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Overshoot-Free Steering-Based Source Seeking

Adrian Raisch and Miroslav Krstié, Fellow, IEEE

Abstract— All existing unicycle source seeking results exhibit
limitations in either transient behavior (approach to the source)
or asymptotic behavior (hovering near the source). We present a
composite of two existing control laws, which is both efficient
in approaching the source and shows an excellent behavior
around the source. A local stability result is derived and the
influence of the parameters of the control law is examined.
Finally, simulations show that the combination of the two control
laws provides benefits compared with the use of a single control
law of the two.

Index Terms— Averaging, extremum seeking, nonholonomic
unicycle.

I. INTRODUCTION

HE FIELD of control and navigation of autonomous

vehicles is a rapidly growing field of interest. Special
problems arise in the case where inertial navigation or GPS is
not available. In the areas without such facilities, extremum
seeking control can provide a solution to steer the vehicle
toward a signal source.

Extremum seeking was originally used to optimize the
steady states of dynamic systems, and essential methods
for stability analysis were introduced in [1] and [2]. Over
the last years, the theory of extremum seeking has been
highly developing [3]-[7]. However, extremum seeking was
soon used to also control and steer dynamic systems in
different fields of research: applications, for example, include
combustion engines [8], aircraft endurance maximization [9],
photovoltaic microconverters [10], and wide variety of other
areas of research [11]-[19].

In the field of autonomous vehicles, extremum seeking
was introduced in [20] using a simplified model as an
integrator and a double integrator in order to model a velocity
actuated point mass and an acceleration actuated point mass,
respectively. Further research focused on nonholonomic
unicycle models and gave stability results for them. Different
approaches have been taken for controlling the unicycles,
such as tuning of the angular velocity [21]-[23], tuning
of the forward velocity [24], tuning angular and forward
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velocity [25], or using a second-order Newton-type approach
for estimating the gradient [26].

Two basic approaches to source seeking using the steering
input exist: one approach uses an additive periodic perturba-
tion [21] and is efficient in its convergence to the source,
but results in poor settling at the source and the other uses
a constant perturbation to the angular velocity [22] and is
effective in maintaining tight hovering near the source, but is
inefficient in the convergence toward the source. We combine
those two approaches and achieve the best of both worlds.

Section II introduces the composite control law. At the end
of the section, the local stability result is stated. Section III
gives the proof for the stability theorem given in Section II.
During the analysis, averaging theory is applied to the non-
linear system. Afterward, the averaged system is linearized in
order to conclude the stability result. In Section IV, the per-
formance with respect to a particular parameter of the control
scheme is studied. This is done using the tool of root locus
applied to the linearized average system. Section V supplies
simulations with the proposed algorithm. The influence of
other parameters is considered through simulations. It also
shows the benefits of the combined control scheme compared
with those of the schemes in [21] and [23] alone. Finally,
Section VI presents the conclusions.

II. CoMPOSITE CONTROL LAwW

The unicycle model that is used in this paper is given by

Xe = vcos(d) (1)
Yo = vsin(9) (2)
0 = u. 3)

It has a sensor for measuring a cost function placed at

Xs = Xc + R cos(d) 4)
Ys = Ye + Rsin(9). Q)

Fig. 1 shows a sketch of the setup. The cost function is
assumed to be a quadratic map with circular-level sets, that is

J = f(xs,v5) = f* = q(xs —x* P+ 1ys — ¥*1P).  (6)

The assumption of a quadratic cost function with circular-
level sets for the following stability analysis is somewhat
restrictive. However, there are many signal sources emitting
signals of that type, e.g., thermal or magnetic sources. The
assumption of circular-level sets is a price to pay for being
able to perform source seeking using a steering input with a
constant forward velocity, as opposed to using a less efficient
approach with a forward velocity input in [27]. Furthermore,

1063-6536 © 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.



