems (see [8–14]). For systems described by
Partial Differential Equations (PDEs) the design of sampled-data
feedback control faces major technical difficulties: even the notion
of the solution of a PDE under sampled-data feedback control
has to be clarified. Sampled-data controllers for parabolic systems
were designed by Fridman and coworkers in [15–18] by using
matrix inequalities. The works [19,20] provided necessary and
sufficient conditions for sampled-data control of general infinite-
dimensional systems under periodic sampling (see also [21,22]
for the case of ‘‘generalized sampling’’). Approximate models of
infinite-dimensional systems were used in [23] for practical sta-
bilization. A sampled-data feedback controller for hyperbolic age-
structured models was proposed in [24].

In the linear finite-dimensional case, there are results that guar-
antee closed-loop exponential stability for continuous-time linear
feedback designs when applied with Zero-Order-Hold (ZOH) and
sufficiently small sampling period (see for instance [2,3,5,6]). The
results deal with the case of globally Lipschitz right hand sides
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(which contains the linear case as a subcase) and the application of
the continuous-time feedback under ZOH is called the ‘‘emulation’’
sampled-data feedback design.

A general robustness result that guarantees closed-loop ex-
ponential stability for continuous-time linear boundary feedback
designs when applied with ZOH and arbitrary (not necessarily
periodic) sampling schedules of sufficiently small sampling period
is missing for the case of systems described by PDEs. In the recent
work [25], efforts were made towards the development of such
general results for linear parabolic PDE systems.

While the development of continuous-time boundary feedback
controllers for hyperbolic PDE systems has progressed significantly
during the last decade (see [26–31] for a single PDE and [32–34]
for systems of PDEs), there are no results that guarantee sta-
bility properties for the sample-and-hold implementation of
continuous-time controllers with arbitrary sampling schedules of
sufficiently small sampling period. The present paper provides
sampled-data, boundary feedback controllers for 1-D, first-order,
linear, transport PDEs with non-local terms. The design is based
on the emulation of the continuous-time boundary feedback de-
sign presented in [30]. It is proved that there is a sufficiently
small sampling period, such that the closed-loop system preserves
exponential stability under the sample-and-hold implementation
of the controller (Theorem 2.2). In other words, we prove that
emulation designworks for the case of linear hyperbolic PDEswith
boundary feedback. The derived exponential stability estimates are
expressed in the sup-norm of the state and (conservative) upper
bounds for the sampling period are derived. Finally, robustness
with respect to the sampling schedule is established, exactly as in
the finite-dimensional case.
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The methodology for proving the main result of the present
work is very different from the corresponding methodology in the
parabolic case.While both proofs of themain results in [25] exploit
an eigenfunction expansion procedure, the proof of Theorem 2.2
relies on the representation of the solution of the closed-loop
system by means of an Integral Delay Equation (IDE), as proposed
in [29]. However, there is an additional important difference be-
tween the parabolic and the hyperbolic case. In the hyperbolic
case (Theorem 2.2), by selecting a sufficiently small maximum
allowable sampling period we can achieve an arbitrarily fast rate
of convergence. This is not possible in the parabolic case. This
important difference can be explained by the fact that the nom-
inal continuous-time feedback law (proposed in [30]) achieves
finite-time stability in the hyperbolic case, while the nominal
continuous-time feedback laws in the parabolic case achieve ex-
ponential stability. The proof of Theorem 2.2 provides an estimate
of how small the maximum allowable sampling period must be in
order to achieve a given rate of convergence.

The structure of the present work is as follows: Section 2 is
devoted to the presentation of the problem, the clarification of
the notion of the solution for a hyperbolic PDE system under
boundary sampled-data control, the statement of the main result
(Theorem 2.2) and a discussion about the main result. The proof
of the main result is provided in Section 3. A simple illustrating
example is presented in Section 4. Finally, the concluding remarks
are provided in Section 5.

Notations. Throughout this paper, we adopt the following nota-
tions.

∗ ℜ+ := [0, +∞). Z+ denotes the set of all non-negative
integers.

∗ Let U ⊆ ℜ
n be a set with non-empty interior and let Ω ⊆ ℜ

be a set. By C0 (U; Ω), we denote the class of continuous
mappings onU , which take values inΩ . By Ck (U; Ω), where
k ≥ 1, we denote the class of continuous functions on U ,
which have continuous derivatives of order k on U and take
values in Ω .

∗ Let I ⊆ ℜ be an interval. A function f : I → ℜ is called right
continuous on I if for every t ∈ I and ε > 0 there exists
δ (ε, t) > 0 such that for all τ ∈ I with t ≤ τ < t + δ (ε, t) it
holds that |f (τ ) − f (t)| < ε. A function f : I → ℜ is called
left continuous on I if for every t ∈ I and ε > 0 there exists
δ (ε, t) > 0 such that for all τ ∈ I with t ≥ τ > t − δ (ε, t)
it holds that |f (τ ) − f (t)| < ε. A function f : I → ℜ is
called piecewise continuous on I if for every compact K ⊆ I
there exists a finite set B ⊂ I ∩ K such that f is C0 on
(I ∩ K ) \ B and furthermore, for every t ∈ I all meaningful
limits limh→0+ (f (t + h)), limh→0+ (f (t − h)) exist and are
finite. Let a ∈ ℜ be a given real number. A function f :

[a, +∞) → ℜ is called right differentiable on [a, +∞) if
for every t ≥ a the limit limh→0+

(
h−1 (f (t + h) − f (t))

)
exists and is finite. A function f : I → ℜ is called piecewise
C1 on I if for every compact K ⊆ I there exists a finite
set B ⊂ I ∩ K such that f is C1 on (I ∩ K ) \ B and all
meaningful limits limh→0+

(
ḟ (t + h)

)
, limh→0+

(
ḟ (t − h)

)
,

limh→0+ (f (t + h)), limh→0+ (f (t − h)) exist for all t ∈ I
and are finite.

