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1. Introduction

Extremum seeking is a model-free gradient-based real-time
optimization algorithm that can be used to optimize the steady-
state of the output of a dynamical system (Krsti¢ & Ariyur, 2003).
One advantage of extremum seeking is that neither its steady-state
map nor its gradient needs to be known as analytic expressions.

In more detail, consider a dynamical system of the form

z=2g(u,z) (1a)
z, = h(u, 2) (1b)

withg : R" x R™ — R™and h : R" x R™ — R. Assume that
g is such that for all constant values u = u € R" the solutions of
(1) exist for all initial conditions (zo, tp) with zo € R™, t; € R and
for all t € [ty, o0) and are unique. Moreover, suppose that there
exists the so-called steady-state map F : R" — R such that for all
constant input values u € R", for all ty € R and for all z; € R™ we
have that

lim |[h(u, z(t; to, zo, u)) — F(u)| = 0. (2)
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The goal in extremum seeking is to design a dynamical system

x = b(t, x, 2,) (3a)
u=x (3b)

such that the output of the system converges to a maximizer of the
function F, i.e., to a set point z, = z,* € R that satisfies

zo" = sup F(u). (4)
ueRm

The basicidea of many approaches in extremum seeking is to calcu-

late a descent direction of the steady-state map by superimposing

probing signals at the input of the system and to gain in this way

information about the steady-state map.

There are various ways to design an extremum seeking reg-
ulator. For example, by using techniques from adaptive control
or nonlinear optimization, see, e.g., Guay, Dhaliwal, and Dochain
(2013), Khong, Nesi¢, Tan, and Manzie (2013) and Teel and Popovi¢
(2001). An overview on possible methods for the design of such
controllersis givenin, e.g., Krsti¢ and Ariyur (2003) and Tan, Moase,
Manzie, Nesi¢, and Mareels (2010). In this paper, we consider a
particular class among these approaches that is characterized by
applying periodic probing signals at the inputs of the dynamical
system. The extremum seeking regulator in this paper is closely
related to the extremum seeking regulators in the seminal papers
Krsti¢ and Wang (2000) and Tan, NeSi¢, and Mareels (2006). In
the former, local stability properties and in the latter, also semi-
global stability properties are established and estimates on the
convergence rates of the respective extremum seeking regulators
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are given. Both papers rely on using a combination of averaging and
singular perturbation arguments. in Diirr, Stankovi¢, Ebenbauer,
and Johansson (2013) an alternative approach to extremum seek-
ing was proposed. By designing an extremum seeking regulator in
form of an input-affine system where the periodic excitations play
the role of inputs, a methodology to approximate the trajectories
of the closed loop using the so-called Lie bracket system was
established. The Lie bracket system contains the Lie brackets of
the vector fields of the extremum seeking control loop and reveals
that the system qualitatively moves into the gradient direction.
Furthermore, the authors prove semi-global practical stability for
the closed loop. However, in Diirr et al. (2013) the analysis is
restricted to static maps, i.e., (1) is replaced by a static map from u
toy.

The motivation of this work is to extend the Lie bracket ap-
proximation approach from Diirr et al. (2013) to dynamic maps us-
ing singularly perturbed Lie bracket approximations (Diirr, Krstic,
Scheinker, & Ebenbauer, 2015). The contribution of the paper is
twofold. First, we present a general theoretical framework for the
analysis of extremum seeking for dynamic systems in Diirr et al.
(2013), extremum seeking based on Lie bracket approximations
was restricted to static maps. However, dynamic maps are of
central importance in applications. The paper fills this major gap
and allows to analyze extremum seeking systems with dynamics.
Second, we show how the results herein can be applied to the
unicycle model. In particular, the extremum seeking controller for
that model can be interpreted in a more general way. It serves
as a prototype for alternative extremum seeking dynamics. In
contrast to the extremum seeking system presented in Krsti¢ and
Wang (2000), the extremum seeking system for the unicycle model
exhibits bounded update rates. It can thus be used to prevent
large amplitudes in the input of the extremum seeking system as
mentioned in the introduction of Scheinker and Krsti¢ (2014) and
is therefore an important alternative to conventional extremum
seeking schemes. Moreover, we provide a missing stability proof
for this type of extremum seeking dynamics which has been con-
jectured in Scheinker and Krsti¢ (2014).

Furthermore, we show analogous results as in Krsti¢ and Wang
(2000) and Tan et al. (2006) and therefore establish an alternative
and equally powerful approach for the analysis and design of
extremum seeking regulators. Moreover, we discuss similarities
and differences between our and the results in Krsti¢ and Wang
(2000) and Tan et al. (2006) in terms of exponential stability and
convergence rates.

