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ISS IN DIFFERENT NORMS FOR 1-D PARABOLIC PDES
WITH BOUNDARY DISTURBANCES∗

IASSON KARAFYLLIS† AND MIROSLAV KRSTIC‡

Abstract. For one-dimensional parabolic partial differential equations with disturbances at
both boundaries and distributed disturbances we provide input-to-state stability (ISS) estimates in
various norms. Due to the lack of an ISS Lyapunov functional for boundary disturbances, the proof
methodology uses (i) an eigenfunction expansion of the solution, and (ii) a finite-difference scheme.
The ISS estimate for the sup-norm leads to a refinement of the well-known maximum principle for the
heat equation. Finally, the obtained results are applied to quasi-static thermoelasticity models that
involve nonlocal boundary conditions. Small-gain conditions that guarantee the global exponential
stability of the zero solution for such models are derived.
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1. Introduction. The extension of the input-to-state stability (ISS) property
(first developed by E. D. Sontag in [31]) to systems which are described by partial
differential equations (PDEs) requires novel mathematical tools and novel approaches.
Extensions of the ISS property to PDE systems have been pursued in many recent
articles (see, for example, [1, 2, 4, 5, 6, 7, 12, 13, 18, 22, 23, 21, 24, 25, 28]). In
particular, for PDE systems there are two qualitatively distinct locations where a dis-
turbance can appear: the domain (a distributed disturbance appearing in the PDE)
and the boundary (a disturbance that appears in the boundary conditions). Most
of the existing results in the literature deal with distributed disturbances. Boundary
disturbances present a major challenge, because the transformation of the boundary
disturbance to a distributed disturbance leads to the ISS property with respect to
the boundary disturbance and some of its time derivatives (see, for example, [2]).
This is explained by the use of unbounded operators for the expression of the effect
of the boundary disturbance (see the relevant discussion in [12, 13, 22] for inputs in
infinite-dimensional systems that are expressed by means of unbounded linear opera-
tors). Moreover, although the construction of Lyapunov functionals for PDEs has pro-
gressed significantly during the last years (see, for example, [1, 15, 16, 20, 23, 25, 28]),
none of the proposed Lyapunov functionals can be used for the derivation of the ISS
property with respect to boundary disturbances. Indeed, there is no guarantee that
an ISS Lyapunov functional exists for PDEs with boundary disturbances, since all
converse Lyapunov results require the so-called “concatenation property” for the al-
lowed disturbances (see [15, 25]). Unfortunately, the “concatenation property” does
not hold for boundary disturbances. This complexity was noted in [18], where the
state space was time-varying and closely related to the boundary disturbance itself.
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The recent article [18] suggested a methodology for obtaining ISS estimates with re-
spect to boundary disturbances for one-dimensional (1-D) parabolic PDEs. The main
idea in [18] was the eigenfunction expansion of the solution and the avoidance of re-
quiring the state to take values in a constant state space: the evolution of the state
was considered to take place in a parameterized convex set. The obtained ISS esti-
mates were expressed in weighted norms. Additional results for ISS and integral-ISS
of infinite-dimensional systems, subject to inputs which act on unbounded operators,
were recently given in [12, 13].

This paper focuses on 1-D parabolic PDEs with disturbances acting on both
boundary sides and distributed disturbances. The purpose is the establishment of the
ISS property in various state norms. While an ISS estimate in the norm is derived
(Theorem 2.3) by performing an analysis similar to that proposed in [18], this is not
the case with different function norms. To this end, we develop here a finite-difference
scheme, which allows the derivation of ISS estimates expressed in weighted L∞ and L1

norms (Theorems 2.2 and 2.4). Finite-difference schemes have in the past been used
with success for various PDEs (see, for example, [14]). The obtained estimates of the
gains of the boundary disturbances are exact, in the sense that constant disturbances
lead to equilibrium profiles for which the norms are exactly equal to the estimated
gains.

Therefore, it can be claimed that the present paper develops a novel mathe-
matical tool that can be used for the derivation of the ISS property for boundary
disturbances: the utilization of finite-difference schemes. Another important feature
of the present work is the fact that the ISS estimate in the L∞ norm for the heat
equation (Corollary 2.5) leads to a refinement of the well-known maximum principle
for the heat equation (see, for example, page 215 in [14]).

The obtained ISS estimates can be exploited, by means of small-gain arguments,
for the stability analysis of parabolic PDEs with nonlocal boundary conditions. This
is shown in section 3 of our paper, where we study a 1-D quasi-static thermoelasticity
model. The model involves nonlocal boundary conditions and was proposed and first
studied in [8, 9]. Stability conditions for 1-D quasi-static thermoelasticity models
have been given in [8, 9] and in [10, 11, 19] (for numerical stability of discretization
schemes). We exploit the ISS estimates for 1-D parabolic PDEs and provide small-gain
conditions for the global exponential stability of the zero solution in various norms
(Theorems 3.1, 3.2, and 3.3). The obtained stability conditions are weaker than the
conditions proposed in the literature.

The structure of the paper is as follows. Section 2 is devoted to the presentation
of the problem and the statement of the main results, which allow the derivation of
the ISS estimates in various norms (Theorems 2.2, 2.3, and 2.4). Specific results are
provided for the heat equation with Dirichlet boundary conditions (Corollary 2.5).
The main results on the global exponential stability in various norms of the zero
solution for quasi-static thermoelasticity models are given in section 3 (Theorems 3.1,
3.2, and 3.3). Section 4 of the present work contains the proofs of the main results.
The concluding remarks of the paper are provided in section 5. Finally, the appendix
contains the proofs of some auxiliary technical results, which were used in section 4.

Notation. Throughout this paper, we adopt the following notation.
∗ Let U ⊆ Rn be a set with nonempty interior and let Ω ⊆ R be a set. By

C0(U ; Ω), we denote the class of continuous mappings on U , which take values in Ω.
By Ck(U ; Ω), where k ≥ 1, we denote the class of continuous functions on U , which
have continuous derivatives of order k on U and take values in Ω. When Ω ⊆ R is not
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explicitly given, i.e., when we write Ck(U), we mean that Ω = R. For x ∈ C1([0, 1]),
x′(z) denotes the derivative with respect to z ∈ [0, 1].
∗ R+ denotes the set of nonnegative real numbers. For a real number x ∈ R, [x]

denotes the integer part of x, i.e., the greatest integer which is less or equal to x.
∗ Let x ∈ C0(R+ × [0, 1]) be given. We use the notation x[t] to denote the profile

at certain t ≥ 0, i.e., (x[t])(z) = x(t, z) for all z ∈ [0, 1]. H2(0, 1) denotes the
Sobolev space of continuously differentiable functions on [0, 1] with measurable, square
integrable second derivative. L2

r([0, 1]) denotes the equivalence class of measurable

functions f : [0, 1]→ R for which (
∫ 1

0
r(z)|f(z)|2dz)1/2 < +∞.

2. ISS in various norms. We focus on perturbations of 1-D parabolic PDEs
ẋ+Ax = 0 for which the linear operator A is a Sturm–Liouville operator. In order to
describe precisely the class of systems studied in the present work, we first describe
the properties of the corresponding Sturm–Liouville operator.

Let p ∈ C1([0, 1]; (0,+∞)), r ∈ C0([0, 1]; (0,+∞)), q ∈ C0([0, 1]) be given func-
tions and consider the Sturm–Liouville operator A : D → L2

r([0, 1]), defined by

(2.1) (Af)(z) = − 1

r(z)
(p(z)f ′(z))

′

+
q(z)

r(z)
f(z) for all f ∈ D and z ∈ (0, 1),

where D is the set of all functions f ∈ H2(0, 1) for which

(2.2) g0f(0) + v0f
′(0) = g1f(1) + v1f

′(1) = 0,

where g0, v0, g1, v1 are real constants satisfying the following assumptions.
(H1) Either v0 > 0 or v0 = 0 and g0 < 0.
(H2) Either v1 > 0 or v1 = 0 and g1 > 0.
Fact (see Chapter 11 in [3] and pages 498–505 in [26]). All eigenvalues of the

Sturm–Liouville operator A : D → L2
r([0, 1]), defined by (2.1), (2.2) under (H1), (H2)

are real. They form an infinite, increasing sequence λ1 < λ2 < · · · < λn < · · ·with
lim
n→∞

(λn) = +∞. To each eigenvalue λn ∈ R (n = 1, 2, . . .) corresponds exactly one

eigenfunction φn ∈ D
⋂
C2([0, 1]) that satisfies Aφn = λnφn. The eigenfunctions form

an orthonormal basis of L2
r([0, 1]).

In this paper (as in [18]), we also make the following assumption for the Sturm–
Liouville operator A : D → L2

r([0, 1]), defined by (2.1), (2.2).
(H3) The Sturm–Liouville operator A : D → L2

r([0, 1]) defined by (2.1), (2.2),
where g0, v0, g1, v1 are real constants satisfying (H1), (H2), satisfies

(2.3) λ1 > 0

and

(2.4)

∞∑
n=1

λ−1
n max

0≤z≤1
(|φn(z)|) < +∞.

Assumption (H3) is a technical assumption. Inequality (2.3) guarantees asymp-
totic stability for the unperturbed system ẋ+Ax = 0. Since the ISS property implies
asymptotic stability of the unperturbed system, it follows that inequality (2.3) must
necessarily hold for systems satisfying the ISS property. Inequality (2.4) is a spectral
condition that guarantees regularity of the solutions of the studied parabolic system
(see the existence results in [18]).
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Consider the parameterized convex set

X(µ0, µ1) :=
{
x ∈ C2([0, 1]) : g0x(0) + v0x

′(0) = µ0 , g1x(1) + v1x
′(1) = µ1

}
(2.5)

with parameters µ0, µ1 ∈ R. Given d0, d1 ∈ C0(R+), u ∈ C1(R+ × [0, 1]), and x0 ∈
X(d0(0), d1(0)), we study the solution x ∈ C0(R+× [0, 1];R)

⋂
C1((0,+∞)× [0, 1];R)

for which x[t] ∈ X(d0(t), d1(t)) for all t ≥ 0, x(0, z) = x0(z) for all z ∈ [0, 1], and

(2.6)
∂ x

∂ t
(t, z) =

p(z)

r(z)

∂2 x

∂ z2
(t, z) +

p′(z)

r(z)

∂ x

∂ z
(t, z)− q(z)

r(z)
x(t, z) + u(t, z)

for all (t, z) ∈ (0,+∞) × (0, 1). In other words, we consider the solution of the
evolution equation (2.6) that satisfies for all t ≥ 0 the boundary conditions

(2.7) g0x(t, 0) + v0
∂ x

∂ z
(t, 0) = d0(t), g1x(t, 1) + v1

∂ x

∂ z
(t, 1) = d1(t).

The inputs d0, d1 are boundary disturbances and appear only at the boundary
condition, while the input u is a distributed input that appears in the differential
equation. Under sufficient regularity properties for the disturbances d0, d1 ∈ C0(R+),
we are in a position to guarantee that a classical solution exists for the evolution
equation (2.6) with (2.7). This is guaranteed by the following result.

Theorem 2.1. Suppose that assumptions (H1), (H2), and (H3) hold. Then for
every d0, d1 ∈ C2(R+), u ∈ C1(R+ × [0, 1]), and x0 ∈ X(d0(0), d1(0)), the evolution
equation (2.6) with (2.7) and initial condition x0 ∈ X(d0(0), d1(0)) has a unique
solution x ∈ C0(R+× [0, 1])

⋂
C1((0,+∞)× [0, 1]) for which x[t] ∈ X(d0(t), d1(t)) for

all t ≥ 0 and x(0, z) = x0(z) for all z ∈ [0, 1].

Theorem 2.1 guarantees that for any given x0 ∈ C2([0, 1]), u ∈ C1(R+ × [0, 1]),
there exists a nonempty set Φ(x0, u) ⊆ C1(R+;R2) such that the following implication
holds.

“If (d0, d1) ∈ Φ(x0, u), then the evolution equation (2.6) with (2.7) and initial
condition x0 ∈ C2([0, 1]) has a unique solution x ∈ C0(R+ × [0, 1])

⋂
C1((0,+∞) ×

[0, 1]) for which x[t] ∈ C2([0, 1]) for all t ≥ 0 and x(0, z) = x0(z) for all z ∈ [0, 1].”
Indeed, Theorem 2.1 guarantees that{

d0, d1 ∈ C2 (R+) : d0(0) = g0x0(0) + v0x
′
0(0), d1(0) = g1x0(1) + v1x

′
0(1)

}
⊆Φ(x0, u).

The following result is the first main result of the section. It provides an ISS estimate
of the solution of (2.6), (2.7) in a weighted L∞ norm under the following assumption.

(H4) There exists a function η ∈ C2([0, 1]; (0,+∞)) and a constant σ > 0 such
that p(z)η′′(z) + p′(z)η′(z) − q(z)η(z) = −σr(z)η(z) for all z ∈ [0, 1]. Moreover, the
inequalities g0η(0) + v0η

′(0) < 0 and g1η(1) + v1η
′(1) > 0 hold.

Theorem 2.2. Suppose that assumptions (H1), (H2), (H3), and (H4) hold. Then
for every x0 ∈ C2([0, 1]), u ∈ C1(R+ × [0, 1]), and (d0, d1) ∈ Φ(x0, u), the unique
solution x ∈ C0(R+× [0, 1])

⋂
C1((0,+∞)× [0, 1]) of the evolution equation (2.6) with

(2.7) and initial condition x0 ∈ C2([0, 1]) satisfies the following estimate for all t ≥ 0:

‖x[t]‖∞,η ≤ max

exp (−σ t) ‖x[0]‖∞,η ,
max

0≤s≤t
(|d0(s)|)

|g0η(0) + v0η′(0)|
,

max
0≤s≤t

(|d1(s)|)

g1η(1) + v1η′(1)

(2.8)

+ σ−1 max
0≤s≤t

(
max

0≤z≤1

(
u(s, z)

η(z)

))
,
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where

(2.9) ‖x[t]‖∞,η := max
0≤z≤1

(
|x(t, z)|
η(z)

)
.