∗ Let x : ℜ+ × [0, 1] → ℜ be given. We use the notation x [t]
to denote the profile of x at certain t ≥ 0, i.e., (x [t]) (z) =

x (t, z) for all z ∈ [0, 1].
∗ Let I ⊆ ℜ be an interval. L2 (I) denotes the space of

equivalence classes of measurable functions f : I → ℜ

which are square integrable. L∞ (I) denotes the space of
equivalence classes of measurable functions f : I → ℜ

which are essentially bounded on I . L∞

loc (I) denotes the space
of equivalence classes of measurable functions f : I → ℜ

which are of class L∞ (K ) for every compact K ⊆ I .

∗ We define φa (t) :=
∫ t
0 exp (−a (t − s)) ds for all t ≥ 0

and a ∈ ℜ. Notice that φa (t) :=
1−exp(−at)

a for a ̸= 0 and
φ0 (t) := t .

2. Main results

We consider the control system

∂y
∂t

(t, z) +
∂y
∂z

(t, z) = g (z) y (t, 1) +

∫ 1

z
f (z, s) y (t, s) ds,

for (t, z) ∈ ℜ+ × [0, 1] (2.1)

y (t, 0) = u (t) −

∫ 1

0
p (s) y (t, s) ds, for t ≥ 0 (2.2)

where g ∈ C0 ([0, 1] ; ℜ), p ∈ C1 ([0, 1] ; ℜ), f ∈ C0
(
[0, 1]2; ℜ

)
are given functions, y [t] is the state and u (t) is the control input.
More specifically, we consider the solution of the initial–boundary
value problem (2.1), (2.2) under boundary sampled-data control
with ZOH:

u (t) = ui, for t ∈ [τi, τi+1) and for all i ∈ Z+ (2.3)

where {τi ≥ 0, i = 0, 1, 2, . . .} is an increasing sequence (the se-
quence of sampling times) with τ0 = 0, limi→+∞ (τi) = +∞

and {ui ∈ ℜ, i = 0, 1, 2, . . .} is the sequence of applied inputs and
initial condition

y (0, z) = y0 (z) , for all z ∈ (0, 1] (2.4)

where y0 : [0, 1] → ℜ is a given function.
The motivation for the study of initial–boundary value prob-

lems of the form (2.1), (2.2), (2.4) comes frommultiple sources and
that is the reason that problemsof the form (2.1), (2.2), (2.4), aswell
as the related problem (2.2), (2.4) and

∂y
∂t

(t, z) +
∂y
∂z

(t, z) =

∫ 1

0
f (z, s) y (t, s) ds,

for (t, z) ∈ ℜ+ × [0, 1] (2.5)

where p ∈ C1 ([0, 1] ; ℜ), f ∈ L2
(
[0, 1]2

)
are given functions, have

been studied extensively in the literature (see [26–31]). In [31]
(Chapter 10), it was shown that the stabilization problem of a
Korteweg–de Vries-like PDE leads to the stabilization problem for
system (2.1), (2.2). Transport PDEs with non-local terms are used
frequently inmathematical biology (see [24,35] and the references
therein). It should be noticed that initial–boundary value problems
of the form
∂φ

∂t
(t, z) +

∂φ

∂z
(t, z) = a (z) φ (t, z) + g̃ (z) φ (t, 1)

+

∫ 1

z
f̃ (z, s) φ (t, s) ds, for (t, z) ∈ ℜ+ × [0, 1] (2.6)

φ (t, 0) = u (t) −

∫ 1

0
p̃ (s) φ (t, s) ds, for t ≥ 0 and

φ (0, z) = φ0 (z) , for all z ∈ (0, 1] (2.7)

where g̃ ∈ C0 ([0, 1] ; ℜ), p̃ ∈ C1 ([0, 1] ; ℜ), f̃ ∈ C0
(
[0, 1]2; ℜ

)
,

a ∈ C0 ([0, 1] ; ℜ) are given functions, can be transformed to
the form (2.1), (2.2) by means of the transformation y (t, z) =

exp
(
−
∫ z
0 a (s) ds

)
φ (t, z). Transport PDEs are frequently encoun-

tered in heat and mass transfer phenomena when diffusion is
negligible. In this case, non-local terms arise from quasi-static ap-
proximations (e.g., by applying a quasi-steady state approximation
for the dynamics of the cooling medium temperature in a jacket
surrounding a tubewith a hot fluidmovingwith constant velocity).

Let X be the set of left continuous and piecewise C1 func-
tions y : [0, 1] → ℜ. This is a linear normed space with
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norm ∥y∥ = sup
0≤z≤1

(|y (z)|) and this particular space is going

to be the state space for the problem studied in the present
work. Let y0 ∈ X be given. Let {z1, z2, . . . , zm} ⊆ [0, 1] be
the (finite) set of points where either y′

0 is not defined or y′

0 is
discontinuous. Define B := {−z1, . . . ,−zm, 1 − z1, . . . , 1 − zm}.
By a solution of the initial–boundary value problem (2.1)–(2.4)
with sampling times {τi ≥ 0, i = 0, 1, 2, . . .} and applied inputs
{ui ∈ ℜ, i = 0, 1, 2, . . .}, we mean a function y : ℜ+ × [0, 1] → ℜ,
which satisfies the following properties:

(a) the mapping ℜ+ ∋ t → y (t, z) ∈ ℜ is piecewise C1 and
right continuous for all z ∈ [0, 1] and y [t] ∈ X for all t ≥ 0,

(b) y : ℜ+ × [0, 1] → ℜ is C1 on A :=
{
(t, z) ∈ ℜ+ × [0, 1] :

t − z ̸= τi, t − z ̸= 1 + τi, i = 0, 1, 2, . . . , t − z ̸∈ B
}
,

(c) for every r > 0 the mappings A ∩ {(t, z) ∈ [0, r] × [0, 1]} ∋

(t, z) →
∂y
∂t (t, z) ∈ ℜ and A ∩ {(t, z) ∈ [0, r] × [0, 1]} ∋

(t, z) →
∂y
∂z (t, z) ∈ ℜ are bounded,

(d) Eq. (2.1) holds for all (t, z) ∈ A and Eqs. (2.2)–(2.4) hold.