The paper is organized as follows. In Section 2 we present
the required preliminaries which include the methodology for the
analysis of the overall system consisting of a static or dynamic
map and the extremum seeking regulator. This framework is based
on the singularly perturbed Lie bracket approximation technique.
Moreover, we recapitulate results on gradient flows. In Section 3,
we present the design and the stability results for a general class
of extremum seeking systems. Moreover, we discuss its relation to
results in Krsti¢ and Wang (2000) and Tan et al. (2006). In Section 4,
we provide an extremum seeking scheme for a unicycle model and
discuss various aspects using a numerical example. In Section 5, we
conclude the results of this paper.

2. Preliminaries
2.1. Singularly perturbed Lie bracket approximations

In the following, we recapitulate the methodology established
in Diirr et al. (2015) (and also Diirr (2015)). We adapt the notation

introduced in Diirr et al. (2015). The analysis procedure that we
pursue throughout this paper relies on the following steps. First,

we rewrite the closed loop system of (1) and (3) by eliminating the
algebraic equations which yield

X = b(t, x, h(x, z)) (5a)
z = g(x, z). (5b)
Second, we choose b such that (5) becomes

% = uf(ut,x,z, ) (6a)
z=g(x,2) (6b)

with x(to) = %0 € R", z(ty) = zo0 € R™, n,m € N, parameters
u, o € (0, 0o)and with f being a vector field which is input-affine,

flut,x,z, ) == bo(ut,x,z)

N

Ve Y bilut, x, 2ulut, wpt), 7

i=1

N € N. The form of system (6) is crucial for the analysis that
follows. However, it is also general enough that many extremum
seeking problems can be brought to that form, even if the initial
problem setup is not as in the introduction. This will be shown in
an example in Section 4. Third, we calculate the so-called quasi-
steady-state | € C' : R" — R™ that satisfies g(x, I(x)) = 0 and
perform a change of variables y = z — I(x) which yields the system

X = uf(ut, x,y +I(x), ®) (8a)
. al(x)

y=gxy+I1x)— qu(ut, X,y + (%), ») (8b)
with x(to) = xo € R", ¥(ty) = Yo = 20 — l(xo) € R™. Third, we
show that for periodic inputs u;(ut, -),i = 1, ..., N under suitable

assumptions and by choosing w sufficiently large and u sufficiently
small relative to w, practical stability of (6) (and hence (8)) can be
deduced from the stability properties of a so-called boundary layer
model and a so-called Lie bracket system. The boundary layer model
is given by

y=gxy+I1x) 9)

with y(to) = yo € R™. It is obtained from (8b) by letting © — 0.
In order to calculate the Lie bracket system, we introduce the so-
called reduced model

N

% = pbo(ut, % (%) + uv/@ Y biut, &, (Rt out) — (10)
i=1

with X(t;) = Xy € R". It is obtained from (8a) by imposing that

z = I(x), i.e.,y = 0. We employ the same notation as in Diirr et

al. (2015) which means that we exclusively use x for the reduced

model. The Lie bracket system becomes for u = 1

N
X =bo(t, X, Ix) + Y _ [bi, byl(t, X, (R))wj(t) (11)
jSL
with X(to) = xo, vi(t) = L [\ ui(t,6) [y ui(t,s)dsd and where
[by, by] denotes the Lie bracket of the vector fields by and b,.

The results from Diirr (2015), Diirr et al. (2015) relate the
stability properties between (11), (5) and (6). In the following, we
recall these results. The corresponding stability definitions can be
found in Appendix A.

Assumption A. The vector fields of (6) satisfy the following prop-
erties.

Fl bjeC?: RxR*"xR" - R",i=0,...,N.

F2 The vector fields b;,i = 0, ..., N are bounded in their first
argument up to the second derivative, i.e., for all compact
sets Cy € R"and ¢, € R™ there exist Ay, ...,As € [0, o0)
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such that |bi(t,x,z)] < A;, 761”'(5:"2) < A, 731”'(;)’(’"2) +
abi(t,x,2) 82bj(t,x,2) 92bj(t.x,2) a[bjbxl(t.x,2)
o < As, atox 9toz < Aq, ax

b, brl(t.x, a[bj. bt .x,
%ﬁxl) < As, %(”Z) < Agforallx € ¢,z € C,,
teR,i=0,...,N,j=1,...,N,k=j,...,N.

F3 u;: RxR — R,i=1,...,N are measurable functions.
Moreover, foralli = 1, ..., N there exist constants L;, M; €

(0, 00) such that |u;(t1, 0) — ui(tz, 0)| < Li|t; — t;] for all
t1, & € R and such that sup; gglui(t, 6)] < M;.

F4 u(t, -) is T-periodic, i.e. u;(t, 8 + T) = uy(t, #) and has zero
average, i.e. fOT u;(t, s)ds = 0,withT € (0, oo)forallt, 6 € R,
i=1,...,N.

G1 g € C%:R" x R™ — R™ is locally Lipschitz.

G2 There exists aunique ! € C? : R" — R™such thatz = I(x) &
0=g(x,z)forallx € R".

Next, we introduce the theorems that constitute the basis of
the framework for the design and analysis of extremum seeking
regulators for dynamic maps.

