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Technical Notes and Correspondence

Adaptive Control With Exponential Regulation
in the Absence of Persistent Excitation

Yongduan Song, Kai Zhao, and Miroslav Krstic

Abstract—With set point regulation being the most common goal
in control engineering, persistence of excitation (PE) is generically
absent in adaptive control applications. In the absence of PE, not
only is the parameter estimate not guaranteed to converge to the
true value, but the state is regulated to the set point at a rate that
is not necessarily exponential. In this technical note we introduce
a strategy that employs time-varying adaptation gains (as well as
time-varying control gains, when appropriate) and achieves expo-
nential regulation of the plant state, with an exponential rate that
is uniform in the initial condition. This idea fundamentally differs
from exponential stability results achieved in the presence of PE
because we make the gains (rather than reference signals) time-
varying, i.e., we use time-varying tools in a multiplicative (rather
than in an additive) fashion. We provide full state feedback results
for general classes of nonlinear and linear systems and establish
global uniform stability, exponential regulation of the plant state,
boundedness of the control input and the update rate, and the
asymptotic constancy (but not convergence to the true value) of
the parameter estimate.

Index Terms—Adaptive control, adaptive pole placement,
backstepping, exponential convergence, persistency of excitation.

I. INTRODUCTION

Motivation and Preview: The purpose of adaptive control
is, first and foremost, the asymptotic regulation of the state.
The convergence of the parameter estimate, while desirable, is
secondary.

Parameter convergence is achieved only in the presence of
persistent excitation (PE). PE typically results from sufficiently
rich reference inputs. Such rich reference inputs arise when
the control objective is to track complex trajectories. When the
control objective is set point regulation, which is the case in the
majority of control tasks, PE is absent. If PE is “imposed” on
the control objective, such as by altering the reference signal to
a richer signal for the purpose of parameter convergence, the
state convergence is compromised.

In the presence of PE, both the state and the parameter esti-
mates converge to their desired or true value. Furthermore, the
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rate of convergence is exponential [2], [8], [18], [19], [29], [32],
[34].

In contrast, in the absence of PE, not only does the parameter
estimate not converge to the true value, but the regulation of the
state to the set point is not even known to have an exponential
rate. For in-depth studies of parameter estimator convergence
(to values other than the true parameter) in the absence of PE,
see [13], [17].

Our focus is achieving, for the first time, exponential reg-
ulation of the state, in the absence of PE and in the absence
of convergence of the parameter estimate. We achieve this by
employing time-varying adaptation gains with an appropriate
growth rate, as well as, where needed, time-varying gains in the
control law. As a preliminary step in our development, we show
that the regulation rate for linear adaptive systems in the absence
of PE is actually exponential, however, the rate is dependent on
the initial condition and gets smaller as the initial conditions get
smaller, which motivates our quest for adaptive controllers with
a uniform rate of exponential regulation.

Background and Applications: Many control applications
require desired rates of regulation to be achieved [6], [16].
For instance, in missile interception, spacecraft rendezvous and
docking, machine parts assembling, vehicle self-parking, and
multi-agent system (MAS) formation, etc., it is often required
or desired that the approaching speed to the target be adjustable
for safe and reliable mission accomplishment [14], [15], [20],
[25], [26], [33], [40]. The past decades have witnessed various
methods for exponential regulation based on PE condition or
asymptotic regulation in the absence of PE condition [1], [4],
[5], [7], [27], [28], [37]–[39].

The efforts in this technical note are somewhat related to
the efforts in the 1990s [10]–[12] towards systematic improve-
ment of transient performance in adaptive control, which was
solved for the first time using the backstepping approach in
[10] by managing the L∞ and L2 bounds of the system’s state
to prescribed levels, over the infinite time interval, using the
gains available in the backstepping control law and in the tun-
ing functions update laws. Miller and Davison [22] designed
controllers for minimum-phase LTI systems which guarantee
the “error to be less than a arbitrary prespecified constant after a
transient with an overshoot below a prespecified upper bound”
using a switching strategy for a non-decreasing adaptive gain
and requiring an a priori bound on the initial data.

Exponential convergence is achievable using the approaches
in [21], [23], [24] but without a user-assignable convergence
rate and only for linear systems. Switching-based adaptive
controllers in [21] employ parameter estimates that settle within
finite time and result in exponential convergence over the
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remaining infinite time. The approach in [23], [24] is to
periodically estimate what the correct control signal would be if
the plant parameters and state were known, without parameter
estimation.