At this point, it is unclear if such a solution exists and is unique
for every sequence of sampling times {τi ≥ 0, i = 0, 1, 2, . . .} and
every sequence of applied inputs {ui ∈ ℜ, i = 0, 1, 2, . . .}. This is
guaranteed by the following result. Its proof is provided in the
following section.

Theorem 2.1. For every y0 ∈ X, for every sequence {ui ∈ ℜ,

i = 0, 1, 2, . . .} and for every increasing sequence {τi ≥

0, i = 0, 1, 2, . . .} with τ0 = 0, limi→+∞ (τi) = +∞, the
initial–boundary value problem (2.1)–(2.4) with sampling times
{τi ≥ 0, i = 0, 1, 2, . . .} and applied inputs

{
ui ∈ ℜ, i = 0, 1,

2, . . .
}
, has a unique solution y : ℜ+ × [0, 1] → ℜ.

The reader should notice that the notion of the solution used in
the present work is dictated by the problem (2.1)–(2.4) (for which
discontinuities at the sampling times in the boundary condition
cannot be avoided): this is the most regular solution that can exist
for this problem.

Theorem 1 in [30] guarantees the existence of functions k, l ∈

C1
(
[0, 1]2

)
such that the Volterra transformation

x (t, z) = y (t, z) −

∫ 1

z
k (z, s) y (t, s) ds,

for all (t, z) ∈ ℜ+ × [0, 1] (2.8)

with inverse

y (t, z) = x (t, z) +

∫ 1

z
l (z, s) x (t, s) ds,

for all (t, z) ∈ ℜ+ × [0, 1] (2.9)

maps the solutions of (2.1), (2.2) to the solutions of
∂x
∂t

(t, z) +
∂x
∂z

(t, z) = 0, for (t, z) ∈ ℜ+ × [0, 1] (2.10)

x (t, 0) = u (t) −

∫ 1

0
(p (s) + k (0, s)) y (t, s) ds, for t ≥ 0. (2.11)

More specifically, the kernels k, l ∈ C1
(
[0, 1]2

)
satisfy the follow-

ing equations for all z, s ∈ [0, 1]:

l (z, 1) = −g (z)
∂ l
∂z

(z, s) +
∂ l
∂s

(z, s) = f (z, s) +

∫ s

z
f (z, w) l (w, s) dw (2.12)

k (z, 1) = −g (z) +

∫ 1

z
k (z, s) g (s) ds

∂k
∂z

(z, s) +
∂k
∂s

(z, s) = f (z, s) −

∫ s

z
k (z, w) f (w, s) dw

(2.13)

l (z, s) = k (z, s) +

∫ s

z
k (z, w) l (w, s) dw

= k (z, s) +

∫ s

z
l (z, w) k (w, s) dw. (2.14)

As shown in [30] the non-local PDE problems (2.12), (2.13) have
unique solutions k, l ∈ C1

(
[0, 1]2

)
. It should be noticed at this

point that the linear operators K , L : X → X defined for all y, x ∈ X
by the equations

(Ky) (z) = y (z) −

∫ 1

z
k (z, s) y (s) ds; (Lx) (z)

= x (z) +

∫ 1

z
l (z, s) x (s) ds, for all z ∈ [0, 1] (2.15)

are continuous and ‘‘1-1’’ operators with KL = LK = I , where I is
the identity operator on X .

Using the emulation sampled-data design based on the contin-
uous time feedback law u (t) =

∫ 1
0 (p (s) + k (0, s)) y (t, s) ds for

the control system (2.1)–(2.3), we are in a position to establish the
following stabilization result.

Theorem 2.2. For every σ > 0 there exist constants T ,G > 0 with
the following property: for every y0 ∈ X and for every increasing
sequence {τi ≥ 0, i = 0, 1, 2, . . .} with τ0 = 0, supi≥0 (τi+1 − τi) ≤

T and limi→+∞ (τi) = +∞ the initial–boundary value problem
(2.1)–(2.4) with

ui =

∫ 1

0
(p (s) + k (0, s)) y (τi, s) ds, for all i ∈ Z+ (2.16)

has a unique solution, which also satisfies the following estimate:

∥y [t]∥∞ ≤ G exp (−σ t) ∥y0∥∞ , for all t ≥ 0. (2.17)

It should be noticed that the sampled-data feedback law (2.16) is
simply the application of the nominal continuous-time controller
u (t) =

∫ 1
0 (p (s) + k (0, s)) y (t, s) ds at every time instant where

the state y [t] is available (sample-and-hold implementation).
The proof of Theorem 2.2 is provided in the following section.

The ideas behind the proof of Theorem 2.2 are described next.

Idea 1: In order to establish estimate (2.17) for y [t], it suffices
to establish a similar estimate for x [t], where x is the solution of
(2.10), (2.11), (2.3), (2.17)with initial condition x0 ∈ X that satisfies
x0 (z) = y0 (z) −

∫ 1
z k (z, s) y0 (s) ds for all z ∈ [0, 1] (see (2.8)).

Idea 2: The solution of (2.10), (2.11), (2.3), (2.16) can be determined
without knowledge of y [t]. Indeed, using (2.9), (2.11) and (2.16),
we get:

x (t, 0) = u (t) −

∫ 1

0
(p (s) + k (0, s)) x (t, s) ds

−

∫ 1

0

∫ 1

s
(p (s) + k (0, s)) l (s, w) x (t, w) dwds

= u (t) −

∫ 1

0
k̃ (s) x (t, s) ds, for t ≥ 0, (2.18)

ui =

∫ 1

0
k̃ (s) x (τi, s) ds, for t ≥ 0, (2.19)

where

k̃ (s) := p (s) + k (0, s) +

∫ s

0
(p (w) + k (0, w)) l (w, s) dw,

for all s ∈ [0, 1] . (2.20)

So, we need to establish an exponential stability estimate (similar
to (2.17)) for the solution x [t] of (2.3), (2.10), (2.18), (2.19). Notice
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that (2.19) is nothing else but the application of the continuous-
time boundary feedback law u (t) =

∫ 1
0 k̃ (s) x (t, s) ds with ZOH.