The second main result of the present work provides ISS estimates of the solution
of (2.6), (2.7) in a weighted L2 norm.

Theorem 2.3. Suppose that assumptions (H1), (H2), and (H3) hold. Then for
every x0 ∈ C2([0, 1]), u ∈ C1(R+× [0, 1]), and (d0, d1) ∈ Φ(x0, u), the unique solution
x ∈ C0(R+ × [0, 1])

⋂
C1((0,+∞) × [0, 1]) of the evolution equation (2.6) with (2.7)

and initial condition x0 ∈ C2([0, 1]) satisfies the following estimate for all ε, ω > 0
and t ≥ 0:

‖x[t]‖2,r ≤

√
exp (−λ1 t)

2− exp (−λ1 t)
‖x[0]‖2,r + C0

√
(1 + ε−1)(1 + ω) max

0≤s≤t
(|d0(s)|)(2.10)

+ C1

√
(1 + ε)(1 + ω) max

0≤s≤t
(|d1(s)|)

+ C̃
√

1 + ω−1 max
0≤s≤t

(
max

0≤z≤1
(|u(s, z)|)

)
,

where

C0 :=
p(0)

g2
0 + v2

0

√√√√ ∞∑
n=1

1

λ2
n

∣∣∣∣g0
dφn
d z

(0)− v0φn (0)

∣∣∣∣2 =
1√

g2
0 + v2

0

‖x̃‖2,r ,(2.11)

C1 :=
p(1)

g2
1 + v2

1

√√√√ ∞∑
n=1

1

λ2
n

∣∣∣∣v1φn (1)− g1
dφn
d z

(1)

∣∣∣∣2 =
1√

g2
1 + v2

1

‖x̄‖2,r ,(2.12)

C̃ :=

√√√√ ∞∑
n=1

1

λ2
n

(∫ 1

0

r(z) |φn(z)| dz
)2

,(2.13)

‖x[t]‖2,r :=

(∫ 1

0

r(z) |x(t, z)|2 dz
)1/2

,(2.14)

x̃ ∈ C2([0, 1]) is the unique solution of the boundary value problem d
dz

(
p(z)dx̃dz (z)

)
−

q(z)x̃(z) = 0 for z ∈ [0, 1] with g0x̃(0) + v0
d x̃
dz (0) =

√
g2

0 + v2
0 and g1x̃(1) +

v1
d x̃
dz (1) = 0, and x̄ ∈ C2([0, 1]) is the unique solution of the boundary value prob-

lem d
dz

(
p(z)dx̄dz (z)

)
− q(z)x̄(z) = 0 for z ∈ [0, 1] with g0x̄(0) + v0

d x̄
dz (0) = 0 and

g1x̄(1) + v1
d x̄
dz (1) =

√
g2

1 + v2
1.

Finally, the third main result of the section provides an ISS estimate in a weighted
L1 norm for a special case of the parabolic PDE (2.6) with Dirichlet boundary
conditions.

Theorem 2.4. Let a > 0, b, k ∈ R be given constants with k < aπ2 + b2

4a . For
every x0 ∈ C2([0, 1]), v ∈ C1(R+× [0, 1]), let Φ(x0, v) ⊆ C1(R+;R2) be the nonempty
set for which the evolution equation

(2.15)
∂ x

∂ t
(t, z) = a

∂2 x

∂ z2
(t, z)+b

∂ x

∂ z
(t, z)+kx(t, z)+v(t, z) for (t, z) ∈ (0,+∞)×(0, 1)
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with

(2.16) x(t, 0) = d0(t), x(t, 1) = d1(t) for t ≥ 0,

(d0, d1) ∈ Φ(x0, v), and initial condition x0 ∈ C2([0, 1]) has a unique solution x ∈
C0(R+× [0, 1])

⋂
C1((0,+∞)× [0, 1]) with x[t] ∈ C2([0, 1]) for all t ≥ 0 and x(0, z) =

x0(z) for all z ∈ [0, 1]. Then for every x0 ∈ C2([0, 1]), v ∈ C1(R+ × [0, 1]), and
(d0, d1) ∈ Φ(x0, v), the unique solution x ∈ C0(R+ × [0, 1])

⋂
C1((0,+∞) × [0, 1]) of

the evolution equation (2.15) with (2.16) and initial condition x0 ∈ C2([0, 1]) satisfies
the following estimate for all t ≥ 0:

‖x[t]‖1,w ≤ exp

(
−
(
aπ2 − k +

b2

4a

)
t

)
‖x[0]‖1,w

+
4a2π

4a2π2 + b2 − 4ak

(
max

0≤s≤t
(|d0(s)|) + exp

(
b

2a

)
max

0≤s≤t
(|d0(s)|)

)
+

4a

4a2π2 + b2 − 4ak
max

0≤s≤t

(
max

0≤z≤1

(
|v(s, z)| exp

(
bz

2a

)
sin(πz)

))
,

(2.17)

where

(2.18) ‖x[t]‖1,w :=

∫ 1

0

exp

(
bz

2a

)
sin(πz) |x(t, z)| dz .

Remarks on the three main results:
(1) The ISS estimate (2.8) is different from the ISS estimates (2.10) and (2.17):

estimate (2.8) is expressed by means of max-operators (the max-formulation
of the ISS property; see [15]), while the ISS estimates (2.10), (2.17) are ex-
pressed by means of summation.

(2) The proofs of Theorems 2.2 and 2.4 are similar: they are both exploiting a
finite-difference scheme for the approximation of the solution of the PDE. On
the other hand, the proof of Theorem 2.3 relies on an eigenfunction expansion,
which was also utilized in [18].

(3) Theorem 2.4 is only applicable to the PDE (2.15) with Dirichlet bound-
ary conditions (2.16), while Theorems 2.2 and 2.3 are applicable to much
more general parabolic PDEs with various boundary conditions (Dirichlet,
Neumann, or Robin). Assumptions (H1) and (H2) are not restrictive. To
see this, notice that the boundary condition x(t, 0) = d0(t) (which vio-
lates assumption (H1)) can always be written as −x(t, 0) = d̃0(t), where
d̃0(t) ≡ −d0(t), and thus assumption (H1) holds with g0 = −1. Similar
manipulations may be done for the satisfaction of assumption (H2) as well
(if needed).

(4) Assumption (H4) requires the existence of a positive eigenfunction of the
Sturm–Liouville operator A : D → L2

r([0, 1]) defined by (2.1). The problem
of the existence of positive eigenfunctions for elliptic operators has been stud-
ied in the literature (see page 112 in [29] and references therein). However, it
must be noted that there is a degree of freedom in the selection of the bound-
ary conditions: no specific boundary conditions are assumed to hold for the
function η ∈ C2([0, 1]; (0,+∞)); the function is only required to satisfy the
(boundary) inequalities g0η(0) + v0η

′(0) < 0 and g1η(1) + v1η
′(1) > 0.
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(5) Since the equilibrium points that correspond to the constant disturbances
d0(t) ≡

√
g2

0 + v2
0 and d1(t) ≡ 0, u(t, z) ≡ 0, or d1(t) ≡

√
g2

1 + v2
1 and

d0(t) ≡ 0, u(t, z) ≡ 0, are the functions x̃ ∈ C2([0, 1]) and x̄ ∈ C2([0, 1]),
respectively, it follows that the gains γ0, γ1 > 0 of the boundary inputs that
are involved in the ISS estimate, which holds for all t ≥ 0,

‖x[t]‖2,r ≤M exp (−σ t) ‖x[0]‖2,r + γ0 max
0≤s≤t

(|d0(s)|) + γ1 max
0≤s≤t

(|d1(s)|) ,

and for certain constants M,σ, must satisfy the inequalities

γ0 ≥ C0, γ1 ≥ C1,

where C0, C1 > 0 are given by (2.11) and (2.12). On the other hand, Theorem
2.3 guarantees that

γ0 ≤
√

(1 + ε−1)(1 + ω)C0, γ1 ≤
√

(1 + ε)(1 + ω)C1 for all ε, ω > 0.

Consequently, we can guarantee that the estimation of the gain made by Theo-
rem 2.3 is sharp. Moreover, formulas (2.11), (2.12) guarantee that the gains of the
boundary disturbances can be computed without exact knowledge of the eigenvalues
and the eigenfunctions of the Sturm–Liouville operator A : D → L2

r([0, 1]) defined by
(2.1), (2.2). The only thing we need to know about the eigenvalues and the eigen-
functions of the Sturm–Liouville operator A : D → L2

r([0, 1]) defined by (2.1), (2.2) is
that assumptions (H1), (H2), and (H3) hold.

In order to understand how well the gains of the inputs d0, d1 ∈ are estimated
by the inequalities (2.8), (2.10), and (2.17), we next specialize the results to the heat
equation with Dirichlet boundary conditions.

Corollary 2.5. Let a > 0 be a given constant. For every x0 ∈ C2([0, 1]), let
Φ(x0) ⊆ C0(R+;R2) be the nonempty set for which the evolution equation

(2.19)
∂ x

∂ t
(t, z) = a

∂2 x

∂ z2
(t, z) for (t, z) ∈ (0,+∞)× (0, 1)

with (2.16), (d0, d1) ∈ Φ(x0), and initial condition x0 ∈ C2([0, 1]) has a unique solu-
tion x ∈ C0(R+ × [0, 1])

⋂
C1((0,+∞)× [0, 1]) with x[t] ∈ C2([0, 1]) for all t ≥ 0 and

x(0, z) = x0(z) for all z ∈ [0, 1]. Then for every x0 ∈ C2([0, 1]) and (d0, d1) ∈ Φ(x0),
the unique solution x ∈ C0(R+×[0, 1])

⋂
C1((0,+∞)×[0, 1]) of the evolution equation

(2.19) with (2.16) and initial condition x0 ∈ C2([0, 1]) satisfies the following estimates
for all t ≥ 0, σ ∈ (0, aπ2), θ ∈ (0, π − ϕ) with ϕ :=

√
σ
a :∫ 1

0

sin(πz) |x(t, z)| dz ≤ exp
(
− aπ2 t

) ∫ 1

0

sin(πz) |x(0, z)| dz(2.20)

+
1

π

(
max

0≤s≤t
(|d0(s)|) + max

0≤s≤t
(|d0(s)|)

)
,√∫ 1

0

x2(t, z)dz ≤

√
exp (−aπ2 t)

2− exp (−aπ2 t)

√∫ 1

0

x2(0, z)dz(2.21)

+
1√
3

(
max

0≤s≤t
(|d0(s)|) + max

0≤s≤t
(|d1(s)|)

)
,
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max
0≤z≤1

(
sin(θ + ϕ) |x(t, z)|

sin (θ + zϕ)

)
≤ max

(
exp (−σ t) max

0≤z≤1

(
sin(θ + ϕ) |x(0, z)|

sin (θ + zϕ)

)
,

sin (θ + ϕ)

sin (θ)
max

0≤s≤t
(|d0(s)|) , max

0≤s≤t
(|d1(s)|)

)
.(2.22)

Remark 2.6.
(1) It is clear that the estimation from (2.20), (2.21), and (2.22) of the gains

of the inputs d0, d1 is sharp, since the constant disturbances d0(t) ≡ 1 or
d1(t) ≡ 1 lead to equilibrium profiles for which the corresponding weighted
norms are exactly equal to the estimated gains.

(2) By selecting σ = a(π− 2θ)2, we get from (2.22) the following estimate, which
holds for all θ ∈ (0, π/2) and t ≥ 0:

max
0≤z≤1

(
|x(t, z)|

sin (θ+z(π−2θ))

)
(2.23)

≤ max

exp
(
−a(π−2θ)2 t

)
max

0≤z≤1

(
|x(0, z)|

sin (θ+z(π−2θ))

)
,

max
0≤s≤t

(|d0(s)|)

sin (θ)
,

max
0≤s≤t

(|d1(s)|)

sin (θ)

 .

Estimate (2.23) is a refinement of the well-known maximum principle for the
heat equation (see page 215 in [14]): the classical maximum principle coincides with
estimate (2.23) for θ = π/2. Taking θ = π/4, we obtain from (2.23) the following
simple estimate:

max
0≤z≤1

(|x(t, z)|) ≤
√

2 max

(
exp

(
−aπ

2t

4

)
max

0≤z≤1
(|x(0, z)|) ,(2.24)

max
0≤s≤t

(|d0(s)|) , max
0≤s≤t

(|d1(s)|)
)
,

which holds for all t ≥ 0.

3. Application to thermoelasticity models via small-gain argument.
Quasi-static models of thermoelasticity in one spatial dimension deal with the PDE
(2.19) with boundary conditions

(3.1) x(t, 0) =

∫ 1

0

g0(z)x(t, z)dz and x(t, 1) =

∫ 1

0

g1(z)x(t, z)dz,

where g0, g1 ∈ C1([0, 1]) are given functions (see [8, 9]). The variable x(t, z) is the
dimensionless entropy at position z ∈ [0, 1] (dimensionless spatial variable) and time
t ≥ 0 (dimensionless time variable) of a slab of homogeneous and isotropic material.
Conditions for the functions g0, g1 ∈ C1([0, 1]) can be imposed (see [27]) so that there
exists a nonempty set

∆ ⊆
{
x ∈ C2([0, 1]) : x(0)−

∫ 1

0

g0(z)x(z)dz = x(1)−
∫ 1

0

g1(z)x(z)dz = 0

}
which is dense in L2 and such that for every x0 ∈ ∆ the evolution equation (2.19)
with (3.1) has a unique solution x ∈ C0(R+ × [0, 1])

⋂
C1((0,+∞) × [0, 1]) with
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x[t] ∈ C2([0, 1]) for all t ≥ 0 and x(0, z) = x0(z) for all z ∈ [0, 1]. However, we
will not deal here with the existence/uniqueness problem for the solution of (2.19)
with (3.1).