RAISCH AND KRSTIC: OVERSHOOT-FREE STEERING-BASED SOURCE SEEKING

Ys
Ye

Fig. 1. Sketch of the unicycle.

simulations in this paper show that the proposed control law
still works with more complex cost functions, which are not
covered by the presented analysis. In order to steer the unicycle
to the optimizer (x*, y*), source seeking is used in this paper.
The proposed control law for this purpose is a combination of
two extremum seeking controllers that have previously been
analyzed

u=(1—p)lawcos(wt) + & sin(wt)] +u [Q — c¢£].

uj

)

uy

The two parts of the composite control law are uj, which is
the Cochran-part of the control law, introduced in [21], and u>,
representing the Scheinker-part, originally introduced in [22]
and later refined to its present form in [23]. Both the control
laws are put in relation by the weighting gain x. Obviously, for
& = 0, the unicycle would only be controlled by Cochran’s
controller, and for ¢ = 1, it would only be controlled by
Scheinker’s controller. However, the stability proof given in
Section III constrains u on the interval (0, 1).

In addition to the weighting gain, the behavior of the system
can be influenced by the source-heading gain S (relevant for
how straight the unicycle will head toward the source with
respect to the higher frequency perturbation w), the hovering
gain ¢ (relevant for the circular hovering around the source
and not overshooting through it), and the turning rate Q
(responsible for a slower frequency turning of the unicycle
that will result in a circular movement around the source).
Those constants affect the behavior of the unicycle the most
and their impact is studied in Sections IV and V.

Furthermore, a high-pass filter £ = (s/(s 4+ h))J is applied
to the value of the cost function. The constants «, £, ¢, w,
and Q are assumed to be chosen positive and it is assumed
that o and u are chosen in a way such that the Bessel-
functions Jo((1 — p)a) = (1/27r)f02” el (I=masin() gz and
Ji((1=w)a) = (1/27) [ ei=masin®) sin(1)dr are positive.

A sketch of the overall closed-loop system that illustrates the
interconnection of the different parts of the system is shown
in Fig. 2.

For demonstrating the effect of the composite control law,
Fig. 3 shows the unicycle center seeking a source at the
origin. The plot reveals the basic achieved behavior: while the
unicycle is far from the source, it profits from the Cochran-part
of the algorithm (u1) and gets a rather straight heading toward
the source. Near the source, it transitions into a circular
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hovering around the source caused by the Scheinker-part of
the control law (u7). By this, it benefits from both: the straight
approach brings a fast convergence to the source and circular
hovering eliminates the overshooting through the target.

In order to prepare the stability analysis, an error variable

h

= J—f* 8
=TT f (®)
is defined. Note that by this choice

e=hé ©)

holds. So the overall system can be rewritten as
Fe = vel? (10)
6 = (1 — pw)[awcos(wr) + P& sin(wt)] + u[Q — &1 (11)
é=hé (12)
&= —(qlrs —r*P+e) (13)
ry = re + Rel’. (14)

For this system, the following result holds.

Theorem 1: Consider the system defined by (10)—(14).
Suppose the parameters c, h, g, v, R, a, and S are positive,
# € (0,1) and assume that & = (1 — w)a is chosen,
such that Jy(a) and Jy(a) are positive. Then, there exists an
exponentially stable solution for the center of the unicycle
(x¢, yc) within the annulus defined by

p—O(l) < e =+ (e =y < p+0(1)
w w
(1)

where
20Jo(a)
p= — :
V22 4+ 8(1 — w)BquRIo(@)J1(@) + uQ

Furthermore, the value of the cost function J(¢) converges to
a periodic function within O(1/w) of

f*—q(p*+ R?).
III. PROOF OF THEOREM 1

(16)

a7

In this section, the proof of Theorem 1 is given. To achieve

a better readability
a=(1-poa (18)

is introduced.