Theorem 1. Consider (6) and suppose Assumption A is satisfied.
Furthermore, suppose that a compact set S is GUAS for the Lie bracket
system (11) and there exist Koo-functions a, a, a ¢ -function as :
[0, 00) — [0, 00) and a function V € C' : R™ — R such that for all
[XT,yT]T c R" x R™

ai(lyl) = V) < a(lyl), (12)
RYY%
#g(x, y+1(x)) < —as(lyll) (13)

are satisfied. Then, the set S is sSSPUAS for (6).

The next theorem gives an upper bound on how to choose 1t
in dependence of w for the case that the boundary layer model
exhibits an exponentially stable equilibrium.

Theorem 2. Consider (6) and suppose Assumption A is satisfied.
Furthermore, suppose that a compact set S is GUAS for the Lie bracket
system (11) and there exist constants ki, ky, k3, « € (0, 00) and a
functionV € C' : R™ — Rsuch that forall[x",y"]T € R" x R™

killyl® = V(y) =< kallyll®, (14)

av(y)

Tg(x,y +1(x)) < — ksllylI* (15)
are satisfied. Let k € (0, oo) be such that k > 2% Then, the set S is
SSPUAS for (6) with g = w™*.

2.2. Gradient dynamical systems

In the following, we summarize some properties of

X = %VF()’(), (16)

i.e,, systems whose vector fields are the gradient of a function
F € C' : R" — R. These vector fields play an important role
later since we design the extremum seeking regulators in such a
way that their corresponding Lie bracket system is a system of the
form (16) and F is the steady-state map of the dynamic map. The
following facts are common results in literature and are recalled
for the sake of completeness. They can be found in, e.g., Absil and
Kurdyka (2006).

Definition 1. A set S C R" is said to be a set of isolated, strict
global maxima of a function F € C! : R" — Rif for all x € R" and
forallx* € S

(1) F(x*) = F(x),

(2) F(x*) > F(x), x* # x,
(3) VF(x) =0 xeS.

The following result states under which conditions a set of
maxima of F is globally asymptotically stable for (16). It follows
from standard Lyapunov arguments, see, e.g., Khalil (2002).

Theorem 3. Suppose F € C? : R* — R, let —F be radially
unbounded and S be a compact set of isolated, strict global maxima of
F. Then, S is GUAS for (16).

Radial unboundedness is used in the usual sense (Khalil, 2002).
3. Extremum seeking

In this section, we present the main results of this paper and
relate them to references Krsti¢ and Wang (2000) and Tan et al.
(2006). We first consider static maps and then, as a generalization,
dynamic maps. Several results in this section are based on Sec-
tion 2. The results are presented in a concise manner in order to
provide an easy-to-use framework for the design and analysis of
extremum seeking systems.

3.1. Static maps

We consider the case of static maps, i.e., where (1) is replaced
by

y =F(u) (17)

with F : R" — R. In particular, the goal is to maximize the static
function F without any knowledge on its gradient. Using the ideas
from Diirr et al. (2013) we design the extremum seeking regulator
(3)as

k=) iwe; (ysin(iot) + cos(iwt))
i=1

u=x,

(18a)

(18b)

where e; denotes the ith unit vector in R". The overall system is
then

k=Y iwe; (F(x)sin(iot) + cos(iwt)) (19)
i=1

We see that this is in the form of (6) without z-dynamics (6b). Due
to this fact, a time-scale separation is not necessary and thus we
can neglect the time-scale parameter w (and set u = 1). Moreover,
there does not exist a quasi-steady-state and also no (dynamic)
boundary layer model (9). This means that (19) coincides with the
reduced model (10), i.e., x = X. The associated Lie bracket system
(11) then becomes

X = %VF()'«), (20)
which coincides with (16). As one can see (20) is a gradient flow of
F,i.e, it is of the form (20) and we can use the results introduced
before in order to characterize the stability properties in terms
of the properties of the function F. Moreover, since there is no
z-dynamics in (19) the following theorem is a special case of
Theorem 1. It states that if the Lie bracket system (16) exhibits
global asymptotic stability properties then (19) exhibits semi-
global practical asymptotic stability properties, (Diirr et al., 2013).

Theorem 4. Suppose F € C? : R* — R, let —F be radially
unbounded and let S be a compact set of isolated, strict global maxima
of F. Then, S is SPUAS for (19).
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&= p 3oy wiei(y cos(wipt) + sin(wipt))
u=2x

Fig. 1. Extremum seeking regulator for a dynamic map.