The present section is devoted to the stability analysis of the zero solution for the
dynamical system described by (2.19) with (3.1). The following results use the ISS
estimates of the previous sections in conjunction with small-gain arguments.

Theorem 3.1. Suppose that there exist constants ϕ ∈ (0, π), θ ∈ (0, π − ϕ) such
that ∫ 1

0

|g0(z)| sin (θ + zϕ) dz < sin(θ)(3.2)

and

∫ 1

0

|g1(z)| sin (θ + zϕ) dz < sin(θ + ϕ).

Then there exist constants M, δ > 0 such that for every x0 ∈ ∆ the unique solution
x ∈ C0(R+ × [0, 1])

⋂
C1((0,+∞)× [0, 1]) of the evolution equation (2.19) with (3.1)

with x[t] ∈ C2([0, 1]) for all t ≥ 0 and x(0, z) = x0(z) for all z ∈ [0, 1] satisfies the
following estimate for all t ≥ 0:

(3.3) ‖x[t]‖∞ ≤M exp (−δ t ) ‖x[0]‖∞ ,

where ‖x[t]‖∞ := max
0≤z≤1

(|x(t, z)|).

Theorem 3.2. Suppose that

(3.4) ‖g0‖2 + ‖g1‖2 <
√

3,

where ‖g0‖2 = (
∫ 1

0
g2

0(z)dz)1/2, ‖g1‖2 = (
∫ 1

0
g2

1(z)dz)1/2. Then there exist con-
stants M, δ > 0 such that for every x0 ∈ ∆ the unique solution x ∈ C0(R+ ×
[0, 1])

⋂
C1((0,+∞) × [0, 1]) of the evolution equation (2.19) with (3.1) with x[t] ∈

C2([0, 1]) for all t ≥ 0 and x(0, z) = x0(z) for all z ∈ [0, 1] satisfies the following
estimate for all t ≥ 0:

(3.5) ‖x[t]‖2 ≤M exp (−δ t) ‖x[0]‖2 ,

where ‖x[t]‖2 := (
∫ 1

0
|x(t, z)|2 dz)1/2.

Theorem 3.3. Suppose that g0(0) = g0(1) = g1(0) = g1(1) = 0 and that

(3.6) sup
0<z<1

(
|g0(z)|
sin(πz)

)
+ sup

0<z<1

(
|g1(z)|
sin(πz)

)
< π.

Then there exist constants M, δ > 0 such that for every x0 ∈ ∆ the unique solution
x ∈ C0(R+ × [0, 1])

⋂
C1((0,+∞)× [0, 1]) of the evolution equation (2.19) with (3.1)

with x[t] ∈ C2([0, 1]) for all t ≥ 0 and x(0, z) = x0(z) for all z ∈ [0, 1] satisfies the
following estimate for all t ≥ 0:

(3.7) ‖x[t]‖1,w ≤M exp (−δ t ) ‖x[0]‖1,w ,

where ‖x[t]‖1,w :=
∫ 1

0
sin(πz) |x(t, z)| dz.
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Remark 3.4.
(1) The proofs of Theorems 3.1, 3.2, and 3.3 show that conditions (3.4), (3.6) and

the pair of conditions (3.2) are small-gain conditions for the heat equation
(2.19) with a pair of boundary feedback inputs given in (3.1). For example,
condition (3.4) arises from the requirement that the L2 loop gain is less than
1: the loop that consists of system (2.19), (2.16) with gain 1/

√
3 (recall (2.21))

and the static maps d0(t) =
∫ 1

0
g0(z)x(t, z)dz, d1(t) =

∫ 1

0
g1(z)x(t, z)dz with

gain ‖g0‖2 + ‖g1‖2. Similar interpretations are possible for conditions (3.2)
and (3.6) (for the L∞ and L1 loop gains, respectively). Stability conditions
like (3.2), (3.4), and (3.6) have been used in [8, 9] and in [10, 11, 19] (for nu-
merical stability of discretization schemes). It should be noted that conditions
(3.2) provide a generalization of the stability conditions given in [8, 9],

(3.8)

∫ 1

0

|g0(z)| dz < 1 and

∫ 1

0

|g1(z)| dz < 1,

in the sense that if conditions (3.8) hold then there exist constants ϕ ∈ (0, π),
θ ∈ (0, π − ϕ) such that inequalities (3.2) hold. This can be guaranteed

by continuity of the functions P0(θ, ϕ) :=
∫ 1

0
|g0(z)| sin (θ + zϕ) dz − sin(θ),

P1(θ, ϕ) :=
∫ 1

0
|g1(z)| sin (θ + zϕ) dz−sin(θ+ϕ) and the fact that inequalities

(3.8) imply the inequalities P0

(
π
2 , 0
)
< 0, P1

(
π
2 , 0
)
< 0.

(2) There is a difference between our results and the results in [8, 9]. The results in
[8, 9] guarantee that the mapping t→ ‖x[t]‖∞ is decreasing under conditions
(3.6), while our results guarantee the exponential convergence of ‖x[t]‖∞,
‖x[t]‖2 , or ‖x[t]‖1,w to zero under conditions (3.2), (3.4), or (3.6), respectively.
However, our results do not exclude the possibility that ‖x[t]‖∞, ‖x[t]‖2, or
‖x[t]‖1,w might increase for a transient period.

4. Proofs of main results. We start with the proof of Theorem 2.1.

Proof of Theorem 2.1. Let arbitrary d0, d1 ∈ C2(R+), u ∈ C1(R+ × [0, 1]), and
x0 ∈ X(d0(0), d1(0)) be given. For the existence/uniqueness of the evolution equa-
tion (2.6) with (2.7) and initial condition x0 ∈ X(d0(0), d1(0)), we simply apply
the transformation x(t, z) = y(t, z) + p0(z)d0(t) + d1(t)p1(z), where y ∈ C0(R+ ×
[0, 1];R)

⋂
C1((0,+∞) × [0, 1];R) is the unique function that satisfies y[t] ∈ X(0, 0)

(recall (2.5)) for all t ≥ 0, y(0, z) = x(0, z) − p0(z)d0(0) − p1(z)d1(0) for all
z ∈ [0, 1], and

∂ y

∂ t
(t, z) + (Ay[t])(z) = −ḋ0(t)p0(z)− ḋ1(t)p1(z)(4.1)

− d0(t)(Ap0)(z)− d1(t)(Ap1)(z) + u(t, z)

for all (t, z) ∈ (0,+∞)×(0, 1), where p0(z) := (c0 +c1z)(1−z)2, p1(z) := (C0 +C1(1−
z))z2, c0 = g0−2v0

(g0−2v0)2+v20
, c1 = v0

(g0−2v0)2+v20
, C0 = g1+2v1

(g1+2v1)2+v21
, and C1 = −v1

(g1+2v1)2+v21

(notice that assumptions (H1) and (H2) guarantee that (g0 − 2v0)2 + v2
0 > 0, (g1 +

2v1)2 + v2
1 > 0). The existence/uniqueness of y ∈ C0(R+ × [0, 1];R)

⋂
C1((0,+∞)×

[0, 1];R) that satisfies y[t] ∈ X(0, 0) for all t ≥ 0, y(0, z) = x(0, z) − p0(z)d0(0) −
p1(z)d1(0) for all z ∈ [0, 1], and (4.1) is guaranteed by Theorem 3.1 in [18]. The proof is
complete.

The proof of Theorem 2.2 utilizes the following technical lemma. Its proof is
provided in the appendix.
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Lemma 4.1. Let {y(j) ≥ 0}∞j=0, {ϕ(j) ≥ 0}∞j=0 be sequences that satisfy the fol-
lowing properties:

(P1) j ∈ {0, 1, . . . ,m} , y(j) ≤ Kϕ(j)⇒ ϕ(j + 1) ≤ aϕ(j) + g,
(P2) j ∈ {0, 1, . . . ,m} , y(j) ≥ Kϕ(j)⇒ ϕ(j + 1) ≤ β y(j) + g

for certain real constants K, g, β > 0, a ∈ (0, 1) and for a certain positive integer
m > 0. Then the following inequality holds for all j ∈ {0, 1, . . . ,m}:

(4.2) ϕ(j) ≤ max

(
max

(
K−1 , β

)
max

s=0,...,j
(y(s)) , ajϕ(0)

)
+

g

1− a
.

We are now in a position to give the proof of Theorem 2.2. It will be useful for
the reader to have a sketch of the proof before reading it. The proof is based on the
following ideas.

(i) First, a finite-difference discretization scheme is introduced so that we can
obtain a sufficiently accurate approximation of the solution. A parameter-
ized family of discrete-time systems is constructed: the parameters are the
discretization space and the time steps.

(ii) An ISS Lyapunov function is exploited for the constructed discrete-time sys-
tems. The ISS Lyapunov function provides useful estimates for the solution.
Lemma 4.1 is used to this purpose.

(iii) Finally, letting the discretization space and time steps tend to zero (in an
appropriate way) we obtain the desired estimate of the solution.
Exactly the same ideas are also used in the proof of Theorem 2.4. However,
the ISS Lyapunov functions used in the proofs of Theorems 2.2 and 2.4 differ
significantly.

Proof of Theorem 2.2. Let η ∈ C2([0, 1]; (0,+∞)) be the function involved in
assumption (H4). Notice that we may assume that η ∈ C2([−1, 2]) (we can use
an arbitrary extension of the function η out of the interval [0, 1]). In the following
exposition, we will use the notation

(4.3) a(z) :=
p(z)

r(z)
, b(z) :=

p′(z)

r(z)
, c(z) := −q(z)

r(z)
for z ∈ [0, 1].

It suffices to show that there exists a constant Γ > 0 such that for every time
instant 0 < t0 ≤ T and for every ε > 0, the following estimate holds for sufficiently
large N > 1:

VN (T ) ≤ max

(
max

(
‖d0‖
γ0(h)

,
‖d1‖
γ1(h)

)
, exp

(
−σ
(

1− max
0≤z≤1

(ω(z, h))

)
(T−t0)

)
VN (t0)

)(4.4)

+
Γε+ ‖u‖

σ

(
1− max

0≤z≤1
(ω(z, h))

) ,
where h = N−1, σ > 0 is the constant involved in assumption (H4), ‖d0‖ :=

max
0≤s≤T

(|d0(s)|), ‖d1‖ := max
0≤s≤T

(|d1(s)|), ‖u‖ := max
0≤s≤T

( max
0≤z≤1

( |u(s,z)|
η(z) )),

VN (t) := max
i=1,...,N−1

(∣∣x(t, iN−1)
∣∣

η(iN−1)

)
,(4.5)



ISS FOR PARABOLIC PDES WITH BOUNDARY DISTURBANCES 1727

γ0(h) := −g0η(0)− v0η
′(0) + v0

(
η′(0)− 4η(h)− 3η(0)− η(2h)

2h

)
for h ∈ (0, 1),(4.6)

γ1(h) := g1η(1) + v1η
′(1)(4.7)

+ v1

(
3η(1)− 4η(1− h) + η(1− 2h)

2h
−η′(1)

)
for h ∈ (0, 1),

and the function ω : [0, 1]× [0, 1]→ R is given by the formulas

ω(z, 0) := 0, for all z ∈ [0, 1],(4.8)

ω(z, h) := σ−1

(
a(z) +

h

2
b(z)

)
η(z + h)− η(z)− hη′(z)− h2

2 η
′′(z)

h2η(z)
(4.9)

+ σ−1

(
a(z)− h

2
b(z)

)
η(z − h)− η(z) + hη′(z)− h2

2 η
′′(z)

h2η(z)

for all (z, h) ∈ [0, 1]× (0, 1],

Indeed, since

(4.10) max
0≤z≤1

(
|x(T, z)|
η(z)

)
≤ VN (t) +N−1 max

0≤z≤1

(∣∣∣∣ ∂∂ z
(
x(T, z)

η(z)

)∣∣∣∣) ,
we obtain from (4.4) and (2.9) that

‖x[t]‖∞,η ≤ max

(
max

(
‖d0‖
γ0(h)

,
‖d1‖
γ1(h)

)
,

exp

(
−σ
(

1− max
0≤z≤1

(ω(z, h))

)
(T − t0)

)
‖x[t0]‖∞,η

)
+ hM

+
Γε+ ‖u‖

σ(1− max
0≤z≤1

(ω(z, h)))
,

where h := N−1 and M := max
0≤z≤1

(| ∂∂ z (x(T,z)
η(z) )|). Since the function ω : [0, 1]× [0, 1]→

R given by (4.8), (4.9) is a continuous function (and thus uniformly continuous on the
compact set [0, 1] × [0, 1]) and since the limits lim

h→0+
(γ0(h)), lim

h→0+
(γ1(h)) exist (see

definitions (4.6), (4.7)), by letting N → +∞, we get (using (4.8)), for all ε > 0,

‖x[t]‖∞,η ≤ max

(
max

(
‖d0‖

−g0η(0)− v0η′(0)
,

‖d1‖
g1η(1)− v1η′(1)

)
,

exp (−σ (T − t0)) ‖x[t0]‖∞,η

)
+

Γε+ ‖u‖
σ

.

Since the above inequality holds for all t0 ∈ (0, T ], ε > 0, and since

lim
t0→0+

(
max

0≤z≤1

(
|x(t0, z)|
η(z)

))
= max

0≤z≤1

(
|x0(z)|
η(z)

)
,

the above inequality implies that (2.8) holds for all t > 0. Inequality (2.8) holds for
t = 0 as well.

