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Output-Feedback Stochastic Nonlinear Stabilization

Hua Deng and Miroslav Krstić

Abstract—The authors present the first result onglobal output-feedback
stabilization (in probability) for stochastic nonlinear continuous-time
systems. The class of systems that they consider is a stochastic counterpart
of the broadest class of deterministic systems for which globally stabilizing
controllers are currently available. Their controllers are “inverse optimal”
and possess an infinite gain margin. A reader of the paper needs no prior
familiarity with techniques of stochastic control.

Index Terms—Backstepping, control Lyapunov functions, inverse op-
timality, stochastic nonlinear output-feedback systems, stochastic stabi-
lization.

I. INTRODUCTION

Despite huge popularity of the linear-quadratic-Gaussian control
problem, the stabilization problem fornonlinear stochasticsystems
has been receiving relatively little attention until recently. Efforts to-
ward (global)stabilizationof stochastic nonlinear systems have been
initiated in the work of Florchinger [4]–[6] who, among other things,
extended the concept of control Lyapunov functions and Sontag’s
stabilization formula [25] to the stochastic setting. A breakthrough
toward arriving atconstructivemethods for stabilization of broader
classes of stochastic nonlinear systems came with the result of Pan
and Basar [22] who derived a backstepping design for strict-feedback
systems motivated by a risk-sensitive cost criterion [1], [11], [20],
[24] (for other types of optimal control problems, see, e.g., [9] and
[10]). In [2] and [3], we designed simpler inverse optimal control
laws for strict-feedback systems which guarantee global asymptotic
stability in probability and whose algorithms can be directly coded
in symbolic software.

In this paper, we address theoutput-feedbackglobal stabiliza-
tion problem for stochastic nonlinear systems. The output-feedback
problem has received considerable attention in the recent robust and
adaptive nonlinear control literature [12], [14], [16], [19], [23], [26].
The present paper is the first to address the output-feedback problem
in the stochastic setting.

We present two results. First, in Section II, we design an output-
feedback (observer-based) backstepping control law which guarantees
global asymptotic stability in probability. Second, in Section III,
based on a theorem derived in [3], we design stabilizing control laws
which are also optimal with respect to meaningful cost functionals.
The class of systems that we consider is the stochastic version of the
output-feedback form,which is the broadest class for whichglobal
output-feedback controllers currently exist in the deterministic setting.
Finally, in Section IV, we give a second-order simulation example.

A. Preliminaries on Stability in Probability

Consider the nonlinear stochastic system

d� = f(�)dt+ g(�)dw (1)
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where � 2 IRn is the state,w is an r-dimensional independent
standard Wiener process, andf : IRn ! IRn and g: IRn ! IRn�r

are locally Lipschitz and satisfyf(0) = 0, g(0) = 0.
Definition 1.1: The equilibrium� = 0 of (1) is said to be globally

asymptotically stable in probability if for anyt0 � 0 and � > 0,
lim�(t )!0 Pfsupt�t j�(t)j > �g = 0, and for any initial condition
�(t0), Pflimt!1 �(t) = 0g = 1.

Theorem 1.1—Khas’minskii [15], Kushner [17], and Mao [18]:
Consider system (1) and suppose there exists a positive definite,
radially unbounded, twice continuously differentiable functionV (�)
such that the infinitesimal generator

LV (�) =
@V

@�
f +

1

2
Tr gT

@2V

@�2
g (2)

is negative definite. Then the equilibrium� = 0 of (1) is globally
asymptotically stable in probability.

II. OUTPUT-FEEDBACK STABILIZATION IN PROBABILITY

In this section we deal with nonlinearoutput-feedbacksystems
driven by white noise. This class of systems is given by the following
nonlinear stochastic differential equations:

dxi =xi+1 dt+ 'i(y)
T dw; i = 1; � � � ; n� 1

dxn =udt+ 'n(y)
T dw

y =x1 (3)

where'i(y) are r-vector-valued smooth functions with'i(0) = 0,
andw is an independentr-dimensional standard Wiener process.

Since the statesx2; � � � ; xn are not measured, we first design an
observer which would provide exponentially convergent estimates
of the unmeasured states in the absence of noise. The observer is
designed as

_̂xi = x̂i+1 + ki(y � x̂1); i = 1; � � � ; n (4)

wherex̂n+1 = u. The observation errors~x = x � x̂ satisfy

d~x =

�k1
I...

