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Adaptive Output Feedback Control for Uncertain
Linear Time-Delay Systems
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Abstract—This paper utilizes the concept of a transport
partial differential equation (PDE) representation of delayed
input to solve the classic problem of output feedback con-
trol for a common category of uncertain minimum phase lin-
ear time-delay systems in spite of co-existence of unknown
plant parameter and actuator delay, as well as unmeasur-
able ordinary differential equation (ODE) and PDE state. In
the case of measurable distributed input, the time-varying
trajectory tracking is established while in the other case
of unmeasurable distributed input, the constant set-point
regulation is accomplished. The applicable output feed-
back control design incorporates the adaptive backstep-
ping technique for ODE plants with the prediction-based
boundary control method for PDE systems. There is not any
limitation on relative degree of the considered systems. The
Lyapunov-based analysis shows the local stability of the
closed-loop ODE-PDE cascade systems.

Index Terms—Adaptive, partial differential equation
(PDE), time-delay.

I. INTRODUCTION

A great number of control plants in practice are involved
with the so-called actuator delay problem which, as it is

well-known, contributes much inconvenience to the analysis
and design for feedback control laws. As a result, the stabiliza-
tion and control problem of time-delay systems has attracted
a lot of attention over past decades. As stated in numerous
surveys and research literatures [20]–[25], predictor approach
is usually treated as a classic methodology to compensate for
the negative effect of input delay. However, the absence of
robustness with respect to the delay uncertainty is still a major
shortcoming in automatic control theory. The existing theoret-
ical results of adaptive control [14]–[16], [26] mainly focus on
the uncertainty on parameters but not the delay. An adaptive
backstepping control which is robust to dynamic perturbations
that include input delay has been proposed by [19], neverthe-
less, the input delay is modeled as some delay of system state
and is neither identified nor compensated by the controller.
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The significance of adaptation-based design for unknown delay
is highlighted by [17], [18], in which an approximation-based
idea has been utilized to deal with a limited classes of delayed
plants. To overcome this opening disadvantage, dependent upon
a novel idea regarding the actuator delay as a transport partial
differential equation (PDE) [9], a new sort of prediction-based
boundary control techniques by backstepping transformation
have been firstly attempted in [8]. Later on, [1, Ch. 7.1] sum-
marizes that adaptive control theoretical problems for infinite-
dimensional ODE-PDE cascade systems may arise from four
kinds of basic uncertainties: unmeasurable ODE state, un-
measurable distributed PDE, unknown plant parameters and
unknown actuator delay. Part of collections of above four
uncertainties have been smoothly addressed in [2]–[7], however,
none of them think about the output feedback control of linear
systems possessing indeterminacies both on parameters and
time-delay.

A very recent paper [11] has achieved trajectory tracking by
employing adaptive output feedback control despite unknown
system parameters and unknown input delay, which is a case
that has never been considered before. However, since the ODE
zero dynamics are unmeasurable and the control coefficients
are unknown, one can not take advantage of these uncertain
variables for the normalized update law of identification, thus
the global stabilization result obtained in [11] is limited to a
kind of linear systems whose relative degree is equal to its
system dimension like [27].

In this paper, on the basis of our recent preliminary work
[11]–[13], we try to solve the output feedback control prob-
lem for uncertain linear time-delay systems under its general
form without any restriction on the plants’ relative degree.
There are three or four types of uncertainties mentioned above
existing at the same time about the plants considered, which
is the most complicated case that has not yet been taken
into account. The core control idea that we utilize here is a
comprehensive approach incorporating adaptive backstepping
output feedback control in [10], [19] with prediction-based
boundary control in [1], [2]–[4]. The system is modeled as an
observer canonical form to bring in the Kreisselmeier-filters,
which makes controller design much more sophisticated than
that of an ODE full-state case. This modeling also relaxes
somewhat restrictive assumptions such that pairs (A,B) or
(A,C) should be completely controllable or observable like [3],
[4], [27]. Furthermore, to achieve a linear controller to apply
the prediction control, standard tuning functions or nonlinear
damping terms like [10] and [19] to address parameter estima-
tion error, which lead to a nonlinear control algorithm requiring
a challenging calculation, are not employed on the backstepping
Lyapunov-based design. Instead, we depend upon adaptation
gains (both for parameter and delay) and initial conditions
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to make ODE-PDE cascade system stable. This may be an
improvement to some extent for a traditional backstepping
control methodology. When the transport distributed input is
measured, the proposed output feedback control strategy guar-
antees time-varying trajectory tracking, while when the dis-
tributed input is unmeasured, the control scheme can regulate
the system output to some constant set point. Lyapunov-based
local stabilization for the closed-loop ODE-PDE cascade error
systems is also established for above two cases.