A. Shift of the Heading Angle

First, the heading angle 0 is being shifted by —a sin(wt),
which is achieved by introducing

6 =6 — asin(wr). (19)
The dynamics of 0 therefore result in
0 = (1 — wp&sin(or) + ulQ — c&l. (20)

B. Introducing Error Variables

Next, an error vector between the current vehicle position
and the optimal position is introduced as

Fo=1% —re = |Fcled” 1)
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e =vcosd Sensor: :
Yl o =vsing TerYer0 | o ¥ Reos@| “=Ys |Cost function:| J
> =
J =
b=u Ys = Yo + Rsin® f(@s,ys)

control law:

washout filter:

u (&, sin wt, cos wt)

]

sin(wt)  cos(wt)

Fig. 2. Sketch of the closed-loop system.

from which follows that the unicycle would need the optimal
steering angle:

0* =arg(r;) = —j ln( e )

I7el

(22)

in order to head to the optimizer.

This stability analysis exploits the circular-level sets of
the cost function, which makes it possible to investigate the
distance of the unicycle to the optimizer in a meaningful
manner. So the two error variables

(23)
(24)

Fe = |7
6 =0—6"=80—asin(wt) —0*
are introduced, where 7. is the distance of the unicycle to

the source and @ represents an error between the actual and
optimal steering angles.

C. Dynamics of the Error Variables

The dynamics of those error variables are given by

L df] AR
T odr dt
1 (dfc; s dfc)
’ /fc;_'c dt dt
——
:|;c'|

_ 0 (ejme*) + ej(@é*))
2

—v cos(d + a sin(wt))

(25)

and using

do* d|: - (fc )i| ,|fcl(d|: Fe :|)
= 7| —J I\ =—J—=\\ =

dt dt |7e] re \dit /’aC’aC

1 Y
= JWlw(l)e]‘9 +€j€ (—l) COS(G)))
c

sin((@ — 6%))
e\ A}
re
) sin(d + @ sin(wr))

Te

(26)

S

s+h

A b

Fig. 3. Center position of the unicycle. The plot reveals the basic behavior:
a straight approach to the source and a circular hovering around it without
overshooting. The used parameters are o = 3, f = 35, ¢ = 8, u = 0.5,
w=4r, Q=027, h =10, R=0.1, v = 0.5, and ¢ = 2.

it follows that:

do ,
o = (L= wpesin(@n) + ulQ - cé]
. sin(d + (Zz sin(wt)) 27
Te
where ¢ can now be expressed as
&= —q(F2 + R*> — 2R7. cos(d + asin(wr))) —e. (28)
D. Averaging
Changing the time scale to 7 = wt yields
dr, ~
e _ 2 cos(f 4 a sin 1) (29)
dt w
o 1 , 1
7. = g~ mhdsing + —plQ —cl]
T o 3 1)
v sin(6 —i:& sin 7) (30)
10} Te
de h
= _ = 31
== ~ 31
&= —q(Fcz + R? — 2R7, cos(d + a sin 7)) —e.  (32)
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This is in the standard form for averaging over 7 with
period 2z as introduced in [28]. In the following, the
Bessel-functions Jy(a) = (1/271)[02” elasin® s as well as
Ji(a) = (1/2x) fozn e/ gin(t)dt are used. They become
necessary during the calculation of the average system, which
is found in Appendix A. It results in

df?v _ _DJO(d) COS(éaV) (33)
dz i
do _ l#[g e sin(6%)

dr w

x[”?asa) —2(1 — w)BgRJ, (&)Fé‘v} (34)

de®™ h _,,

dr - 55 33

V= g (R2+(f;W)2—2Rf;WJO(a)cos(éaV))—eaV. (36)

Those equations describe the average behavior of the unicycle
with respect to the high-frequency perturbation w.

E. Equilibria of the Average Error System

Next, the equilibria [FIV-69 gav-ed oav.ed] of the average
error system (33)—(36) are determined. From (33), it follows
that:

Oy = 5 (37)

and (35) with (36) lead to
g =0 (38)
= M= g+ RY). (39)

With those results and by multiplying with 72", (34) becomes
two quadratic equations in 72V for the two different

angles éla’vz’eq
[—2(1— @) fqRI1(@)]FX)? + [£u Q1Y) + [vJo(@)] = 0.