The work that provides inspiration to the approach employed
in our technical note is [30], [31], where a speed transformation
is introduced to accelerate the original system dynamics; then,
by stabilizing the accelerated dynamic system, the convergence
rate of the original system is arbitrarily assigned by blending
a suitable rate function into the control scheme. This idea was
successfully applied to the development of exponential path
tracking control for robotic systems where an exponential rate
function was incorporated [31]. Several other publications have
also explored time varying scaling or speed transformations to
achieve various control performance goals [35], [36].

Contributions and Organization of the Technical Note: We
start with a scalar example in Section II, to present the main
ideas before turning to general designs. In Section II-A, we
show that the exponential regulation rate of standard Lyapunov-
based adaptive control decreases with the decrease of the size of
the initial condition. In the crucial Section II-B, we present the
basic idea for achieving a uniform rate of exponential regulation
by employing an adaptation gain that grows exponentially
with time. This is a somewhat counter-intuitive idea, as it
is not obvious that the parameter estimate and the other signals
will remain bounded under an adaptation gain that grows
unbounded. We prove that, the exponential regulation of the
state, achieved with an adaptation gain that grows unbounded,
ensures the boundedness of the actual update rate, and therefore
the boundedness of the parameter estimate, the state, and the
controls. In the presence of disturbances, we de-risk the strategy
of employing an adaptation gain that grows unbounded by
employing a deadzone in the update law.

In Section III, we turn our attention from the “matched” scalar
nonlinear example to the general class of strict-feedback non-
linear systems. The design for this class is not only vastly more
difficult than for any matched system, but also significantly more
difficult than for the basic case of adaptive regulation without
an exponential rate [9], [11]. The time-varying exponential scal-
ing of the adaptation gain propagates deeply into the recursive
design of the Lyapunov-based backstepping control law em-
ploying tuning functions. As a result, achieving and proving
boundedness in this case requires special care.

Since the strict-feedback systems in Section III, when spe-
cialized to the linear case, do not capture all classes of lin-
ear systems with unmatched parametric uncertainties, we con-
sider such a general linear class in Section IV. In this section,
we exploit the linearity and achieve a result different, and in
some ways stronger, than in Section III. We make the control
law free of any time-varying gains with unbounded growth and,
at the same time, achieve boundedness of the update rate uni-
formly with respect to the initial conditions.

II. MOTIVATING EXAMPLE

To gain insight into the idea of using time-varying scal-
ing to achieve exponential regulation, we first examine what
can be obtained with constant scaling, for the following scalar
system:

ẋ = ax + u, x0 = x(t0) (1)

where x is the state, u is control, and a is an unknown parameter.

A. Basic Adaptive Design

We take the control law and adaptive law as

u = −(k + â)x, (2)

˙̂a = γx2 , â0 = â(t0), (3)

where k ≥ 0 is a control gain and γ > 0 is the adaptation gain.
Theorem 1: Consider the system (1) with the control law

(2) and the adaptive law (3). All equilibria x = 0, â = a + σ,
where σ is any constant no smaller than −k, are globally stable
and, in addition, limt→∞ x(t) = 0. Furthermore, the following
bounds hold:

2n0(n0 + |ã0 |) |x0 |
γx2

0 + (n0 + |ã0 |)2 e−n0 (t−t0 )

≤ |x(t)|

≤ 2n0(n0 + |ã0 |) 1
γ|x0 |e

−n0 (t−t0 ) (4)

where n0 =
√

ã2
0 + γx2

0 and limt→∞ â(t) exists.
Proof: We first prove global stability. Denote z =

√
γx and

let ρ � a + σ − â, which gives

ż = −(k + σ)z + ρz (5)

ρ̇ = −z2 , (6)

and hence d
dt

(
z2 + ρ2

)
= −2(k + σ)z2 , which establishes

global stability of z = 0, ρ = 0, and hence of all equilib-
ria x = 0, â = a + σ for σ ≥ k. Next, we prove (4). With
ã = a − â − k, we get the dynamics

ż = ãz (7)

˙̃a = −z2 (8)

with the initial conditions z0 = z(t0) and ã0 = ã(t0). From
(7) and (8), it follows that d

dt (z
2 + ã2) = 0, and hence

z2(t) + ã2(t) = z2
0 + ã2

0 . (9)

From (7), it further holds that

d

dt
|z| = ã|z|. (10)

Substituting ã from (9) into (10), using the separation of vari-
ables to solve the differential equation for |z(t)|, and performing
additional lengthy calculations, we arrive at

|z(t)| =
n0 |z0 |

n0 + |ã0 |
2e−n0 (t−t0 )