The rest of the paper is organized as follows. In Section II,
we depict the system mathematical model and provide a few
assumptions. Output feedback control strategy with adaptation
for the trajectory tracking problem under measured distributed
input is described in Section III, while the constant set-point
regulation problem under unmeasured distributed input is pre-
sented in Section IV. A numerical example is proposed to show
the effectiveness of the developed control design in Section V.
The conclusive statement of the paper is given in Section VI.
Before ending the introduction part, we give the below notation.

A. Notation

For a function κ(x, t), κ : [0, 1]× R+ → R, ‖κ(x, t)‖ =

(
∫ 1

0 κ(x, t)2dx)
1/2

.

II. MATHEMATICAL MODEL

Consider a general class of single-input single-output uncer-
tain linear time-delay systems

Y (s) =
bmsm + · · ·+ b1s+ b0

sn + an−1sn−1 + · · ·+ a1s+ a0
e−DsU(s) (1)

that can be represented as the following observer canonical form:

Ẋ(t) =AX(t)− aY (t) +

[
0(ρ−1)×1

b

]
U(t−D)

Y (t) = eT1 X(t) (2)

where

A=

[
0(n−1)×1 In−1

0 01×(n−1)

]
, a=

⎡
⎢⎣
an−1

...
a0

⎤
⎥⎦, b=

⎡
⎢⎣
bm
...
b0

⎤
⎥⎦ (3)

and ei for i=1, 2, · · · is the ith coordinate vector in correspond-
ing space, ρ represents the relative degree satisfying ρ=n−m,
X(t)=[X1(t), X2(t), . . . , Xn(t)]

T ∈R
n is the ODE state vec-

tor unavailable to measure, Y (t) ∈ R is the measurable output,
U(t−D) ∈ R is the actual input with an unknown constant
time-delay D, while an−1, . . . , a0 and bm, . . . , b0 are unknown
constant plant parameters and control coefficients, respectively.

The system (2) can be written compactly as

Ẋ(t) =AX(t) + F (U(t−D), Y (t))T θ

Y (t) = eT1 X(t) (4)

where p = n+m+ 1—dimensional parameter vector θ is
defined by

θ=

[
b
a

]
(5)

F (U(t−D), Y (t))T =

[[
0(ρ−1)×(m+1)

Im+1

]
U(t−D),−InY (t)

]
.

(6)

Several traditional and mild assumptions concerning the
system (1), (2) are formulated. It is assumed that they hold
throughout the paper.

Assumption 1: The plant (1) is minimum phase, i.e., the
polynomial B(s) = bmsm + · · ·+ b1s+ b0 is Hurwitz.

Assumption 2: There exist two known constants D > 0
and D̄ > 0, such that D ∈ [D, D̄]. The high-frequency gain’s
sign sgn(bm) is known and a constant bm is known such that
|bm| ≥ bm > 0. Furthermore, θ belongs to a convex compact
set Θ = {θ ∈ R

p|P(θ) ≤ 0} where P : Rp → R is a smooth
convex function.

We start our design and analysis by introducing the distrib-
uted input

u(x, t) = U (t+D(x− 1)) , x ∈ [0, 1] (7)

in which the actuator delay is explained by a transport PDE that
is governed by the following dynamic PDE equation:

Dut(x, t) =ux(x, t) (8)

u(1, t) =U(t). (9)

In the rest of the paper, the respective control schemes will
be developed for two different cases: measured or unmeasured
actuator u(x, t).

III. TRAJECTORY TRACKING UNDER

PDE FULL STATE FEEDBACK

In this section, we consider the situation that the distributed
input u(x, t) is measurable. Our control objective is to design
a control strategy to compensate for the system uncertainty
as well as actuator time-delay to ensure all the signals of
the closed-loop system are bounded, and make output Y (t)
asymptotically track a time-varying reference signal Yr(t). To
achieve this target, we have one additional assumption below.

Assumption 3: In the case of known θ, given a time-varying
reference output trajectory Yr(t) which is known, bounded
and smooth, there exist known reference state signal Xr(t, θ)
and reference input signal U r(t, θ) which are bounded in t,
continuously differentiable in the argument θ and satisfy

Ẋr(t, θ) =AXr(t, θ) + F (U r(t, θ), Yr(t))
T θ

Yr(t) = eT1 X
r(t, θ). (10)

A. ODE State Observer With Kreisselmeier-filters

Firstly, we bring in well-known Kreisselmeier-filters
(K-filters) as follows:

η̇(t) =A0η(t) + enY (t) (11)

λ̇(t) =A0λ(t) + enU(t−D) (12)