3.2. Dynamic maps

We consider now dynamic maps given by (1). The design idea
is to extend the input-affine vector field in (19) in such a way
that a time-scale separation can be employed to treat the dynamic
map as static map. In particular, we design the extremum seeking
regulator (3) as

n
k=Y Viwei (h(x, z)sin(ioput) + cos(ioput)) (21a)
i=1

u=x (21b)

and see that y is a time scale parameter in the overall system which
is given by

n
k=Y Viwei (h(x, z)sin(ioput) + cos(ioput))
i=1
z=g(x,2),
see also Fig. 1.
Moreover, (22) is in the form of (6). Assuming that there exists
a quasi-steady-state | € C' : R" — R™ that satisfies g(x, I(x)) = 0,
we may consider the so-called boundary-layer model, which is

(22a)

(22b)

y =gk y+Ix)). (23)

We see that by “freezing” the dynamic map at the quasi-steady-
state, the reduced model

x=u Y ive (h(&, (%)) sin(ioput) + cos(iwput)) (24)
i=1

coincides for w = 1 and F(x) = h(x, l(x)) with (19). As in
classical singular perturbation theory, the stability properties of
the overall system can be deduced from the stability properties
of the boundary layer model and the reduced model. However,
in our framework, the reduced model (24) exhibits only practical
stability properties which is a major obstruction for using classical
singular perturbation theory. It turns out that instead of examining
the stability properties of the reduced model (24), we may examine
the stability properties of the associated Lie bracket system which
becomes for u = 1

. 1

X= 5VF (x) (25)
and conclude stability properties of the overall system (22) using
Theorems 1 and 2.

Theorem 5. Consider (22). Assume that h € C? and that g is locally
Lipschitz. Moreover, suppose that there exists a unique quasi steady-
state | € C2. Define F(x) := h(x, I(x)), let —F be radially unbounded
and suppose that S C R" is a compact set of isolated, strict global
maxima of F. Furthermore, there exist Ko,-functions o, oo, a -
function a3 : R, — Ry and a functionV € C! : R™ — R such
that for all [x,y]" € R" x R™ (12) and (12) are satisfied. Then, S is
SSPUAS for (22).

Theorem 5 is a direct consequence of Theorem 1.

3.3. Relation to Krstic and Wang (2000) and Tan et al. (2006)

In the following, we compare our results with established re-
sults in the literature. Hereby, we focus on Krsti¢ and Wang (2000)
and Tan et al. (2006) since these are considered as seminal papers
and constitute the basis for many other publications in the field
of extremum seeking. For static maps F : R — R, the proposed
extremum seeking regulator in Tan et al. (2006) takes the form
(slightly adapted to our notation)

6 = KSF(6* + 6 + asin(wt))asin(wt), (26)

with parameters K, § and a and where F exhibits a local minimum
6* with positive definite Hessian. We see that after performing the
change of variables x := 6 + a sin(wt), we obtain

X = K8F(6" + x)asin(wt) + aw cos(wt). (27)

Interestingly, this is now in a similar formas (19) with N = 1 which
is why it is not surprising that the results are fairly similar. In par-
ticular, they differ predominantly in the choice of the parameters.
In our results, we consider only one parameter w. Moreover, the
multiplication of \/w in the vector field of (19) is crucial and allows
to conclude also the convergence speed of the extremum seeking
regulator from its Lie bracket system, which is independent of the
parameter w as it is shown in the following theorem.

Theorem 6. Consider (19). Suppose F € C> : R*" — R, let —F
be radially unbounded and let S be the origin of R" as well as a
set of strict, global maxima of F. Then, there exists a ¢ £-function
B R, x Ry — R, such that

(1) forallty € Rand all xg € R"

IX(t; to, Xo)ll < B(lIXoll, t — to), t € [to, 00), (28)

where X denotes the solutions of (20) and
(2) forall 5, D € (0, co) there exists an wqy € (0, 0o) such that for
all w € (wg, 00), for all ty € R and for all xq € U(;S

llx(t; to, X0)ll < B(lIXoll, £ — to) + D, t € [to, 00), (29)
where x denotes the solutions of (19).

The proof is in Appendix.

The previous result is different from the corresponding results
Corollary 1in Tan et al. (2006). In the result in Tan et al. (2006) the
convergence rate depends on the parameters a and §.

Next, we consider dynamic maps of the form (1) with h being
independent of u and compare our results with the results in
Krsti¢ and Wang (2000) and Tan et al. (2006) where the extremum
seeking regulator (3) for the scalar case now takes the form

6 = kh(0)b sin(wt) (30a)
u=«(z, 0 + asin(wt)). (30b)
The overall system yields

6 = kh(6)b sin(wt) (31a)
z = g(a(z, 6 + asin(wt)), z). (31b)

Similarly as in the case of the static maps, we may introduce the
change of variables x = 6 + a sin(wt) which yields

X = kh(x)b sin(wt) + aw cos(wt)
z = g(a(z, x), 2).

(32a)
(32b)

As in the static case, this system (32) is similar to (22) with N = 1
and again, the assumptions are fairly similar to the assumptions
imposed in Krsti¢ and Wang (2000) and Tan et al. (2006). In partic-
ular, we also assume the existence of a well-defined quasi-steady-
state of the dynamic map and that the boundary layer model is
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uniformly stable in x. The latter assumption is captured by the
assumptions on the function V. Moreover, our stability definitions
also suggest that the parameters p and @ cannot be chosen inde-
pendently of each other. This is also included in Definition 1 (SPA-
stability) in Tan et al. (2006).

