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In this paper, we extend recent results on state and boundary parameter estimation in coupled systems
of linear partial differential equations (PDEs) of the hyperbolic type consisting of n rightward and one
leftward convecting equations, to the general case which involves an arbitrary number of PDEs convecting
in both directions. Two adaptive observers are derived based on swapping design, where one introduces a
set of filters that can be used to express the system states as linear, static combinations of the filter states
and the unknown parameters. Standard parameter identification laws can then be applied to estimate
the unknown parameters. One observer which requires sensing at both boundaries, generates estimates
of the boundary parameters and system states, while the second observer estimates the parameters from
sensing limited to the boundary anti-collocated with the uncertain parameters. Proof of boundedness of
the adaptive laws is offered, and sufficient conditions ensuring exponential convergence are derived. The
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theory is verified in simulations.
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1. Introduction
1.1. Background

Relevant physical systems that can be modeled as hyperbolic
partial differential equations (PDEs) are, to mention a few, heat ex-
changers (Xu & Sallet, 2010), transmission lines (Currd, Fusco, &
Manganaro, 2011), road traffic (Amin, Hante, & Bayen, 2008), oil
wells (Landet, Pavlov, & Aamo, 2013) and multiphase flow (Di-
agne, Diagne, Tang, & Krsti¢, 2017; Di Meglio, 2011) and time-
delays (Krsti¢ & Smyshlyaev, 2008). These distributed parameter
systems give rise to important estimation and control problems, for
which early results can be found in Coron, Novel, and Bastin (2007),
Greenberg and Tsien (1984) and Litrico and Fromion (2006),
and more recently in Gou and Jin (2015), which deals with the
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boundary disturbance rejection problem for linear wave PDEs
based on the so-called ADRC methodology.

Rigorous designs have recently started to appear based on
the so-called backstepping approach. The key ingredient of
the backstepping technique is the introduction of an invertible
Volterra transformation that maps the original system of PDEs
into a simpler target system whose stability is easier to establish.
Then the invertibility of the backstepping transformation allows to
state the stability properties for the original system from the target
system analysis. The aforementioned framework represents a
major shift for infinite dimensional controller design. Backstepping
applied to infinite dimensional systems was initially developed
for parabolic PDEs (Boskovi¢, Krsti¢, & Liu, 2001), with the first
version in its infinite-dimensional form presented in Liu (2003).
The method has later been applied to e.g. fluid flows (Aamo,
Smyshlyaev, Krsti¢, & Foss, 2004), nonlinear parabolic equations
(Vazquez & Krsti¢, 2008a,b) and for the boundary stabilization
of a one-dimensional wave equation with an internal spatially
varying antidamping term in Smyshlyaev, Cerpa, and Krsti¢ (2010).
The extension to first order hyperbolic PDEs was done in Krsti¢
and Smyshlyaev (2008), with an expansion to 2 x 2 systems in
Vazquez, Krsti¢, and Coron (2011) and n 4 1 systems in Di Meglio,
Vazquez, and Krsti¢ (2013). In such systems, n PDEs convect in
the same direction, with a single one convecting in the opposite
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direction. The general m + n case with an arbitrary number of PDEs
convecting in each direction was given in Hu, Di Meglio, Vazquez,
and Krsti¢ (2016), and therefore presented the definitive solution
to the problem of controlling coupled hyperbolic PDEs.

Parabolic PDEs were adaptively stabilized using output feed-
back in Smyshlyaev and Krsti¢ (2007), while a comprehensive set
of solutions for adaptive control of general linear parabolic PDEs
given in Smyshlyaev and Krsti¢ (2010), using both full-state and
output-feedback, and employing three approaches for the design
of parameter estimators and adaptive observer.

The efforts yielding results on adaptive control of general
first-order non-local hyperbolic PDEs were launched in Bernard
and Krstic¢ (2014), where a hyperbolic partial integro-differential
equation was adaptively stabilized using boundary sensing only.
Also, Xu and Liu (2016) consider a subclass of systems considered
in Bernard and Krsti¢ (2014) and present a full-state feedback
solution, with the implementation of the proposed controller
requiring an online computation of the controller gains due to the
time dependency of the adaptive kernel functions.

An adaptive observer for hyperbolic systems was also derived in
Di Meglio, Bresch-Pietri, and Aarsnes (2014), where additive dis-
turbance terms in the boundary conditions were estimated. The
derived method was applied to a problem from underbalanced
drilling in the oil industry, estimating uncertain parameters. Ad-
ditionally, in Tang and Krsti¢ (2014), backstepping was used in
conjunction with sliding mode control to design an adaptive con-
troller estimating and taking into account an uncertain parameter
in the boundary condition at the same boundary as actuation. We
mention that significant results dealing with observers design for
disturbance rejection in distributed parameter systems were dis-
cussed in Aamo (2013), Anfinsen and Aamo (2015) and Anfinsen, Di
Meglio, and Aamo (2016) and especially, the leak detection prob-
lem in pipe flows is successfully resolved in Aamo (2016). It is im-
portant to notice that these results can be substantially interpreted
at a fundamental level as adaptive observers for hyperbolic PDEs.

Kreisselmeier filters (K-filters) are often used for both finite
and infinite dimensional systems estimation related problems.
The key feature of using K-filters is to derive a static relationship
between the system states and the unknown parameters. The
static relationship helps to build Lyapunov-based update laws that
ensure the convergence of the unknown parameter estimates. We
mention that this method was later named swapping design and
was more thoroughly investigated in Krsti¢, Kanellakopoulos, and
Kokotovic (1995) for ODEs and extended to PDEs of parabolic type
in Smyshlyaev and Krsti¢ (2010).