Idea 3: Since the solution x [t] of (2.3), (2.10), (2.18), (2.19) will
be (in general) discontinuous, we need to work with the mild
solution of (2.3), (2.10), (2.18), (2.19) (see [29] for the notion of
the mild solution). Moreover, the mild solution of (2.3), (2.10),
(2.18), (2.19) will be constructed by an Integral Delay Equation
(IDE; see [29]). Consequently, we need to construct solutions for a
particular IDE andwe need to show exponential stability estimates
for the solutions of this particular IDE. To this end, we are using the
fact that for every σ > 0, x0 ∈ L∞ ((0, 1]), v ∈ L∞

loc (ℜ+), the unique
mild solution of the evolution problem
∂x
∂t

(t, z) +
∂x
∂z

(t, z) = 0, for (t, z) ∈ ℜ+ × [0, 1] (2.21)

x (t, 0) = v (t) , for t ≥ 0 (2.22)

with initial condition x [0] = x0 satisfies the estimate

∥x [t]∥∞ ≤ exp (−σ (t − 1)) ∥x0∥∞

+ exp (σ ) sup
max(0,t−1)≤s≤t

(|v (s)| exp (−σ (t − s))) . (2.23)

The above fact is a direct consequence of the notion of the mild
solution given in [29] and the fact that the mild solution of the
evolution problem (2.21), (2.22) is given by the formula:

x (t, z) =

{
v (t − z) for t ≥ z
x0 (z − t) for t < z.

The above formula is obtained by the so-called method of charac-
teristics, which is exploited in [29] for the construction of the mild
solution. Idea 3 explains why we are not using weak solutions: the
notion of the mild solution allows us to link directly the solution
of (2.3), (2.10), (2.18), (2.19) with an IDE. This link is instrumental:
it is used not only for showing exponential stability estimates but
also for the proof of the regularity properties of the solution.

Remark 2.1. A comparison between the sampled-data stabiliza-
tion of parabolic PDEs given in [25] and Theorem 2.2 is fruitful.
(i) For parabolic PDEs both main results in [25] (Theorem 3.1 and
Theorem 3.2) provide exponential stability estimates in the L2
norm, while Theorem 2.2 provides an exponential stability esti-
mate (estimate (2.17)) in the L∞ norm.
(ii) The proofs of both main results in [25] are very different from
the proof of Theorem 2.2. While both proofs of the main results
in [25] exploit an eigenfunction expansion procedure, the proof
of Theorem 2.2 relies on the representation of the solution of the
closed-loop system (2.1)–(2.3) with (2.16) by means of an IDE.
(iii) Theorem 2.2 as well as both main results in [25] guarantee
robustnesswith respect to perturbations of the sampling schedule:
the exponential stability estimate (2.17) holds for every increasing
sequence {τi ≥ 0, i = 0, 1, 2, . . .} with τ0 = 0, sup

i≥0
(τi+1 − τi) ≤ T ,

limi→+∞ (τi) = +∞.
(iv) Finally, there is an additional important difference between the
parabolic and the hyperbolic case. In the hyperbolic case (Theo-
rem2.2), by selecting a sufficiently smallmaximumallowable sam-
pling period T > 0we can achieve an arbitrary rate of convergence
σ > 0. This is not possible in the parabolic case. This important dif-
ference can be explained by the fact that the nominal continuous-
time feedback law u (t) =

∫ 1
0 (p (s) + k (0, s)) y (t, s) ds achieves

finite-time stability in the hyperbolic case, while the nominal
continuous-time feedback law in the parabolic case achieves ex-
ponential stability. The proof of Theorem 2.2 provides an estimate
of how small themaximum allowable sampling period T > 0must
be in order to achieve a given rate of convergence σ > 0: the
inequality

Mφa (T ) exp (σ (1 + T )) < 1 (2.24)

Fig. 1. Thedependence of the rate of convergenceσ > 0on themaximumallowable
sampling period T > 0, as predicted by inequality (2.24) for a = 0, M = 1.

must be satisfied, where

M :=
⏐⏐̃k (1)

⏐⏐+ ∫ 1

0

⏐⏐⏐⏐ d̃kds (s)
⏐⏐⏐⏐ ds, a := k̃ (0) . (2.25)

Formulas (2.24), (2.25) can be used by the control practitioner in
order to obtain a qualitative estimate for the maximum allowable
sampling period T > 0. However, it should be noticed that in-
equality (2.24) is conservative and larger values for the maximum
allowable sampling period T > 0 may be used in practice. Fig. 1
shows the dependence of the rate of convergence σ > 0 on
the maximum allowable sampling period T > 0: more frequent
sampling gives faster convergence.

Remark 2.2. The proofs of Theorems 2.1 and 2.2 rely only on
the fact that there is an invertible transformation which maps
the solutions of (2.1), (2.2) to the solutions of (2.10), (2.18). The
transformation itself does not play any crucial role in the proofs
and for this reason, one could use a Fredholm (instead of Volterra)
transformation. This particular feature is important, because it
shows that main results of the present work can be applied in a
straightforward way to non-local transport PDEs of the form (2.5),
(2.2), under the assumption that the control system described by
(2.5), (2.2) is exactly controllable at time 1 (see [28]).

3. Proofs of main results

The rigorous presentation of the proof of Theorems 2.1 and 2.2
follow the aforementioned ideas and rely on certain properties. The
first property allows us to construct the solution of a specific IDE
on an infinite interval.