As in the case for static maps, we may state estimates on the
convergence rate of the overall system. In particular, as we show in
the following theorem, the convergence speed of the x-component
in (22) is scaled only by u, while the convergence rate of the z-
component is the same as the convergence rate is independent of
the parameters x and w. This is different from the corresponding
results Theorem 1 in Tan et al. (2006) (see Remark 7). In these
results, the convergence rate of both components depends on the
parameters a, § and w.

Theorem 7. Consider (22). Assume that h € C? and that g is locally
Lipschitz. Moreover, suppose that there exists a unique quasi steady-
state | € C2. Define F(x) := h(x, I(x)), let —F be radially unbounded
and suppose that S C R" is the origin of R" as well as a compact set
of isolated, strict global maxima of F. Furthermore, there exist Kso-
functions a1, a2, a A -function o3 and a function V € C! : R™ — R
such that for all [x, y]T € R" x R™ (12) and (13) are satisfied. Then,
there exist ¢ -functions B, y : Ry x Ry — Ry such that

(1) forallty € Rand allXo € R"[|X(t; to, Xo0)l < B(lIXoll, t — to),
t € [to, 00), where X denotes the solution of (25) and

(2) forall by, 5;, D € (0, 0o) there exists an wg € (0, 00) such that
forall w € (wg, 00) there exists a g € (0, co) such that for
all i € (0, po), forall ty € R and for all [xg, zo — l(x0)]" €

Us x Ug
IX(E; to, Xo)ll = B (IIxoll, 14(t — to)) + D,
l12(t; to, o) — I(X(L; o, x0))Il (33)

< y(llzo — I(xo)ll, t — to) + D, t € [to, 00),
where [x, z]T denotes the solutions of (22).

The proof is in Appendix.

The stability definitions herein and in Tan et al. (2006) suggest
that the parameters cannot be chosen independently of each other.
In the results above, the parameter .« depends on w and in Theorem
1 in Tan et al. (2006), the parameter @ depends on a and §. In
Theorem 2 in Tan et al. (2006), the authors prove under additional
assumptions that this statement can be relaxed and all parameters
can be chosen independently of each other. Closely related is the
following result which is a direct consequence of Theorem 2 in
Section 2. Under the assumption that the boundary layer model is
exponentially stable we may explicitly state the dependence of
on w.

Theorem 8. Consider (22). Assume that h € C? and that g is locally
Lipschitz. Moreover, suppose that there exists a unique quasi steady-
state | € C2. Let F(x) := h(x, I(x)) and suppose that S € R" is a
compact set of isolated, strict global maxima of F. Moreover, there
exist constants kq, k, k3, o € (0, 0o) and a functionV € C! : R™ —
R such that forall [x7,y"]T € R" x R™ (14) and (15) are satisfied.
Let « € (0, co) be such that « > 2% Then, the set S is sSPUAS for
(6) with o = w™.

It is important to mention that there are more differences be-
tween the results herein and the results in Krsti¢ and Wang (2000)
and Tan et al. (2006). However, we consider these differences
as technical and expect that by a suitable reformulation these
differences disappear. In particular, this includes, e.g., differences
in the stability definitions. We consider stability of a set while
stability of a point is considered in those references. Moreover,
we assume a twice continuously differentiable objective function
while a “sufficiently smooth” objective function is considered

N Yl =ucos(8) | —F(z)—] -2
/

v " 0

Fig. 2. Extremum seeking for the unicycle model.

there. Also, we consider for the sake of a simpler presentation only
the single parameter case. Summarizing, this discussion shows that
the Lie bracket framework is equally powerful as the approach in
Krsti¢ and Wang (2000) and Tan et al. (2006) but relies on a very
convenient formulaic formulation which is in our experience easier
to understand and to apply. For example, the framework can easily
be extended to extremum seeking on manifolds as shown in Diirr,
Stankovi¢, Johansson, and Ebenbauer (2014) and allows to analyze
a larger class of extremum seeking regulators.

4. Unicycle extremum seeking

In this section we present an extremum seeking regulator for a
unicycle system. The unicycle system is itself rather simple, and the
controller we study utilizes two time scales (x« and w). Therefore,
this is an ideal, concrete demonstration of the details of actual
implementation of the general combined extremum seeking — sin-
gular perturbation approach developed in this paper. We believe
that working out the details of this example helps to illustrate
exactly how an interested person can apply this approach for the
study of dynamic systems in general.

The unicycle dynamics without controller are given by

X = ucos(f)
X, = usin(0) (34)
0 =v.

The goal is to design an extremum seeking regulator such that
the states x = [x;,x]" converge to a maximizer of a function
F € C? : R> — R which is unknown and only whose values can be
measured. We do not assume that any information about the states
is available.