1.2. Contribution

In the present work, we investigate the problem of estimating
unknown additive and multiplicative parameters in the boundary
condition of a general system of coupled 1-D first order hyperbolic
PDEs, with an arbitrary number of PDEs convecting in each
direction. Two main estimation problems are solved:

e First off, we estimate both the unknown parameters and the
system states when allowing sensing at both boundaries.

e Secondly, we restrict the sensing to be anti-collocated with the
parameter uncertainty, and generate estimates of the unknown
parameters, as well as estimates of the system states from an
earlier point in time which precedes the real time by a time
interval that corresponds to the fastest of the transport speeds
that separate the boundary where sensing takes place from the
boundary at which the uncertainty is present.

The former of these two problems was independently solved for
the n 4+ 1 case in Anfinsen, Diagne, Aamo, and Krsti¢ (2016) and

Bin and Di Meglio (in press). The non-adaptive version of the latter
problem follows from the results in Hu et al. (2016) using a trans-
formation, and under the assumption of having known multiplica-
tive parameters, Aamo (2013) and Anfinsen and Aamo (2015) in-
vestigated the latter problem for 2 x 2 systems, considering an un-
known (possibly time varying) additive disturbance term entering
at the boundary. Moreover, the observers designed in Aamo (2013)
and Anfinsen and Aamo (2015) allow for the estimation of the sys-
tem states. The same problem is successfully tackled in Di Meglio
etal. (2014) for the general n+ 1 system. One shall mention the re-
cent contribution (Anfinsen, Di Meglio et al., 2016) which achieved
the estimation of both multiplicative and additive disturbances for
the n + 1 case using a swapping design based observer with sens-
ing restricted to be anti-collocated with the unknown parameters,
and also producing estimates of the system states from an earlier
point in time which precedes the real time by a time interval that
corresponds to the fastest of the transport speeds that separate the
boundary where sensing takes place from the boundary at which
the uncertainty is present. Our contribution is the extension of the
results in Anfinsen, Diagne et al. (2016) and Anfinsen, Di Meglio
et al. (2016) to the general m + n case.

1.3. Organization

This paper is organized as follows: in Section 2 we present the
dynamical systems and state the two different estimation prob-
lems to be investigated. The first problem concerning estimation
of unknown parameters in one boundary condition, as well as es-
timating the system states is solved in Section 3. In Section 4,
we propose a solution to the second problem concerning estima-
tion of boundary condition parameters from sensing restricted to
be anti-collocated from the uncertain parameters. Demonstrations
through simulations are offered in Section 5, with some concluding
remarks given in Section 6.

2. Problem statements

We consider the system described by the following linear
hyperbolic PDEs

U (X, 6) + ATu(x, t) = T ux, t) + T v, t) (1)

Ve, t) — AT ve(x, 1) = T u(x, t) + X v(x, t) (2)
u(0, t) = Quu(0,t) +d (3)
v(1,t) = Ciu(l,t) + U(t) (4)

where

u(x, t) = [ul(x, £) uy(x,t) Uy (x, t)]T (5)

v, ) = [t t) v, b) unx, 0] (6)

are the systems states, and

AT =diag {Aq, Ay, ..., An) (7)

A” =diag{ur, 2, ..., im} (8)

are the transport speeds, subject to the restriction

— U< < —Un <0 <A <Ay < - <Ay (9)

The in-domain parameters are given as

T = oy h<iznazj<n (10)

Tt = {Ulf7}1§i§n,l§i§m (11)

rt= {01f+}15i5m,1§j§n (12)

Y= {01-]»77}15,'5,“_15]-5,11 (13)
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Fig. 1. System structure of u; (blue) and v (green) with internal couplings (orange), boundary conditions at x = 0 (red) and boundary conditions at x = 1 (black). (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Source: The idea for this figure is taken from Di Meglio et al. (2013).

and boundary parameters at x = 1 are given as

G = {Cij}lgigm,lijgn- (14)

Furthermore, the unknown boundary parameters at x = 0 are

Q = {gihziznig=m = [@1 @ -+ qm] (15)
d=[d - d] . (16)

The initial conditions satisfy,fori=1...n,j=1...m

u®

i

v} € L([0, 1]). (17)

The term U(t) in (4) can be considered as a boundary control input,
although closed-loop control is not investigated in the present
work. A schematic of the structure of the system is depicted in
Fig. 1.

We shall investigate the following estimation and identification
problems;

Problem 1. Estimate the states of the system (1)-(4) and unknown
parameters Qp and d in the boundary condition (3) assuming the
only available measurements are

y() =u(l,t) (18)
9 () = Aou(0, t) + Bou(0, 1) (19)

where A € R™ ™ and By € R™™ are assumed to be matrices with
known coefficients.

Problem 2. Estimate the unknown parameters Qy and d in the
boundary condition (3) assuming the only available measurement
is

y(t) = u(l1,t). (20)

Remark 3. While the method extends to spatially varying coeffi-
cientsin(1)-(2), we consider here constant coefficients for the sake
of readability.

Remark 4. We assume

o; =0, fori=1...m, (21)
that is, there are no internal source terms for the v’s. Such source
terms can be removed by a transformation, yielding spatially
varying coefficients. This is not an issue, however, in light of
Remark 3.

3. Sensing at both boundaries

3.1. Problem statement

This section deals with the first stated estimation problem in
which sensing at both boundaries is required, namely, Problem 1.
The proposed estimation algorithm involves designing a set of
filters which allows to express the system states u and v of (1)-
(4) as static, linear combinations of the filters and the unknown
parameters Qy and d. Any standard adaptive update law can then
be used to estimate the unknown parameters. A similar procedure
was done for the n 4 1 case in Anfinsen, Diagne et al. (2016).