�kn 0 � � � 0

~x dt+ '(y)T dw

=A0~x dt+ '(y)T dw (5)

whereA0 is designed to be asymptotically stable. Now, the entire
system can be expressed as

d~x =A0~x dt+ '(y)T dw

dy =(x̂2 + ~x2) dt+ '1(y)
T dw

dx̂2 = [x̂3 + k2(y � x̂1)] dt

...

dx̂n = [u+ kn(y � x̂1)] dt: (6)

Our output-feedback design will consist of applying a backstepping
procedure to the system(y; x̂2; � � � ; x̂n), which also takes care of
the feedback connection through the~x system.

In the standard backstepping method for deterministic systems [7]
(wheredw=dt would be a bounded deterministic disturbance), a se-
quence of stabilizing functions�i(x̂i; y), wherex̂i = [x̂2; � � � ; x̂i]

T ,
is constructed recursively to build a Lyapunov function of the form

V =

n

i=1

1
2
z2i + ~xTP ~x (7)
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whereP is a positive definite matrix which satisfiesAT
0 P +PA0 =

�I, and the error variableszi are given by

z1 = y (8)

zi = x̂i � �i�1(x̂i�1; y); i = 2; � � � ; n: (9)

The Lyapunov design for stochastic systems cannot be performed
using the quadratic Lyapunov function (7) because of the term
1

2
TrfgT (@2V=@�2)gg in (2). We instead employquartic (fourth-

order) Lyapunov functions

V =

n

i=1

1

4
z4i + (~xTP ~x)2: (10)

Our presentation of the backstepping procedure here is very
concise: instead of introducing the stabilizing functions�i in a step-
by-step fashion, we derive them simultaneously. A reader who is a
novice to the technique of backstepping is referred to [16].

We start by an important preparatory comment. Since'i(0) = 0,
the �i’s will vanish at x̂i = 0, y = 0, as well as atzi = 0, where
zi = [z1; � � � ; zi]T . Thus, by the mean value theorem,�i(x̂i; y) and
'(y) can be expressed, respectively, as

�i(x̂i; y) =

i

l=1

zl�il(x̂i; y) (11)

'(y) = y (y) (12)

where�il(x̂i; y) and (y) are smooth functions.
Now, we are ready to start the backstepping design procedure.

According to Itô’s differentiation rule [21], we have

dz1 =(x̂2 + ~x2) dt+ '1(y)
T dw (13)

dzi = x̂i+1 + ki~x1 �
i�1

l=2

@�i�1
@x̂l

(x̂l+1 + kl~x1)

� @�i�1
@y

(x̂2 + ~x2)� 1

2

@2�i�1
@y2

'1(y)
T'1(y) dt

� @�i�1
@y

'1(y)
T dw; i = 2; � � � ; n: (14)

As we announced previously, we employ a Lyapunov function of a
quartic form

V (z; ~x) =
1

4
y4 +

1

4

n

i=2

z4i +
b

2
(~xTP ~x)2 (15)

whereb is a positive constant. This form of the Lyapunov function
clearly indicates that we view the system as a feedback connection
in Fig. 1. The first two terms in (15) constitute a Lyapunov function
for the (y; x̂2; � � � ; x̂n)-system, while the third term in (15) is a
Lyapunov function for the~x-system. Even though not obvious from
the calculations that follow, we achieve a nonlinear small-gain global
stabilization (in probability) in the style of [13].

Now we start the process of selecting the functions�i(x̂i; y) to
makeLV negative definite. Along the solutions of (5), (13), and
(14), we have

LV =y3(x̂2 + ~x2) +
3

2
y2'1(y)

T'1(y)

+

n

i=2

z3i x̂i+1 + ki~x1 �
i�1

l=2

@�i�1
@x̂l

(x̂l+1 + kl~x1)

� @�i�1
@y

(x̂2 + ~x2)� 1

2

@2�i�1
@y2

'1(y)
T'1(y)

+
3

2

n

i=2

z2i
@�i�1
@y

2

'1(y)
T'1(y)� b~xTP ~xj~xj2

+ 2bTrf'(y)(2P ~x~xTP + ~xTP ~xP )'(y)Tg

Fig. 1. Feedback structure of the system (6).