(
z0

n0 + |ã0 |
)2

+ e−2n0 (t−t0 )
(11)

from which it is clear that z(t) is restricted within the upper and
lower bounds

2n0(n0 + |ã0 |) |z0 |
z2

0 + (n0 + |ã0 |)2 e−n0 (t−t0 ) ≤ |z(t)|

≤ 2n0(n0 + |ã0 |) 1
|z0 |e

−n0 (t−t0 ) , (12)

which implies that z(t) converges to zero with the rate of
e−n0 (t−t0 ) . As x = z/

√
γ, and then z0 =

√
γx0 , we can ex-

press (12) in terms of x and x0 as in (4). Hence, x(t) = 1√
γ z(t)
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Fig. 1. Response of system (1) with control law (2) and adaptive law
(3) under different initial conditions.

converge to zero. Since z(t) has a limit (of zero), from (9) it
follows that ã(t) and hence also â(t) has a limit. �

Both z and x converge to zero with the rate of e−n0 (t−t0 ) .
However, the convergence rate n0 depends on x0 and ã0 , i.e.,
the initial conditions and the initial parameter estimate directly
impact of the plant decay rate. The smaller the initial value of
x0 and ã0 , the slower the decay rate.

This observation is illustrated in Fig. 1, where the design
parameters are k = 1 and γ = 1.

B. Adaptive Design for Exponential Regulation

We consider the same linear scalar system (1), which serves
two purposes: it presents the essence of the exponential regula-
tion adaptive control algorithm on a rationally easy example, and
it allows us to extend the idea of using strictly increasing scal-
ing to achieve for pre-specifiable rate of convergence, to more
general systems with matched and unmatched uncertainties.

To proceed, using the following transformation:

z = β(t − t0)x, (13)

with the exponentially increasing scaling factor

β(t − t0) = eλ(t−t0 ) , λ ≥ 0. (14)

To get the following transformed closed-loop dynamics

ż = λz + βu + βax. (15)

Theorem 2: Consider the system (1) with adaptive control

u = −(λ + k + â)x, (16)

˙̂a = γβ2x2 , â0 = â(t0) (17)

where k ≥ 0 and γ > 0 are the design parameters. We em-
phasize that, if λ > 0, k ≥ 0 can be chosen as k = 0. The
equilibrium x = 0, â = a is globally uniformly stable and
limt→∞ x(t) = 0. Furthermore

|x(t)| ≤
(
|x0 | + 1√

γ
|ã0 |
)

e−λ(t−t0 ) (18)

| ˙̂a(t)| ≤ γx2
0 + ã2

0 (19)

Fig. 2. Response of system (1) with control law (16) and update law
(17) under different initial conditions.

for all t ≥ t0 , and limt→∞ â(t) exists but it is not necessar-
ily equal to a. In addition, u(t) is bounded for all t ≥ t0 and
limt→∞ u(t) = 0.

Proof: The proof is omitted as it is subsumed in the proofs
of the remaining general theorems. �

Upon examining the bound (18), it becomes clear that the
β scaling gives rise to a rate of exponential regulation that is
independent of initial condition and can be pre-specified.

This observation is illustrated in Fig. 2, where the design
parameters are k = 0, γ = 1, λ = 1 and a = 1, from which it is
seen that indeed the convergence rate is independent of the initial
conditions and can be specified as desired (here β = eλ(t−t0 )).
Note the contrast between the bottom plots in Figs. 1 and 2: the
former exhibits the dependency of the exponential decay rate
on the initial condition (decreasing with the size of the initial
condition), whereas the latter one does not.

III. DESIGN FOR STRICT-FEEDBACK NONLINEAR SYSTEMS

Motivated by the appealing features about the time varying
scaling design method, we further explore its applicability to
the following strict-feedback nonlinear systems:

{
ẋi = xi+1 + ϕi (x̄i)

T θ, i = 1, . . . , n − 1
ẋn = u + ϕn (x)T θ,

(20)

where x = [x1 , x2 , . . . , xn ]T ∈ Rn is the system state vector
and x̄i = [x1 , . . . , xi ]

T , u ∈ R is the control input and θ ∈ Rp

is the vector of unknown constant parameters, the elements
ϕi of ϕ = [ϕ1 , . . . , ϕn ]T are n − i times differentiable locally
Lipschitz functions taking arguments in Rn , and ϕ(0) = 0 is
assumed. By the mean value theorem, there exist continuous
matrix-valued functions Ψi(x̄i) such that

ϕi(x̄i) = Ψi(x̄i)x̄i . (21)