(40)

Note that 7. is defined as an absolute value and 7. > 0 has to
hold. y

Thus, for ;""" = +(x/2), the only equilibrium is given
by

_ uQ+ Vi Q% 1 8(1 — 1) BgRJ1(@)o Jo (@)

Pl = (41)
4(1 = w)BqRJi(a)

For é;v’eq = —(x/2), the only equilibrium is given by
1y — VPRS0 = WPGRNGOI@ — 4@ o

4(1 — w)pqRJI1(a@) '

In summary, systems (33)—(36) have the two equilibria

V3

[pl, +5.—a(pt + Rz)} (43)
i+ R 44
P2, 2 s Q(pz + R ) . ( )

Note that those equilibria represent two different radii
p1 and py with the source to the right (0**1 = +(x/2))
and to the left (6*"-°*4 = — (= /2)) of the unicycle, respectively.
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F. Linearization at the Equilibria

Next, the averaged system is linearized at its equilibria in
order to analyze the local stability of those. The Jacobian at
the equilibrium is given by

1 0 A2 0
A= > Ay A An (45)
A3zl Axn Az
where
A1y = vJy(a) sin éiwz,eq (46)
vJo(a) B Lo
Ao = 2cqupip — 2[ Py +(1— H)ﬁfl(a)i| sinf)5
12

47)
Ay = 2cquRJp(G)p1,28in élavz’eq (43)
Ay =cu (49)
Azl = —2hqgp1 (50)
A3y = —2hqRJo(@)p12sin 0} 5" (51)
A3z = —h. (52)

G. Stability of the Linearized System

In order to conclude the stability of the linearized average
error system, the roots of the determinant |s/ — A| have
to be in the left half plane. In this case, the characteristic
polynomial |sI — A| is of the form a3s3 +ars? +ays! —i—aoso.
According to the Hurwitz-criterion, this polynomial has its
roots in the left half plane if a; > 0 and aya; —azao > 0 hold.
Since a multiplication of A with a positive constant does not
change the stability properties, A = wA is considered. The
characteristic polynomial in this case is

N s —Ap 0
|sI —Al=|—A2 s—Axn —Ax
—A31  —Azp  s— Az

=5 + 57 (—An — A33)
[ ————
=ap
+5 (AnA33 — A3Az — ApAo)
=a)

+ (A12(A21433 — Ax3A31)).

=agp

(33)

During the consideration of both equilibria, the following
relations are used:

a; = ApAszz — Ax3Az — ApAy = —ApAy (54)

and

ara; —azap = A12(A21A2 + A2z A31). (55)

1) Stability of the First Equilibrium: For the stability analy-
sis of the first equilibrium [p1, +(7 /2), —q(p12 + R?)], a look
at ap is taken

. vJo(a
ay = —21)10(0!)(061,@1 - [ 25 )
i

+ (A —wph (&)D.
(56)
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This—by choice of a sufficiently small c—could be made
positive. However, now take a look at

R
aay — azap = 2cq,uRp11)J()2(5c)( — ;al — h) 57

Since all the constants in (57) are positive and the coefficient
a1 has to be positive, axa; — aszap is always negative. Thus
the first equilibrium of the average system is unstable.

2) Stability of the Second Equilibrium: Now the second
equilibrium point of the averaged error system is considered:
[p2, —(7/2), —q(p% + R?)]. Here, the coefficients of the
characteristic polynomial become

ap = 2tho(&)|:DJZ§&) + (1 —w)Bh (07):| (58)
2
a = 21;]0(&)(66]/1P2 " [”’;g“) fa- ﬂ)ﬁh(&)D (59)
2

ay = 2cquRJo(@)pa + h. (60)

Obviously, if ¢, h, q, v, R, B, Jo(a), and Ji(a) are positive,
it holds that a; > 0. Furthermore

axa) — azao

= 2cqoudo(a)ps (ZRJO(d)(cq,upz
+ [“’;ji‘” +(1— wph (&)D + Pz)

’ (61)

is always positive under the same conditions. Thus, by the
Hurwitz-criterion, the linearization of the averaged error sys-
tem is exponentially stable.

