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Output-Feedback Stochastic Nonlinear Stabilization ~ Where x € TR" is the statew is an r-dimensional independent
standard Wiener process, affidIR” — R™ andg: R" — IR™*"
Hua Deng and Miroslav Krsti are locally Lipschitz and satisfy(0) = 0, ¢(0) = 0.
Definition 1.1: The equilibriumy = 0 of (1) is said to be globally
asymptotically stable in probability if for angy > 0 ande > 0,
Abstract—The authors present the first result onglobal output-feedback  lim, (;,)—o P{sup,>,, [x(?)| > ¢} = 0, and for any initial condition
stabilization (in probability) for stochastic nonlinear continuous-time (to), P{lim;_ oo () = 0} = 1.

systems. The class of systems that they consider is a stochastic counterpart - " .
of the broadest class of deterministic systems for which globally stabilizing Theprem 1.1—Khas'minskii [15], Kushner _[17]’ and Mao [18_]' .
controllers are currently available. Their controllers are “inverse optimal” ~ Consider system (1) and suppose there exists a positive definite,

and possess an infinite gain margin. A reader of the paper needs no prior radially unbounded, twice continuously differentiable functiéfy)

familiarity with techniques of stochastic control. such that the infinitesimal generator

Index Terms—Backstepping, control Lyapunov functions, inverse op- i} ov 1 8%V
timality, stochastic nonlinear output-feedback systems, stochastic stabi- LV (x) = ax I+ B Trqyg e 2
lization.

is negative definite. Then the equilibriugn= 0 of (1) is globally
asymptotically stable in probability.
I. INTRODUCTION

Despite huge popularity of the linear-quadratic-Gaussian control Il. OUTPUT-FEEDBACK STABILIZATION IN PROBABILITY
problem, the stabilization problem faeronlinear stochastisystems . . . .
has been receiving relatively little attention until recently. Efforts to- _In this segtlon we degl with nonImeamtput—feedbacleystems_

S : - driven by white noise. This class of systems is given by the following
ward (global)stabilizationof stochastic nonlinear systems have beerqonlinear stochastic differential equations:
initiated in the work of Florchinger [4]-[6] who, among other things, '
extended the concept of control Lyapunov functions and Sontag’s de; =2 dt 4+ 9i(y)" dw, i=1,--,n-1
stabilizatiop.formula [25] to the stochastic setFi.ng..A breakthrough dan =udt + pn(y)T dw
toward arriving atconstructivemethods for stabilization of broader
classes of stochastic nonlinear systems came with the result of Pan y=n (3)
and Basar [22] who derived a backstepping design for strict-feedbagkere o, (y) arer-vector-valued smooth functions with; (0) = 0,
systems motivated by a risk-sensitive cost criterion [1], [11], [20Bndw is an independent-dimensional standard Wiener process.

[24] (for other types of optimal control problems, see, e.g., [9] and Since the states., ---, =, are not measured, we first design an
[10]). In [2] and [3], we designed simpler inverse optimal controbbserver which would provide exponentially convergent estimates
laws for strict-feedback systems which guarantee global asymptaticthe unmeasured states in the absence of noise. The observer is
stability in probability and whose algorithms can be directly codedesigned as

in symbolic software.

In this paper, we address thmutput-feedbackglobal stabiliza-
tion problem for stochastic nonlinear systems. The output-feedbagkeres,.+1 = u. The observation errorg = = — & satisfy
problem has received considerable attention in the recent robust and —ky
adaptive nonlinear control literature [12], [14], [16], [19], [23], [26]. di=1 I Pl + ,,n(y)’f’ dw
The present paper is the first to address the output-feedback problem : ’ [
in the stochastic setting. —kn 0 0

We present two results. First, in Section Il, we design an output- = Aoz dt + p(y)" duw (5)
feedback (obser\_/er-bas_e_d) l:facksteppi_n'g control law V_VhiCh QQafa“R%ﬂ%re Ay is designed to be asymptotically stable. Now, the entire
global asymptotic stabl!lty in probablllty..Seconq,. in Section ”lsystem can be expressed as
based on a theorem derived in [3], we design stabilizing control laws o
which are also optimal with respect to meaningful cost functionals. di = Ao dt + sﬁ(y)l dw
The class of systems that we consider is the stochastic version of the dy = (%2 + 72) dt + 1 (y)'T dw
output-feedback formwhich is the broadest class for whigfobal Ay = [y + ka(y — 31)] dt
output-feedback controllers currently exist in the deterministic setting.