ξ(t) = −An
0η(t) (14)

Ξ(t) = −
[
An−1

0 η(t), . . . , A0η(t), η(t)
]

(14)

υj(t) =Aj
0λ(t), j = 0, 1, . . . ,m (15)

Ω(t)T = [υm(t), . . . , υ1(t), υ0(t),Ξ(t)] (16)
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where the vector k=[k1, k2, . . . , kn]
T is chosen so that the ma-

trix A0=A−keT1 is Hurwitz, that is, AT
0 P+PA0=−I , P =

PT >0. The unmeasurable ODE system state X(t) is virtually
estimated as X̂(t) = ξ(t) + Ω(t)T θ and apparently the state
estimation error ε(t) = X(t)− X̂(t) vanishes exponentially as

ε̇(t) = A0ε(t). (17)

Thus, we get a static relationship such that

X(t) = ξ(t) + Ω(t)T θ + ε(t) (18)

= −A(A0)η(t) +B(A0)λ(t) + ε(t) (19)

where A(A0) = An
0 +

∑n−1
i=0 aiA

i
0, B(A0) =

∑m
i=0 biA

i
0.

According to (10), when θ is known, we can use reference
K-filters ηr(t) and λr(t, θ) to produce the reference output
Yr(t). When θ is unknown, by certainty equivalence principle,
we have

η̇r(t) =A0η
r(t) + enYr(t) (20)

λ̇r(t, θ̂) =A0λ
r(t, θ̂) + enU

r(t, θ̂) +
∂λr(t, θ̂)

∂θ̂

˙̂
θ (21)

ξr(t) = −An
0η

r(t) (22)

Ξr(t) = −
[
An−1

0 ηr(t), . . . , A0η
r(t), ηr(t)

]
(23)

υr
j (t, θ̂) =Aj

0λ
r(t, θ̂), j = 0, 1, . . . ,m (24)

Ωr(t, θ̂)T =
[
υr
m(t, θ̂), . . . , υr

1(t, θ̂), υ
r
0(t, θ̂),Ξ

r(t)
]

(25)

Xr(t, θ̂) = ξr(t) + Ωr(t, θ̂)T θ̂ (26)

= −Â(A0)η
r(t) + B̂(A0)λ

r(t, θ̂) (27)

Yr(t) = eT1 X
r(t, θ̂) (28)

where θ̂ is the estimate of unknown parameter θ with θ̃ = θ − θ̂,
and Â(A0) = An

0 +
∑n−1

i=0 âiA
i
0, B̂(A0) =

∑m
i=0 b̂iA

i
0.

Now a series of error variables are defined as follows:

z1(t) = Y (t)− Yr(t) (29)

Ũ(t−D) =U(t−D)− U r(t, θ̂) (30)

η̃(t) = η(t)− ηr(t) (31)

λ̃(t) =λ(t)− λr(t, θ̂) (32)

ξ̃(t) = ξ(t)− ξr(t) (33)

Ξ̃(t) =Ξ(t)− Ξr(t) (34)

υ̃j(t) = υj(t)− υr
j (t, θ̂), j = 0, 1, . . . ,m (35)

Ω̃(t)T =Ω(t)T − Ωr(t, θ̂)T (36)

which are governed by following dynamic equations:

˙̃η(t) =A0η̃(t) + enz1(t) (37)

˙̃λ(t) =A0λ̃(t) + enŨ(t−D)− ∂λr(t, θ̂)

∂θ̂

˙̂
θ (38)

ż1(t) = ξ̃2(t) + ω̃(t)T θ̂ + ε2(t) + ω(t)T θ̃ (39)

= b̂mυ̃m,2(t) + ξ̃2(t) + ¯̃ω(t)T θ̂

+ ε2(t) + ω(t)T θ̃ (40)

where

ω̃(t)=
[
υ̃m,2(t), υ̃m−1,2(t), . . . , υ̃0,2(t), Ξ̃2(t)− z1(t)e

T
1

]T
(41)

¯̃ω(t)=
[
0, υ̃m−1,2(t), . . . , υ̃0,2(t), Ξ̃2(t)− z1(t)e

T
1

]T
(42)

ω(t)=
[
υm,2(t), υm−1,2(t), . . . , υ0,2(t),Ξ2(t)− Y (t)eT1

]T
.