3.2. Filter design

We introduce the input filters
ar(x, £) + ATay(x, ) = T a(x, t) + ZFTb(x, £)

+ K1) (1) —a(1, 1)) (22)
bi(x,t) — A"hy(x,t) = X Fa(x, t) + T~ "b(x, t)

+ K®) () —a(l, 1) (23)
with boundary conditions
a(0,t) =0 (24)
b(1, t) = Ciy(t) + U(t) (25)
where
a(x, t) = [ai(x, t) 4, 0] (26)
b(x, t) = [b1(x, ) b, )] (27)

and the injection gains K;(x) and K;(x) are to be designed later.
These filters model how the input signal, namely C;y(t) + U(t)
affects the system states u and v.

Furthermore, we design parameter filters that are used to model
how the parameters Qg and d influence the system states u and v.
We define

Pe(x,t) + ATPy(x, t) = ZTFP(x, t) + Z*R(x, )

— K1(x)P(1,1) (28)
Re(x,t) — ATRy(x, t) = X TP(x, t) + ¥ "R(x, t)

— K2(x)P(1,t) (29)
with boundary conditions
P, t) = 07 (t) @ Inxn (30)
R(1,t) =0 (31)
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where ® denotes the Kronecker product, and

P(X, t) = {pij(x’ t)}lgifn,lgjgmn (32)
R(x,t) = {T,'j(X, t)}lﬁiﬁm,]gigmw (33)
Lastly, we define

Wi(x, t) + ATWy(x, t) = ZHTTW, £) + ZT7Z(x, )

— KW@, t) (34)
Zi(x, t) — ATZ(x, t) = ZTTW(, t) + T 77Z(x, t)

— KW@, t) (35)
with boundary conditions
W, t) = Iyxn (36)
Z(1,t) =0 (37)
where
W(x, t) = {wj (X, £)}1<i<n,1<j<n (38)
Z(x,t) = {z;j(x, ) }1<i<m,1<j<n- (39)

3.3. Relationship to the system states

Based on the filters introduced above, we derive static
relationships to the system states. From inserting the boundary
condition (3) into the measurement (19)

D (t) = (AoQo + Bo)v(0, t) + Aod, (40)

it is evident that we cannot estimate the unknown parameters Qg
and d directly. Instead, we estimate the following parameters

©=[6 6 Om], & (41)

which are related to the original parameters Qg and d through

©(AoQo + Bo) = Qo (42)
(I — OAyd = «. (43)

Consider the relations

ulx,t) =ax,t) + P, t)0 + W(x, t)x + e(x, t) (44)

v(x,t) = b(x,t) + R(x, )0 + Z(x, t)k + €(x, t) (45)

where the vector 6 contains all the elements of the matrix ©,
stacked column-wise

o:=[o7 of ... 6. (46)

m

The following lemma holds.

Lemma 5. The error terms e and € in (44)-(45) have the following
dynamics

ec(x,t) + Atey(x, t) = T e(x, t) + Tt e(x, t)

— Ki(x)e(1,t) (47)
X, t) — A (X, t) = X Te(x, t) + T e(x, )

— K (x)e(1,t) (48)
with boundary conditions
e(0,t) =0 (49)
e(1,t) = 0. (50)

Proof. The dynamics (47)-(48) follows directly from differentiat-
ing (44)-(45) with respect to time and inserting (1)-(2), (22)-(23),
(28)-(29) and (34)-(35). From (44), we find
e(0,t) =u(0,t) —a(0,t) — P(0,t)6 — W(O, t)x

= Qou(0,t) +d— OV (t) — Inxnk. (51)

6tai:... a;

U(t) 8tb]- =...

9(1) Owpij =

dtrij

Tj,mn [

mn

_.8twi]':...
8tzij:...

Jgn [ .

Fig. 2. Structure of the filter system, and their connection to the system states
u;(x, t) (blue)and v;(x, t) (green). Only one of each state is displayed, and arguments
are omitted to ease readability. This figure was inspired by a similar figure in
Anfinsen, Diagne et al. (2016). (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)

Inserting (40), we obtain
e(0, t) = (Qo — ©(AoQo + Bo)) v(0, t)
+ (Iyxn — OAp)d — k. (52)
Using (42)-(43), we find (49). Lastly, from (45), we find
e(1,t) =v(1,t) —b(1,t) —R(1, )0 —Z(1, t)x
= Cu(l,t) + U(t) — Cry(t) — U(b) (53)
which yields (50) when inserting (18). O

Provided the terms (e, €) go to zero, relations (44)-(45) are
static representations of the system states u, v from the filters
and unknown parameters 8 and «, which are unique combinations
of the boundary parameters Qp, and d. A schematic of this
representation is depicted in Fig. 2.

3.4. Backstepping and target system

Now, using an extended version of the backstepping transfor-
mation from Bin and Di Meglio (in press), we show that by a partic-
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ular choice of the injection terms K; (x) and K, (x), the errors e(x, t)
and € (x, t) in (44)-(45) go to zero in finite time.