Property I. Let k̃ ∈ C1 ([0, 1]) be a given function. Then for every
ui ∈ ℜ, τi ≥ 0 and for every v0 ∈ L∞ ([τi − 1, τi)) being right
continuous and piecewise continuous, the initial value problem of the
IDE

v (t) = ui −

∫ 1

0
k̃ (s) v (t − s) ds (3.1)

for t ≥ τi, with initial condition v (s) = v0 (s) for s ∈ [τi − 1, τi),
has a unique right-continuous solution v : [τi − 1, +∞) → ℜ,
which is continuous on (τi, +∞). Moreover, v (t) is piecewise C1 and
right differentiable on [τi, +∞). Finally, if B = {t1, t2, . . . , tm} ⊆

[τi − 1, τi] is the (finite) set of points of discontinuities of v (t), then
v (t) is C1 on (τi, +∞) \ B′ and satisfies for all t ∈ (τi, +∞) \ B′ the



72 I. Karafyllis, M. Krstic / Systems & Control Letters 107 (2017) 68–75

delay differential equation

v̇ (t) = −̃k (0) v (t) + k̃ (1) v (t − 1) −

∫ 1

0

d̃k
ds

(s) v (t − s) ds (3.2)

where B′
= {1 + t1, 1 + t2, . . . , 1 + tm}.

Proof of Property I. Let ui ∈ ℜ, τi ≥ 0 and v0 ∈ L∞ ([τi − 1, τi)) be
given (arbitrary). Theorem 2.1 in [29] guarantees that there exists
tmax ∈ (0, +∞] and a unique mapping v ∈ L∞

loc ([τi − 1, τi + tmax))

such that v (s) = v0 (s) for s ∈ [τi − 1, τi) and (3.1) holds for
t ∈ [τi, τi + tmax) a.e. It follows from (3.1) and its equivalent form

v (t) = ui −

∫ t

t−1
k̃ (t − s) v (s) ds, (3.3)

that v ∈ L∞

loc ([τi − 1, τi + tmax)) is a right continuous and piece-
wise continuous function satisfying (3.1) for all t ∈ [τi, τi + tmax).
Moreover, v (t) is continuous on (τi, τi + tmax).

Wewill show next that tmax = +∞. Indeed, if tmax < +∞, then
it follows from Theorem 2.1 in [29] that limt→t−max

sup
τi≤s<t

(|v (s)|) =

+∞. Let G > 0 be a positive constant so that

G ≥ max
s∈[0,1]

(⏐⏐̃k (s)
⏐⏐) . (3.4)

Eq. (3.3) implies that for all t ∈ [τi, τi + min (1, tmax/2)] the
following equation holds:

v (t) = ui −

∫ t

τi

k̃ (t − s) v (s) ds −

∫ τi

t−1
k̃ (t − s) v0 (s) ds. (3.5)

Using inequality (3.4), we obtain from (3.5) for all t ∈

[τi, τi + min (1, tmax/2)]:

|v (t)| ≤ |ui| + G (t − τi) sup
τi≤s≤t

(|v (s)|) + G sup
τi−1≤s<τi

(|v0 (s)|) .

(3.6)

Define

h :=
min (1, tmax)

2 (1 + G)
. (3.7)

Compensating the first term of the right hand side in (3.6) with the
left hand side term and using (3.7) we end up with the following
estimate:

sup
τi≤s≤t

(|v (s)|) ≤ 2

(
|ui| + G sup

τi−1≤s<τi

(|v0 (s)|)

)
for t ∈ [τi, τi + h] . (3.8)

Without loss of generality, we may assume that G ≥ 1. Then we
obtain from (3.8) and the fact that v (s) = v0 (s) for s ∈ [τi − 1, τi)
the following estimate:

sup
τi−1≤s<τi+h

(|v (s)|) ≤ 2

(
|ui| + G sup

τi−1≤s<τi

(|v0 (s)|)

)
. (3.9)

Applying (3.9) repeatedly, we obtain the following estimate for all
integersm ≥ 1:

sup
τi−1≤s<τi+Tm

(|v (s)|) ≤ (2G)m sup
τi−1≤s<τi

(|v0 (s)|)

+ 2 |ui|
(2G)m−1

− 1
2G − 1

(3.10)

where Tm = min (mh, tmax). Estimate (3.10) contradicts the fact
that limt→t−max

supτi≤s<t (|v (s)|) = +∞. Therefore, we must have
tmax = +∞.

It follows from (3.3) that v is right differentiable on [τi, +∞)

with

D+v (t) = −̃k (0) v (t) + k̃ (1) v (t − 1) −

∫ 1

0

d̃k
ds

(s) v (t − s) ds

(3.11)

for all t ≥ τi, where D+v (t) denotes the right derivative of v at t .
It follows from (3.11) that D+v (t) is continuous on (τi, +∞) \ B′

with B′
= {1 + t1, 1 + t2, . . . , 1 + tm}. Corollary 1.2 on page 43

in [36] implies that v (t) is C1 on (τi, +∞) \ B′ and satisfies (3.2)
on (τi, +∞) \ B′. Finally, (3.2) implies that v (t) is piecewise C1 on
[τi, +∞) (since v̇ (t) has finite left and right limits everywhere).
The proof of the property is complete. ◁

Applying Property I repeatedly, we obtain the following property.

Property II. Let k̃ ∈ C1 ([0, 1]) be a given function. Then for
every increasing sequence {τi ≥ 0, i = 0, 1, 2, . . .} with τ0 = 0,
limi→+∞ (τi) = +∞, for every sequence {ui ∈ ℜ, i = 0, 1, 2, . . .}
and for every v0 ∈ L∞ ([−1, 0)) being right continuous and piecewise
continuous, the IDE (3.1) for t ∈ [τi, τi+1) and i ∈ Z+ with initial con-
dition v (s) = v0 (s) for s ∈ [−1, 0), has a unique right-continuous
solution v : [−1, +∞) → ℜ, which is continuous on ℜ+ \

{τi ≥ 0, i = 0, 1, 2, . . .}. Moreover, v (t) is piecewise C1 and right
differentiable on ℜ+. Finally, if B = {t1, t2, . . . , tm} ⊆ [−1, 0) is the
(finite) set of points of discontinuities of v0, then v (t) is C1 on ℜ+ \(
B′

∪ {1 + τi ≥ 0 : i = 0, 1, 2, . . .} ∪ {τi ≥ 0 : i = 0, 1, 2, . . .}
)
and

satisfies for all t ∈ ℜ+ \
(
B′

∪ {1 + τi ≥ 0 : i = 0, 1, 2, . . .} ∪

{τi ≥ 0 : i = 0, 1, 2, . . .}
)

the delay differential Equation (3.2),
where B′

= {1 + t1, 1 + t2, . . . , 1 + tm}.