We propose an extremum seeking controller for the unicycle
model as it is depicted in Fig. 2. Notice that the overall system is
different from (21) but can also be analyzed using the Lie bracket
framework. A similar regulator is presented in Cochran and Krsti¢
(2009) and Scheinker and Krsti¢ (2014). It differs from the results
in Cochran and Krsti¢ (2009) as no sinusoidal perturbations are
explicitly injected. Instead, the periodic excitations are generated
by the special structure of the unicycle model. Moreover, in that
reference the extremum seeking regulator is analyzed using aver-
aging and singular perturbations.

This model and problem formulation are of interest for two
reasons. First, it shows that the available system dynamics can
be utilized in the design of the extremum seeking regulator and
the proposed methodology can also be used for the analysis of
extremum seeking regulator for dynamic maps that do not exhibit
a well-defined steady-state map. Second, in Scheinker and Krsti¢
(2014) the stability of the overall system is conjectured but not
proved. In the following, we deliver the missing proof using the
Lie bracket framework.
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The overall system in Fig. 2 is given by the following equations

d
X, = & _ Jacos(0) (35a)
dt
d
X, = % = J@sin(0) (35b)
T
de k
0 =—=w+ —(—Fx)—2) (35¢)
dr In
d 1
A ) (35d)
dt  u
where we denote % by (-Y and x = [x1,x,]" and assign z to

the state of the filter Lsi'l' Its purpose is to improve the transient
behavior of the overall system. A version without the filter is
presented in Diirr (2015). We see that (35) is not in the form of (6).
However, with some standard transformations it can be brought to
the desired form as we show below.

We perform a time-scale change by introducing t = ﬁ which

yields

_ dX] Xm dt

b= == A/ cos() (36a)
Xy = % = %Z—: = /o sin(6) (36b)
0= %f = Z—f‘;—: = wu + k(—F(x) — 2) (36¢)
Z:%:%%:_F(X)_Z' (36d)

Introduce the change of variables p := 6 —kz, p = § —kz = wu and
replace p by its explicit solution p(t) = wut + p(ty) = wut + po.
Then, we obtain

X1 = u/ow cos(wut + po + kz) (37a)
Xy = u/w sin(wpt + po + kz) (37b)
z=—F(x)—z. (37¢)

Using now the identities cos(a+8) = cos(«) cos(B)—sin(«) sin(B),
sin(a + B) = sin(a) cos(B) + cos(a) sin(B) yields

cos(kz)
M\/a |:sm(l<z):| cos(a)ut + pO)
— —
b1(x1,x2,2)

up(wput)

—sin(kz)| .

[ cos(kz) } sin(wut 4+ po) (38a)

N ———’
by(x1.x2.2)

up(wpt)

Zz=—Fx)—z, (38b)
which is now in the form of (6) and we are ready to apply the results
of the foregoing section. For this purpose, we have to show that all
assumptions are satisfied. Besides the regularity assumptions on
the vector fields, we also need to show stability properties of the
associated Lie bracket system. We see that the function V(y) =
y? satisfies (12) and (13), i.e., %(yy}g(x,y + h(x)) = —y? where
g(x,z) = —F(x)—z,8(x, y+h(x)) = g(x, y —F(x)) = —y. Replacing

z by its quasi-steady-statez = —F(x) we obtain the reduced model
X cos(kF (X))
[;2] = o [— sin(kF(%)) | SOS(@Ht + Po)

—_——
bq(x)

uj(wpt)

] s o)

~———
by (%)

From this, we may derive the Lie bracket system by calculating the
Lie brackets of the vector fields b, and b,

up(wpt)

[b1, b21(%)
i BF_()?) cos(kF(x)) 8F_(>'() cos(kF(x))
—k 0X1 . axz_
IR ey —2ER) Ginkrcx))
L 8x1 3X2
[ cos(kF(X))
" | = sin(kF(%))
8F_()_() sin(F(X)) 8F_()_() sin(kF(x))
k| ok BF}(()Z'c)
— cos(F(x)) —= cos(kF(x))
8)(] 8)(2
[ sin(kF(k))
x _cos(kF()'c)):| (40)
[ OF(X)
ox
=k BF(;?) (41)
L dx;
The associated Lie bracket system is given by
dF(x)
x| _ k| ooz | kg
[)-_(J =5 | orm) | = 2VF(x). (42)
0X,

Based on the previous calculations, we may prove the conjectured
stability by using Theorem 1.

Theorem 9. Consider (37),let F € C?> and k € (0, o). Let S € R" be
a compact set of isolated, strict global maxima of F. Then, S is sSSPUAS
for (37).