Because ϕ(0) = 0, this system has an equilibrium at the ori-
gin, and the control objective is to achieve exponential regulation
to x = 0 for any unknown value of θ without the need for a PE
condition.
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To begin, we introduce the following exponential scaling

zi = β(t − t0)xi (22)

z̄i = [z1 , . . . , zi ]
T , i = 1, 2, . . . , n (23)

ζi = β(t − t0)ξi, (24)

with

β(t − t0) = eλ(t−t0 ) , λ ≥ 0, (25)

and define

ξi = xi − αi−1 , i = 1, . . . , n (26)

where αi is an intermediate virtual control to be defined in
the sequel. The design of the adaptive controller is recursive in
the sense that computation of αi relies on αi−1 . Following the
adaptive backstepping design approach with tuning functions
[11], based on the adaptive control Lyapunov function

V =
1
2
||ζ(t)||2 +

1
2
θ̃T Γ−1 θ̃, θ̃ = θ − θ̂, (27)

and with lengthy computation, the intermediate control αi(i =
1, . . . , n) and the actual control input are developed as follows:

αi

(
x̄i , z̄i , θ̂

)
= gi

(
x̄i , z̄i , θ̂

)
x̄i (28)

= −ξi − 1 − (λ + ci) ξi − wT
i θ̂

+
i−1∑

k=1

[
∂αi−1

∂xk
xk+1 +

∂gi−1

∂zk
z̄i−1 (xk+1 + λxk )

]

+
∂αi−1

∂θ̂
Γτ̌i +

i−1∑

k=2

∂αk−1

∂θ̂
Γw̌iζk (29)

τ̌i(x̄i , z̄i , θ̂) = τ̌i−1 + w̌iζi (30)

ζi = zi − gi−1(x̄i−1 , z̄i−1 , θ̂)z̄i−1 (31)

wi

(
x̄i , z̄i , θ̂

)
=ϕi−

i−1∑

k=1

(
∂αi−1

∂xk
+

∂gi−1

∂zk
z̄i−1

)
ϕk (32)

w̌i

(
x̄i , z̄i , θ̂

)
= Ψi z̄i −

i−1∑

k=1

(
∂αi−1

∂xk
+

∂gi−1

∂zk
z̄i−1

)

× Ψk z̄k (33)

u = αn (34)

˙̂
θ = Γτ̌n (35)

where α0 = 0, τ̌0 = 0, ci is a positive design constant, and Γ =
ΓT ∈ Rp×p > 0 is a user-specified adaptation gain matrix.

We emphasize here that in the design (30)–(37) for strict-
feedback systems both αn and τ̌n depend on β. Nevertheless,
both the control and the adaptive rate remain bounded, as estab-
lished at the end of the following theorem.

Theorem 3: Consider the system (22) with control law (36)
and adaptive law (37). The equilibrium x = 0, θ̂ = θ is globally
uniformly stable and x(t) converges to zero. Furthermore, there
exists a non-negative-valued continuous function N(x0 , θ̂0 , λ)

such that

||x(t)|| ≤ N(x0 , θ̂0 , λ)e−λ(t−t0 ) (36)

for all t ≥ t0 . Also, there exists a class K∞ function δ such that:
√
||x(t)||2 + ||θ̃(t)||2 ≤ δ

(√
||x0 ||2 + ||θ̃0 ||2

)
. (37)

In addition
∣∣∣
∣∣∣ ˙̂θ(t)

∣∣∣
∣∣∣ and u(t) are uniformly bounded by bounds

that are dependent on initial conditions and limt→∞ θ̂(t) exists
but it is not necessarily equal to θ.

Proof: Under the control of (36), (37), we have the following
closed-loop system dynamics:

ζ̇i =−ζi−1 − ciζi + ζi+1 + w̌T
i θ̃ −

i−1∑

k=2

σkiζk +
n∑

k=i+1

σik ζk

(38)

and σik = − ∂gi−1

∂ θ̂
z̄i−1Γw̌k . The derivative of V in (29) along

(40) is

V̇ = −
n∑

k=1

ck ζ2
k (t) ≤ −c0 ‖ζ(t)‖2 ≤ 0, (39)

where c0 = min{c1 , . . . , cn}. From (24) and (26) it follows that
there exist a continuous functions χi−1 such that

zi = ζi + χi−1(x̄i−1 , ζ̄i−1 , θ̂)ζ̄i−1 . (40)

From (26) and (30) we get

xi = β−1ζi + gi−1(x̄i−1 , z̄i−1 , θ̂)x̄i−1 . (41)