(43)

Then a couple of new variables are further defined as

χ(t) =

⎡
⎣Y (t)
η(t)
λ(t)

⎤
⎦ , χr(t, θ̂) =

⎡
⎣ Yr(t)

ηr(t)

λr(t, θ̂)

⎤
⎦ . (44)

Thus, a new error variable is derived

χ̃(t) = χ(t)− χr(t, θ̂) =

⎡
⎣z1(t)η̃(t)

λ̃(t)

⎤
⎦ ∈ R

2n+1 (45)

which is driven by

˙̃χ(t) = Aχ̃(θ̂)χ̃(t) + e2n+1Ũ(t−D)

+ e1

(
ε2(t) + ω(t)T θ̃

)
− ∂χr(t, θ̂)

∂θ̂

˙̂
θ (46)

where

Aχ̃(θ̂) =

⎡
⎣−ân−1 −eT2 Â(A0) eT2 B̂(A0)

en A0 0n×n

0n×1 0n×n A0

⎤
⎦ (47)

∂χr(t, θ̂)

∂θ̂
=

[
0(1+n)×p
∂λr(t,θ̂)

∂θ̂

]
. (48)

Next, similar to the transformation on [10, pp. 435–436],
we bring in the dynamic equation for the m-dimensional zero
dynamics ζ(t) = TX(t) of (2) and its reference signal ζr(t) as

ζ̇(t) =Abζ(t) + bbY (t) (49)
ζ̇r(t) =Abζ

r(t) + bbYr(t) (50)

where

Ab =

⎡
⎢⎣
− bm−1

bm
... Im−1

− b0
bm

0 · · · 0

⎤
⎥⎦ (51)

bb =T

(
Aρ

[
0
b
bm

]
− a

)
(52)

T = [Aρ
be1, . . . , Abe1, Im] (53)

thus the error state

ζ̃(t) = ζ(t) − ζr(t) (54)

is driven by

˙̃ζ(t) = Abζ̃(t) + bbz1(t) (55)

under Assumption 1, we can see Ab is Hurwitz, that is, PbAb +
AT

b Pb = −I , Pb = PT
b > 0.
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B. PDE Prediction-Based Boundary Control With
Adaptive Backstepping

Aiming at system

ż1 = b̂mυ̃m,2 + ξ̃2 + ¯̃ωT θ̂ + ε2 + ωT θ̃ (56)

˙̃υm,i = υ̃m,i+1 − kiυ̃m,1 − eTi A
m
0

∂λr(t, θ̂)

∂θ̂

˙̂
θ

i =2, 3, . . . , ρ− 1 (57)

˙̃υm,ρ = Ũ(t−D) + υ̃m,ρ+1 − kρυ̃m,1 − eTρA
m
0

∂λr(t, θ̂)

∂θ̂

˙̂
θ

(58)

we present the adaptive backstepping recursive control design
as follows.

Coordinate Transformation:

z1 =Y − Yr (59)

zi = υ̃m,i − αi−1, i = 2, 3, . . . , ρ. (60)

Stabilizing Functions:

α1 =
1

b̂m

(
−(c1 + d1)z1 − ξ̃2 − ¯̃ωT θ̂

)
(61)

α2 = − b̂mz1 −
(
c2 + d2

(
∂α1

∂z1

)2
)
z2 + β2 (62)

αi = −zi−1 −
(
ci + di

(
∂αi−1

∂z1

)2
)
zi + βi

i =3, 4, . . . , ρ (63)

βi = kiυ̃m,1 +
∂αi−1

∂z1
(ξ̃2 + ω̃T θ̂) +

∂αi−1

∂η̃
(A0η̃ + enz1)

+

m+i−1∑
j=1

∂αi−1

∂λ̃j

(λ̃j+1 − kj λ̃1), i = 2, 3, . . . , ρ (64)

where ci > 0, di > 0 for i = 1, 2, . . . , ρ are design parameters.
Adaptive Control Law:

Ũ(t−D) = −υ̃m,ρ+1 + αρ. (65)

Here, please note that αi for i=1, 2, . . . , ρ are linear in z1, η̃,
λ̃ but only nonlinear in θ̂. Thus, through a recursive but straight-
forward calculation, we could show following equalities:

z2 =K2,z1(θ̂)z1 +K2,η̃(θ̂)η̃ +K2,λ̃(θ̂)λ̃ (66)

z3 =K3,z1(θ̂)z1 +K3,η̃(θ̂)η̃ +K3,λ̃(θ̂)λ̃ (67)

zi+1 =Ki+1,z1(θ̂)z1 +Ki+1,η̃(θ̂)η̃ +Ki+1,λ̃(θ̂)λ̃

i = 3, 4, . . . , ρ− 1 (68)

Ũ(t−D) =Kz1(θ̂)z1(t) +Kη̃(θ̂)η̃(t) +Kλ̃(θ̂)λ̃(t) (69)