Finally, in Section IV, we give a second-order simulation example.

Fi=dip hily—21),  i=1,-,n 4)

o . N dity =[u+ kn(y — i1)] dt. (6)
A. Preliminaries on Stability in Probability
Our output-feedback design will consist of applying a backstepping
procedure to the systeffy, 7., - --, @, ), which also takes care of
dx = f(x)dt + g(x) dw (1) the feedback connection thrpugh thesystem. o
In the standard backstepping method for deterministic systems [7]
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Consider the nonlinear stochastic system

7

0018-9286/99$10.00 1999 IEEE



IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 44, NO. 2, FEBRUARY 1999 329

whereP is a positive definite matrix which satisfiel P+ PAg =

—1I, and the error variables; are given by W
o=y ®) o Z-system
z,;::i‘,'—a,;_1(§,;_1, v), i=2,-, n. 9)

The Lyapunov design for stochastic systems cannot be performed |
using the quadratic Lyapunov function (7) because of the term e X

+Tr{g" (8°V/9x?)g} in (2). We instead emploguartic (fourth- ' v :
order) Lyapunov functions X 4 —
n ' 2 ! w
) N L -system |e——tt———-—
V=Y Lty @ P (10) : 4 u !
i=1 L} N 1
1 xz. 1
Our presentation of the backstepping procedure here is very ' " :
concise: instead of introducing the stabilizing functiensin a step- ' !
by-step fashion, we derive them simultaneously. A reader who is a ! '
novice to the technique of backstepping is referred to [16]. ! o an(s) !
We start by an important preparatory comment. Sipeg)) = 0 ' '
the o;’s will vanish atz, = 0, y = 0, as well as at; = 0, where L e T !
%, =[z1, ---, z]". Thus, by the mean value theorem(%:, y) and
Q(y) can be expressed, respect|ve|y’ as Flg 1. Feedback structure of the System (6)
i@, y) = ; si(&i y) D = T PEEP + 20 Te{e () (2PeE" P + 5 PP (y) "}
ey) =yv(y) (12) +yt a4 2+ )+ F o) w1 (y)
— n i—1
where (7, y) and(y) are smooth functions. 23 , ™ Qo1 , .
- y . . <5 v + 2 + kzl — = €T =+ kx
Now, we are ready to start the backstepping design procedure. ; ! ! ; iy (@ 1)

According to 18’s differentiation rule [21], we have

- Joi_1 .. - 1/8%q;_ T
dz = (&2 + #2) dt 4+ o1 (y)" dw (13) - 8y1 (22 + &2) — 5( 992 1)&?1(9)1&?1(!/)}
1—1
N . 8(l"i_1 N - n
dz = @i + ki — i+ BE 3 Dovie
z Tit1 + kiz ; 2%, (Z141 + k1) +2 “f( (; 1 ) o1 () o (1)
o <=2 y
dai_1 . . 1/0%a;— T n
- (22 + 22) — _—< )’ﬂl('y) e1(y) | dt ST | 1 1], 4
dy 2\ 9y )7 < — [bA = 3bn/ne Pt = o ZZ T ||
Qo T . =
- e1(y)" dw, =2, n. (14) 5
Iy o' o+ 2o ey + 36,y + 2%y
As we announced previously, we employ a Lyapunov function of a

quartic form

. 3bn-
" ) Zé ) o+ P
V(z &) = L lz o+ b (" Pz)? (15) T
o 4J 4 - 2 B / n—1 1—1

. o 2 . iy
whereb is a positive constant. This form of the Lyapunov function + Z zi | + ki — Z ey (L141 + kidn)
clearly indicates that we view the system as a feedback connection =2 = )
in Fig. 1. The first two terms in (15) constitute a Lyapunov function ~Oaim o 1 07aiy o 64/3 ‘

N N : : - - o 1 (1) 1(y) +3
for the (y, @2, - -+, &, )-System, while the third term in (15) is a Jy 2 0y?
Lyapunov function for thei-system. Even though not obvious from 1 3 4 f 0 4/3
the calculations that follow, we achieve a nonlinear small-gain global + 151 + g < oy ) Zi
stabilization (in probability) in the style of [13]. B ot i} :
Now we start the process of selecting the functionéi;, y) to +i <0%71) -y
make £V negative definite. Along the solutions of (5), (13), and 48\ Oy
(14), we have ne1
3 ~ Oap_1 . -
+ 2 v+ knay — BrS (141 + ki)