Lemma 6. The backstepping transformation

1
w(x, ) = e(x, ) — / M(x, €)ac(E. D)dE (54)
1
Bx.t) = ex. 1) — / N, e, t)de (55)
where
Mx, &) = {My(x. &)}, i, (56)
NG §) = {Nj O}y 1 jam (57)
are defined over the triangular domain
T={(x§|0<x<&<1} (58)

and satisfy the PDEs in Appendix A.1, transforms the error system
(47)-(50) into the target system

ar(X,t) + AT (x, t) = T ax, t) + 1B, t)

1
- / Dt (x, £)B(E, )de (59)
lBt(Xv t) - Ai:BX(X’ t) = 277,3()‘7 t)
1
- [ oo nas (60)
with boundary conditions
1
a(0,t) = / H(&)a(§, t)ds (61)
0
B(1,t)=0 (62)
where the injection gains are set to
Ki(x) = M(x, DA™ (63)
K(x) = N(x, ) AT, (64)

the coefficients D" (x, £) and D™ (x, €) are

D¥x, &) = M(x, £) 5+ — fé M(x, )D*(n. £)dn (65)

D™ (x.&) = N(x, §) T+ — / N(x. n)D* (n. &)dn (66)
3

with £+ defined as a diagonal matrix

S = diag{o]t, o5t ot (67)

and H(x) = {hif(")}1<ij<n as a strict lower triangular matrix with
components T

o | =M;(0,8) for1<j<i<n
() = {0 otherwise. (68)
Proof. Differentiating (54) with respect to time, we obtain
1
ex ) = a(x, f)+/ M(x, §)a(§, D). (69)
X

Inserting the «-dynamics (59), using integration by parts and
changing the order of integration in the double integral terms, we
derive

e, t) = o (x,t) —M(x, DATa(1,t) + M(x, X) AT (x, t)

1

+ / Mg (x, £) A (£, )dE
1

+/ Mx, &)t a(t, t)de
1

. / M(x, £) 5+ &, O)de

1 X
- / /E M(x, n)D*(n. £)dnB(E. t)de. (70)

Next, differentiating (54) with respect to space using Leibniz’s rule,
we arrive at

ex(x,t) = ax(x,t) — M(x, X)x(x, t) + /] My (x, &) (o, t)dE.
' (71)
Substituting (70)-(71) into (47) and using (54)-(55), we obtain
ar(x, t) + AT ay(x, t)
= X" Bx, b)

1
- / [Me(x, ) AT + M(x, ) 1 + ATMy(x, §)

— ZTTM(x, &) — TN, )] @, t)ds

1
— [Ki(x) — M(x, 1)A+]&(1,t)—/ [M(x, HXt

- fs M(x, )D* (1, sm} B,

+ [ATM@x, x) = M(x, x) AT + 2] a(x, t). (72)

Using (63), (65), (A.1) and (A.3), Eq. (59) is deduced. Similar
derivations for (55), using (48) and (59) yield

Be(x, t) — A” Be(x, 1)
=X Bk, t)

1
+ / [A™Ne(x, €) — Ne(t, £)A* + -+ M(x, &)

+X7NEXE) —N& §) ] a(E, t)ds

1 X
—/ [N(X,%“)E*—/é N, n)D+(n,S)dn]B($,t)dE

— [A™NG,x) + N(x, ) AT — 27| a(x, t)
+ [N&x, DAY = K®)]. (73)

Finally, using (A.2), (A.4), (64) and (66), one can derive (60) and
substituting (54) into (49), from the definition of H(¢) stated in
(68), we derive the first boundary condition (61). The last boundary
condition (62) follows directly from evaluating (55) at x = 1 and
using (50). O

3.5. Stability of the target system

Recall that since the backstepping transformation in Lemma 6
is invertible, the stability properties of the error system (47)-(50)
and the target system (59)-(62) are equivalent. Stabilizing (59)-
(62) will thus result in stabilizing (47)-(50).

Lemma 7. The target system (59)-(62) tends to zero in a finite time
given by

n
tr=py Y N (74)
k=1
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Proof. We argue in a similar way as in Hu et al. (2016). The
components of Eq. (60), fori = 1...m are given by

ABi(x, 1) — widkBi(x, ) = Y 0y Brlx, 1)
k=1

m 1
- / dy(x, &) (€. DdE  (75)
k=1 YX

with boundary conditions
Bi(1,t) =0, (76)

where dj(x,&) are the components of D™ (x,&). Equations
(75)-(76) constitute m transport equations with a zero boundary
condition that will all be zero when the slowest one, 8; has
propagated its boundary condition to x = 1. Thus, after

t=to=p' (77)

one obtains

Bilx,t) =0, i=1...m. (78)

Hence, for t > ty, the target system (59)-(62) is reduced to

ar(x,t) + ATag(x, t) = T a(x, t) (79)
w00 = [ (e, e (80)

or to the following, when written out in its components, for i =
1...n

deai (X, t) + Aidyei(x, t) = o Tai(x, t) (81)
i—1
(0, 6) = Y hu(E)on(&, 1)dE (82)
k=1
which is a cascade structure. For i = 1 we have
dra1(x, t) + Adar(x, t) = oo (x, t) (83)
a1(0,t) =0, (84)

which is exactly equal to zero after a total time of t = tg + )\1’1.
Consequently, the second component of (79)-(80) is then

e (x, ) + Aadra (X, £) = 0,5 o (X, ) (85)
@(0,t) =0 (86)
which is zero after a total time of t = o+ A; "' + A, '. Considering

the same procedure fori = 3...n, we deduce by induction that
the total system is zero after the time given by (74). O

3.6. Update law and state estimates

From the static form (44)-(45) with error terms converging to
zero, one can follow the same approach as in Anfinsen, Diagne et al.
(2016) and use standard gradient and least squares update laws
to estimate the parameters in 6 and «. From (44), we deduce the
following relation

e(1,t) = u(1,t) —a(1,t) — P(1, )0 — W(1, )k
= y(t) —a(1,t) — P(1, )0 — W(1, ). (87)