= � b~xTP ~xj~xj2 + 2bTrf'(y)(2P ~x~xTP + ~xTP ~xP )'(y)Tg
+ y3(�1 + z2 + ~x2) +

3

2
y2'1(y)

T'1(y)

+

n

i=2

z3i �i + zi+1 + ki~x1�
i�1

l=2

@�i�1
@x̂l

(x̂l+1 + kl~x1)

� @�i�1
@y

(x̂2 + ~x2)� 1

2

@2�i�1
@y2

'1(y)
T'1(y)

+
3

2

n

i=2

z2i
@�i�1
@y

2

'1(y)
T'1(y)

� � b�� 3bn
p
n�22jP j4 � 1

4

n

i=2

1

�4i
� 1

4�41
j~xj4

+ y3 �1 +
3

2
 1(y)

T 1(y)y +
3

4
�
4=3
1 y + 3

4
�
4=3
1 y

+
3

4

n

i=2

�2i ( 1(y)
T 1(y))

2y +
3bn

p
n

�22
j (y)j4y

+

n�1

i=2

z3i �i + ki~x1 �
i�1

l=2

@�i�1
@x̂l

(x̂l+1 + kl~x1)

� @�i�1
@y

x̂2 � 1

2

@2�i�1
@y2

'1(y)
T'1(y) +

3

4
�
4=3
i zi

+
1

4�4i�1
zi +

3

4
�
4=3
i

@�i�1
@y

4=3

zi

+
3

4�2i

@�i�1
@y

4

zi

+ z3n u+ kn~x1 �
n�1

l=2

@�n�1
@x̂l

(x̂l+1 + kl~x1)

� @�n�1
@y

x̂2 � 1

2

@2�n�1
@y2

'1(y)
T'1(y) +

1

4�4n�1
zn

+
3

4
�4=3n

@�n�1
@y

4=3

zn +
3

4�2n

@�n�1
@y

4

zn (16)

where� > 0 is the smallest eigenvalue ofP . The second equality
comes from substitutinĝxi = zi + �i�1, and the inequality comes
from Young’s inequalities in Appendix A. At this point, we can see
that all the terms can be cancelled byu and �i. If we choose�1,
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�2, and �i to satisfy

b�� 3bn
p
n�

2

2jP j4 � 1

4

n

i=2

1

�4i
� 1

4�41
= p > 0 (17)

and �i and u as

�1 =�c1y � 3

2
 1(y)

T
 1(y)y � 3

4
�
4=3
1 y � 3

4
�
4=3
1 y � 3

4

�
n

i=2

�
2

i ( 1(y)
T
 1(y))

2
y � 3bn

p
n

�22
j (y)j4y (18)

�i =�cizi � ki~x1 +

i�1

l=2

@�i�1

@x̂l
(x̂l+1 + kl~x1)

+
@�i�1

@y
x̂2 +

1

2

@2�i�1

@y2
'1(y)

T
'1(y)� 3

4
�
4=3
i zi

� 1

4�4i�1
zi � 3

4
�
4=3
i

@�i�1

@y

4=3

zi � 3

4�2i

@�i�1

@y

4

zi

(19)

u =�cnzn � kn~x1 +

n�1

l=2

@�n�1

@x̂l
(x̂l+1 + kl~x1)

+
@�n�1

@y
x̂2 +

1

2

@2�n�1

@y2
'1(y)

T
'1(y)� 1

4�4n�1
zn

� 3

4
�
4=3
n

@�n�1

@y

4=3

zn � 3

4�2n

@�n�1

@y

4

zn (20)

where ci > 0, then the infinitesimal generator of the closed-loop
system (5), (13), (14), and (20) is negative definite

LV � �
n

i=1

ciz
4

i � pj~xj4: (21)

With (21), we have the following stability result.
Theorem 2.1:The equilibrium at the origin of the closed-loop

stochastic system (6), (20) is globally asymptotically stable in prob-
ability.

III. I NVERSE OPTIMAL OUTPUT-FEEDBACK STABILIZATION

This section first reviews some definitions and theorems established
in [3], which are then used in the design of an inverse optimal
stabilizing control law. Consider the system

d� = f(�)dt+ g1(�)dw + g2(�)udt (22)

wheref(0) = 0, g1(0) = 0, andu 2 IRm.
Definition 3.1 [3]: The problem ofinverse optimal stabilization

in probability for system (22) is solvable if there exist a classK1
function1 
2 whose derivative
02 is also a classK1 function, a
matrix-valued functionR2(�) such thatR2(�) = R2(�)

T > 0 for
all �, a positive definite radially unbounded functionl(�), and a
feedback control lawu = �(�) continuous away from the origin with
�(0) = 0, which guarantees global asymptotic stability in probability
of the equilibrium� = 0 and minimizes the cost functional

J(u) = E
1

0

[l(�) + 
2(jR2(�)
1=2
uj)] d� : (23)

1A function �: IR+ ! IR+ is said to be in classK1 if it is continuous,
strictly increasing, andlimr!1 �(r) =1.