Substituting (42) into (43) it follows that there exists a con-
tinuous function hi−1 such that

xi = β−1ζi + hi−1(x̄i−1 , ζ̄i−1 , θ̂)x̄i−1 . (42)

Noting from (41) that

||ζ(t)|| ≤
√
||ζ0 ||2 + θ̃T

0 Γ−1 θ̃0 (43)

and from (43) that

ζi0 = xi0 − gi−1(x̄(i−1,0) , x̄(i−1,0) , θ̂0)x̄(i−1,0) , (44)

applying (44) recursively it follows that there exists a
nonnegative-valued continuous function N(x0 , θ̂0 , λ) such that
(38) holds. In addition, from (41), (44), and (46) it follows that
there exists δ ∈ K∞ such that (39) holds.

From (44) and (45), x is bounded. From (42), z is bounded.

Since αn and τ̌n are continuous functions, u and ˙̂
θ are bounded.

To show the asymptotic constancy of θ̂(t), note that ˙̂
θ(t) ∈ L1 ,

then by using the argument similar to Theorem 3.1 in [13], it is
concluded that θ̂(t) has a limit as t goes to infinity. The proof is
completed. �

To test the proposed method, we consider the following
uncertain dynamic system:

⎧
⎨

⎩

ẋ1 = x2 + ϕ1 (x1) θ

ẋ2 = x3

ẋ3 = u,

(45)
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where θ = 1, ϕ1(x1) = x2
1 , the initial condition is x1(0) =

0.2, x2(0) = 0.3, x3(0) = −0.1, θ̂(0) = 0. We test the algo-
rithm under measurement noise (48). The dead zone can be
employed, however, in addition to the update law (37), the dead
zone must be included in all the parts of the control design
(30)–(35) in which the adaptation gain Γ appears. A careful
examination of (31) reveals that the quantity β always appears
multiplied by Γ, so in any instance where the dead zone turns
off the adaptation, it also turns off the terms in the backstep-
ping design which compensate for the effect of adaptation in the
stabilizing functions and the control law.

We let the measurement disturbance

di(t) = 0.05
(
sin (25t) + sin (7πt) + sin

(
12
√

2t
))

(46)

affect each of the three measured states, xi , for i = 1, 2, 3.
The control parameters are chosen as: c1 = 1, c2 = 1, c3 =
1,Γ = 6, λ = 1, bi = 0.3, i = 1, · · · , 8, and the initial condition
is x1(0) = 0.2, x2(0) = 0.3, x3(0) = −0.1, θ̂0 = 0. The sim-
ulation results are shown in Fig. 3. As expected, with the
deadzone, the signals remain bounded and the state x settles
to a small neighborhood of zero.

IV. DESIGN FOR LINEAR SYSTEMS WITH

UNMATCHED UNCERTAINTY

In this section, we continue the consideration of systems with
unmatched parametric uncertainties. We focus on general LTI
systems with full state feedback. Unlike the result for a class
of unmatched nonlinear systems in Section III, where both the
adaptive law and the control are dependent on β, in this section
we explore linearity and use a control law that is independent
of β. However, the consideration of completely general linear
systems comes at a price. It results in the update rate acting
as a disturbance in the Lyapunov analysis, which forces us to
employ update law normalization. However, the normalization
ultimately yields a benefit: it bounds the update rate indepen-
dently of initial conditions, in spite of the presence of β in the
update law.

We consider the following systems with unmatched
uncertainties motivated by the development in [3]

ẋ(t) = A(θ)x(t) + B(θ)u(t), (47)

where x ∈ Rn is the ODE state, u is the scalar input to the
system, the system matrix A(θ) and the input gain matrix B(θ)
are linearly parameterized, i.e.,

A(θ) = A0 +
p∑

i=1

θiAi ;B(θ) = B0 +
p∑

i=1

θiBi, (48)

and θ is an unknown but constant parameter vector that belongs
to the convex set

Π = {θ ∈ Rp |P(θ) ≤ 0} (49)

where, by assuming that the convex function P : Rp → R is
smooth, we assure that the boundary ∂Π of Π is smooth.

Assumption 1: The set Π is bounded and known.
To make stabilization possible in the presence of unknown pa-

rameters, we make some reasonable assumptions. In the sequel,
C0(Π) and C1(Π) is the usual notation for continuous and con-
tinuously differentiable functions (on the set Π), respectively.