Next, we define the following vector
@) = y(t) —a(l,1) (88)
and the matrix

o(t)=[P(1,t) W(,0)]. (89)

Then, Eq. (87) can be written

e(1,t) = ¢(t) — @(t)v, (90)
where
V= [GT KT]T. (91)

Theorem 8. Consider the system (1)-(4) with filters (22)-(25), (28)-
(31) and (34)-(37) and with injection gains given by (63)-(64). Then
the following normalized update law

DT () (p(t) — D()D(1))

bty =sor 92
=50 1+ @7 (O P @) (92)
where I' > 0 is a gain, and
1 ift >tp
s(t) = {O otherwise (93)

with tr given in (74), ensures that v = D — v € Lo Moreover, if
@ (t) and @ (t) are bounded and ®T (t) is persistently exciting (PE),
that is; there exist positive constants Ty, cg, €1 S0 that

1 t+Toy

Cod < T—/ T (1)@ (t)dr < 14 (94)
o Jt

where

4= I(m+1)n><(m+l)n (95)

forallt > 0, then b — v exponentially fast.

Proof. We construct a “prediction error” as follows

8(1,6) = ¢(t) — D(O)D(0). (96)

Next, consider the Lyapunov function candidate
1.; -1
V() = Ev O~ v(t) (97)

where 7(t) := D(t) — v. The time derivative of (97) is written as

T (e, t)

V(t) = s(t)ﬁT(t)W. (98)
Noticing that
e(1,t) =¢(t) — d()D(t) = e(1,t) — () (L), (99)
we arrive at
0 =0T ot

BPNECIGLGI, (100)

1+ [eTe®|*

From (93), the first term of Eq. (100) is zero since for t < tg, we
have s(t) = 0, and for t > tr, we have e(1,t) = O and s(t) = 1,
hence for t > tr

RLIGEO
T+ [@T (O (O]

The above equality shows that V is non-increasing and hence
bounded, which in turn implies that v is bounded.

We recall that in Section 3.5, the convergence of e and € to zero
in a finite time and independently of the update law of Theorem 8
is stated. Therefore, the static form of the measurements in (90)
eventually reaches the form ¢(t) = &(t)v. The latter part of
Theorem 8 then follows from part (iii) of Theorem 4.3.2 in loannou
and Sun (1995). O

V(t) = (101)
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Remark 9. The requirement of having @ (t) and @ (t) bounded is
ensured if the plant is stable.

Let @ (t) be the matrix formed by stacking the components of
6(t) column-wise, that is

o) =[6i(t) byt (0] (102)
where
oy =[oT ) 8l o] (103)
and
o =[0"w) o] (104)

are the estimates for the parameters derived from the update law
of Theorem 8, namely, (92). One should notice that estimates for
the parameters Qp and d can be obtained from solving (42)-(43)
with respect to Qg and d, and replace ® and k with their respective
estimates

Q(t) = (I — O(t)Ar) 'O (6)Bo
dt) = (I — O)A) 'k (D),

(105)
(106)

whenever I — @ (t)A, is nonsingular (well-conditioned). Finally,
estimates for the states of the system can be derived from the
relationship (44)-(45) and the parameter estimates generated
from the update law of Theorem 8, namely, (92). That is

i(x, t) = a(x, t) + P(x, HO(t) + W(x, )R ()
D(x, t) = b(x, t) + R(x, )0(t) + Z(x, )R (¢).

(107)
(108)

Remark 10. The matrix (I — @(t)Ao) may very well be singular
or close to singular, particularly in view of the fact that we have
not ruled out that (I — ®Ap) may be singular. This is a question of
uniqueness of the parameterizations (42) and (43). From (42), it is
observed that ® uniquely parametrizes Qg provided

det(AgQo + Bo) # 0. (109)

If (109) holds, then Lemma 13 in Appendix B states that the matrix
I — ®Ay is invertible if and only if

det(By) # 0. (110)

Requirement (109) can also be interpreted as a question of
observability, since a singular matrix AgQy + By renders some of
the states in v(0, t) in (40), unobservable. The requirement (110)
is a question of identifiability of the parameters Qo.' If the matrix
I — O()A is singular or close to singular, one can either conclude
that the conditions (109) and (110) do not hold for the system, or
that one lacks persistence of excitation.

4. Sensing anti-collocated with the uncertain parameters

4.1. Problem statement

In the present section, we consider the problem of estimating
the unknown boundary parameters Qp and d as in Problem 1,
with one important distinction: the only available measurement is
now assumed to be the one anti-collocated with the uncertainties,
i.e., the measurement (18). This problem, whose mathematical
formulation is stated as Problem 2, is often more relevant than

1 This requirement is most easily demonstrated using the 1-D case. It corresponds
to the problem of estimating the parameter q from the measurements g and h, given
from g(t) = qf (t), h(t) = (q+ b)f (t). The parameter q is not identifiable for b = 0.

Problem 1 in practice. One example is oil well drilling, where it
is of interest to estimate reservoir pressure at the bottom of the
well from sensing equipment mounted topside. Such an estimation
problem was recently solved for n 4+ 1 hyperbolic systems in
Anfinsen, Di Meglio et al. (2016), using swapping design and time-
delaying measurements. We propose a similar method to the one
employed to solve Problem 1 and will reuse some of the filters
presented in Section 3.