Therefore, we have to prove that there exists a constant Γ > 0 such that for every
time instant 0 < t0 ≤ T and for every ε > 0, estimate (4.4) holds for sufficiently large
N > 1.
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Let 0 < t0 ≤ T be arbitrary time instants. For every h ∈ (0, 1/2), δ > 0, t ≥ t0,
z ∈ [h, 1− h] we obtain

x(t+ δ, z) = x(t, z) + δ
∂ x

∂ t
(t, z) +

∫ t+δ

t

(
∂ x

∂ t
(s, z)− ∂ x

∂ t
(t, z)

)
ds,(4.11)

x(t, z + h)− 2x(t, z) + x(t, z − h) = h2 ∂
2 x

∂ z2
(t, z)(4.12)

+

∫ z+h

z

∫ s

z

(
∂2 x

∂ z2
(t, w)− ∂2 x

∂ z2
(t, z)

)
dw ds

+

∫ z−h

z

∫ s

z

(
∂2 x

∂ z2
(t, w)− ∂2 x

∂ z2
(t, z)

)
dw ds,

x(t, z + h)− x(t, z − h) = 2h
∂ x

∂ z
(t, z)(4.13)

+

∫ z+h

z

∫ s

z

(
∂2 x

∂ z2
(t, w)− ∂2 x

∂ z2
(t, z)

)
dwds

−
∫ z−h

z

∫ s

z

(
∂2 x

∂ z2
(t, w)− ∂2 x

∂ z2
(t, z)

)
dwds.

Let h∗ ∈ (0, 1/2) be a constant so that the following inequalities hold for all
h ∈ (0, h∗):

(4.14) 3v0 − 2hg0 > 0, 3v1 + 2hg1 > 0,
v0

3v0 − 2hg0
≤ 1,

v1

3v1 + 2hg1
≤ 1,

min
0≤z≤1

(a(z)) >
h

2
max

0≤z≤1
(|b(z)|) ,(4.15)

a(h) +
h

2
b(h) >

v0

3v0 − 2hg0

(
a(h)− h

2
b(h)

)
,(4.16)

a(1− h)− h

2
b(1− h) >

v1

3v1 + 2hg1

(
a(1− h) +

h

2
b(1− h)

)
,

−v0

(
4η(h)− 3η(0)− η(2h)

2h
− η′(0)

)
> g0η(0) + v0η

′(0),(4.17)

v1

(
3η(1)− 4η(1− h) + η(1− 2h)

2h
− η′(1)

)
+ g1η(1) + v1η

′(1) > 0.

Notice that the existence of h∗ ∈ (0, 1/2) so that (4.14) holds for all h ∈ (0, h∗)
is a direct consequence of assumptions (H1) and (H2). The existence of h∗ ∈ (0, 1/2)
so that (4.17) holds for all h ∈ (0, h∗) is a direct consequence of assumption (H4)
and the fact that g0η(0) + v0η

′(0) < 0 and that g1η(1) + v1η
′(1) > 0. Finally, (4.15)

and (4.16) are a direct consequence of the continuity of the functions a(z) = p(z)
r(z) and

b(z) = p′(z)
r(z) and the fact that a(z) > 0 for all z ∈ [0, 1].
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We next select an integer N > 1
h∗ and define

h := N−1, δ := λh2, xi(t) := x(t, ih), ui(t) := u(t, ih), ai := a(ih),(4.18)

bi := b(ih), ci := c(ih), ηi := η(ih) i = 0, . . . , N,

where

(4.19) λ ∈
(

0,
1

1 + 2ā+ C

)
is a constant to be selected and

(4.20) ā := max
0≤z≤1

(a(z)), C := min
0≤z≤1

(|c(z)|) .

Notice that (4.19) in conjunction with definitions (4.18), (4.20) and (4.14), (4.15)
guarantee the following inequalities for all N > 1

h∗ :

1− 2λ ai + λh2ci > 0 for i = 0, . . . , N,(4.21)

1− 2λ a1 + λh2c1 + λ
4v0

3v0 − 2hg0

(
a1 −

h

2
b1

)
> 0,(4.22)

1− 2λ aN−1 + λh2cN−1 + λ

(
aN−1 +

h

2
bN−1

)
4v1

3v1 + 2hg1
> 0.(4.23)

It follows from (2.6), (4.3), (4.11), (4.12), (4.13), and the fact that δ := λh2

that for every h ∈ (0, 1/2), λ ∈ (0, 1
1+2ā+C ), t ≥ t0, z ∈ [h, 1 − h], the following

equality holds:

x(t+ δ, z) =
(
1− 2λ a(z) + λh2c(z)

)
x(t, z) + λ

(
a(z) +

h

2
b(z)

)
x(t, z + h)(4.24)

+ λ

(
a(z)− h

2
b(z)

)
x(t, z − h) + λh2u(t, z) + P (δ, h, t, z),

where

P (δ, h, t, z) :=

∫ t+δ

t

(
∂ x

∂ t
(s, z)− ∂ x

∂ t
(t, z)

)
ds

(4.25)

− λ
(
a(z) +

h

2
b(z)

)∫ z+h

z

∫ s

z

(
∂2 x

∂ z2
(t, w)− ∂2 x

∂ z2
(t, z)

)
dw ds

− λ
(
a(z)− h

2
b(z)

)∫ z−h

z

∫ s

z

(
∂2 x

∂ z2
(t, w)− ∂2 x

∂ z2
(t, z)

)
dw ds.

Furthermore, it follows from (4.24) and definitions (4.18) that for every t ≥ t0,
the following equalities hold:

xi(t+ δ) =
(
1− 2λ ai + λh2ci

)
xi(t) + λ

(
ai +

h

2
bi

)
xi+1(t)(4.26)

+ λ

(
ai −

h

2
bi

)
xi−1(t) + λh2ui(t)

+ P (δ, h, t, ih) for i = 1, . . . , N − 1.
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Using (2.7) and the equalities

x1(t)− x0(t)−
∫ h

0

∫ s

0

(
∂2 x

∂ z2
(t, w)− ∂2 x

∂ z2
(t, 0)

)
dwds(4.27)

= h
∂ x

∂ z
(t, 0) +

h2

2

∂2 x

∂ z2
(t, 0),

x2(t)− x0(t)−
∫ 2h

0

∫ s

0

(
∂2 x

∂ z2
(t, w)− ∂2 x

∂ z2
(t, 0)

)
dwds

= 2h
∂ x

∂ z
(t, 0) + 2h2 ∂

2 x

∂ z2
(t, 0),

xN−1(t)− xN (t)−
∫ 1

1−h

∫ 1

s

(
∂2 x

∂ z2
(t, w)− ∂2 x

∂ z2
(t, 1)

)
dwds

= −h∂ x
∂ z

(t, 1) +
h2

2

∂2 x

∂ z2
(t, 1),

xN−2(t)− xN (t)−
∫ 1

1−2h

∫ 1

s

(
∂2 x

∂ z2
(t, w)− ∂2 x

∂ z2
(t, 1)

)
dwds

= − 2h
∂ x

∂ z
(t, 1) + 2h2 ∂

2 x

∂ z2
(t, 1),

we obtain the equalities

(3v0 − 2hg0)x0(t) = −2hd0(t) + 4v0x1(t)− v0x2(t)(4.28)

+ v0

(∫ 2h

0

∫ s

0

(
∂2 x

∂ z2
(t, w)− ∂2 x

∂ z2
(t, 0)

)
dwds

− 4

∫ h

0

∫ s

0

(
∂2 x

∂ z2
(t, w)− ∂2 x

∂ z2
(t, 0)

)
dwds

)
and

(3v1 + 2hg1)xN (t) = 2hd1(t) + 4v1xN−1(t)− v1xN−2(t)(4.29)

+ v1

∫ 1

1−2h

∫ 1

s

(
∂2 x

∂ z2
(t, w)− ∂2 x

∂ z2
(t, 1)

)
dwds

− 4v1

∫ 1

1−h

∫ 1

s

(
∂2 x

∂ z2
(t, w)− ∂2 x

∂ z2
(t, 1)

)
dwds.

Consequently, it follows from (4.26) with i = N − 1 and i = 1, (4.14), (4.18) and
(4.28), (4.29) that the following equalities hold for every t ≥ t0, N > 1/h∗:

x1(t+ δ) =

(
1− 2λ a1 + λh2c1 + λ

4v0

3v0 − 2hg0

(
a1 −

h

2
b1

))
x1(t)(4.30)

+ λ

(
a1 +

h

2
b1 −

v0

3v0 − 2hg0

(
a1 −

h

2
b1

))
x2(t) + λh2u1(t)

− λ
(
a1 −

h

2
b1

)
2hd0(t)

3v0 − 2hg0
+Q0(δ, h, t),
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xN−1(t+ δ) =

(
1− 2λ aN−1 + λh2cN−1 + λ

(
aN−1 +

h

2
bN−1

)
4v1

3v1+2hg1

)
xN−1(t)

(4.31)

+ λ

(
aN−1 −

h

2
bN−1 −

(
aN−1 +

h

2
bN−1

)
v1

3v1 + 2hg1

)
xN−2(t)

+ λh2uN−1(t) + λ

(
aN−1 +

h

2
bN−1

)
2hd1(t)

3v1 + 2hg1
+Q1(δ, h, t),

where

Q0(δ, h, t) := P (δ, h, t, h)(4.32)

+
λ v0 (2a1 − hb1)

2(3v0 − 2hg0)

∫ 2h

0

∫ s

0

(
∂2 x

∂ z2
(t, w)− ∂2 x

∂ z2
(t, 0)

)
dwds

− 4
λ v0 (2a1 − hb1)

2(3v0 − 2hg0)

∫ h

0

∫ s

0

(
∂2 x

∂ z2
(t, w)− ∂2 x

∂ z2
(t, 0)

)
dwds,

Q1(δ, h, t) := P (δ, h, t, 1− h)

(4.33)

+ λ
v1 (2aN−1 + hbN−1)

2(3v1 + 2hg1)

∫ 1

1−2h

∫ 1

s

(
∂2 x

∂ z2
(t, w)− ∂2 x

∂ z2
(t, 1)

)
dwds

− 4λ
v1 (2aN−1 + hbN−1)

2(3v1 + 2hg1)

∫ 1

1−h

∫ 1

s

(
∂2 x

∂ z2
(t, w)− ∂2 x

∂ z2
(t, 1)

)
dwds.

We next notice that the function ω : [0, 1] × [0, 1] → R given by (4.8), (4.9) is a
continuous function, which by virtue of the fact that a(z)η′′(z)+b(z)η′(z)+c(z)η(z) =
−ση(z) for all z ∈ [0, 1] (recall assumption (H4) and definitions (4.3)), satisfies

(4.34)
−2 ai + h2ci +

(
ai + h

2 bi
) ηi+1

ηi
+
(
ai − h

2 bi
) ηi−1

ηi
= −σ h2(1− ω(ih, h))

for h ∈ (0, 1], i = 1, . . . , N − 1.

Let (arbitrary) ε > 0 be given and let h∗∗ ∈ (0, 1) be selected in such a way that∣∣∣∣∂2 x

∂ z2
(t, w)− ∂2 x

∂ z2
(t, z)

∣∣∣∣ ≤ ε for all t ∈ [t0, T + 1], w, z ∈ [0, 1] , |w − z| ≤ 2h∗∗,(4.35) ∣∣∣∣∂ x∂ t (s, z)− ∂ x

∂ t
(t, z)

∣∣∣∣ ≤ ε for all z ∈ [0, 1] , s, t ∈ [t0, T + 1], |s− t| ≤ h∗∗,(4.36)

|ω(z, h)| ≤ 1/2 for all z ∈ [0, 1] and h ∈ (0, h∗∗),(4.37)

where ω : [0, 1]× [0, 1]→ R is the function defined by (4.8) and (4.9). The existence of
h∗∗ ∈ (0, 1) that satisfies (4.35), (4.36) follows from uniform continuity of the functions
∂2 x
∂ z2 (t, z) and ∂ x

∂ t (t, z) on the compact set [t0, T + 1] × [0, 1]. Indeed, notice that

continuity of the mapping z → ∂2 x
∂ z2 (t, z) for (t, z) ∈ R+× [0, 1] in conjunction with the
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continuity of the mappings (t, z)→ ∂ x
∂ t (t, z), (t, z)→ x(t, z) for (t, z) ∈ (0,+∞)×[0, 1],

and the fact that (2.6) holds for all (t, z) ∈ (0,+∞)× (0, 1), implies that (2.6) holds

for all (t, z) ∈ (0,+∞) × [0, 1] and that the mapping (t, z) → ∂2 x
∂ z2 (t, z) is continuous

for (t, z) ∈ (0,+∞) × [0, 1]. The existence of h∗∗ ∈ (0, 1) that satisfies (4.37) follows
from uniform continuity of the function ω : [0, 1] × [0, 1] → R defined by (4.8), (4.9)
on the compact set [0, 1] × [0, 1]. Let N > 1 be an integer sufficiently large such
that N−1 < min

(
h∗, h∗∗, 2

3σ

)
and define h ∈ (0, 1/2) by means of (4.18). Next, let

m = [ (1+2ā+C)(T−t0)
h2 ] + 2 and define λ = T−t0

mh2 . Notice that (4.19) holds for this
selection and that T = t0 + mδ, where δ > 0 is defined by (4.18). Moreover, notice
that the definitions of h ∈ (0, h∗), δ > 0 in (4.18), (4.35), (4.36), (4.32), (4.33), and
(4.25) guarantee that there exists a constant S > 0 such that

max
i=1,...,n−1

(|P (δ, h, t, ih)|) + |Q0(δ, h, t)|+ |Q1(δ, h, t)|(4.38)

≤ Sε δ for all t ∈ [t0, T + 1].