Theorem 3.1 [3]: Consider the control law

u = �(�) = �R�12 (Lg V )
T `
2(jLg V R

�1=2
2

j)

jLg V R
�1=2
2

j2
(24)

where V (�) is a Lyapunov function candidate,
2 is a classK1
function whose derivative is also a classK1 function,R2(�) is a
matrix-valued function such thatR2(�) = R2(�)

T > 0, and`
2 is
the Legandre–Fenchel transform defined as

`
2 = (
02)
�1
: (25)

If the control law (24) achieves global asymptotic stability in prob-
ability for the system (22) with respect toV (�), then the control
law

u
� =��(�)

= � �

2
R
�1

2 (Lg V )
T (
02)

�1(jLg V R
�1=2
2

j)
jLg V R

�1=2
2

j
; � � 2 (26)

solves the problem of inverse optimal stabilization in probability for
the system (22) by minimizing the cost functional

J(u) = E
1

0

l(�) + �
2

2

2

�
jR1=2

2
uj d� (27)

where2

l(�) = 2� `
2(jLg V R
�1=2
2

j)� LfV � 1

2
Tr g

T
1

@2V

@�2
g1

+ �(� � 2)`
2(jLg V R
�1=2
2

j): (28)

Now we return to the output-feedback system (3) and redesign the
control law (20) to make it inverse optimal. The following result is
instrumental.

Corollary 3.1 [3]: If there exists a continuous positive function
M(y; x̂) such that the control law

u = �(y; x̂) = �M(y; x̂)zn (29)

globally asymptotically stabilizes the system (6) in probability with
respect to the Lyapunov function (15), then the control law

u
� = �

�(y; x̂) = ��(y; x̂); � � 4

3
(30)

solves the problem of inverse optimal stabilization in probability.
From Corollary 3.1, we know that if we can design a stabilizing

control law that haszn as a factor, we can easily find another control
law which solves the problem of inverse optimal stabilization in
probability. If we consider carefully the last bracket of (16), every
term except the second, the third, the fourth, and the fifth haszn as a
factor. With the help of Young’s inequalities in Appendix B, we have

LV � � b�� 3bn
p
n�

2

2jP j4 � 1

4

n

i=2

1

�4i

� 1

4�4
1

� 1

4�4
4

� 1

4�4
3

k
4

n j~xj4

+ y
3
�1 +

3

2
 1(y)

T
 1(y)y +

3

4
�
4=3
1
y + 3

4
�
4=3
1
y

+
3

4

n

i=2

�
2

i ( 1(y)
T
 1(y))

2
y +

3bn
p
n

�2
2

j (y)j4y

+
1

4�4
7

y +
1

8�4
5

y

2The function l(�) is positive definite because, by assumption of the
theorem, the bracketed term is positive definite,`
2(�) is in classK1, and
� � 2.
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+

n�1

i=2

z
3
i �i + ki~x1 �

i�1

l=2

@�i�1

@x̂l
(x̂l+1 + kl~x1)

� @�i�1

@y
x̂2� 1

2

@2�i�1

@y2
'1(y)

T
'1(y)+

3

4
�
4=3
i zi

+
1

4�4i�1
zi +

3

4
�
4=3
i

@�i�1

@y

4=3

zi

+
3

4�2i

@�i�1

@y

4

zi +
1

4�46
zi +

1

4�47
zi

+ z
3
n u+

3

4

n�1

l=2

�6
@�n�1

@x̂l

4=3

zn

+
3

4
�6
@�n�1

@y

4=3

zn +
1

4�46
zn

+
3

4

n�1

k=1

�7

n�1

l=k

@�n�1

@x̂l
�lk

4=3

zn

+
3

8
�5
@2�n�1

@y2
 1(y)

T
 1(y)

4=3

zn

+
3

4
�4

n�1

l=2

@�n�1

@x̂l
kl

4=3

zn+
3

4
�
4=3
3 zn +

1

4�4n�1
zn

+
3

4
�
4=3
n

@�n�1

@y

4=3

zn +
3

4�2n

@�n�1

@y

4

zn :