4.2. Filter design

First off, we store the past values of the measurement y(t)
by introducing a new filter defined as the following transport
equation

Yex, ) + AY(x, ) =0 (111)
with boundary condition

%0, 0) = y(0) (112)
where

YO = [a(®)  Ya(d) Yn(0)]' (113)
and

A=minA; = A4 (114)
provides past values of y(t), since

y(t — A% = Y, b). (115)

We also construct filters generating time-delayed signal values of
the input filters (22)-(23). Introducing

Ac(X, E,t) + AoAyx(x,E,t) =0 (116)
Br(x,§,t) + ABx(x,§,t) =0 (117)
with boundary conditions

A(0,§,t) =a(§,t) (118)
B(0,&,t) =b(,t) (119)
where

AN E 1) = [A1(xE D) A, £,0]" (120)
BX.E,0) =[Bi(x. & 1) Bux. &, 0] (121)

The filters (116)-(119) ensure the availability of the previous
values of a and b, since solving these PDEs by the method of
characteristics enables expressing their solutions as

a(e, t — 27 1x) = A, £, t) (122)
b(g, t — 27 x) = B(x, &, ). (123)

Lastly, we slightly modify the P — R filters of (28)-(31) and define
the following filters

P(x,t) + ATPy(x,t) = X" P(x, t) + Tt R(x, t)

— K;(x)P(1,1) (124)
Ri(x, t) — A"Re(x, t) = X FP(x, t) + T R(x, t)

— K>(x)P(1, t) (125)
with boundary conditions
P(0. 1) = p"(£) ® Inxn (126)
R(1,6) =0 (127)
where
p(t) =v(0,t — 171, (128)

Recall that v(0, t) is not measured, so (128) cannot be imple-
mented. In Section 4.3, we derive an alternative way of computing
p(t) using measured signals, only.
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4.3. Computation of the signal p(t)

The filters designed in Section 4.2 require Eq. (128), but the
boundary value v(0, t) is not measured. It turns out, however,
that v(0, t — A~1) can be expressed in closed form using available
measurements, only.

Lemma 11. Consider the system (1)-(4) and the filters (111)-(112)
and (116)-(119). Let the vector of signals p(t) = {pi(t)},i=1...n
have elements

n 1
Pi(t) = Bi(1,0,0) + Z/ Nik(0, §) exp (—%(1 — 5))
k=10 Mk
x [Yx(1 = A 'A(1 =€), 1)

— A1 =2 "A(1 = &), 1,0)] dE

where Ny, are the components of N of the solution (M, N) of (A.1)-
(A.6). Then for t > tr where tr is given from (74), we have

(129)

p(t) = v(0,t —A71). (130)
Proof. Construct the signals
tux, t) =ux, t) —a(x,t) (131)
v(x,t) = v(x, t) — b(x, t) (132)
which have the following dynamics
U (x, ) + ATl (x, t) = DX, £) + 2T 0(x, 0)

— Kiy(x)u(1,t) (133)
DX, t) + A" 0(x, ) = T T0(x, ) + 7" 0(x, t)

— K®u(,t) (134)
with the boundary conditions
(0, t) = Quu(0,t) +d (135)
v(1,t) =0. (136)

Similarly to the backstepping transformation of Lemma 6, we
introduce the following backstepping transformation

1
ax, t) =1ux,t) — / M(x, &)a(&, t)ds (137)

1
Bx. t) = B(x, t)—/ N(x, &)a (€, n)dé, (138)

X

which maps the system (133)-(136) to the following target system

Fe(x, £) + ATde(x, ) = ST Fa(x, t) + T B, 1)

- / Dt )BE. e (139)
Bix.t) — A" Bu(x. 1) = 7 B(x. 1)

- f "D )BE. de (140)
with boundary conditions "
a(0,t) = /1 HE)a(g, t)dE + Quu(0,t) +d (141)
B(1,t) = 00 (142)

where X+, M(x, £), N(x, £), D" (x, £), D™ (x, £) and H (&) are as
in Section 3.4. The derivations are the same as in the proof of
Lemma 6, and are therefore omitted.

Now, similarly to Lemma 7, we will for t = tg = /,Ll_l, havef} =
0, and the target error system (139)-(142) is therefore reduced to

Gr(x, £) + AT (x, t) = Ta(x, t) (143)
1
§(0,0) = f H(E)&(E, 1)dE
0
+ Qu(0,t) +d (144)

or when written out in its components, yields, fori = 1...n

00t (x, t) + Aj0yai(x, t) = oyt (X, t) (145)
@i(0,t) = ;Z::/()l hii(&)a; (&, t)dE + é%‘kvk(a t) +d;. (146)
The solution of (145) is
&i(x, ) = exp (%x) &(0, t — A7 %), (147)
i
Particularly,
ai(1,t) = wi(1,t) — ai(1, £) = yi(t) — ai(1, t), (148)

which means that &;(x, t) can be expressed using y;(t) and a;(1, t)
as follows

[efi}
a;i(x, t) = exp (—;(1 — x))
x [yit + 4771 —x) —ai(1, 6 + A7 (1 —x)]. (149)

Again using the fact that Z% =0fort >ty = M]_l, we specifically
have that E(O, t) = 0, and from (138) we find

1

v(0, t) = b(0, t) +/ N(0, §)a (&, t)d§. (150)
0

Next, with the help of (149), we may write them component wise

as

n 1
u(0.6) = b0, )+ Y / Nie(0. £) exp (—%(1 - s>)
k=1 Y0 k
[+ 2 (1= &) — (1, £ + 4. (1 — £)] dg
(151)

for 1 <i < m, where N;(0, &) are the components of N(0, &). This
yields a way to compute v(0, t) from the measurements and the
signal b(0, t). However, it depends upon future values of y(t) and
a(1, t). What may be computed, however, are the time-delayed
versions of v;(0, t)

vi(0,t — A7) = Bi(1,0,t)