Assumption 2: The pair (A(σ), B(σ)) is completely control-
lable for each σ ∈ Π (here σ denotes θ or its estimate θ̂). For
each λ > 0 there exists a triple of vector/matrix-valued func-
tions (K(σ, λ), P (σ, λ), Q(σ, λ)) such that K ∈ C1(Π), P ∈
C1(Π), Q ∈ C0(Π), the matrices P (σ, λ) and Q(σ, λ) are
positive definite and symmetric, and the following Lyapunov
equation is satisfied for all σ (i.e., θ or θ̂) ∈ Π:

P (σ, λ) [A(σ) + B(σ)K(σ, λ) + λI]

+ [A(σ) + B(σ)K(σ, λ) + λI]T P (σ, λ) = −Q(σ, λ). (50)

Assumption 3: The quantities

λ(λ) = inf
σ∈Π ,λ>0

λmin(P (σ, λ)) (51)

λ̄(λ) = inf
σ∈Π ,λ>0

λmax(P (σ, λ)) (52)

λQ (λ) = inf
σ∈Π ,λ>0

λmin(Q(σ, λ)) (53)

exist and are known (σ denotes θ or θ̂).
As θ is unknown, we employ the following adaptive control

law:

u(t) = K(θ̂, λ)x, (54)

where θ̂ is the estimate of θ, updated by

˙̂
θ(t) = γProjΠ{τθ (t)} (55)

with adaptation gains γ chosen as positive and “small enough”
and with

τθi
=

β2

N
xT P (θ̂, λ)(Ai + BiK(θ̂, λ))x (56)

and

β(t − t0) = eλ(t−t0 ) , λ ≥ 0 (57)

N = 1 + β2xT P (θ̂, λ)x (58)

ProjΠ{τθ} =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

τθ θ̂ ∈ Π̊
or ∇θ̂P

T τθ ≤ 0(
I − ∇θ̂ P∇θ̂ PT

∇θ̂ PT ∇θ̂ P

)
τθ θ̂ ∈ ∂Π

and ∇θ̂P
T τθ > 0.

(59)

Theorem 4: Let Assumptions 1–3 hold and consider the sys-
tem (49) with the control law (56) and the update law (57)–(61).
For each λ ≥ 0 there exists a constant γ∗(λ) > 0 such that for
any γ ∈ [0, γ∗(λ)) and for all the initial conditions satisfying
(x0 , u0 , θ0) ∈ Rn × L2(0, 1) × Π, the following holds:

||x(t)|| ≤ R2(x0 , θ̃0 , λ)e−λ(t−t0 ) (60)

where

R2(x0 , θ̃0 , λ) =

√
1 + λ̄(λ)||x0 ||2

λ(λ)
e

1
2 γ ||θ̃0 ||2 (61)

and

||x(t)||2 + ||θ̃(t)||2 ≤ B2(x0 , θ̃0 , λ) (62)
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Fig. 3. Response of system (47) under measurement noise (48) with β = e(t−t0 ) and β = 1, employing the control law and update law with a
deadzone.

where

B2(x0 , θ̃0 , λ)

= max
{

1
λ(λ)

, γ

}(
e

max{λ̄(λ), 1
γ }
(
‖x0 ‖2 +‖θ̃0‖2 )

− 1
)

.

(63)

Furthermore,
∣∣∣
∣∣∣ ˙̂θ(t)

∣∣∣
∣∣∣ is uniformly bounded by a bound that

is independent of initial conditions and limt→∞ θ̂(t) exists.
Proof: We employ the Lyapunov function candidate

V (z, θ̂) = log(N) +
1
γ

p∑

i=1

(θi − θ̂i)2 , (64)

where z = βx, and show that its derivative is

V̇ =
1
N

(

zT P (θ̂, λ)ż + żT P (θ̂, λ)z +
p∑

i=1

zT ∂P (θ̂, λ)

∂θ̂i

z
˙̂
θi

)

+
2
γ

p∑

i=1

(
θi − θ̂i

)(
− ˙̂

θi

)
. (65)

Then we have the following transformed closed-loop
dynamics

ż=
[
λI + A(θ̂) + B(θ̂)K(θ̂, λ)

]
z + A(θ̃)z + B(θ̃)K(θ̂, λ)z,

(66)

where the quantities

A(θ̃)=
p∑

i=1

Ai(θi − θ̂i(t))=
p∑

i=1

Aiθ̃i ;B(θ̃) =
p∑

i=1

Biθ̃i (67)

are linear in the parameter estimation error θ̃(t) = θ(t) − θ̂(t).
Note that

τθi
=

1
N

zT P (θ̂, λ)(Ai + BiK(θ̂, λ))z (68)

and

ż=[λI + A(θ̂) + B(θ̂)K(θ̂, λ)]z+
p∑

i=1

(Ai + BiK(θ̂, λ))zθ̃i .