Proof of Theorem 2.1. Define k̃ ∈ C1 ([0, 1]) by means of (2.20).
Let (arbitrary) y0 ∈ X , {ui ∈ ℜ, i = 0, 1, 2, . . .} be given and

let an (arbitrary) increasing sequence {τi ≥ 0, i = 0, 1, 2, . . .}with
τ0 = 0 and limi→+∞ (τi) = +∞ be also given. Define

v0 (−z) := y0 (z) −

∫ 1

z
k (z, s) y0 (s) ds for all z ∈ (0, 1] . (3.12)

Let {z1, z2, . . . , zm} ⊆ [0, 1] be the (finite) set of points where ei-
ther y0 is discontinuous or y′

0 is not defined, or y
′

0 is discontinuous.
Define B := {−z1, . . . ,−zm, 1 − z1, . . . , 1 − zm}.

It follows from Property II and definition (3.12) (which guar-
antees that v0 is right continuous and piecewise C1 on [−1, 0))
that the IDE (3.1) for t ∈ [τi, τi+1) and i ∈ Z+ with initial
condition v (s) = v0 (s) for s ∈ [−1, 0), has a unique right
continuous solution v : [−1, +∞) → ℜ, which is continuous on
ℜ+ \ {τi ≥ 0, i = 0, 1, 2, . . .}. Moreover, v (t) is piecewise C1 and
right differentiable on [−1, +∞). Finally, v (t) is C1 on [−1, +∞)\

(B ∪ {1 + τi ≥ 0 : i = 0, 1, 2, . . .} ∪ {τi ≥ 0 : i = 0, 1, 2, . . .}) and
satisfies for all t ∈ ℜ+ \

(
B ∪ {1 + τi ≥ 0 : i = 0, 1, 2, . . .} ∪{

τi ≥ 0 : i = 0, 1, 2, . . .
})

the delay differential Equation (3.2).
Next, define

y (t, z) := v (t − z) +

∫ 1

z
l (z, s) v (t − s) ds

= v (t − z) +

∫ t−z

t−1
l (z, t − w) v (w) dw,

for (t, z) ∈ ℜ+ × [0, 1] . (3.13)

It follows from (2.14), (3.12) and (3.13) that y (0, z) = y0 (z), for all
z ∈ (0, 1]. Moreover, the regularity properties of v (t) guarantee
that the function y : ℜ+ × [0, 1] → ℜ satisfies the following
properties:
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(a) the mapping ℜ+ ∋ t → y (t, z) ∈ ℜ is piecewise C1 and
right continuous for all z ∈ [0, 1] and y [t] ∈ X for all t ≥ 0,

(b) y : ℜ+ × [0, 1] → ℜ is C1 on A :=
{
(t, z) ∈ ℜ+ × [0, 1] :

t − z ̸= τi, t − z ̸= 1 + τi, i = 0, 1, 2, . . . , t − z ̸∈ B
}
,

(c) for every r > 0 the mappings A ∩ {(t, z) ∈ [0, r] × [0, 1]} ∋

(t, z) →
∂y
∂t (t, z) ∈ ℜ and A ∩ {(t, z) ∈ [0, r] × [0, 1]} ∋

(t, z) →
∂y
∂z (t, z) ∈ ℜ are bounded.

Using (2.12) and definition (3.13) we conclude that Eq. (2.1)
holds for all (t, z) ∈ A. Finally, it follows from (3.1), (2.14) and
definitions (2.20), (3.13) that Eqs. (2.2), (2.3) hold.

Uniqueness follows from uniqueness of solutions for the IDE
(3.1) for t ∈ [τi, τi+1) and i ∈ Z+. We next provide a sketch of
the uniqueness argument. Indeed, if a different solution ỹ : ℜ+ ×

[0, 1] → ℜ existed, then the application of the transformation
(2.8) would give us a different solution x̃ : ℜ+ × [0, 1] → ℜ of
(2.3), (2.10), (2.18), (2.19). Setting ṽ (t − z) = x̃ (t, z) for (t, z) ∈

ℜ+ × [0, 1], wewould then obtain a different solution ṽ for the IDE
(3.1) for t ∈ [τi, τi+1) and i ∈ Z+. The proof is complete. ◁

The following property provides an exponential stability es-
timate for the IDE (3.1) with sampled-data control. The stability
analysis follows a small-gain technique.

Property III. Let k̃ ∈ C1 ([0, 1]) be a given function. Let σ , T > 0
be constants satisfying inequality (2.24), where the constants a ∈

ℜ, M ≥ 0 are given by (2.25). Then for every increasing se-
quence {τi ≥ 0, i = 0, 1, 2, . . .} with τ0 = 0, sup

i≥0
(τi+1 − τi) ≤ T ,

limi→+∞ (τi) = +∞ and for every v0 ∈ L∞ ([−1, 0)) being right
continuous, the unique solution v (t) of the IDE

v (t) = u (t) −

∫ 1

0
k̃ (s) v (t − s) ds, for t ≥ 0 (3.14)

with

u (t) = ui =

∫ 1

0
k̃ (s) v (τi − s) ds,

for all t ∈ [τi, τi+1) and for all i ∈ Z+, (3.15)

and initial condition v (s) = v0 (s) for s ∈ [−1, 0), satisfies the
estimate

|v (t)| exp (σ t) ≤ sup
−1≤s<0

(|v0 (s)|) , for all t ≥ −1. (3.16)