=Kχ̃(θ̂)χ̃(t) (70)

where the explicit expressions of Ki,z1(θ̂), Ki,η̃(θ̂), Ki,λ̃(θ̂)

for i = 2, 3, . . . , ρ and Kz1(θ̂), Kη̃(θ̂), Kλ̃(θ̂) are given in
Table I of Appendix, and

Kχ̃(θ̂) =
[
Kz1(θ̂),Kη̃(θ̂),Kλ̃(θ̂)

]
∈ R

1×(2n+1). (71)

Provided a brief comparison between our backstepping control
design (59)–(65) and that in [10] and [19], it is apparent to find
that we do not utilize tuning functions or nonlinear damping
terms to deal with parameter estimation error, so that we can
obtain a linear controller (70) for employing prediction control
(72) and (83) to address the input delay. This is a further
improvement to some extent for a traditional backstepping
control methodology.

If parameter θ and time-delay D is known, utilizing θ to
replace θ̂, bearing (7) and (70) in mind, one can prove that the
following prediction-based control law:

U(t) =U r(t+D, θ)−Kχ̃(θ)χ
r(t+D, θ)

+Kχ̃(θ)e
Aχ̃(θ)Dχ(t)

+D

1∫
0

Kχ̃(θ)e
Aχ̃(θ)D(1−y)e2n+1u(y, t) dy (72)

achieves our control objective for system (2).
To deal with the unknown plant parameters and the un-

known actuator delay, utilizing certainty equivalence principle,
we bring in the reference transport PDE ur(x, t, θ̂) = U r(t+

Dx, θ̂), x ∈ [0, 1] and the corresponding PDE error variable
ũ(x, t) = u(x, t)− ur(x, t, θ̂) satisfying

Dũt(x, t) = ũx(x, t) −D
∂ur(x, t, θ̂)

∂θ̂

˙̂
θ, x ∈ [0, 1] (73)

ũ(1, t) = Ũ(t) = U(t)− U r(t+ D̂, θ̂) (74)

where D̂ is a estimate of D, D̃ = D − D̂. Here, we further
bring in a similar backstepping transformation presented in [3]
and [1, Ch. 2.2]

w(x, t) = ũ(x, t)−Kχ̃(θ̂)e
Aχ̃(θ̂)D̂xχ̃(t)

− D̂

x∫
0

Kχ̃(θ̂)e
Aχ̃(θ̂)D̂(x−y)e2n+1ũ(y, t) dy (75)

ũ(x, t) =w(x, t) +Kχ̃(θ̂)e
(Aχ̃+e2n+1Kχ̃)(θ̂)D̂xχ̃(t)

+ D̂

x∫
0

Kχ̃(θ̂)e
(Aχ̃+e2n+1Kχ̃)(θ̂)D̂(x−y)e2n+1

× w(y, t) dy (76)

with which systems (17), (37), (55), (56)–(58) and (73), (74) are
mapped into the closed-loop target error systems as follows:

ż =Az(θ̂)z +Wε(θ̂)(ε2 + ωT θ̃) +Q(z, t)T
˙̂
θ

+Qr(t, θ̂)T
˙̂
θ + eρw(0, t) (77)

˙̃η =A0η̃ + enz1 (78)
˙̃
ζ =Abζ̃ + bbz1 (79)
ε̇ =A0ε (80)

Dwt(x, t) =wx(x, t)−D(ε2 + ωT θ̃)r0(x, t) − D̃p0(x, t)

−D
˙̂
Dq0(x, t)−D

˙̂
θT q(x, t) (81)

w(1, t) = 0 (82)

where Az(θ̂), Wε(θ̂), Q(z, t)T , Qr(t, θ̂)T , r0(x, t), p0(x, t),
q0(x, t) and q(x, t) are presented in Tables I and II of Appendix.
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As a consequence, we design our control below to make
sure (82)

U(t)=U r(t+D̂, θ̂)−Kχ̃(θ̂)χ
r(t+D̂, θ̂)+Kχ̃(θ̂)e

Aχ̃(θ̂)D̂χ(t)

+D̂

1∫
0

Kχ̃(θ̂)e
Aχ̃(θ̂)D̂(1−y)e2n+1u(y, t) dy (83)

and two Lyapunov-based identifiers to identify unknown plant
parameters and actuator time-delay are presented as follows,
respectively.

The update law of D is designed as

˙̂
D = γDProj[D,D̄]{τD}, γD > 0 (84)

τD = −
1∫

0

(1 + x)w(x, t)p0(x, t) dx (85)

where Proj[D,D̄]{·} is a standard projection operator defined on
the interval [D, D̄].