LV =y (&2 + ) + 5 y" 01 () o1 (y) =

n i—1 9 aan—l & 1 6 iy — 1\}9 (’U) (J)+ 1

. i . B - L2 1 ®1 Zn
+le} Tig1 + ki1 — Z aA ! (J:]_H + kizy) dy 2 0y? 4(5;11 1
L oz
=2 =2 + 3 4/3 a&n—l 4/37 + 3 a&n—l 47 (16)
_ daia (&2 + & )_1 %oy o1 Vo (v) g dy T 4e2 y o
A W I A y) vy
a s 2 where\ > 0 is the smallest eigenvalue @. The second equality
b 2 Q—1 T ~T a2 I . .
524 < 3 ) e1(y) e1(y) —ba’ Px[7] comes from substituting; = z; + «;_1, and the inequality comes
Ti=2 Y from Young’s inequalities in Appendix A. At this point, we can see

+ 26 Tr{p(y)(2P2E" P+ &' PiP)p(y)"} that all the terms can be cancelled byand «;. If we choosee,,
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€2, andn; to satisfy Theorem 3.1 [3]: Consider the control law

" iy yr DL VR
. 1 1 1 u=oa(y)=—Ry (L, V) =222 "2 U

DA =3bn/nes|P[' = 2 - =p>0 (17) " 2 (Bl Lo, VR, Y22

1

4
=2 ;

(24)

where V() is a Lyapunov function candidate, is a classK
ando; andu as function whose derivative is also a claks. function, R;(x) is a
matrix-valued function such thas(y) = Ra2(x)” > 0, and (. is

a1 =—c1y — %un(y)TM(y)y _ %(ﬁ/?»y _ gef“y _ ?I the Legandre—Fenchel transform defined as
n_ / P N 3bn/n | (v :/ A1 o5
W) )y~ P )y (18) 2= [02) (25)
=2 2

If the control law (24) achieves global asymptotic stability in prob-

. Oaiv . ili i «
R Z QA 1 (Gras + ki) ability for the system (22) with respect (), then the control
= iy law

daiq 1 0%ay_ - 3 4 o owiy

« LS 0421991(9,)1&/1(5’)__6?/3% u =a"(x) .
% 2 o 4 8 g, vyt QR TERVE ) e
4/3 = -5 g2V 1/ > Pz
45411 Zi = % :1/3 <6L5171> “i 432 <8L571> ¢ 2 " |Lg2‘/ RZ 1/2|
el Y & Y solves the problem of inverse optimal stabilization in probability for
) (19)  the system (22) by minimizing the cost functional
L = Oanon . oo A ‘
U =—Cpin — kpn¥1 + 2 R (Zrpr + ki) J(u) = E{/ |:l()() + ,8272 <% |R§/2u|>:|d”r} (27)
=2 Q
dan—1 . 1 0%a,— T 1
+ S S S i) () — 2 wheré
dy 2 Oy? 465, 4 1 92V
p Frp—1/2 ; T
3 n4/3 <3an—1 )4/32 3 <8om_1 )4:4 (20) I(x) =23 {572“1;;;2"’ R, / ) —LgV — §TF{91 EN q H

4 'n } T ge2 ] n _

! % W\ oy +B(8 = 20 (L, VR ). (28)
where¢; > 0, then the infinitesimal generator of the closed-loop Now we return to the output-feedback system (3) and redesign the
system (5), (13), (14), and (20) is negative definite control law (20) to make it inverse optimal. The following result is

instrumental.
" Corollary 3.1 [3]: If there exists a continuous positive function
v S AL
LV < - Z‘“l plz[". (21) M(y, ) such that the control law
=1
uw=oaly, ) = —M(y, ¥)zn (29)

With (21), we have the following stability result. . . . . .
Theorem 2.1: The equilibrium at the origin of the cIosed-IoongOba"y asymptotically stabilizes the system (6) in probability with

stochastic system (6), (20) is globally asymptotically stable in prof)(?SIOECt to the Lyapunov function (15), then the control law
ability. w =a"(y, 2) = Baly, 2), g > % (30)
solves the problem of inverse optimal stabilization in probability.
Ill. INVERSE OPTIMAL OUTPUT-FEEDBACK STABILIZATION From Corollary 3.1, we know that if we can design a stabilizing