Proof of Property III. Property II guarantees that for every integer
i ≥ 0 the delay differential Equation (3.2) holds for t ∈ (τi, τi+1) a.e.
It follows from (3.14) and (3.15) that v (τi) = 0 for every integer
i ≥ 0. Using this fact, right continuity of v : [−1, +∞) → ℜ

and absolute continuity of v (t) on (τi, τi+1), we get the following
formula that holds for all t ∈ [τi, τi+1):

v (t) = exp (−a (t − τi)) v (τi) +

∫ t

τi

exp (−a (t − s))

×

(̃
k (1) v (s − 1) −

∫ 1

0

d̃k
ds

(l) v (s − l) dl
)
ds (3.17)

where a = k̃ (0). Using (3.17) and definitions (2.25) we obtain for
t ∈ [τi, τi+1) and every integer i ≥ 0:

|v (t)| ≤ φa (t − τi)M sup
τi−1≤s≤t

(|v (s)|) . (3.18)

A direct consequence of (3.18) is the following estimate that holds
for all t ∈ [τi, τi+1):

|v (t)| exp (σ t) ≤ Mφa (t − τi) exp (σ (t − τi) + σ)

× sup
τi−1≤s≤t

(|v (s)| exp (σ s)) . (3.19)

It follows from (3.19), the fact that sup
i≥0

(τi+1 − τi) ≤ T and the fact

that the mapping ℜ+ ∋ t → φa (t) is non-decreasing for all a ∈ ℜ,
that the following estimate holds for all t ∈ [τi, τi+1):

|v (t)| exp (σ t) ≤ Mφa (T ) exp (σ (1 + T ))

× sup
−1≤s≤t

(|v (s)| exp (σ s)) . (3.20)

At this point, it should be noticed that estimate (3.20) holds for
all t ≥ 0, since there is no dependence on the integer i ≥ 0.
Consequently, we obtain from (3.20) the following estimate that
holds for all t ≥ 0:

sup
0≤s≤t

(|v (s)| exp (σ s)) ≤ Mφa (T ) exp (σ (1 + T ))

× max
(

sup
−1≤s<0

(|v (s)| exp (σ s)) , sup
0≤s≤t

(|v (s)| exp (σ s))
)

.

(3.21)

Distinguishing the casesmax(sup−1≤s<0 (|v (s)| exp (σ s)) , sup0≤s≤t
(|v (s)| exp (σ s))) = sup0≤s≤t (|v (s)| exp (σ s)) andmax(sup−1≤s<0
(|v (s)| exp (σ s)) , sup0≤s≤t (|v (s)| exp (σ s))) = sup−1≤s<0(|v (s)|
exp (σ s)) in conjunction with inequality (2.24), we obtain from
(3.21) for all t ≥ 0:

sup
0≤s≤t

(|v (s)| exp (σ s)) ≤ Mφa (T ) exp (σ (1 + T ))

× sup
−1≤s<0

(|v (s)| exp (σ s)) . (3.22)

Inequality (3.22) in conjunction with the fact that v (s) = v0 (s) for
s ∈ [−1, 0) implies estimate (3.16). The proof of the property is
complete. ◁

We are now ready to provide the proof of Theorem 2.2.

Proof of Theorem 2.2. Define k̃ ∈ C1 ([0, 1]) by means of (2.20).
Let σ > 0 be a given constant and let T > 0 be a sufficiently small
constant so that (2.24) holds.

Let (arbitrary) y0 ∈ X be given and let an (arbitrary) increasing
sequence {τi ≥ 0, i = 0, 1, 2, . . .} with τ0 = 0, sup

i≥0
(τi+1 − τi) ≤ T

and limi→+∞ (τi) = +∞ be also given.
We define v0 : [−1, 0) → ℜ by means of (3.12). It follows

from Property II and definition (3.12) (which guarantees that v0 is
right continuous and piecewise C1 on [−1, 0)) that the IDE (3.14),
(3.15) with initial condition v (s) = v0 (s) for s ∈ [−1, 0), has a
unique right continuous solution v : [−1, +∞) → ℜ, which is
continuous on ℜ+ \ {τi ≥ 0, i = 0, 1, 2, . . .}. Moreover, it follows
from Property III that estimate (3.16) holds.

As in the proof of Theorem 2.1, we define the solution of initial–
boundary value problem (2.1)–(2.4) with (2.16) bymeans of (3.13).
We notice that definition (3.12) implies the existence of a constant
P1 > 0 such that

sup
−1≤s<0

(|v0 (s)|) ≤ P1 ∥y0∥∞ . (3.23)

Notice that the constant P1 > 0 is independent of y0 ∈ X .
Moreover, definition (3.13) implies the existence of a constant P2 >

0 such that

∥y [t]∥∞ ≤ P2 sup
−1≤s≤0

(|v (t + s)|) , for all t ≥ 0. (3.24)

Again, notice that the constant P2 > 0 is independent of v :

[−1, +∞) → ℜ. Estimate (2.17) is a direct consequence of esti-
mates (3.16), (3.23) and (3.24). The proof is complete. ◁
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4. Illustrative example

We consider the following control system
∂y
∂t

(t, z) +
∂y
∂z

(t, z) = A exp (rz) y (t, 1) ,

for (t, z) ∈ ℜ+ × [0, 1] (4.1)
y (t, 0) = u (t) , for t ≥ 0 (4.2)

where A, r > 0 are positive constants, y [t] is the state and u (t) is
the control input. System (4.1), (4.2) is a system of the form (2.1),
(2.2) with g (z) = A exp (rz), f (z, s) ≡ 0 and p (s) ≡ 0. A stability
analysis of the open-loop system (4.1), (4.2) with u (t) ≡ 0 may be
performed by converting the system (4.1), (4.2) to a system of IDEs
and applying Theorem 3.7 in [29]. Indeed, system (4.1), (4.2) with
u (t) ≡ 0 is equivalent to the following system of IDEs (see [29])

v (t) = 0, p (t) = v (t − 1) + A
∫ 1

0
exp (rw) p (t − 1 + w) dw

and applying Theorem 3.7 in [29] with N = 1, c = 1, W (p, v) :=

K |v|+|p| and arbitrary K > 1, we can conclude that the open-loop
system (4.1), (4.2) with u (t) ≡ 0 is globally asymptotically stable
provided that

A <
r

exp (r) − 1
. (4.3)

On the other hand, when condition (4.3) is violated, then there are
solutions which do not converge to zero: the functions x (t, z) =

exp (λ (t + 1 − z)) exp((r+λ)z)−1
exp(r+λ)−1 , where λ ≥ 0 is the unique solu-

tion of the equation A =
(r+λ) exp(λ)

exp(r+λ)−1 (guaranteed to exist when (4.3)
does not hold) are solutions of the open-loop system (4.1), (4.2)
with u (t) ≡ 0. Therefore, the stability condition (4.3) is sharp.