For the numerical experiment, we choose F(x) = —1(x3 + 2x3),
which has a maximum at the origin, k = 1, pg = 0 and different
values for i and w. Note that since (42) is a gradient flow, the Lie
bracket system converges to a local maximum of F. Although we
chose F such that the maximum is in the origin, the maximum
can be arbitrary for a general F and depends on the application.
Moreover, we emphasize, that F does not have to be known but
only its value must be available at the respective position of the
unicycle. The results are shown in Fig. 3. We see that for all chosen
values, the slow state x of the extremum seeking system (38a)
as well as the reduced model (39) converges to the minimum of
F. However, comparing Fig. 3a and Fig. 3b we see that for the
same value of w and different values of i the trajectories of (38a)
approach those of (39) for a smaller value of w. In particular, we
choose w = 30 and 1 = 0.001. Comparing now Figs. 3a and 3c, we
see that for the different values of w but the same value of u the
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2.5 r T T T T
— Extremum Seeking System (38a)
- - Reduced Model (39)

2.0( ... Lie bracket System (42)

=0.5 0.0 0.5 1.0 1.5 2.0 2.5
(a) u = 0.001, w = 30.

2.5 T T T T -
— Extremum Seeking System (38a) B
- - Reduced Model (39) —,
2.0( ... Lie bracket System (42)
1.5
1.0F
0.5F
L i
0.0r
—0.5 i i i i i
—0.5 0.0 0.5 1.0 1.5 2.0 2.5
(b) # =0.01, w = 30.
2.5 T T T T T
— Extremum Seeking System (38a)
- - Reduced Model (39) R
2.0 ... Lie bracket System (42) : 3
1.5F
1.0F
0.5
0.0F
—0.5 I I I i I
—0.5 0.0 0.5 1.0 1.5 2.0 2.5

() 1 = 0.001, & = 300.

Fig. 3. Simulation results unicycle model.

trajectories of (39) approach those of (42). However, since u is not
adapted accordingly to w, the trajectories of (38a) elude those of
(39) but converge nevertheless to the extremum of F. This behavior
was also pointed out in the previous section.

5. Summary and outlook

In this paper, we developed a framework for the design and
analysis of extremum seeking systems for dynamic maps based

on Lie bracket approximations. We compared the stability results
with the results in Krsti¢ and Wang (2000) and Tan et al. (2006) and
showed that the analysis based on the Lie bracket approximation
method combined with appropriate singular perturbation tech-
niques provides similar results. General theorems were provided
that allow to analyze the overall systems in a simple and formulaic
way. Moreover, we presented a rigorous analysis of an extremum
seeking controller for a unicycle model presented in Scheinker and
Krsti¢ (2014) and Cochran and Krsti¢ (2009). In particular, the latter
highlights that the presented approach is a powerful and easy-to-
use framework.

Appendix A. Stability definitions

The following stability definitions will be used. Consider the
coupled system (6) with initial conditions x(ty) = Xy € R", z(tp) =
zo € R™, where n,m € N U {0} and assume the existence of a
quasi-steady-state [ : R" — R™. Let S C R" be a compact set.

Definition 2. The set S is said to be singularly practically uni-
formly stable for (6) if for all 4, €, € (0, co0) there exist dx, 5, €
(0, o0) and wy € (0, co) such that for all w € (wyp, co) there exists
a o € (0, oo) such that for all u € (0, uo) and for all to € R

Xo € Uy and zg — I(xo) € U, =
x(t; to, Xg) € U;i and
2(t; to, 20) — I(X(t; to, %)) € U, t € [to, 00).

(A1)

Definition 3. The set S is said to be singularly practically uni-
formly attractive for (6) if for all &y, &, €, €, € (0, 00) there exist
aty € [0,00)and wy € (0, 00) such that for all w € (wp, 00) there
exists a ug € (0, oo) such that for all u € (0, uo) and for all t5 € R

X0 € Uy and zg — I(xo) € Uj, =

t
x(t; to, Xg) € U;j, te [to + 1, oo) and (A2)
w

2(t; to, 20) — I(X(t; to, X0)) € U, t € [to + 7, 00).

Definition 4. The solutions of (6) are said to be singularly prac-
tically uniformly bounded with respect to S if for all 6,6, €
(0, 0o) there exist €y, €, € (0, 0c0) and wy € (0, co) such that for all
w € (wp, oo) there existsa g € (0, co) such that forall u € (0, wo)
and for all t5 € R

Xo € Uy and zg — I(xo) € Uj, =
x(t; to, Xg) € U;i and
2(t; to. 20) — I(X(t; to, X0)) € UL t € [to, 00).

(A3)

Definition 5. The set S is said to be singularly semi-globally
practically uniformly asymptotically stable (sSPUAS) for (6) if
the set S is singularly practically uniformly stable, singularly prac-
tically uniformly attractive and the solutions of (6) are singularly
practically uniformly bounded with respect to S.

Definition 6. If the set S is sSPUAS and the dependence of wg
on w can explicitly be given in Definitions 1-3, we say the set
S is said to be singularly semi-globally practically uniformly
asymptotically stable (sSPUAS) with 1y = po(w).
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The following stability notions coincide with the notions intro-
duced in Diirr et al. (2013) (and partly also with Hahn (1967) and
Khalil (2002)).