This section first reviews some definitions and theorems establistt&dtrol law that has,, as a factor, we can easily find another control
in [3], which are then used in the design of an inverse optimfW Which solves the problem of inverse optimal stabilization in

stabilizing control law. Consider the system probability. If we consider carefully the last bracket of (16), every
term except the second, the third, the fourth, and the fifth-haas a
Ay = FO) dt + g1 (x) dw + go(x)u dt (22) factor. With the help of Young's inequalities in Appendix B, we have
. 2o LIxm 1
where £(0) = 0, ¢:(0) = 0, andu € R™. LV < — [bA = 3bny/nes|P|" — 1 Z E
Definition 3.1 [3]: The problem ofinverse optimal stabilization =2
in probability for system (22) is solvable if there exist a clds. R SRS SR T !
functiont 4> whose derivativey; is also a classCo. function, a et 4el 4t T
matrix-valued functionR: () such thatRs(y) = Ra(x)* > 0 for
all x, a positive definite radially unbounded functiéf), and a + ¥ o+ 2o ey + 261y + 2Py
feedback control law = «() continuous away from the origin with

a(0) = 0, which guarantees global asymptotic stability in probability 3 ‘ 3bn/n
of the equilibriumy = 0 and minimizes the cost functional +3 Z53(01*1(?/)T'w1(y))2?/ + 62\/_|@5('y)|4?/
=2 2
— i ) . /21 1 1
J(u)=FE (100 + 2[R (x) “u]]dr . (23) + v+ v
0 4e; 8ez

2The functioni() is positive definite because, by assumption of the
1A function a: R4 — Ry is said to be in clask - if it is continuous, theorem, the bracketed term is positive definitg:(-) is in classKo, and
strictly increasing, andim, ., a(r) = oc. B> 2.
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n—1 i—1

. dai—1 .. .

+ Za? o; + kiry — Z gill (Z141 + k1)
i=2 (=2
doict . 1 8%
N c’)y1 7Y Ty Ser(w) e )+ S5
1 ) 3 4/3 004,:_1 4/3~‘
+ 45?_1 zi + 1 n; < ay <

k=1 =k
4/3
3 N —1
Tgle 0,2 U1 (y) m(y)) Zn
2 n—1 9 4/3 2 1
i Ny —1 9 4/3
n k Zn n Zn - Zn
ty (f“ ; 9% ’) S Y
n 3 43 f Ooy—1 4/37 n 3 [ Oan_1
47\ oy A2\ oy "
(31)
If €1, €2, €3, €4, €5, €6, €7, @andn; are chosen to satisfy
2 11 1 1 1 .,
b\ — 3bny/ne; | P F_E_E_Ek":p>o
(32)
1 o
ER )
1 (j,‘
oy =5 34
46% + 46% 2 (34)
whereec; ande; are those in (18) and (19), and
u=—M(y (35)

. n 4/3

+ § € Oy v + % € 1 9on— k

s\° 9y? A\ =0k !
+ §E4/J + 1 + 3 4/3 Oty —1 /3

473 461, T4 Jy

3 8@,,_1

i < ay ) (39)

with (18), (19), and (35), we get
LV < =53 em! —plal*. (37)

=1

Thus, according to Corollary 3.1, we achieve not only global asymp-

totic stability in probability, but also inverse optimality.
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Theorem 3.2: The control law

= —pMy, #)z, B2 (38)
guarantees that the equilibrium at the origin of the system (3), (5) is
globally asymptotically stable in probability and also minimizes the

cost functional

E{/Ow {(r )4 = 165) T My, &) 4} T} (39)

for some positive definite radially unbounded functitiw, #) pa-
rameterized by3.

Proof: Let v,(r) = 1r, Ry = (1M)~5/2. Applying Theo-
rem 3.1, the result follows readily. O

Remark 3.1: The inverse optimal control law has infinite upper

gain margin and lower gain margin of 75% because= ku" is
globally asymptotically stabilizing fok: € [%, o). The function
I(z, %) is lower bounded by2 >~ | c;z! + 4p|z|* (which means
that it is a positive definite and radially unbounded function: @ind
7). O

J(u) =

IV. EXAMPLE

We give a second-order example to illustrate Theorem 2.1. Con-
sider the system

dr1 =as dt + %Jf dw

drs =u dt
y =1 (40)
For this system, the estimator is
B =i+ ki (y — i)
B2 =+ ks (y — &1). (41)
The virtual controlo; and controlu are
3 3 3 55 6V2
a = —ciy — 81/ — zﬁw’u— 14/31/— aESy " To2 y°
(42)
(()(h N 1 0 4
u = —f’z?‘z—kﬂ’l-l-wr‘ +§ Oy‘ Y —Ezz
374/3 doa \"* 3 (00" (43)
4 l2 dy -2 463\ dy -2
We chooseki = 3, ks = 4.5, c1 = 0.01, co = 0.1, 6 = 0.1,