(69)

Thus, by using (68)–(71), we have

V̇ = − 1
N

zT Q(θ̂, λ)z +
1
N

p∑

i=1

zT ∂P (θ̂, λ)

∂θ̂i

z
˙̂
θi

+
2
γ

(
θ − θ̂

)T (
γτθ − ˙̂

θ
)

. (70)

Using the assumption that θ̂ ∈ Π, the update laws (57), (58),
and the properties of the projection operator [3], we get

V̇ = − 1
N

zT Q(θ̂, λ)z +
E(z, θ̂, λ)

N
, (71)

where Q(θ̂, λ) = Q(θ̂, λ)T > 0 and

E(z, θ̂, λ) =
p∑

i=1

zT ∂P (θ̂, λ)

∂θ̂i

z
˙̂
θi. (72)

Substituting ˙̂
θi as defined by γτθi

, we have

E
(
z, θ̂, λ

)
= γ

p∑

i=1

⎧
⎨

⎩
zT

∂P
(
θ̂, λ
)

∂θ̂i

z

× ProjΠ

(
1
N

zT P (θ̂, λ)
(
Ai + BiK(θ̂, λ)

)
z

)}
. (73)

Furthermore, each signal depending on θ̂, namely K,P and
∂P/∂θ̂i , is given as continuous in θ̂. Since θ̂ remains in Π, a
closed and bounded subset of Rp , each signal is bounded in
terms of θ̂ and admits a finite upper bounded. We denote

MPi
(λ) = supθ̂∈Π ||P (θ̂, λ)|| (74)

M ′
pi

(λ) = supθ̂∈Π ||∂P (θ̂, λ)/∂θ̂i || (75)

MAi +Bi K (λ) = supθ̂∈Π ||Ai + BiK(θ̂i , λ)||. (76)

Then from (75) that

|E(z, θ̂, λ)| ≤ γ

N

p∑

i=1

MPi
M ′

pi
MAi +Bi K ||z||4 . (77)

Note that N = 1 + zT P (θ̂, λ)z ≥ 1 + λ(λ)||z||2 , then

||z||4
N

= ||z||2 ||z||2
1 + zT P (θ̂, λ)z

≤ ||z||2 ||z||2
1 + λ(λ)||z||2 ≤

||z||2
λ(λ)

.

(78)

Thus (79) can be expressed as

|E(z, θ̂, λ)| ≤ γm(λ)||z||2 , (79)

where m(λ) = 1
λ(λ)

∑p
i=1 MPi

M ′
pi

MAi +Bi K . Therefore from
(73), we get

V̇ ≤ − 1
N

λQ (λ)||z||2 +
γm(λ)

N
||z||2 = − 1

N

(
λQ (λ)

− γm(λ)) ||z||2 . (80)



IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 62, NO. 5, MAY 2017 2595

Consequently, by choosing γ∗(λ) = λQ (λ)
m (λ) and γ ∈

[0, γ∗(λ)), we make V̇ negative semi-definite, and hence

V (t) ≤ V0 , ∀t ≥ t0 . (81)

Bearing in mind this result, we now prove the results stated in
Theorem 4. Since V = log(N) + 1

γ

∑p
i=1(θi − θ̂i)2 and note

that V̇ ≤ 0, it can be derived that log(N) ≤ V0 < ∞, namely,
N ≤ eV0 . Thus we have

λ(λ)zT z ≤ zT P (θ̂, λ)z ≤ 1 + zT P (θ̂, λ)z = N ≤ eV0 ,
(82)

from which we have zT z ≤ 1
λ(λ) e

V0 and therefore

||z|| ≤
√

1
λ(λ)

eV0 =

√
1

λ(λ)
elog(N0 )+ 1

γ

∑ p
i = 1 (θ̃ i 0 )2

=

√
N0

λ(λ)
e

1
2 γ ||θ̃0 ||2 (83)

where

N0 =1 + zT
0 P (θ̂0)z0 =1 + xT

0 P (θ̂0)x0 ≤ 1 + λ̄(λ)||x0 ||2 .
(84)

As x = e−λ(t−t0 )z, it holds that ||x0 || = ||z0 ||, and then from
(85) and (86) we have

||x(t)|| ≤ R2(x0 , θ̃0 , λ)e−λ(t−t0 ) , (85)

where R2(x0 , θ̃0 , λ) is defined as in (63). It is then concluded
that x converges to zero with the rate of e−λ(t−t0 ) . From (79),

it is seen that z and θ̃ are uniformly bounded, making ż and ˙̂
θ

bounded in view of (57), (58) and (68). Furthermore, from (53),
it follows that

||τθi
|| ≤ MPi

(λ)MAi +Bi K (λ)||z||2
1 + λ(λ)||z||2 ≤ ci(λ) < ∞ (86)

where ci(λ) = MP i
(λ)MA i + B i K (λ)