Notice that by virtue of (4.14), the constant S > 0 may be selected to be independent
of h ∈ (0, h∗), λ ∈ (0, 1), ε > 0, and the time instants 0 < t0 ≤ T . Using (4.18),
(4.26), (4.30), (4.31), (4.38), (4.14), (4.15), (4.16), the fact that g0η(0) + v0η

′(0) < 0
and that g1η(1) + v1η

′(1) > 0 (recall assumption (H4)), the triangle inequality, and
(4.21), (4.22), and (4.23), we get, for all t ∈ [t0, T ]

|x1(t+ δ)|
η1

≤
(

1− 2λ a1 + λh2c1 + λ
4v0

3v0 − 2hg0

(
a1 −

h

2
b1

))
|x1(t)|
η1

(4.39)

+ λ

(
a1 +

h

2
b1 −

v0

3v0 − 2hg0

(
a1 −

h

2
b1

))
η2

η1

|x2(t)|
η2

+ λ

(
a1 −

h

2
b1

)
2h |d0(t)|

η1 (3v0 − 2hg0)
+ δ

Sε + |u1(t)|
η1

,

|xi(t+ δ)|
ηi

≤
(
1− 2λ ai + λh2ci

) |xi(t)|
ηi

(4.40)

+ λ

(
ai +

h

2
bi

)
ηi+1

ηi

|xi+1(t)|
ηi+1

+ λ

(
ai −

h

2
bi

)
ηi−1

ηi

|xi−1(t)|
ηi−1

+ δ
Sε + |ui(t)|

ηi
for i = 2, . . . , N − 2,

|xN−1(t+ δ)|
ηN−1

(4.41)

≤
(

1− 2λ aN−1+λh2cN−1 + λ

(
aN−1 +

h

2
bN−1

)
4v1

3v1+2hg1

)
|xN−1(t)|
ηN−1

+ λ

(
aN−1−

h

2
bN−1 −

(
aN−1+

h

2
bN−1

)
v1

3v1+2hg1

)
ηN−2

ηN−1

|xN−2(t)|
ηN−2

+ λ

(
aN−1 +

h

2
bN−1

)
2h |d1(t)|

ηN−1 (3v1 + 2hg1)
+ δ

Sε + |uN−1(t)|
ηN−1

.
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Consequently, using equalities (4.34) and definitions (4.18), (4.5), we obtain from
(4.39), (4.40), and (4.41), for all t ∈ [t0, T ],

|x1(t+ δ)|
η1

≤ (1− σ δ (1− ω(h, h))) VN (t)

(4.42)

+ λ

(
a1 −

h

2
b1

)
2h |d0(t)|

η1 (3v0 − 2hg0)
+ Γε δ

+ λ

(
a1 −

h

2
b1

)(
4v0

3v0 − 2hg0
− v0

3v0 − 2hg0

η2

η1
− η0

η1

)
VN (t)+δ ‖u‖ ,

|xi(t+ δ)|
ηi

≤ (1− σ δ(1− ω(ih, h)) VN (t) + (‖u‖+ Γε) δ, i = 2, . . . , N − 2,(4.43)

|xN−1(t+ δ)|
ηN−1

≤ (1− σ δ (1− ω(1− h, h)) ) VN (t)

(4.44)

+ λ

(
aN−1 +

h

2
bN−1

)
2h |d1(t)|

ηN−1 (3v1 + 2hg1)
+ Γε δ + δ ‖u‖

+ λ

(
aN−1+

h

2
bN−1

)(
4v1

3v1+2hg1
− v1

3v1+2hg1

ηN−2

ηN−1
− ηN
ηN−1

)
VN (t),

where Γ := S
min

0≤z≤1
(η(z)) and ‖u‖ := max

0≤s≤T
( max
0≤z≤1

( |u(s,z)|
η(z) )).

It is a matter of straightforward manipulation to show that estimate (4.42), (4.43),
and (4.44) in conjunction with definitions (4.18), (4.5) and inequalities (4.17) imply
that the following implications hold for all t ∈ [t0, T ]:

(Q1) If max( ‖d0‖γ0(h) ,
‖d1‖
γ1(h) ) ≤ VN (t), then

VN (t+ δ) ≤
(

1− σ δ
(

1− max
0≤z≤1

(ω(z, h))

))
VN (t) + (‖u‖+ Γε) δ.

(Q2) If max( ‖d0‖γ0(h) ,
‖d1‖
γ1(h) ) ≥ VN (t), then

VN (t+ δ) ≤
(

1− σ δ
(

1− max
0≤z≤1

(ω(z, h))

))
max

(
‖d0‖
γ0(h)

,
‖d1‖
γ1(h)

)
+ (‖u‖+ Γε) δ,

where ‖d0‖ := max
0≤s≤T

(|d0(s)|), ‖d1‖ := max
0≤s≤T

(|d1(s)|),

γ0(h) := −g0η(0)− v0η
′(0) + v0

(
η′(0)− 4η(h)− 3η(0)− η(2h)

2h

)
,

γ1(h) := g1η(1) + v1η
′(1) + v1

(
3η(1)− 4η(1− h) + η(1− 2h)

2h
− η′(1)

)
.

By virtue of (Q1) and (Q2) and the fact that T = t0 +mδ, it follows that properties

(P1) and (P2) of Lemma 4.1 hold for the sequences y(j) := max( ‖d0‖γ0(h) ,
‖d1‖
γ1(h) ), ϕ(j) =
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VN (t0 + jδ) for j = 0, 1, 2, . . . with K := 1, a = β := 1 − σ δ(1 − max
0≤z≤1

(ω(z, h))),

and g := (‖u‖ + Γε) δ. Notice that (4.37) in conjunction with (4.19) and the fact
that h = N−1 < min

(
h∗, h∗∗, 2

3σ

)
implies that a ∈ (0, 1). Therefore, we obtain the

following from Lemma 4.1:

VN (T ) ≤ max

(
max

(
‖d0‖
γ0(h)

,
‖d1‖
γ1(h)

)
,

(
1− σ

(
1− max

0≤z≤1
(ω(z, h))

)
δ

)m
VN (t0)

)(4.45)

+
Γε+ ‖u‖

σ

(
1− max

0≤z≤1
(ω(z, h))

) .
Using (4.45), the fact that

1− σ
(

1− max
0≤z≤1

(ω(z, h))

)
δ ≤ exp

(
−σ
(

1− max
0≤z≤1

(ω(z, h))

)
δ

)
,

and the fact that T = t0 +mδ, we get (4.4). The proof is complete.

We next proceed with the proof of Theorem 2.4.

Proof of Theorem 2.4. It suffices to prove the estimate

∫ 1

0

sin(πz) |x(t, z)| dz ≤ exp
(
−
(
aπ2 − c

)
t
) ∫ 1

0

sin(πz) |x(0, z)| dz

(4.46)

+
aπ

aπ2 − c

(
max

0≤s≤t
(|d0(s)|) + exp

(
b

2a

)
max

0≤s≤t
(|d1(s)|)

)
+

1

aπ2 − c
max

0≤s≤t

(
max

0≤z≤1
(|u(s, z)| sin(πz))

)
for the solution of

(4.47)
∂ x

∂ t
(t, z) = a

∂2 x

∂ z2
(t, z) + cx(t, z) + u(t, z)

for (t, z) ∈ (0,+∞)× (0, 1) with

(4.48) x(t, 0) = d0(t), x(t, 1) = exp

(
b

2a

)
d1(t) for t ≥ 0,

where c < aπ2 is a constant. Notice that if y(t, z) is a solution of (2.15), (2.16), then
the function x(t, z) = y(t, z) exp

(
bz
2a

)
defined for (t, z) ∈ R+ × [0, 1] is a solution of

(4.47), (4.48) with c = k − b2

4a and u(t, z) := v(t, z) exp
(
bz
2a

)
.

In order to show estimate (4.46), it suffices to show that for every time instant
0 < t0 ≤ T and for every ε > 0, the following estimate holds for sufficiently large
N > 1:

WN (T ) ≤ exp
(
1−

(
aπ2(1− r(N−1))− c

)
(T − t0)

)
WN (t0)(4.49)

+
(1 + a)ε+ ‖u‖+ aπ

(
‖d0‖+ exp

(
b

2a

)
‖d1‖

)
aπ2(1− r(N−1))− c

,
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where

‖d0‖ := max
0≤s≤T

(|d0(s)|) ,

‖d1‖ := max
0≤s≤T

(|d1(s)|) ,

‖u‖ := max
0≤s≤T

(
max

0≤z≤1
(|u(s, z)| sin(πz))

)
,

r(h) :=

{
1− 2 1−cos(πh)

π2h2 if h ∈ (0, 1],

0 if h = 0,
(4.50)

WN (t) := N−1
N−1∑
i=1

sin(iπN−1)
∣∣x(t, iN−1)

∣∣ .(4.51)

Notice that r : [0, 1] → R as defined by (4.50) is a continuous function with
−1 ≤ r(h) < 1 for all h ∈ [0, 1]. Indeed, (4.49) is sufficient for the proof of estimate
(4.46), since∫ ih

(i−1)h

sin(πz) |x(t, z)| dz ≤ h sin(iπh) |xi(t)|+ h2 max
0≤z≤1

(∣∣∣∣ ∂∂ z (sin(πz)x(t, z))

∣∣∣∣) ,
where h := N−1, we obtain

(4.52)

∫ 1

0

sin(πz) |x(t, z)| dz ≤WN (t) + h max
0≤z≤1

(∣∣∣∣ ∂∂ z (sin(πz)x(t, z))

∣∣∣∣) .
Therefore, we obtain from (4.49) that

WN (T ) ≤ exp
(
1−

(
aπ2(1− r(N−1))− c

)
(T − t0)

)
WN (t0)

+
(1 + a)ε+ ‖u‖+ aπ

(
‖d0‖+ exp

(
b

2a

)
‖d1‖

)
aπ2(1− r(N−1))− c

+ 2MN−1,

where M := max
0≤z≤1

(∣∣ ∂
∂ z (sin(πz)x(T, z))

∣∣) + max
0≤z≤1

(∣∣ ∂
∂ z (sin(πz)x(t0, z))

∣∣). Letting

N → +∞, we get (using (4.50)), for all ε > 0,

WN (T ) ≤ exp
(
1−

(
aπ2 − c

)
(T − t0)

)
WN (t0)

+
(1 + a)ε+ ‖u‖+ aπ

(
‖d0‖+ exp

(
b

2a

)
‖d1‖

)
aπ2 − c

.

Since the above inequality holds for all t0 ∈ (0, T ], ε > 0, and since

lim
t0→0+

(∫ 1

0

sin(πz) |x(t0, z)| dz
)

=

∫ 1

0

sin(πz) |x0(z)| dz,

the above inequality implies that (4.46) holds for all t > 0. Inequality (4.46) holds for
t = 0 as well.

Therefore, we have to prove that for every time instant 0 < t0 ≤ T and for every
ε > 0, estimate (4.49) holds for sufficiently large N > 1.

Let 0 < t0 ≤ T be given (arbitrary) time instants. For every h ∈ (0, 1), δ > 0,
t ≥ t0, z ∈ [h, 1 − h] we obtain (4.11), (4.12). We next select an integer N > 3
and define

(4.53) h := N−1, xi(t) := x(t, ih), ui(t) = u(t, ih), i = 0, . . . , N, δ := λh2,
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where

(4.54) λ ∈
(

0,
1

1 + 2a+ |c|

)
is a constant to be selected. Notice that (4.54) guarantees the following inequalities
for all N > 3:

(4.55) 1− 2λ a+ λh2c > 0.

It follows from (4.47), (4.11), (4.12), and the fact that δ := λh2 that for every
h ∈ (0, 1), λ ∈ (0, 1

1+2a+|c| ), t ≥ t0, z ∈ [h, 1− h], the following equality holds:

x(t+ δ, z) =
(
1− 2λ a+ λh2c

)
x(t, z)(4.56)

+ λax(t, z + h) + λ ax(t, z − h) + λh2u(t, z) + P (δ, h, t, z),

where

P (δ, h, t, z) :=

∫ t+δ

t

(
∂ x

∂ t
(s, z)− ∂ x

∂ t
(t, z)

)
ds(4.57)

− λa
∫ z+h

z

∫ s

z

(
∂2 x

∂ z2
(t, w)− ∂2 x

∂ z2
(t, z)

)
dw ds

− λa
∫ z−h

z

∫ s

z

(
∂2 x

∂ z2
(t, w)− ∂2 x

∂ z2
(t, z)

)
dw ds.

Furthermore, it follows from (4.56) and definitions (4.53) that for every t ≥ t0,
the following equalities hold:

xi(t+ δ) =
(
1− 2λ a+ λh2c

)
xi(t) + λ axi+1(t) + λ axi−1(t)(4.58)

+ λh2ui(t) + P (δ, h, t, ih) for i = 1, . . . , N − 1.

We next notice that the function r : [0, 1] → R given by (4.50) is a continuous
function, which satisfies

sin(πih− πh) + sin(πih+ πh)

sin(πih)
− 2 = −2 (1− cos(πh))(4.59)

= −π2h2 (1− r(h)) for i = 1, . . . , N − 1.

Let (arbitrary) ε > 0 be given and let h∗∗ ∈ (0, 1) be selected in such a way that
inequalities (4.35), (4.36) hold and

(4.60) |r(h)| ≤ 1/2 for all h ∈ (0, h∗∗).

The existence of h∗∗ ∈ (0, 1) that satisfies (4.35), (4.36) follows from uniform

continuity of the functions ∂2 x
∂ z2 (t, z) and ∂ x

∂ t (t, z) on the compact set [t0, T +1]× [0, 1].

Indeed, notice that continuity of the mapping z → ∂2 x
∂ z2 (t, z) for (t, z) ∈ R+ × [0, 1] in

conjunction with the continuity of the mappings (t, z)→ ∂ x
∂ t (t, z), (t, z)→ x(t, z) for

(t, z) ∈ (0,+∞)× [0, 1], and the fact that (4.47) holds for all (t, z) ∈ (0,+∞)× (0, 1),
implies that (4.47) holds for all (t, z) ∈ (0,+∞)× [0, 1] and that the mapping (t, z)→
∂2 x
∂ z2 (t, z) is continuous for (t, z) ∈ (0,+∞)× [0, 1]. The existence of h∗∗ ∈ (0, 1) that
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satisfies (4.60) follows from uniform continuity of the function r : [0, 1] → R defined
by (4.50) on the compact set [0, 1]. Let N > 1 be an integer sufficiently large such
that N−1 < min(h∗∗, 1/3) and define h ∈ (0, 1) by (4.53).