Definition 7. The set S is said to be globally uniformly practically
asymptotically stable (SPUAS) if the set S is sSSPUAS for (6) for an
arbitrary u € (0, co), which is independent of w.

Similarly, global stability can be defined as follows.

Definition 8. The set S is said to be globally uniformly asymptot-
ically stable (GUAS) if the set S is sSPUAS for (6) for an arbitrary
w € (0, o0) and arbitrary u € (0, oo), which is independent of w,
e.g, when (6) is independent of w and .

Appendix B. Proof of Theorem 6

In the proof we refer to the stability definitions in Diirr et
al. (2013). Assertion (1) follows from Khalil (2002, Theorem 4.9,
p. 152) using V(x) = —F(x) + F(0) as a Lyapunov function. In
particular, by assumption, S = {0} is a set of isolated, strict
global maxima of F, which implies that V is positive definite and
since —F is radially unbounded, V is also radially unbounded. The
dlrectlonal derivative of V along the vector field in (20) yields
V= VF (x)" VF(x) which is negative definite due to the fact that

{0} is a set of isolated, strict global maxima of F. We conclude
that there exists a K£-function § : R, x Ry — R, such that (28)
and therefore also Assertion (1) holds.

Assertion (2) is shown as follows. First, we see that by Theo-
rem 4, the origin, i.e,, the set S, is SPUAS. Second, let §, D € (0, co)
be given and define K = B := Uf and observe by the fact that (28)
holds for the solutions of (20) and the properties of a K £-function,
that for all Xy € Ugg and for all ty € R we have that x(t; to, Xo) € B,
t > to. Moreover, since S is SPUAS for (19) and therefore, S is for
every § € (0, oo) §-practically uniformly attractive, there exist a
tr € (0,00)and an wg 1 € (0, co) such that for all w € (w1, 00),
forall to € R and for all xo € U X(t; to, Xo) € U5, t € [ty + t7, 00)
or equivalently

”x(t;thxO)” < th € [t0+tf5oo)' (B'l)

Now, consider Diirr et al. (2013, Theorem 1) with K, B, t; as above
and g. Then, we have that there exists an wp > € (0, 00) such that
forallw € (wg 2, 00), forall tp € R and forall xy € Uf

[1X(t; to, Xo)Il

= ||x(t; to, Xo) — X(t; to, Xo) + X(£; to, Xo)l (B.2)
< |Ix(t; to, Xo) — X(t; to, Xo)|l + [IX(t; to, Xo)|l (B.3)
<D+ B(lxoll, t — to), t € [to, to + t5]. (B.4)

Combining (B.1) with (B.4) and choosing wy := max{wo 1, w2} we
see that Assertion (2) holds.

Appendix C. Proof of Theorem 7

The proof goes along the similar lines as the proof of Theo-
rem 6. In particular, Assertion (1) can be shown using the same
arguments.

Assertion (2) is shown as follows. First, we see that by Theo-
rem 1, the origin, i.e., the set S, is SSPUAS. Second, let 6, §,,D €
(0, 0o) be given and define By, = U and B, = U . We observe
that (24) coincides for © = 1 with (19) Since u plays the role of a
time-scale parameter, we may conclude from the Assertion (2) of

Theorem 4 that there exist a K£-function g : [0, co) x [0, c0) —

[0, 00) and an w1 € (0, 0o) such that for all w € (wy,1, 00), for all
to € Rand forall X € Uy

- - - D
1X(¢; to, Xo)ll < B(lIxoll, et — to)) + Z’t € [to, 00). (1)

From Theorem 5 we see that S is SSPUAS for (22). Thus, there exist
aty € (0,00)and wp, € (0, 00) such that for all w € (wg 2, 0)
there exists a o1 € (0, 0o) such that for all u € (0, po,1), for all
to € Rand forall xy € U(;i and for all zp — I(xo) € Us,(0)

t,
X(t; to, %) € U5, t € |:t0 + 1, oo) and
3 n (C2)

z(t; to, 20) — IX(t; to, X0)) € UY, t € [to + ty, 00).
4

Moreover, it follows from Theorem 3 that S is GUAS for (25). Now
consider Diirr et al. (2015, Lemma 1) with B, B;, ty as above and %
and observe that there exists a <£-function y : [0, o) x [0, c0) —
[0, 00) such that for all @ € (wp3,00) there exists a wp2 €
(0, 00) such that for all © € (0, o), forall £, € R and for all
[X0, Zol(X0)] " € Ug x Uy, we have that

. D
lIx(t; to, X0) — X(t; to, Xo)Il < 2 and

llz(t; to, xo) — I(x(t; to, Yo))ll < ¥ (lz0 — Xo)l, t — to) (C3)

D tr
+ —,te|ty,to+ —|.
4 M

Combining (C.1), (C.2) with (C.3) and choosing wy := max{wo 1,
wo,2, wo,3} and po := min{1, wo 1, o2}, we see that Assertion (2)
holds.
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