Remark 1: The radius p can also be written as

_ 2vJo(a)
P P 1 801 — pauR I @) + u

as it is used in Theorem 1.

62)

H. Stability Result

As shown before, the equilibrium point of the average error
system is locally exponentially stable. Thus, by averaging
theory, the error system will locally converge to a region
around the equilibrium of the average error system. This
means that the original system will locally converge to an
O (1/w)-small region around the optimizer.

IV. PERFORMANCE STUDY USING ROOT LocCUs

Due to the structure of the characteristic polynomial, it is
possible to examine the influence of the hovering gain ¢ on the
behavior of the closed-loop system by using the root locus.

A. Characteristic Equation
The characteristic equation of the linearized average error
system is given by

s3+a252+als+a0 =0 (63)

where ag, a1, and a> are given by (58)—(60). The hovering
gain ¢ only influences a; and a;. Furthermore, using

(64)
(65)

az = azic + ayo
a; = ajic +ayp

where az1, azo, aii, and ajo are independent of ¢, the last
coefficient ag can be written as

ap = aodaio. (66)

Therefore, the characteristic equation is a third-order equation
in s and has the form

53 + (az1¢ + ax)s* + (ayic +aip)s +ap = 0. (67)
B. Poles and Zeros
The characteristic equation (67) can be rewritten by
1 4 G218 Fa1)s 0. (68)

s3 + arps? + ajos + ao -
This is in the standard form for root locus for the parameter c.
For this purpose, the fraction in this characteristic equation is
interpreted as an open-loop transfer function with the same
characteristic polynomial

(a215 +an)s
§3 + anos? +ajos +ao’

Go(s) = (69)
Due to the special structure of the denominator polynomial—
because of ap = ajpazo—the poles of Go can easily be
calculated. The zeros z; and poles p; are given by (the
calculation of the poles is given in Appendix C)

71=0 (70)
)
=—— 71
22 R (71)
and
p1 = —h (72)
—p3 =—p3

= 2(1 — w)poJo(a)J1(a)

(/1292 4801 — 0gv RIo@) 1 @) + n)’
3

where obviously p3 = — p> holds.

C. Root Locus

Next, the root locus can be drawn. Applying the rules given
in [29] results in Figs. 4 and 5.

The root locus is divided into two different scenarios: the
case where & > (v/R) and the case where i < (v/R).
Remember that the root locus corresponds to the linearized
average error system between the actual position of the uni-
cycle and the optimizer. This means that if all roots are in
the left half plane (the origin of the linearization is stable),
the unicycle will converge to some trajectory with distance p
from the optimizer, e.g., an annulus.

For complex conjugate roots, the unicycle will perform a
periodic movement around this trajectory. In the case of at
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Jm
2]
ct
c? Re
v
~h -2
ct
K—p2
Fig. 4. Root locus, first scenario: 2 > (v/R).
Jm
et K D2
cT
Fig. 5. Root locus, second scenario: & < (v/R).

least one root located near the imaginary axis, it will take a
much longer transient time until the trajectory is approximately
reached.

The two cases 7 > (v/R) and & < (v/R) have to be
distinguished. At this point, note that the analysis tells that
h has no influence on the equilibrium point of the averaged
system and the only influence of 4 is on the location of the
single pole at —/ in the root locus. Since R and v are assumed
to be known (v can actually be chosen), it is possible to
deliberately choose between the two scenarios by making an
appropriate choice of 5.