(31)

If �1, �2, �3, �4, �5, �6, �7, and�i are chosen to satisfy

b�� 3bn
p
n�

2
2jP j4 � 1

4

n

i=2

1

�4i
� 1

4�41
� 1

4�44
� 1

4�43
k
4
n = p > 0

(32)

1

4�47
+

1

8�45
=
c1

2
(33)

1

4�46
+

1

4�47
=
ci

2
(34)

wherec1 and ci are those in (18) and (19), and

u = �M(y; x̂)zn (35)

M(y; x̂) = cn +
3

4

n�1

l=2

�6
@�n�1

@x̂l

4=3

+
3

4
�6
@�n�1

@y

4=3

+
1

4�46
+

3

4

n�1

k=1

�7

n�1

l=k

@�n�1

@x̂l
�lk

4=3

+
3

8
�5
@2�n�1

@y2

4=3

+
3

4
�4

n�1

l=2

@�n�1

@x̂l
kl

4=3

+
3

4
�
4=3
3 +

1

4�4n�1
+

3

4
�
4=3
n

@�n�1

@y

4=3

+
3

4�2n

@�n�1

@y

4

(36)

with (18), (19), and (35), we get

LV � � 1
2

n

i=1

ciz
4
i � pj~xj4: (37)

Thus, according to Corollary 3.1, we achieve not only global asymp-
totic stability in probability, but also inverse optimality.

Theorem 3.2: The control law

u
� = ��M(y; x̂)zn; � � 4

3
(38)

guarantees that the equilibrium at the origin of the system (3), (5) is
globally asymptotically stable in probability and also minimizes the
cost functional

J(u) = E
1

0

l(x; ~x) +
27

16�2
M(y; x̂)�3u4 d� (39)

for some positive definite radially unbounded functionl(x; ~x) pa-
rameterized by�.

Proof: Let 
2(r) = 1
4
r4, R2 = ( 4

3
M)�(3=2). Applying Theo-

rem 3.1, the result follows readily.
Remark 3.1: The inverse optimal control law has infinite upper

gain margin and lower gain margin of 75% becauseu = ku� is
globally asymptotically stabilizing fork 2 [ 3

4
; 1). The function

l(x; ~x) is lower bounded by2 n
i=1 ciz

4
i + 4pj~xj4 (which means

that it is a positive definite and radially unbounded function ofx and
~x).

IV. EXAMPLE

We give a second-order example to illustrate Theorem 2.1. Con-
sider the system

dx1 =x2 dt+
1
2x

2
1 dw

dx2 =udt

y =x1: (40)

For this system, the estimator is

_̂x1 = x̂2 + k1(y � x̂1)

_̂x2 =u+ k2(y � x̂1): (41)

The virtual control�1 and controlu are

�1 = � c1y � 3

8
y
3 � 3

4
�
4=3
1 y � 3

4
�
4=3
1 y � 3

64
�
2
2y

5 � 6
p
2b

16�22
y
5

(42)

u = � c2z2 � k2~x1 +
@�1

@y
x̂2 +

1

8

@2�1

@y2
y
4 � 1

4�41
z2

� 3

4
�
4=3
2

@�1

@y

4=3

z2 � 3

4�22

@�1

@y

4

z2: (43)

We choosek1 = 3, k2 = 4:5, c1 = 0:01, c2 = 0:1, �1 = 0:1,
�2 = 0:8, �1 = 0:01, �2 = 0:1, b = 0:1, �2 = 50, and set the initial
condition atx1(0) = 1:3, x2(0) = 0, x̂1(0) = 0, x̂2(0) = �1(0),
the states and control of the system are shown in Fig. 2. From Fig. 2,
we can see that the output converges to zero. It is also interesting to
note how the solutions become less noisy as they approach zero—a
consequence of the fact that the noise vector field vanishes at zero.

APPENDIX A

In this and the following Appendix, we use Young’s inequality [8,
Th. 156]

xy � �p

p
jxjp + 1

q�q
jyjq (A.1)

where� > 0, the constantsp > 1 andq > 1 satisfy(p�1)(q�1) = 1;
and (x; y) 2 IR2. Applying these inequalities leads to

y
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(a)

(b)
Fig. 2. The states and control effort of the output-feedback system.
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where the �’s, �’s, �’s, and �’s are positive constants to be
chosen.

APPENDIX B

Similar to Appendix A, in the following inequalities,�’s are
constants to be chosen:
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