The update law of θ is designed as

˙̂
θ = γθProjΘ{τθ}, γθ > 0, b̂m(0)sgn(bm) ≥ bm (86)

τθ =
1

2g
ωWε(θ̂)

T z − ω

1∫
0

(1 + x)w(x, t)r0(x, t) dx (87)

where g > 0 and ProjΘ{·} is a standard projection algorithm
defined on the set Θ to guarantee that |b̂m| ≥ bm > 0.

From (19), (32) and (59), (60), based on a very similar
derivation on [10, pp. 345 and 437], we could depict λ̃ as a
linear function of z, η̃, ζ̃ and ε such that

λ̃ = Hz(θ̂)z +Hη(θ̂)η̃ +Hζ(θ̂)ζ̃ +Hε(θ̂)ε

+HYr
(θ̂)Yr +Hηr (θ̂)ηr +Hζr(θ̂)ζr +Hλr (θ̂)λr (88)

where Hz(θ̂)∈R
n×ρ, Hη(θ̂)∈R

n×n, Hζ(θ̂)∈R
n×m, Hε(θ̂) ∈

R
n×n, HYr

(θ̂) ∈ R
n, Hηr (θ̂) ∈ R

n×n, Hζr (θ̂) ∈ R
n×m,

Hλr (θ̂) ∈ R
n×n.

Remark 1: As analyzed on [10, pp. 345–346 and 437–438],
one can notice that (88) is a one-to-one functional mapping if
and only if B(s) in Assumption 1 and K(s) = sn + k1s

n−1 +
k2s

n−2 + · · ·+ kn−1s+ kn are co-prime. This happens proba-
bly since B(s) is unknown. However, since K(s) is a designing
polynomial that one can choose, we can satisfy the co-prime
condition by a continuously adjusting K(s) through trial and
error.

Since we can also derive boundedness of ε, Yr, ηr, ζr, λr, θ,
and θ̂ from (17), Assumptions 1–2 and the projection algorithm,
as a result, ifK(s) andB(s) are assumed to satisfy the co-prime
condition, employing the Young’s inequality and the Cauchy-
Schwartz inequality, through a lengthy but straightforward

calculation, (224)–(230) imply that the following inequalities
hold:

1∫
0

(1 + x)w(x, t)r0(x, t) dx ≤ Mr0 ‖w(x, t)‖ (89)

1∫
0

(1 + x)w(x, t)p0(x, t) dx

≤Mp0

(
|z|2+|η̃|2+|ζ̃|2+w(0, t)2+‖w(x, t)‖2+‖w(x, t)‖

)
(90)

1∫
0

(1 + x)w(x, t)q0(x, t) dx

≤Mq0

(
|z|2 + |η̃|2 + |ζ̃|2 + ‖w(x, t)‖2 + ‖w(x, t)‖

)
(91)

1∫
0

(1 + x)w(x, t)qi(x, t) dx

≤ Mqi

(
|z|2 + |η̃|2 + |ζ̃|2 + ‖w(x, t)‖2 + ‖w(x, t)‖

)
i = 1, . . . , p (92)

whereMr0,Mp0
,Mq0,Mqi are some positive constants. Further-

more, the estimators (84)–(87) have the following properties:

| ˙̂θi| ≤ γθMθ

(
|z|+ |z|2 + |η̃|2 + |ζ̃|2

+ ‖w(x, t)‖ + ‖w(x, t)‖2
)
, i = 1, 2, . . . , p

(93)

| ˙̂D| ≤ γDMD

(
|z|2 + |η̃|2 + |ζ̃|2

+ ‖w(x, t)‖ + ‖w(x, t)‖2 + w(0, t)2
)

(94)

where Mθ and MD are some positive constants.

C. Stability Analysis

Above all, the stability of ODE-PDE cascade system of
Section III (in which distributed input is measured) is summa-
rized in the below main theorem.

Theorem 1: Consider the closed-loop system consisting of
the plant (2), the K-filters (11)–(16), the adaptive controller
(83), the time-delay identifier (84), (85) and the parameter
identifier (86), (87). Let Assumptions 1–3 hold and let B(s) and
K(s) be co-prime. There exists a constant M > 0 such that if
the initial error state satisfies the condition

|z(0)|2 + |η̃(0)|2 +
∣∣∣ζ̃(0)∣∣∣2 + ∣∣∣θ̃(0)∣∣∣2

+
∣∣∣D̃(0)

∣∣∣2 + |ε(0)|2 + ‖w(x, 0)‖2 ≤ M (95)
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then all the signals of the closed-loop system are bounded and
the asymptotic tracking is achieved, i.e.,

lim
t→∞

z1(t) = lim
t→∞

(Y (t)− Yr(t)) = 0. (96)

Remark 2: Based on the equalities (19), (29)–(32), (54),
(66)–(68), (75), (76), θ̃ = θ − θ̂ and D̃ = D − D̂, the initial
condition of error state (95) can be transformed into the initial
conditions of the states of the actual plants, filters, identifiers
and transport PDE, namely, X(0), η(0), λ(0), θ̂(0), D̂(0), and
u(x, 0).