Obviously, in both the cases, a small hovering gain ¢ leads
to dominating oscillations and a very large ¢ leads to a
dominating pole near the imaginary axis. Both—very large
and very small c—are not desirable as the small ¢ will lead to
an overshooting behavior, and a too large ¢ makes the conver-
gence toward the optimizer slow. Therefore, an intermediate
hovering gain ¢ becomes necessary in order to get a good
performance of the closed loop. Furthermore, (73) reveals that
the oscillation becomes worse for large Q and f.

823

Q=017

40
Time (s)

60 80 100

Fig. 6. Development of x. for different values of the turning rate Q:
a larger Q leads to a higher frequency with which the unicycle circles around
the optimizer. The used parameters are f# = 40, ¢ = 10, u = 0.5, and w = 4x.

V. SIMULATION RESULTS

In this section, the influence of other parameters of the
control law is considered using numerical simulations.

A. Study of the Effect of the Turning Rate Q

To study the influence of Q, first, consider the unicycle only
controlled by the second controller 13, which can be expressed
by u = 1. This case was already studied in [23]. Using é = h¢,
the steering angle § can be integrated over time in this scenario

t
0(1) = / @) ;. (74)
0 dt
t
- / [Q — c(o)ldr (75)
0
C C

Since the influence of this second controller should primar-
ily be in an area close to the optimum and thus after a transient
time, the initial condition ¢(0) can be neglected. Furthermore,
close to the optimum, the error variable e(¢) should be small.
By this, it follows that the steering angle 8 is mainly governed
by Qt. This indicates that the turning rate Q influences
the frequency with which the unicycle circles around the
optimizer when it approaches it. When using the full con-
trol law, this frequency is not only determined by €, but
by ©«€Q. Simulations confirm those thoughts: Fig. 6 shows the
xc-coordinate of the unicycle for different values of Q over
time. It can be seen that a higher Q leads to a higher frequency
with which the unicycle is moving around the optimum, once
it reaches a region around it. Another influence of Q is
revealed during the stability analysis: a growing Q decreases
the radius p of the annulus along which the unicycle will hover
around the optimum.

However, simulations show that if Q is not much smaller
than o, the transient behavior is influenced in a negative
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6 -
5 -
4+
o 3
>
2
Q=0.125w
1r Q=0.25w
Q =0.5w
Q=0.750
or Q=1w
Q =1.5w
—1 C 1 1 1 1 1 1 i 1 1 1
-1 0 1 2 3 4 5 6 7 8
X
[
Fig. 7. Planar plot for different ratios of Q and w. The other parameters

used are w = 4r, ¢ = 10, u = 0.5, and S = 40.

ot
- -50F
c
o
©
c
=
s
7}
S

-100

-150 [ |

0 50 100 150 200
Time (s)

Fig. 8. Cost function for different ratios of Q and w. The other parameters

used are w = 4rx, ¢ =10, u = 0.5, and g = 40.

way and extends the transient time: The first controller u
needs a high frequency w to seek the direction of descent,
but a comparable large Q interferes this search. Therefore,
it is recommendable to choose Q and @ in a way that
@ > 4Qu (since Q is in fact multiplied by x but not w,
the multiplication is necessary for this estimation). This effect
is seen in Figs. 7 and 8.

B. Study of the Effect of the Source-Heading Gain 8

The study of the influence of the parameter f is divided
into Sections V-B1-V-B3.

1) Oscillation Around the Source: The root locus of ¢ shows
that for sufficiently small ¢, an increasing source-heading
gain S will influence the oscillation around the annulus that
the unicycle will perform. More precisely, for a larger f,

25r

15F

Fig. 9. Center position for different values of §: a larger £ results in bigger
oscillations around the annulus. The parameters used are ¢ = 1, Q = 0.2x,
and u =0.5.