When (4.3) does not hold, there is need for control. The case
of applying a continuous-time feedback law was considered in
Example 2.1 in [30] (with different space orientation),where finite-
time stabilization was achieved. Here, we consider the system
under boundary sampled-data control with ZOH:

u (t) = ui, for t ∈ [τi, τi+1) and for all i ∈ Z+ (4.4)

where {τi ≥ 0, i = 0, 1, 2, . . .} is an increasing sequence (the se-
quence of sampling times) with τ0 = 0, limi→+∞ (τi) = +∞ and
{ui ∈ ℜ, i = 0, 1, 2, . . .} is the sequence of applied inputs.

For this problem, the kernels k, l ∈ C1
(
[0, 1]2

)
that satisfy

(2.12), (2.13) and (2.14) are given by the following equations for
all z, s ∈ [0, 1]:

k (z, s) := −A exp (r) exp ((r − A exp (r)) (z − s)) (4.5)
l (z, s) := −A exp (r (z − s + 1)) . (4.6)

Following Example 2.1 in [30], we may conclude that the
closed-loop system (4.1), (4.2) with u (t) = −A exp (r)

∫ 1
0 exp

((A exp (r) − r) s) y (t, s) ds is finite-time stable. It follows from
Theorem 2.2 that for every σ > 0 there exist constants T ,G >
0 with the following property: for every y0 ∈ X and for ev-
ery increasing sequence {τi ≥ 0, i = 0, 1, 2, . . .} with τ0 = 0,
sup
i≥0

(τi+1 − τi) ≤ T and limi→+∞ (τi) = +∞ the initial value

problem of the closed-loop system (4.1), (4.2), (4.4) with

ui = −A exp (r)
∫ 1

0
exp ((A exp (r) − r) s) y (τi, s) ds,

for all i ∈ Z+ (4.7)

and initial condition y0 has a unique solution, which also satisfies
estimate (2.17). It should be noticed that the sampled-data feed-
back law (4.7) is simply the application of the nominal continuous-
time controller u (t) = −A exp (r)

∫ 1
0 exp ((A exp (r) − r) s) y (t, s)

Fig. 2. The evolution of y (t, 1) for the closed-loop system (4.1), (4.2), (4.4) with
(4.7), τi = iT for i ∈ Z+ , T = 0.1, r = A = 1 and initial condition y0 (z) =

−
1
2 (exp (z) − e + 1) for z ∈ [0, 1].

Fig. 3. The evolution of the input u (t) for the closed-loop system (4.1), (4.2), (4.4)
with (4.7), τi = iT for i ∈ Z+ , T = 0.1, r = A = 1 and initial condition
y0 (z) = −

1
2 (exp (z) − e + 1) for z ∈ [0, 1].

ds at every time instant where the state y [t] is available (sample-
and-hold implementation). The proof of Theorem 2.2 guarantees
that for every σ > 0, the maximum allowable sampling period
T > 0 for which estimate (2.17) holds may be selected so as to
satisfy condition (2.24), where M ≥ 0 and a ∈ ℜ are given by
(2.25). For this example, we have

k̃ (s) := −A exp (r) exp (−rs) , for all s ∈ [0, 1] (4.8)

and

M := A exp (r) , a := −A exp (r) . (4.9)

Formulas (4.8), (4.9) can be used in order to obtain a qualitative
estimate for the maximum allowable sampling period T > 0 from
inequality (2.24).

Fig. 2 shows the evolution of y (t, 1) for the closed-loop system
(4.1), (4.2), (4.4) with (4.7), τi = iT for i ∈ Z+, T = 0.1, r = A = 1
and initial condition y0 (z) = −

1
2 (exp (z) − e + 1) for z ∈ [0, 1].

Fig. 3 shows the evolution of the input u (t) for the same case,while
Fig. 4 is a surface plot of y (t, z). Notice that the open-loop system
(4.1), (4.2) with u (t) ≡ 0 is unstable, since (4.3) does not hold. For
this particular case, the convergence rate predicted from condition
(2.24), (4.8), (4.9) satisfies σ < 1.058.
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Fig. 4. A surface plot of y (t, z) for the closed-loop system (4.1), (4.2), (4.4) with
(4.7), τi = iT for i ∈ Z+ , T = 0.1, r = A = 1 and initial condition y0 (z) =

−
1
2 (exp (z) − e + 1) for z ∈ [0, 1].

5. Concluding remarks

The paper provides results for the application of boundary
feedback controlwith ZOH to 1-D linear, first-order, transport PDEs
systems on bounded domainswith constant velocity and non-local
terms. The control design is based on the continuous-time, bound-
ary feedback, designed by means of backstepping in [30], which
guarantees finite-time stability for the corresponding closed-loop
system. The application of the aforementioned feedback design
with ZOH guarantees closed-loop exponential stability, provided
that the sampling period is sufficiently small. It is also shown that,
contrary to the parabolic case, a smaller sampling period implies
a faster convergence rate with no upper bound for the achieved
convergence rate. The obtained results provide stability estimates
for the sup-norm of the state and robustness with respect to
perturbations of the sampling schedule is guaranteed.

Future work may involve the development of boundary feed-
back designs that are capable to handle simultaneous sampling
in space and time. To this purpose, sampled-data observers for
hyperbolic PDEs with non-local terms must be developed.
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