Next, let m = [ (1+2a+|c|)(T−t0)
h2 ]+2 and define λ = T−t0

mh2 . Notice that (4.54) holds
for this selection and that T = t0 +mδ, where δ > 0 is defined by (4.53). Moreover,
notice that the definitions of h ∈ (0, 1), δ > 0 in (4.53), (4.35), (4.36), and (4.57)
guarantee that there exists a constant S > 0 such that

(4.61) max
i=1,...,n−1

(|P (δ, h, t, ih)|) ≤ (1 + a)ε δ for all t ∈ [t0, T + 1].

Using (4.48), (4.53), (4.58), (4.61), the triangle inequality, and (4.55), we get, for
all t ∈ [t0, T ],

N−1∑
i=1

sin(iπh) |xi(t+ δ)|

(4.62)

≤
N−1∑
i=1

(
1− 2λ a+ λh2c+ λa

sin((i+ 1)πh) + sin((i− 1)πh)

sin(iπh)

)
sin(iπh) |xi(t)|

+ (1 + a)ε δ

N−1∑
i=1

sin(iπh) + λ a sin(πh) |d0(t)|

+λ a sin((N − 1)πh) exp

(
b

2a

)
|d1(t)|+ λh2

N−1∑
i=1

|ui(t)| sin(iπh).

Consequently, using definitions (4.53), (4.51), we obtain from (4.62) and (4.59),
for all t ∈ [t0, T ],

WN (t+ δ) ≤
(
1− λ aπ2h2(1− r(h)) + λh2c

)
WN (t)(4.63)

+ λh2 max
0≤z≤1

(|u(t, z)| sin(πz)) + (1 + a)ε δ

N−1∑
i=1

h sin(iπh)

+ λ ah sin(πh)

(
‖d0‖ + exp

(
b

2a

)
‖d1‖

)
,

where ‖d0‖ := max
0≤s≤T

(|d0(s)|), ‖d1‖ := max
0≤s≤T

(|d1(s)|). Applying (4.63) inductively

for the sequence WN (t0 + jδ), for j = 0, 1, . . . ,m and using the fact that T = t0 +mδ
and that sin(πh) ≤ π h, δ := λh2, we get

WN (T ) ≤
(
1− δ

(
aπ2(1− r(h))− c

))m
WN (t0)

+
(1 + a)ε+ ‖u‖
aπ2(1− r(h))− c

+
aπ

aπ2(1− r(h))− c

(
‖d0‖ + exp

(
b

2a

)
‖d1‖

)
,

where ‖u‖ := max
0≤s≤T

( max
0≤z≤1

(|u(s, z)| sin(πz))). The above inequality in conjunction

with the fact that 1 − δ
(
aπ2(1− r(h))− c

)
≤ exp

(
−δ

(
aπ2(1− r(h))− c

))
and

that T = t0 +mδ implies (4.49). The proof is complete.
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Next, we give the proof of Theorem 2.3.

Proof of Theorem 2.3. Since the eigenfunctions {φn}∞n=1 of the Sturm–Liouville
operator A : D → L2

r([0, 1]) defined by (2.1), (2.2) under assumptions (H1), (H2)
form an orthonormal basis of L2

r([0, 1]), it follows that Parseval’s identity holds, i.e.,

(4.64) ‖x[t]‖22,r =

∞∑
n=1

c2n(t) for all t ≥ 0,

where

(4.65) cn(t) :=

∫ 1

0

r(z)x(t, z)φn(z)dz for n = 1, 2, . . . .

By virtue of (2.6), it follows from repeated integration by parts that the following
equalities hold for all t > 0:

ċn(t) =

∫ 1

0

r(z)
∂ x

∂ t
(t, z)φn(z)dz =

∫ 1

0

∂

∂ z

(
p(z)

∂ x

∂ z
(t, z)

)
φn(z)dz

−
∫ 1

0

q(z)x(t, z)φn(z)dz +

∫ 1

0

r(z)u(t, z)φn(z)dz

= p(1)
∂ x

∂ z
(t, 1)φn(1)− p(0)

∂ x

∂ z
(t, 0)φn(0)

−
∫ 1

0

p(z)
∂ x

∂ z
(t, z)

dφn
d z

(z)dz

−
∫ 1

0

q(z)x(t, z)φn(z)dz +

∫ 1

0

r(z)u(t, z)φn(z)dz

= p(1)

(
∂ x

∂ z
(t, 1)φn(1)− x(t, 1)

dφn
d z

(1)

)
+ p(0)

(
dφn
d z

(0)x(t, 0)− ∂ x

∂ z
(t, 0)φn(0)

)

+

∫ 1

0

x(t, z)

[
d

d z

(
p(z)

dφn
d z

(z)

)
− q(z)φn(z)

]
dz

+

∫ 1

0

r(z)u(t, z)φn(z)dz.

Thus we get, for all t > 0,

ċn(t) = p(1)

(
∂ x

∂ z
(t, 1)φn(1)− x(t, 1)

dφn
d z

(1)

)
(4.66)

+ p(0)

(
dφn
d z

(0)x(t, 0)− ∂ x

∂ z
(t, 0)φn(0)

)

−
∫ 1

0

r(z)x(t, z) (Aφn) (z)dz +

∫ 1

0

r(z)u(t, z)φn(z)dz.
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It follows from (4.66), the fact that (Aφn)(z) = λnφn(z), and definition (4.65)
that the following equation holds for all t > 0:

ċn(t) + λncn(t) = p(1)

(
∂ x

∂ z
(t, 1)φn(1)− x(t, 1)

dφn
d z

(1)

)
(4.67)

+ p(0)

(
dφn
d z

(0)x(t, 0)− ∂ x

∂ z
(t, 0)φn(0)

)

+

∫ 1

0

r(z)u(t, z)φn(z)dz.

Next, we show that, for all t ≥ 0,

(4.68) x(t, 0)
dφn
d z

(0)− ∂ x

∂ z
(t, 0)φn(0) =

d0(t)

g2
0 + v2

0

(
g0
dφn
d z

(0)− v0φn(0)

)
.

Indeed, the equation g0x(t, 0) + v0
∂ x
∂ z (t, 0) = d0(t) (see (2.7)) gives

g2
0x(t, 0)

dφn
dz

(0) + g0v0
dφn
dz

(0)
∂ x

∂ z
(t, 0) = d0(t)g0

dφn
dz

(0),

g0v0φn(0)x(t, 0) + v2
0φn(0)

∂ x

∂ z
(t, 0) = d0(t)v0φn(0),

from which we obtain

d0(t)

(
g0
dφn
d z

(0)− v0φn(0)

)
= (g2

0 + v2
0)

(
x(t, 0)

dφn
d z

(0)− φn(0)
∂ x

∂ z
(t, 0)

)
+

(
g0
∂ x

∂ z
(t, 0)− v0x(t, 0)

)(
v0
dφn
d z

(0) + g0φn(0)

)
.

Equation (4.68) follows directly from the above equation and the fact that g0φn(0) +
v0
d φn
d z (0) = 0.

Moreover, the equation g1x(t, 1) + v1
∂ x
∂ z (t, 1) = d1(t) (see (2.7)) gives

g2
1x(t, 1)

dφn
dz

(1) + g1v1
dφn
dz

(1)
∂ x

∂ z
(t, 1) = d1(t)g1

dφn
dz

(1),

g1v1φn(1)x(t, 1) + v2
1φn(1)

∂ x

∂ z
(t, 1) = d1(t)v1φn(1),

from which we obtain

d1(t)

(
g1
dφn
d z

(1)− v1φn(1)

)
= (g2

1 + v2
1)

(
x(t, 1)

dφn
d z

(1)− φn(1)
∂ x

∂ z
(t, 1)

)
+

(
g1
∂ x

∂ z
(t, 1)− v1x(t, 1)

)(
v1
dφn
d z

(1) + g1φn(1)

)
.

The fact that g1φn(1) + v1
d φn
d z (1) = 0 in conjunction with the above equation

implies that

(4.69) φn(1)
∂ x

∂ z
(t, 1)− x(t, 1)

dφn
d z

(1) =
d1(t)

g2
1 + v2

1

(
v1φn(1)− g1

dφn
d z

(1)

)
.
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Using (4.67), (4.68), and (4.69), we obtain, for all t > 0,

ċn(t) + λncn(t) =
p(1)d1(t)

g2
1 + v2

1

(
v1φn(1)− g1

dφn
d z

(1)

)
(4.70)

+
p(0)d0(t)

g2
0 + v2

0

(
g0
dφn
d z

(0)− v0φn(0)

)

+

∫ 1

0

r(z)u(t, z)φn(z)dz.

Integrating the differential equations (4.70), we obtain, for all 0 < T ≤ t and
n = 1, 2, . . . ,

cn(t) = exp (−λn (t− T )) cn(T )(4.71)

+
p(1)

g2
1 + v2

1

(
v1φn (1)− g1

dφn
d z

(1)

)∫ t

T

exp (−λn (t− s)) d1(s)ds

+
p(0)

g2
0 + v2

0

(
g0
dφn
d z

(0)− v0φn (0)

)∫ t

T

exp (−λn (t− s)) d0(s)ds

+

∫ t

T

exp (−λn (t− s))
(∫ 1

0

r(z)u(s, z)φn(z)dz

)
ds.

Continuity of the mapping R+ 3 T → cn(T ) and (4.71) implies the following
equations for all t ≥ 0 and n = 1, 2, . . . :

cn(t) = exp (−λn t) cn(0)(4.72)

+
p(1)

g2
1 + v2

1

(
v1φn (1)− g1

dφn
d z

(1)

)∫ t

0

exp (−λn (t− s)) d1(s)ds

+
p(0)

g2
0 + v2

0

(
g0
dφn
d z

(0)− v0φn (0)

)∫ t

0

exp (−λn (t− s)) d0(s)ds

+

∫ t

0

exp (−λn (t− s))
(∫ 1

0

r(z)u(s, z)φn(z)dz

)
ds.

Equations (4.72) in conjunction with the previous inequality imply the following
estimates for all t ≥ 0 and n = 1, 2, . . . :

|cn(t)| ≤ exp (−λn t) |cn(0)|+ 1− exp (−λn t)
λn

‖u‖
∫ 1

0

r(z) |φn(z)| dz(4.73)

+
p(1)

g2
1 + v2

1

∣∣∣∣v1φn (1)− g1
dφn
d z

(1)

∣∣∣∣ 1− exp (−λn t)
λn

max
0≤s≤t

(|d1(s)|)

+
p(0)

g2
0 + v2

0

∣∣∣∣g0
dφn
d z

(0)− v0φn (0)

∣∣∣∣ 1− exp (−λn t)
λn

max
0≤s≤t

(|d0(s)|) ,

where ‖u‖ := max
0≤s≤t

( max
0≤z≤1

(|u(s, z)|)). We next use the inequality (a + b)2 ≤ (1 +

ε−1)a2+(1+ε)b2 (which holds for every a, b ∈ R and ε > 0) in conjunction with (4.73).
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Using (4.73) for t > 0 with ε = (1−exp(−λn t))2

1−(1−exp(−λn t))2
> 0, we get, for all t > 0 and

n = 1, 2, . . . ,

|cn(t)|2 ≤ exp (−λn t)
2− exp (−λn t)

|cn(0)|2(4.74)

+
1

λ2
n

(
p(1)

g2
1 + v2

1

∣∣∣∣v1φn (1)− g1
dφn
d z

(1)

∣∣∣∣D1

+
p(0)

g2
0 + v2

0

∣∣∣∣g0
dφn
d z

(0)− v0φn (0)

∣∣∣∣D0 + U

)2

,

where U := ‖u‖
∫ 1

0
r(z) |φn(z)| dz, D0 := max

0≤s≤t
(|d0(s)|), D1 := max

0≤s≤t
(|d1(s)|). Again,

we next use the inequality (a + b)2 ≤ (1 + ε−1)a2 + (1 + ε)b2 (which holds for every
a, b ∈ R and ε > 0) in conjunction with (4.74). We obtain, for all t > 0, ε, ω > 0, and
n = 1, 2, . . . ,

|cn(t)|2 ≤ exp (−λn t)
2− exp (−λn t)

|cn(0)|2 +
(1 + ω−1)

λ2
n

‖u‖2
(∫ 1

0

r(z) |φn(z)| dz
)2

(4.75)

+
(1 + ε−1)(1 + ω)

λ2
n

(
p(0)

g2
0 + v2

0

)2 ∣∣∣∣g0
dφn
d z

(0)− v0φn (0)

∣∣∣∣2 max
0≤s≤t

(
|d0(s)|2

)
+

(1 + ε)(1 + ω)

λ2
n

(
p(1)

g2
1 + v2

1

)2 ∣∣∣∣v1φn (1)− g1
dφn
d z

(1)

∣∣∣∣2 max
0≤s≤t

(
|d1(s)|2

)
.

We notice that (4.75) holds for t = 0 as well. Since λn ≥ λ1 > 0 for all
n = 1, 2, . . . , we obtain from (4.75) the following estimates for all t ≥ 0, ε, ω > 0, and
n = 1, 2, . . . :

|cn(t)|2 ≤ exp (−λ1 t)

2− exp (−λ1 t)
|cn(0)|2 +

(1 + ω−1)

λ2
n

‖u‖2
(∫ 1

0

r(z) |φn(z)| dz
)2

(4.76)

+
(1 + ε−1)(1 + ω)

λ2
n

(
p(0)

g2
0 + v2

0

)2 ∣∣∣∣g0
dφn
d z

(0)− v0φn (0)

∣∣∣∣2 max
0≤s≤t

(
|d0(s)|2

)
+

(1 + ε)(1 + ω)

λ2
n

(
p(1)

g2
1 + v2

1

)2 ∣∣∣∣v1φn (1)− g1
dφn
d z

(1)

∣∣∣∣2 max
0≤s≤t

(
|d1(s)|2

)
.