2_
s
p=15
1.5 po
——3=40
1—.
05r
o
>
0-
05
-1F
1.5 : .
2 25

Fig. 10. Center position for different values of #: a larger f results a smaller
radius of the annulus. The other parameters used are ¢ = 8, Q = 0.27,
and 4 =0.5.

the oscillations will have a higher frequency. Furthermore,
simulations indicate that the amplitude of those oscillations
is larger for an increasing S. Fig. 9 shows the plots of the
unicycle close to the optimizer for different values of the
source-heading gain £ to illustrate this thought.

2) Radius of the Annulus Around the Source: The stability
analysis, especially the calculation of the radius p, shows that
increasing S decreases the radius p of the annulus around the
optimizer. This can be best seen when p is expressed as

B 20Jp(a)
p= V22 £8(1 — p)BquRIg(@) 1 (@) + uQ

(77)

Fig. 10 shows this point using simulation results for a larger
value of ¢ compared with that in Fig. 9 to suppress the
oscillations around the annulus.
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Fig. 11.  Center position for different values of £: a larger f results a
straighter approach toward the optimizer. The other parameters used are ¢ = 8,
Q =0.57, and 4 =0.5.

3) Transient Behavior: As the first part u of the control law
is included for its benefits in the transient behavior, the most
interesting influence of the source-heading gain f grounds
in this area. Here, simulations show that increasing f brings
advantage to the transient behavior as the unicycle then heads
(in an average sense over the fast oscillation w) more directly
toward the optimizer. In Fig. 11, this concept is illustrated
for two different setups of parameters. In both the cases,
an increase in S results in a straighter approach of the unicycle
to the optimizer.

C. Study of the Effect of the Weighting Gain u

The parameter u is responsible for putting the two control
laws u; and up in relation. Choosing 4 — O increases the
influence of u, whereas # — 1 increases the influence of u5.
In consequence, the related properties of the particular control
law get more influence. Note that x4 is mathematically not
necessary for the overall control law. It is also possible to
redefine a, B, Q, and ¢ by (1 — w)a, (1 — w)f, uQ, and uc,
respectively, since those four parameters can basically be
chosen independently. Using the redefinitions, the analysis
works out analogously. However, for practical reasons, it is
helpful to have the weighting gain x. With this, it is possible
to adjust the parameters of the two control laws independently
and more conveniently. It is also helpful for analyzing the
effects of #; and up and finally for weighting those two.
Fig. 12 shows how changing x modifies the behavior of
the overall system toward the effects of either of the control
laws: for smaller u, the behavior is dominated by the straight
approach to and overshoot through the optimizer, caused
by u. For larger u, the circling approach of u#, dominates
and the unicycle stays closer to the optimizer once it reaches a
region around it. Fig. 13 shows the corresponding cost function
over time to Fig. 12. It reveals that the unicycle not only
approaches the source straighter when using the combination
of the two controllers compared with using u; but also that it
reaches the source faster. In Fig. 13, the composite control law
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Fig. 12.  Center position for different values of the weighting gain u:
varying the parameter x increases the influence of either u or uy. The other
parameters used are ¢ = 10, Q =z, and f = 40.
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Fig. 13. Cost function for different values of the weighting gain ux. The

other parameters used are ¢ = 10, Q = =z, and f = 40.

with ¢ = 0.5 yet leads to a faster approach than weighting u
more (u = 0.1).

VI. CONCLUSION

Extremum seeking for the nonholonomic unicycle has been
investigated. In particular, the local convergence to a region
around the optimizer was shown for a combination of two
existing source seeking algorithms. Furthermore, the influence
of the parameters of the control law was examined and some
reasonable borders for them were given.

Finally, the simulations revealed that the composite control
law brings benefits to the behavior of the closed-loop system:
The unicycle is able to reach the optimizer faster and stays
closer to it than using only one of the considered control
schemes. It turns out that a combination of the two control
laws with u (1/2) is a superior choice and gives great
advantage to the behavior of the closed-loop system.
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APPENDIX A
CALCULATION OF THE AVERAGE SYSTEM

In this section, the average of the error system (29)—(31)
is calculated. During the calculations, the Bessel-
functions Jo(a) = (1/2x) fozﬂ elasingr and Ji(a) =
(1/27) fOZE e/asin®) gin()dt are used.