. ! Okk
+ ;/0 Nir(0, &) exp <_Tk(] —5))

x (Y1 =2 'A(1 =€), 1)

— (1= "A(1 =€), 1,0)] d&. (152)

Thus, we choose the elements of p(t) in (126) as (129), which
makes p(t) equal to v(0, t — A~1) for t > tz, where t; is defined
in (74), and expressed using available filters and measurements
only. O
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4.4. Relationship to the system states and convergence

With the filters derived above, we define the following relations
to the system states
u(, t — AN = A1, x,t) + P(x, )q + W(x, 0)d + (x, t) (153)
v, t — A7) = B(1,x,t) + R, t)q + Z(x, t)d + E(x, 1), (154)
where g contains the elements of Qy stacked column-wise, that is
9=[a1 a al-

As in Lemma 5, the error terms have the following dynamics

(155)

ee(x, t) + Ateu(x, t) = ZTTex, t) + T Ex, )

— Ki(x)e(1,t) (156)
E(x, ) — A &(x, t) = T Té(x, t) + T ER, b)

— K(x)e1, t) (157)
with boundary conditions
e0,t) =0 (158)
é(1,t) =0. (159)

The error system (156)-(159) has the exact same structure as
the error system (47)-(50), which was shown in Lemma 7 in
Section 3.5 to converge to zero in finite time tr, given by (74).

4.5. Update law

Next, we derive the update law in order to estimate the
unknown boundary parameters from sensing anti-collocated with
the uncertain parameters. From the static relations (153), we
obtain

e(1,0) =u(l,t — A7) — A(1,x, t) — P(1, £)g — W(1, t)d

= Y(1,0) — A1, 1,0) = P(1,)g — W(1, O)d. (160)
Next, we consider the following signals
$(t) = Y(1,0) — A1, 1, 1) (161)
&) =[P, ) W, 0] (162)
and derive the following relation
&(1,6) = $(t) — D(O)v, (163)
where v, is
vn=[q d]. (164)

Theorem 12. Consider the system (1)-(4) with filters (22)-(25),
(116)-(119), (34)-(37) and (124)-(127) and with injection gains
given by (63)-(64). Then the following normalized update law

sro oy .
Da(t) = s() I k4 (t)@(f) - qi(t)vz (£)
1+ [T (t)D (1)

(165)

where I" > 0 is a gain and s(t) is as defined in (93), ensures that
Uy = Dy — vy € L. Moreover, if iﬁ(t) and qvﬁ(t) are bounded and
@' (t) is persistently exciting (PE) as defined in (94), then the system
parameters converge to their true values exponentially.

Proof. The proof follows the exact same steps as the proof of
Theorem 8, and is therefore omitted. O

From the static relations (153)-(154), one can generate
estimates of the system states by substituting g and d with their
estimates generated from the adaptation law of Theorem 12,
namely, (165), thus

U(x, t — A7) = A(1,x, £) + P(x, D){(t) + W(x, )d(t) (166)
dx, t — 27N = B(1,x, ) + R(x, 0)§(t) + Z(x, 0)d(t) (167)
where

() =[q@) d©], (168)

which generate estimates of the system states from an earlier
point in time which precedes the real time by a time interval
that corresponds to the slowest of the transport speeds (A~1)
that separate the boundary where sensing takes place from the
boundary at which the uncertainty is present. More sophisticated
methods will be needed to generate system states in real time.

5. Simulations

The system (1)-(4) was implemented in MATLAB form = n =
2. The system transport speeds were set to

(2 0] _[1 0 wi 0] _[3 0
Sl O A I
with the in-domain parameters set to
rot obt ol o 0 2 2 -2
o7 ot o oh | _ 112 04 0 170
—+ ot o e 4 2 0 2 (170)
au+ alz+ o5 O 20
L0311 O Oy Op -1.2 2 0
and the boundary parameter C; set to
111 =2
Cl=1o[0.5 0.3] (171)
while the unknown parameters to be identified were set to
1o 5 1 1-7
SRS (Y RPN ) )

This plant is open-loop stable. The matrices in the measurement
(19) were set to

11 05 2
el UE I

which ensures that both (110) and (109) are satisfied. The initial
values for the plant were set to

(173)

(174)
(175)

uy(x, 0) = e* cos(x)
vy(x,0) = x

uq(x, 0) = sin(x),
v1(x,0) = sin(2w (1 — x)),

to create some transients.

The initial values for the filters were in both cases all set to zero.
The following was used as an input to ensure the PE properties of
the regressors

1
Uy (t) = sin(t) + sin <5J§r> (176)
Us(t) = sin(2+/2t). (177)
The adaptation gain was set to
I' =8 - Igxs, (178)

while the backstepping kernel equations (A.1)-(A.6) were solved
by successive approximations. (See e.g. the proof of existence of
solution to the kernel equations in Hu et al. (2016) for details
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Fig. 3. System states, observer of Theorem 8.

regarding how to bring the equations to integral form, and
perform successive approximations.) Since these equations are
independent of time, their solution can be computed once off-line
before any additional estimation takes place. The computational
cost is therefore of minor concern for a real-time observer. The
initial guesses of the parameters to be estimated were in both cases
all set to zero.

5.1. Problem 1: Sensing at both boundaries

The adaptive observer of Theorem 8 was here implemented.