Therefore, by virtue of estimates (4.76), (4.64), the following estimate holds for
all t ≥ 0 and ε, ω > 0:

‖x[t]‖r ≤

√
exp (−λ1 t)

2− exp (−λ1 t)
‖x[0]‖r(4.77)

+ C0

√
(1 + ε−1)(1 + ω) max

0≤s≤t
(|d0(s)|)

+ C1

√
(1 + ε)(1 + ω) max

0≤s≤t
(|d1(s)|)

+ C̃
√

1 + ω−1 max
0≤s≤t

(
max

0≤z≤1
(|u(s, z)|)

)
,
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where

C0 :=
p(0)√
g2

0 + v2
0

√√√√ ∞∑
n=1

1

λ2
n

∣∣∣∣∣ g0√
g2

0 + v2
0

dφn
d z

(0)− v0√
g2

0 + v2
0

φn (0)

∣∣∣∣∣
2

,(4.78)

C1 :=
p(1)√
g2

1 + v2
1

√√√√ ∞∑
n=1

1

λ2
n

∣∣∣∣∣ v1√
g2

1 + v2
1

φn (1)− g1√
g2

1 + v2
1

dφn
d z

(1)

∣∣∣∣∣
2

,(4.79)

C̃ :=

√√√√ ∞∑
n=1

1

λ2
n

(∫ 1

0

r(z) |φn(z)| dz
)2

.(4.80)

Since
∫ 1

0
r(z)φ2

n(z)dz = 1 for n = 1, 2, . . ., we get max
0≤z≤1

(
φ2
n(z)

) ∫ 1

0
r(z)dz ≥ 1

and consequently max0≤z≤1 (|φn(z)|) ≥ (
√∫ 1

0
r(z)dz)−1 for n = 1, 2, . . ., Therefore,

inequality (2.4) implies that
∑∞
n=1 λ

−1
n < +∞ and thus

∑∞
n=1 λ

−2
n < +∞. Using the

Cauchy–Schwarz inequality and the fact that
∫ 1

0
r(z)φ2

n(z)dz = 1 for n = 1, 2, . . ., we

get (
∫ 1

0
r(z) |φn(z)| dz)2 ≤

∫ 1

0
r(z)dz for n = 1, 2, . . .. Thus we get

C̃ :=

√√√√ ∞∑
n=1

1

λ2
n

(∫ 1

0

r(z) |φn(z)| dz
)2

≤

√√√√ ∞∑
n=1

λ−2
n

√∫ 1

0

r(z)dz < +∞.

Using Lemma 2.1 in [18], it follows that the boundary value problem

(4.81)
d

dz

(
p(z)

dx̃

dz
(z)

)
− q(z)x̃(z) = 0 for all z ∈ [0, 1]

with

(4.82) g0x̃(0) + v0
d x̃

dz
(0) =

√
g2

0 + v2
0 , g1x̃(1) + v1

d x̃

dz
(1) = 0

has a unique solution x̃ ∈ C2([0, 1]), which satisfies

(4.83) p2(0)

∞∑
n=1

λ−2
n

∣∣∣∣∣ g0√
g2

0 + v2
0

dφn
d z

(0)− v0√
g2

0 + v2
0

φn(0)

∣∣∣∣∣
2

=

∫ 1

0

r(z)x̃2(z)dz.

Changing z by 1 − z and using Lemma 2.1 in [18], it follows that the boundary
value problem

(4.84)
d

dz

(
p(z)

dx̄

dz
(z)

)
− q(z)x̄(z) = 0 for all z ∈ [0, 1]

with

(4.85) g0x̄(0) + v0
d x̄

dz
(0) = 0, g1x̄(1) + v1

d x̄

dz
(1) =

√
g2

1 + v2
1

has a unique solution x̄ ∈ C2([0, 1]), which satisfies

(4.86) p2(1)

∞∑
n=1

λ−2
n

∣∣∣∣∣ g1√
g2

1 + v2
1

dφn
d z

(1)− v1√
g2

1 + v2
1

φn(1)

∣∣∣∣∣
2

=

∫ 1

0

r(z)x̄2(z)dz.

The proof is complete.
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Proof of Corollary 2.5. Inequalities (2.20) and (2.22) are straightforward appli-
cations of Theorem 2.2 (with σ ∈ (0, aπ2), θ ∈ (0, π − ϕ), ϕ :=

√
σ
a , and η(z) =

sin (θ + zϕ)) and Theorem 2.4. Inequality (2.21) is a consequence of a similar analy-
sis to that presented in the proof of Theorem 2.3, which is presented next.

Since the functions
{√

2 sin(nπz)
}∞
n=1

form an orthonormal basis of L2([0, 1]), it
follows that Parseval’s identity holds, i.e.,

(4.87)

∫ 1

0

x2(t, z)dz =

∞∑
n=1

c2n(t) for all t ≥ 0,

where

(4.88) cn(t) :=
√

2

∫ 1

0

x(t, z) sin(nπz)dz for n = 1, 2, . . . .

By virtue of (2.16), (2.19), it follows from repeated integration by parts that the
following equalities hold for all t > 0:

ċn(t) = −a(−1)nnπ
√

2d1(t) + anπ
√

2d0(t)− an2π2cn(t).

Integrating the above differential equations, we obtain, for all 0 < T ≤ t and
n = 1, 2, . . . ,

cn(t) = exp
(
−an2 π2(t− T )

)
cn(T )(4.89)

+ anπ
√

2

∫ t

T

exp
(
−an2π2(t− s)

)
(d0(s)− (−1)nd1(s)) ds.

Continuity of the mapping R+ 3 T → cn(T ) and (4.89) implies the following
equations for all t ≥ 0 and n = 1, 2, . . . ,

cn(t) = exp
(
−an2 π2t

)
cn(0)(4.90)

+ anπ
√

2

∫ t

0

exp
(
−an2π2(t− s)

)
(d0(s)− (−1)nd1(s)) ds.

Equations (4.90) imply the following estimates for all t ≥ 0, and n = 1, 2, . . . :

|cn(t)| ≤ exp
(
−an2π2 t

)
|cn(0)|(4.91)

+
√

2
1− exp

(
−an2π2t

)
nπ

(
max

0≤s≤t
(|d0(s)|) + max

0≤s≤t
(|d1(s)|)

)
.

Therefore, we obtain from (4.91) the following estimates for all t ≥ 0, εn(t) > 0,
and n = 1, 2, . . . :

|cn(t)|2 ≤
(
1 + ε−1

n (t)
)

exp
(
−2an2π2 t

)
|cn(0)|2(4.92)

+ 2 (1 + εn(t))

(
1− exp

(
−an2π2 t

))2
n2π2

×
(

max
0≤s≤t

(|d1(s)|) + max
0≤s≤t

(|d0(s)|)
)2

.

Selecting εn(t) =
1−(1−exp(−an2π2 t))

2

(1−exp(−an2π2 t))2
for t > 0, we obtain from (4.92), for all t > 0 and

n = 1, 2, . . . ,
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|cn(t)|2 ≤
exp

(
−an2π2 t

)
2− exp (−an2π2 t)

|cn(0)|2(4.93)

+
2

n2π2

(
max

0≤s≤t
(|d1(s)|) + max

0≤s≤t
(|d0(s)|)

)2

.

Using the inequality
exp(−an2π2 t)

2−exp(−an2π2 t) ≤
exp(−aπ2 t)

2−exp(−aπ2 t) for all t > 0, n = 1, 2, . . . , and

the fact that
∑∞
n=1

2
n2π2 = 1

3 (since
√

2
∫ 1

0
z sin(nπz)dz = −

√
2

nπ (−1)n and
∫ 1

0
z2dz =

1
3 ), we get (2.21) for t > 0 by combining (4.93) with (4.87). Estimate (2.21) holds for
t = 0 as well.

The proof is complete.

For the proofs of Theorems 3.2 and 3.3, we need the following technical lemma.
Its proof is provided in the appendix.

Lemma 4.2. For every σ > 0, M ≥ 1, ε > 0 there exists a constant δ ∈ (0, σ)
with the following property: if ϕ : R+ → R+ and y : R+ → R+ are locally bounded
functions for which there exists a constant γ ≥ 0 such that the following inequality
holds for all t0 ≥ 0 and t ≥ t0,

(4.94) ϕ(t) ≤M exp(−σ(t− t0))ϕ(t0) + γ sup
t0≤s≤t

(y(s)) ,

then the following inequality holds for all t ≥ 0:

(4.95) ϕ(t) ≤M exp(−δ t)ϕ(0) + γ(1 + ε) sup
0≤s≤t

(y(s) exp (−δ(t− s))) .

Since the proofs of Theorems 3.2 and 3.3 are similar, they are presented together.

Proofs of Theorems 3.2 and 3.3. Let x0 ∈ ∆ (arbitrary) and consider the unique
solution x ∈ C0(R+ × [0, 1])

⋂
C1((0,+∞) × [0, 1]) of the evolution equation (2.19)

with (3.1) with x[t] ∈ C2([0, 1]) for all t ≥ 0 and x(0, z) = x0(z) for all z ∈ [0, 1]. By
virtue of Corollary 2.5, the solution satisfies estimates (2.20), (2.21) for all t ≥ 0 with

(4.96) d0(t) :=

∫ 1

0

g0(z)x(t, z)dz and d1(t) =

∫ 1

0

g1(z)x(t, z)dz

for all t ≥ 0. Using Hölder’s inequality and definitions (4.96), we obtain, for all t ≥ 0,

|d0(t)| ≤ ‖x[t]‖2

√∫ 1

0

g2
0(z)dz,(4.97)

|d1(t)| ≤ ‖x[t]‖2

√∫ 1

0

g2
1(z)dz

and

|d0(t)| ≤ ‖x[t]‖1,w sup
0<z<1

(
|g0(z)|
sin(πz)

)
,(4.98)

|d1(t)| ≤ ‖x[t]‖1,w sup
0<z<1

(
|g1(z)|
sin(πz)

)
.
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Consequently, we get from (2.21), (4.97), and (4.98), for all t ≥ 0,

‖x[t]‖2 ≤ exp

(
−aπ

2

2
t

)
‖x[0]‖2 + γ2 max

0≤s≤t
(‖x[s]‖2) ,(4.99)

‖x[t]‖1,w ≤ exp

(
−aπ

2

2
t

)
‖x[0]‖1,w + γ1,w max

0≤s≤t

(
‖x[s]‖1,w

)
,(4.100)

where

γ2 :=
1√
3

√∫ 1

0

g2
0(z)dz +

√∫ 1

0

g2
1(z)dz


and

γ1,w =
1

π

(
sup

0<z<1

(
|g0(z)|
sin(πz)

)
+ sup

0<z<1

(
|g1(z)|
sin(πz)

) )
.

By virtue of (3.4) or (3.6), we have that γ < 1, where γ = γ2 in the case of
Theorem 3.2 and γ = γ1,w in the case of Theorem 3.3. Consequently, there exists
ε > 0 such that γ(1 + ε) < 1. By virtue of Lemma 4.2, for the selected ε > 0 for

which γ(1 + ε) < 1, there exists a constant δ ∈ (0, aπ
2

2 ) with the following property:
if ϕ : R+ → R+ and y : R+ → R+ are locally bounded functions for which inequality

(4.94) holds for all t0 ≥ 0 and t ≥ t0 with σ = aπ2

2 and M = 1, then inequality (4.95)
holds. Applying this property to the functions ϕ(t) = y(t) = ‖x[t]‖2 in the case of
Theorem 3.2 and the functions ϕ(t) = y(t) = ‖x[t]‖1,w in the case of Theorem 3.3,
and noticing that inequality (4.94) holds for these functions (by virtue of estimates
(4.99), (4.100) and the semigroup property for the solution of the evolution equation
(2.19) with (3.1)), we get, for Theorem 3.2,

(4.101) ‖x[t]‖2 exp(δ t) ≤ ‖x[0]‖2 + γ(1 + ε) max
0≤s≤t

(‖x[s]‖2 exp(δ s))

for all t ≥ 0, and for Theorem 3.3,

(4.102) ‖x[t]‖1,w exp(δ t) ≤ ‖x[0]‖1,w + γ(1 + ε) max
0≤s≤t

(
‖x[s]‖1,w exp(δ s)

)
for all t ≥ 0. Since γ(1 + ε) < 1, estimate (3.5) (in the case of Theorem 3.2) or
(3.7) (in the case of Theorem 3.3) follows from estimate (4.101) or estimate (4.102),
respectively, with M = 1

1−γ(1+ε) . The proof is complete.

For the proof of Theorem 3.1, we need the following technical lemma. Its proof
is provided in the appendix.

Lemma 4.3. For every σ > 0, M ≥ 1, ε > 0 there exists a constant δ ∈ (0, σ]
with the following property: if q : R+ → R+ and y : R+ → R+ are locally bounded
functions for which there exists a constant γ ≥ 0 such that the following inequality
holds for all t0 ≥ 0 and t ≥ t0,

(4.103) q(t) ≤ max

(
M exp(−σ(t− t0))q(t0) , γ sup

t0≤s≤t
(y(s))

)
,

then the following inequality holds for all t ≥ 0:

(4.104) q(t) ≤ max

(
M exp(−δ t)q(0) , γ(1 + ε) sup

0≤s≤t
(y(s) exp (−δ(t− s)))

)
.
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Finally, we present the proof of Theorem 3.1.