Since the system is in standard form for averaging, as it is
introduced in [28], the average of (29) is calculated to

~av
drd

dt  2nw 0

1 2

—vcos(@ + asint)dr
0 2r

— _2 %(ejéejdsinr _}_efjéefj&sinr)d,[
Tw Jo

D) s 2 s 2 U
- _ ej@/ eJsine o +e—j€/ e Jasint .
4w 0 0

=2r Jo(a)
= 2@ lejé + le*jé
w 2 2

Jo(a -
=0 (UQ) cos 0.
w

=2r Jo(—a)

(78)
Applying averaging to (30) results in

déav
dr

2rw 0

2r
[ﬂ[Q — (]
Dsm(@ —|—~asmr) La —,u)ﬁfsinri|dr
Te
sin 02

Fav
rC

1
— u[Q — &™) + 2 Jo(@)
w w

2

1
+ — (1 —p)pésintdr
2rw 0

()
and with
1 27
(%) = — (1 — w)p&sintdr
2w Jo

1— 27 -
_d-wp [2q R7c cos(d + a sin )] sin zdt
2w w 0

2(1 — w)BqRic
2T w

2 - ~
y / b l[ej(0+dsinr) +efj(0+&sinr)]sin dt
0o 2

_ 24— p)pqRre [27, J (ejéjl @) —e 07, (&))}
2T w 2
= _%(1 — WBqRI\(@)Fcsind (79)

this results in

dow 1 e . SinG
= —u[Q — &™) 4 T
dt ) 1)
vJo(a .
x [ 0D 20— wpakay (a)rﬂ (80)

where
1 2
V= — édr
2rw 0
= —q(R? + (F™)? — 2RF™ Jo (&) cos O™) — e™.  (81)
The average of (31) is given by
de™ h
= e (82)
dt 0}
APPENDIX B

PROOF OF REMARK 1

Since

=V

s _ (V92 80— WPgrRIN@H@ O\
7= 40— wpaRI@) ) ®
(B — pQP (B + 4

= 84
(41 — WPgRI(@))*(Vw + uQ)? 9
_ (o - p(w + p ) )
(40 = wpaRN@P (VB + n02)?
B (0 — 12Q2)? 56)
C 41— w)BaRII(@))(Vw + uQ)?
_ @0 —mpqvRIo(@)]i (@))* 87)
(41 — WPgRI(@))*(Vw + uQ)?
M@ 88)
(Y + pQ)?
and p > 0, obviously (62) holds. O
APPENDIX C
CALCULATION OF THE POLES OF Gy(s)
In this section, the calculation of the poles of
_ (a21s +ain)s
Gols) = §3 + aros? + ajos + ao (89)
with
ap = axpaio (90)

is given. Gy is introduced in (69). Due to the special structure,
the roots of the third-order denominator polynomial can be
easily computed. Using the ansatz

(s = p1)(s — p2)(s — p3)
= 5> +5*(—=p1 — p2 — p3)
+s(p1p2+ p1p3 + p2p3) + (—=p1p2p3)

1
=5+ a20s2 + aios + ag o1
it follows that:
axoaio = —p1p2p3 (92)
aio = pip2+ pip3+ pap3 (93)
axp = —p1— p2 — p3. 94)
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Using the guess that there are two complex conjugate poles
(p2 and p3) on the imaginary axis, from which follows
p3 = —p2, (94) gives the first pole as:

p1 = —a. (95)
With this, (93) yields
ai = —aop2 +aiop2 — p3 = —p3 (96)
from which p, and p3 follow to:
p2 = ~/—aio o7
P3 = —+/—aio. (98)

Finally, (94) can be used to verify the result. Plugging in the
poles p;, it gives

azxoaio = —(a20) (v —a10)(—~/—aio)

which is true.

99)
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