λ(λ) . Thus, ˙̂
θ is bounded by a con-

stant independent of x0 and θ̃0 , from which the asymptotic con-
stancy of θ̂(t) can be shown following the same lines as in the
proof of Theorem 3. Inaddition, the control signal u clearly
tends to zero as x tends to zero. To prove GUS, note that

V = ln
(
1 + zT Pz

)
+

1
γ
||θ̃||2 ≥ ln

(
1 + zT Pz +

1
γ
||θ̃||2

)

≥ ln

(

1 +
1

max{ 1
λ(λ) , γ}

(
‖z(t)‖2 + ‖θ̃(t)‖2

)
)

. (87)

Thus, we have

||x(t)||2 + ||θ̃(t)||2 ≤ ‖z(t)‖2 + ||θ̃(t)||2

≤ max
{

1
λ(λ)

, γ

}(
eV − 1

)
. (88)

As

V ≤ V0 ≤ max
{

λ̄(λ),
1
γ

}(
‖x0‖2 + ||θ̃0 ||2

)
. (89)

Fig. 4. Response of system (93) with control law (56) and update law
(57)–(61) with β = eλ(t−t0 ) .

Then we get

||x(t)||2 + ||θ̃(t)||2

≤ max
{

1
λ(λ)

, γ

}(
e

max{λ̄(λ), 1
γ }
(
‖x0 ‖2 + ||θ̃0 ||2

)

− 1
)

= B2(x0 , θ̃0 , λ) (90)

where B2(x0 , θ̃0 , λ) is defined as in (65), and which depends on
x0 and θ̃0 nonlinearly. �

To test the proposed method, we consider the following
uncertain dynamic system borrowed from [3]:

{
ẋ1(t) = θx1(t) + x2(t)

ẋ2(t) = u(t),
(91)

where we assume Π =
[−θ; θ̄

]
. Under the control law (56)

and the update laws defined through (57)–(61). Set θ = 0.3,
θ = 0, θ̄ = 2θ = 0.6 and λ = 1. Pick the adaptation gain as
γ = 6. The initial conditions are for x1(0) = 0.03, x2(0) =
0.02, θ̂(0) = 0. Fig. 4 shows that, as Theorem 4 predicts,
exponential convergence is achieved without PE condition.

V. CONCLUSIONS

In spite of the possibly perceived “danger” of introducing
time-varying adaptation gains that keep on growing, we pre-
sented a simple and standard dead zone robustification solution
in and Section III. The dead zone disables the adaptation once
the adaptation is no longer driven by the state, i.e., once the
state has converged close to the set point and further adaptation
is driven by measurement noise or by the adaptation scaling gain
β(t − t0) that has grown so large to hardly even be computable.

The design in Section IV stands apart from the other designs
in the technical note in that it employs an update law normal-
ization, which makes the update rate bounded uniformly in the
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initial condition. Comparing (58) and (60) we note that both the
adaptation gain and the normalization coefficient include β2 .
This normalized update law design underscores the fact that the
exponential regulation in the technical note is not achieved by
making the update rate grow to high values but by having an
exponential growth in the adaptation gain alone, which induces
an exponential decay in the plant state without rapid parameter
changes, as illustrated by the middle plot in Fig. 4, where θ̂(t)
exhibits a moderate rate of change before it settles.

Prior to the work in this technical note the prevailing wis-
dom in transient performance improvement in adaptive control,
as captured by [10], has been to design a particular controller
structure (with backstepping being such a particularly favor-
able structure that allows both adaptation-free robustness and
high performance under adaptation) and then suitably choose
sufficiently high constant gains of the controller and of the
update law. But not even high gains—when chosen constant—
can achieve exponential regulation rates uniformly in the ini-
tial condition. Instead, the issue of systematic improvement of
convergence rates is addressed in [10] implicitly, by providing
the means to make the L2 norms of the transients arbitrarily
small. But L2 boundedness does not guarantee exponential con-
vergence. Here, we have made a radical step forward, which
redefines the meaning of transient performance in adaptive con-
trol, by not only achieving decays that are exponential, point-
wise in time, but also independent of the initial conditions and
user-assignable.
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