£ =0.8, ¢ =0.01, 752 = 0.1, b = 0.1, e = 50, and set the initial
condition atr;(0) = 1.3, 22(0) = 0, #1(0) = 0, #2(0) = «1(0),

the states and control of the system are shown in Fig. 2. From Fig. 2,
we can see that the output converges to zero. It is also interesting to
note how the solutions become less noisy as they approach zero—a
consequence of the fact that the noise vector field vanishes at zero.

APPENDIX A

In this and the following Appendix, we use Young's inequality [8,
Th. 156]

o< el + ol (A1)
wheree > 0, the constants > 1 andg > 1 satisfy(p—1)(¢g—1) = 1,
and(z, y) € IR%. Applying these |nequaI|t|es leads to
3 3 4/% 4
Yz <o y' + 464 S (A.2)
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_40+ ]
50+ B
60+ |
-70 I 1 1 I
0 0.5 1 1.5 2 2.5
(b)
Fig. 2. The states and control effort of the output-feedback system.
3 3 473 4 1 4 3 <« i1\’
V' <7600+ g : ( % ) 1) o1 (0)
3 4/3 4 1 .. =2 )
<Tly 1l (A3) R .
4! def <3N A 00N e 3NN 2 (o o () (A6
. Jom L < 4;&2 o )T 4;&. (p1(y) #1(y))”  (A6)
a/3 4 | 1 4 = ) ) ==
2 smn S0 8T 1D s AD oy Tef o) 2Pii” P+ i PiP)o(y))
. 1;_ N o lia(ar ~aT T PPy ()T
~ Z s dovi 4 < 3 2114/3 <30{i1)4/5 S, 1 1 - < 2bn|e(y)(2Pza” P+ 2" PiP)o(y) |oo
— oy T T4 dy A&yt < 2bny/nle(y)(2P2E" P+ #" PiP)p(y)"]
<3N /s Qi 4/3~-4+3ii|%|4 < Gbny/ny? vy |PPIEf (cf. (12))
=4 P 1 ay “~1 4 e )7;; of

3b )
< IR I + 3/ P
2

€2

(A7)
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where thee’s, §'s, n’s, and ¢'s are positive constants to be [3]

chosen.

APPENDIX B

Similar to Appendix A, in the following inequalities¢’s are
constants to be chosen:

: 3 3 1
L3 s 4/3 4 4 4/3 4 A4
"nknﬂbl S 4 Zn + 7]{ = 163 “n + 46; sz|‘1| (Bl)
23 Z 0577—1 k[fl?'l
n—1 4/3
3 On_1 1 4
< - k z — T
=1 <€4 IZ i ’) AR
n—1 4/3
3 Oap—i 4 514
< - k z, x B.2
= <F4 ai’[ [) n + 4 4 |T| ( )
=2
1 3 aza’n_
5% 92 »91(1/) Pi(ﬂ)
1 5 9%
=5 % (;y" Ui(y) i (y)y”
3 8204:1—1 4/3 4 1 4
< 3 <€5 oy (O3 (J) Un (J)) Zn + @ y (B.3)
_23 aa7l—l A2 _ Z3 = Oan—l A]+1
" Oy " T
_ 23 = aan—l 2 73 8(1""_1
— T *n - ~l+1 “n
1=2 O 9y
n—1 1 S
— %y — ZpQ cf. (9), (11
w2 D gy o (6 (9). (1)
— _ nil ;’ 8{%171 Zig1 — /‘3 (9(}7171 .
s 7 (9;%1 " 8y 2
ai‘] lk~n <~k
k=1 =k
"i 3 (e Jan Y 4L
< g\ D oot g 1+1
(=2
3 aanfl & 4 1 4 =
+Z<e6 3y ) ”n+44v~2+;;
n—1 4/3
aa/n—l 4 1 4
<6, ; B IA:) n T+ 1ed k

aan—]

o0&

ao¢'n—1

Jy

4/3—1—3
4

)4/3

n—1 n—1 9 1/3
Oy —1
a5 (3 2 )
n—1 n—1
+Z44“L+Z44”L /Ly (B4)
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