The system states are displayed in Fig. 3, while the “prediction
errors” € = u — U, € = v — ¥ are displayed in Fig. 4. The
estimated multiplicative parameters §; as computed from (105)
and the estimated additive parameters a,» computed from (106) are
displayed in Fig. 5. It is observed that the estimated parameters
converge to their true values as predicted by the theory, with the
prediction errors also converging to zero.

5.2. Problem 2: Sensing anti-collocated with the uncertainties

The system was here implemented with the adaptive observer
of Theorem 12. The estimated multiplicative and additive param-
eters, shown in Fig. 6, converge to their true values. It is worth
noticing that the estimation time is very similar to the one for the
observer of Theorem 8.

6. Conclusion
We have developed two adaptive observers for estimating

unknown parameters in the boundary condition of a general
system of n + m coupled, first-order 1-D hyperbolic PDEs. The

observers use swapping design in order the express the system
states as static relations between the unknown parameters and the
filters. Standard gradient or least squares update laws can then be
applied. Boundedness of the adaptive laws is proved. Exponential
convergence of the estimated parameters is also proved in the
presence of persistently exciting (PE) regressors. One observer
manages to estimate the unknown boundary parameters as well
as the system states from sensing at both boundaries, while the
second observer enables to estimate the unknown parameters
from sensing restricted to be anti-collocated with the uncertain
parameters. However, the latter observer generates estimates of
the system states from an earlier point in time which precedes the
real time by a time interval that corresponds to the fastest of the
transport speeds that separate the boundary where sensing takes
place from the boundary at which the uncertainty is present. The
theory was demonstrated in simulations.

The proposed adaptive observers have some limitations. The
observability and identifiability of the unknown parameters
for Problem 1 rely on conditions depending of the unknown
parameters, and hence, cannot be checked beforehand. For
Problem 2, real-time estimates of the system states are not
obtained. It is also difficult (or impossible) to check conditions for
persistent excitation, which is necessary for convergence of the
estimates to the true values of the parameters.

Possible future extensions include relaxations of the aforemen-
tioned limitations. Deriving an observer that manages to estimate
the boundary parameters and simultaneously generate real-time
estimates of the system states from sensing anti-collocated with
the uncertain parameters is of great interest, because it facilitates
for closed loop adaptive control of the system (1)-(4) with collo-
cated sensing and actuation.
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Appendix A. Observer kernels equations

A.1. Kernel equations

The kernel equations are

ATMy (%, 8) + Mg (%, ) AT = ¥ TM(x, &) + T N(x, §)

— Mx, E)xtF (A1)
_A_Nx(xv é) + N§ (X7 é)A+ = Z_+M(X, %‘) + 2__N(X, é:)

— N(x,&§)*+ (A.2)
with boundary conditions
ATM, %) —Mx, x)AT + xTT = T+ (A3)
ATNX,x) +Nx,x)AT -2 T =0 (A4)
with
M;(0,6) =0, for1<i<j<n (A5)
and

ot
Mj(x,1) = ——, for1<j<i<n. (A.6)
Aj— A

The well-posedness of these equations is addressed in the next
section.

A.2. Well-posedness

We will prove the existence of a solution of the kernel equations
(A.1)-(A.6) by transforming them into the form treated in Hu et al.
(2016). Consider the transformation

Ni(x.y) = Nj(y, x) < Ni(x, &) = Ny (&, x).

Then Egs. (A.1)-(A.6), when written out in their components,
become, for 1 <i,j <n

(A7)
(A8)

n
M0 My(x, y) + MdyMy(x,y) = D o " Mig(x, )
k=1

m
+ 3 o Ng(x. ) — o TM(x. ) (A9)
k=1
andfor1<i<m,1<j<n
n
0 Ny, ) — widyNg(y) = Y oy T Mig(x, )
k=1
U — —
+ Y0 N y) — o TN, ), (A.10)
k=1
with boundary conditions, for 1 <i,j <n,i#j
ot
Mij(x. %) = 7= A1l
1](X x) )Lj Y ( )
and1<i<ml<j<n
_ JUT‘L
Ny(x, x) = (A12)

B Mi‘i‘)\.j

whilefor1 <i<j=<n

M;i(x,0) =0 (A.13)
with,for1 <j<i<n
++
M;(1,y) = i (A.14)
A — A

The kernel equations (A.9)-(A.14) have the same form as the K — L
kernels in Hu et al. (2016), for which well-posedness was proved.

Appendix B. Additional lemma

Lemma 13. Consider the matrices

AecR™", Be R™™, Q e R (B.1)
and assume the matrix AQ + B is invertible. Then, the matrix
F= In><n - Q(AQ + B)ilA (Bz)

is invertible if and only if B is invertible.

Proof (Proof originally from daw, 2015). Assume B is invertible.
Then

AF=A—AQ(AQ +B)'A
=A—-(AQ+B—B)(AQ +B)'A
=B(AQ +B)'A. (B.3)

Let x be such that Fx = 0. It follows that AFx = 0, and thus, from
(B.3)

B(AQ +B) 'Ax=0. (B.4)
Since AQ + B and B are both nonsingular, Ax = 0 must hold. Then
Fx = (Inxn — Q(AQ + B) 'A)x = x (B5)

and hence x = 0, which means that F is invertible.
Next, assume F is invertible. Then

FQ =Q —Q(AQ +B)'AQ
=Q - Q(AQ +B)'(AQ +B—B)
=Q(AQ +B)'B. (B.6)

Let x be such that Bx = 0. Then it follows from (B.6) that FQx = 0,
and since F is invertible, that is Qx = 0. Knowing that Qx = 0 and
Bx = 0, we deduce

(AQ + B)x = 0. (B.7)

Since AQ + Bis invertible, x = 0, and hence B is invertible. O
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