Proof: First of all, we build a non-negative function to
encompass major states of the closed-loop systems as follows:

V =
D

2
zT z +

D

kη
η̃TP η̃ +

D

kζ
ζ̃TPbζ̃

+ gD

1∫
0

(1 + x)w(x, t)2 dx

+
g

γD
D̃2 +

gD

γθ
θ̃T θ̃ + gε

ρ∑
i=1

D

4di
εTPε (97)

where kη > 0, kζ > 0, g > 0, gε > 0.
Taking time derivative of (97) along (77)–(82), we obtain

V̇ ≤D

[
−c0

2
|z|2 + 1

4d0
|ε|2 + 1

2c0
w(0, t)2

+ zTQ(z, t)T
˙̂
θ + zTQr(t, θ̂)T

˙̂
θ

]

+D

[
− 1

2kη
|η̃|2 + 2

kη
|Pen|2z21

]

+D

[
− 1

2kζ
|ζ̃|2 + 2

kζ
|Pbbb|2z21

]

+

⎡
⎣− gw(0, t)2 − g ‖w(x, t)‖2

− 2gDε2

1∫
0

(1 + x)w(x, t)r0(x, t) dx

− 2gD
˙̂
D

1∫
0

(1 + x)w(x, t)q0(x, t) dx

−2gD
˙̂
θT

1∫
0

(1 + x)w(x, t)q(x, t) dx

⎤
⎦

− 2g

γD
D̃(

˙̂
D − γDτD)− 2gD

γθ
θ̃T (

˙̂
θ − γθτθ)− gε

D

4d0
|ε|2

(98)

where c0 = mini=1,2,...,ρ ci, d0 = (
∑ρ

i=1(1/di))
−1.

From (60), (66)–(68), and (88), it is easy to show that
−(∂αi−1/∂θ̂j) for i = 2, . . . , ρ and j = 1, . . . , p is a linear
function of z, η̃, ζ̃ and ε. If we denote

V0 = |z|2 + |η̃|2 + |ζ̃|2 + ‖w(x, t)‖2 (99)

(89)–(94) imply that following inequalities hold:

DzTQ(z, t)T
˙̂
θ = −D

ρ∑
i=2

p∑
j=1

zi
∂αi−1

∂θ̂j

˙̂
θj

≤ γθMQ

(
V0 + V 2

0

)
(100)

DzTQr(t, θ̂)T
˙̂
θ = −D

ρ∑
i=2

p∑
k=1

zi

×

⎛
⎝eTi A

m
0 −

m+i−1∑
j=1

∂αi−1

∂λ̃j

eTj

⎞
⎠

× ∂λr(t, θ̂)

∂θ̂k

˙̂
θk

≤ γθMQr

(
V0 + V 2

0

)
(101)

− 2gDε2

1∫
0

(1 + x)w(x, t)r0(x, t) dx

≤ g

2
‖w(x, t)‖2 + gM1|ε|2 (102)

− 2gD
˙̂
D

1∫
0

(1 + x)w(x, t)q0(x, t) dx

≤ gγDM2

(
V0 + V 2

0

)
(103)

− 2gD
˙̂
θT

1∫
0

(1 + x)w(x, t)q(x, t) dx

≤ gγθM3

(
V0 + V 2

0

)
(104)

where MQ, MQr , M1, M2, M3 are some positive constants.
As a result, (98) becomes

V̇ (t) ≤ −D

(
c0
2

− 2

kη
|Pen|2 −

2

kζ
|Pbbb|2

)
|z|2

− D

2kη
|η̃|2 − D

2kζ
|ζ̃|2

− g

2
‖w(x, t)‖2 −

(
g − D

2c0

)
w(0, t)2

−
(
gε

D

4d0
− D

4d0
− gM1

)
|ε|2

+ γθ(MQ +MQr + gM3)(V0 + V 2
0 )

+ γDgM2(V0 + V 2
0 ). (105)
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By designing kη , kζ , g and gε appropriately such that

kη ≥ 8

c0
|Pen|2, kζ ≥ 8

c0
|Pbbb|2

g ≥ D̄

2c0
, gε ≥

4d0gM1

D
+ 1 (106)

(105) becomes

V̇ ≤ −M4V0 + (γD + γθ)M5(V0 + V 2
0 ) (107)

≤ −M4V0 + (γD + γθ)M5(V0 + V 2
0 )