Proof of Theorem 3.1. Let x0 ∈ ∆ (arbitrary) and consider the unique solution
x ∈ C0(R+ × [0, 1])

⋂
C1((0,+∞)× [0, 1]) of the evolution equation (2.19) with (3.1)

with x[t] ∈ C2([0, 1]) for all t ≥ 0 and x(0, z) = x0(z) for all z ∈ [0, 1]. By virtue
of Corollary 2.5, the solution satisfies estimates (2.22) for all t ≥ 0 with ϕ ∈ (0, π),
θ ∈ (0, π − ϕ) being the constants involved in (3.2), σ = aϕ2, and (d0, d1) given by
(4.96). Using Hölder’s inequality and definitions (4.96), we obtain, for all t ≥ 0,

|d0(t)| ≤ ‖x[t]‖∞,w
∫ 1

0

|g0(z)| sin(θ + zϕ)dz,(4.105)

|d1(t)| ≤ ‖x[t]‖∞,w
∫ 1

0

|g1(z)| sin(θ + zϕ)dz,

where ‖x[t]‖∞,w := max
0≤z≤1

( |x(t,z)|
sin(θ+zϕ) ). Consequently, we get from (2.22) and (4.105),

for all t ≥ 0,

(4.106) ‖x[t]‖∞,w ≤ max

(
exp (−σ t) ‖x[0]‖∞,w , γ max

0≤s≤t

(
‖x[s]‖∞,w

))
,

where γ = max( 1
sin(θ)

∫ 1

0
|g0(z)| sin(θ + zϕ)dz , 1

sin(θ+ϕ)

∫ 1

0
|g1(z)| sin(θ + zϕ)dz) . By

virtue of (3.2), we have that γ < 1. Consequently, there exists ε > 0 such that
γ(1 + ε) < 1. By virtue of Lemma 4.3, for the selected ε > 0 for which γ(1 + ε) < 1,
there exists a constant δ ∈ (0, σ] with the following property: if q : R+ → R+ and
y : R+ → R+ are locally bounded functions for which inequality (4.103) holds for all
t0 ≥ 0 and t ≥ t0 with M = 1, then inequality (4.104) holds. Applying this property
to the functions q(t) = y(t) = ‖x[t]‖∞,w and noticing that inequality (4.103) holds
for these functions (by virtue of estimate (4.107) and the semigroup property for the
solution of the evolution equation (2.19) with (3.1)), we get, for all t ≥ 0,

‖x[t]‖∞,w exp (δ t) ≤ max

(
‖x[0]‖∞,w , γ(1 + ε) max

0≤s≤t

(
‖x[s]‖∞,w exp (δ s)

))
.(4.107)

Since γ(1 + ε) < 1, and since there exist constants K1,K2 > 0 such that
K1 ‖x[t]‖∞ ≤ ‖x[t]‖∞,w ≤ K2 ‖x[t]‖∞, estimate (3.3) follows from estimate (4.107).
The proof is complete.

5. Concluding remarks. We have studied 1-D parabolic PDEs with distur-
bances at both boundaries and distributed disturbances. Our main results provided
ISS estimates in weighted L∞, L2, and L1 norms. Due to the lack of an ISS Lya-
punov functional for boundary disturbances, we utilized a finite-difference scheme for
the proof of the ISS estimates in weighted L∞ and L1 norms. The ISS estimate for
the sup-norm led to a refinement of the well-known maximum principle for the heat
equation. We also applied the obtained results to quasi-static thermoelasticity mod-
els that involve nonlocal boundary conditions. By means of small-gain arguments, we
were able to derive conditions that guarantee the global exponential stability of the
zero solution for such models.

Future work may involve the study of the robustness of the closed-loop system
for 1-D parabolic PDEs under boundary feedback control. It should be noted that
the application boundary feedback leads to a closed-loop system which is described
by nonlocal boundary conditions (such as the systems studied in section 3 of the
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present work; see [30]). Moreover, future work may also involve the derivation of ISS
estimates in general Lp norms, where 1 ≤ p ≤ ∞.

Appendix A.

Proof of Lemma 4.1. Let arbitrary j ∈ {0, 1, . . . ,m} be given. Define the set

A = { s ∈ {0, . . . , j} : y(s) > Kϕ(s) } .(A.1)

Clearly, if j ∈ A, then we get ϕ(j) ≤ K−1y(j) ≤ K−1 max
s=0,...,j

(y(s)) and estimate

(4.2) holds in this case. Therefore, we next assume that j /∈ A. We distinguish the
following cases.

Case 1: A = ∅.
In this case, we have Kϕ(s) ≤ y(s) for all s = 0, . . . , j. Property (P1) implies that

ϕ(s+1) ≤ aϕ(s)+g for all s = 0, . . . , j. Using induction, we get ϕ(s) ≤ asϕ(0)+g 1−as
1−a

for all s = 0, . . . , j, which directly shows that estimate (4.2) holds in this case.
Case 2: A 6= ∅.
Define T = max { s ∈ A } and note that since j /∈ A, we obtain T ≤ j − 1.

Definition (A.1) implies that Kϕ(T ) ≤ y(T ) and that Kϕ(s) ≥ y(s) for all s =
T + 1, . . . , j. Property (P1) implies that ϕ(s+ 1) ≤ aϕ(s) + g for all s = T + 1, . . . , j.

Using induction, we get ϕ(s) ≤ as−T−1ϕ(T + 1) + g 1−as−T−1

1−a for all s = T + 1, . . . , j.
Moreover, property (P2) implies that ϕ(T+1) ≤ β y(T )+g, which, combined with the

previous inequality, implies that ϕ(j) ≤ aj−T−1β y(T ) + g 1−aj−T
1−a . The last inequality

shows that estimate (4.2) holds in this case as well. The proof is complete.

Proof of Lemma 4.2. Let ε > 0 (arbitrary) be given and let constants λ ∈ (0, 1),
µ > 1 so that

(A.2) 0 <
µ

1− λµ
≤ 1 + ε.

Such constants λ ∈ (0, 1), µ > 1 exist by virtue of continuity of the function
f(λ, µ) := µ

1−λµ in a neighborhood of (0,1) and by the fact that f(0, 1) = 1 < 1 + ε.
Define

(A.3) T = σ−1 ln(M/λ), ω := σ − T−1 ln(M), δ := T−1 ln(µ).

Notice that definitions (A.3) guarantee that λ = M exp(−σT ) = exp(−ωT ) < 1
and that ω ∈ (0, σ], δ ∈ (0, ω). Using (4.94), we obtain, for all p ≥ 0,

(A.4) ϕ((i+ 1)T + p) ≤ λϕ(iT + p) + γ sup
p+iT≤s≤p+(i+1)T

(y(s)) for all i ≥ 0.

Applying (A.4) repeatedly, we get, for all i ≥ 1 and p ≥ 0,

(A.5) ϕ(iT + p) ≤ λi ϕ(p) + γ

i−1∑
k=0

λi−1−k sup
p+kT≤s≤p+(k+1)T

(y(s)) .

Using the fact that λ = exp(−ωT ) and that δ ∈ (0, ω), we get, for all i ≥ 1 and
p ≥ 0,
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ϕ(iT + p)− exp(−ωiT )ϕ(p)

≤ γ exp(ωT − δ iT )

i−1∑
k=0

exp(−(ω − δ)(iT − kT )) sup
p+kT≤s≤p+(k+1)T

(y(s) exp(δ kT ))

≤ γ exp(ωT ) sup
p≤s≤p+iT

(y(s) exp(−δ(iT + p− s)))
i−1∑
k=0

exp(−(ω − δ)T (i− k))

≤ γ exp(ωT ) sup
p≤s≤p+iT

(y(s) exp(−δ(iT + p− s)))
i∑

k=1

exp(−(ω − δ)Tk)

≤ γ exp(δ T ) sup
p≤s≤p+iT

(y(s) exp(−δ(iT + p− s)))
i−1∑
k=0

exp(−(ω − δ)Tk)

≤ γ exp(δ T ) sup
p≤s≤p+iT

(y(s) exp(−δ(iT + p− s))) 1− exp(−(ω − δ)Ti)
1− exp(−(ω − δ)T )

.

Consequently, the following inequality holds for all i ≥ 0 and p ≥ 0:

ϕ(iT + p) ≤ exp(−ωiT )ϕ(p)(A.6)

+ γ exp(δ T ) sup
p≤s≤p+iT

(y(s) exp(−δ(iT + p− s)))

× 1− exp(−(ω − δ)Ti)
1− exp(−(ω − δ)T )

.

Inequality (4.94) implies that ϕ(p) ≤ M exp(−σp)ϕ(0) + γ sup
0≤s≤p

(y(s)), which,

combined with (A.6), gives, for all i ≥ 0 and p ≥ 0,

ϕ(iT + p) ≤M exp(−ωiT − σp)ϕ(0) + γ exp(−ωiT ) sup
0≤s≤p

(y(s))

+ γ
exp(δ T ) (1− exp(−(ω − δ)Ti))

1− exp(−(ω − δ)T )
sup

p≤s≤iT+p
(y(s) exp(−δ(iT + p− s)))

≤M exp(−ωiT − σp)ϕ(0) + γ exp(−ωiT ) sup
0≤s≤p

(y(s) exp(δ s))

+ γ
exp(δ T ) (1− exp(−(ω − δ)Ti))

1− exp(−(ω − δ)T )
sup

p≤s≤iT+p
(y(s) exp(−δ(iT + p− s)))

≤M exp(−ωiT − σp)ϕ(0)

+ γ exp(−(ω − δ)iT ) exp(δ p) sup
0≤s≤p

(y(s) exp(−δ(iT + p− s)))

+ γ
exp(δ T ) (1− exp(−(ω − δ)Ti))

1− exp(−(ω − δ)T )
sup

p≤s≤iT+p
(y(s) exp(−δ(iT + p− s))) .

Using the above inequality in conjunction with the fact that ω ∈ (0, σ], we obtain,
for all i ≥ 0 and p ∈ [0, T ],

ϕ(iT + p) ≤M exp(−ω(iT + p))ϕ(0)(A.7)

+
γ exp(δ T )

1− exp(−(ω − δ)T )
sup

0≤s≤iT+p
(y(s) exp(−δ(iT + p− s))) .
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Since (A.7) holds for all i ≥ 0 and p ∈ [0, T ], we conclude that the following
estimate holds for all t ≥ 0:

ϕ(t) ≤M exp(−ω t)ϕ(0)(A.8)

+
γ exp(δ T )

1− exp(−(ω − δ)T )
sup

0≤s≤t
(y(s) exp(−δ(t− s))) .

Definitions (A.3) guarantee that exp(δ T )
1−exp(−(ω−δ)T ) = µ

1−λµ . Inequality (4.95) is a

direct consequence of the previous equality, the fact that δ ∈ (0, ω), and inequalities
(A.2), (A.8).

The proof is complete.

Proof of Lemma 4.3. Let ε > 0, λ ∈ (0, 1) (arbitrary) be given. Define

(A.9) T = σ−1 ln(M/λ), ω := σ − T−1 ln(M), δ := min
(
T−1 ln(1 + ε), ω

)
.

Notice that definitions (A.9) guarantee that λ = M exp(−σT ) = exp(−ωT ) < 1
and that ω ∈ (0, σ], δ ∈ (0, ω]. Using (4.102), we obtain, for all p ≥ 0 and i ≥ 0,

(A.10) q((i+ 1)T + p) ≤ max

(
λ q(iT + p) , γ sup

p+iT≤s≤p+(i+1)T

(y(s))

)
.

Applying (A.10) repeatedly, we get, for all i ≥ 1 and p ≥ 0,

(A.11) q(iT + p) ≤ max

(
λi q(p), γ max

k=0,...,i−1

(
λi−1−k sup

p+kT≤s≤p+(k+1)T

(y(s))

))
.

Using the fact that λ = exp(−ωT ) and that δ ∈ (0, ω], we get, for all i ≥ 1 and
p ≥ 0,

q(iT + p)

≤ max

(
g, γ exp (ωT ) max

k=0,...,i−1

(
exp (−ω(i− k)T ) sup

p+kT≤s≤p+(k+1)T

(y(s))

))

≤ max

(
g, γE max

k=0,...,i−1

(
exp (−(ω − δ)(i− 1− k)T ) sup

p+kT≤s≤p+(k+1)T

(Y (s))

))

≤ max

(
g, γE max

k=0,...,i−1

(
sup

p+kT≤s≤p+(k+1)T

(Y (s))

))
,

where g := exp (−ωiT ) q(p), E := exp (δT ), and Y (s) := y(s) exp (−δ (iT + p− s)).
Consequently, the following inequality holds for all i ≥ 0, and p ≥ 0:

(A.12) q(iT + p) ≤ max

(
g, γ exp (δT ) sup

p≤s≤p+iT
(Y (s))

)
.

Inequality (4.102) implies that q(p) ≤ max(M exp(−σp)q(0) , γ sup
0≤s≤p

(y(s))),

which, combined with (A.12) and the fact that ω ∈ (0, σ], δ ∈ (0, ω], gives, for
all i ≥ 0 and p ≥ 0,

(A.13) q(iT + p) ≤ max

(
G, γ exp (δ p) sup

0≤s≤p
(Y (s)) , γ exp (δT ) sup

p≤s≤p+iT
(Y (s))

)
,
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where G = M exp (−ω(iT + p)) q(0). Using (A.13), we obtain, for all i ≥ 0 and
p ∈ [0, T ],

(A.14) q(iT + p) ≤ max

(
G, γ exp (δT ) sup

0≤s≤p+iT
(Y (s))

)
.

Since (A.14) holds for all i ≥ 0 and p ∈ [0, T ], we conclude that the following
estimate holds for all t ≥ 0:

(A.15) q(t) ≤ max

(
M exp (−ω t) q(0), γ exp (δT ) sup

0≤s≤t
(y(s) exp (−δ (t− s)))

)
.

Definitions (A.9) guarantee that exp(δ T ) ≤ 1 + ε. Inequality (4.103) is a direct
consequence of the previous inequality, the fact that δ ∈ (0, ω], and inequality (A.15).
The proof is complete.
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