+

(
g

γD
D̃2 +

gD

γθ
θ̃T θ̃ + gε

ρ∑
i=1

D

4di
εTPε

)
V0 (108)

≤ −M4V0 + (γD + γθ)M5

(
V0 + V 2

0

)
+ (V −M6V0)V0 (109)

≤ −(M4 − (γD + γθ)M5 − V )V0

− (M6 − (γD + γθ)M5)V
2
0 (110)

where M4=min{D((c0/2)−(2/kη)|Pen|2−(2/kζ)|Pbbb|2),
D/2kη, D/2kζ, g/2},M5>0 and M6=min{D/2, Dλmin(P )/
kη, Dλmin(Pb)/kζ , gD}. By designing γD and γθ and choos-
ing initial state V (0) appropriately such that

γD, γθ ∈ (0, γ∗], γ∗ =
1

2
min

{
M4

M5
,
M6

M5

}
(111)

V (0) ≤M4 − (γD + γθ)M5 (112)

we have

V̇ ≤ −M7V0 −M8V
2
0 (113)

where M7=M4−(γD+γθ)M5−V , M8=M6−(γD+γθ)M5.
Thus signals z, η̃, ζ̃, ‖w(x, t)‖ are bounded. Bearing bound-

edness of ε, Yr, U r, ηr and λr in mind, we can derive
boundedness of X and ‖u(x, t)‖ from (19), (27), (69), and (75),
(76), respectively. Thus all signals of closed-loop systems have
been proved to be bounded. By applying the LaSalle-Yoshizawa
theorem to (113), it follows such that z(t) → 0, in other words,
limt→∞[Y (t)− Yr(t)] = 0. �

IV. SET-POINT REGULATION UNDER

UNMEASURABLE DISTRIBUTED INPUT

In this section, the more complex situation of the unmeasured
distributed input u(x, t) is taken into account. To deal with
this problem, we firstly bring in an infinite-dimensional input
observer

û(x, t) = U
(
t+ D̂(x− 1)

)
, x ∈ [0, 1] (114)

which satisfies the dynamic equation

D̂ût(x, t) = ûx(x, t) +
˙̂
D(x− 1)ûx(x, t) (115)

û(1, t) =U(t). (116)

Our control objective in this part is to regulate output Y (t) to a
constant reference set-point Yr. To achieve this, Assumption 3
in Section III is replaced by the following assumption.

Assumption 4: In the case of known θ, provided a known
and bounded constant set point Yr, there exist known and
bounded reference state Xr(θ) and reference input U r(θ) con-
tinuously differentiable in the argument θ, such that

0 =AXr(θ) + F (U r(θ), Yr)
T θ

Yr = eT1 X
r(θ). (117)

By defining the reference signal ur(θ̂) = U r(θ̂), we intro-
duce several error variables

ũ(x, t) = u(x, t)− ur(θ̂) (118)

e(x, t) = u(x, t)− û(x, t) (119)

ê(x, t) = û(x, t)− ur(θ̂) (120)

where ê(x, t) is governed by

D̂êt(x, t) = êx(x, t) +
˙̂
D(x−1)êx(x, t)−D̂

∂ur(θ̂)

∂θ̂

˙̂
θ (121)

ê(1, t) =U(t)−U r(θ̂). (122)

A. ODE State Observer With Kreisselmeier-Filters

Taking place of unmeasured U(t−D) by û(0, t), analogous
to (11)–(16), a sort of K-filters are brought in below to virtually
estimate the unmeasured ODE state

η̇(t) =A0η(t) + enY (t) (123)

λ̇(t) =A0λ(t) + enû(0, t) (124)

ξ(t) = −An
0η(t) (125)

Ξ(t) = −
[
An−1

0 η(t), . . . , A0η(t), η(t)
]

(126)

υj(t) =Aj
0λ(t), j = 0, 1, . . . ,m (127)

Ω(t)T = [υm(t), . . . , υ1(t), υ0(t),Ξ(t)] (128)

as X(t)=ξ(t)+Ω(t)T θ + ε(t)=−A(A0)η(t)+B(A0)λ(t) +

ε(t) and X̂(t) = ξ(t) + Ω(t)T θ, obviously the state estimation
error ε(t) = X(t)− X̂(t) is governed by

ε̇(t) = A0ε(t) + b̄e(0, t) (129)

where b̄ =
[0(ρ−1)×1

b

]
.
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Based on Assumption 4, similar to (20)–(28), the reference
output Yr can be divided into the reference K-filters ηr and
λr(θ̂)

0 =A0η
r + enYr (130)

0 =A0λ
r(θ̂) + enU

r(θ̂) (131)

ξr = −An
0η

r (132)

Ξr = −
[
An−1

0 ηr, . . . , A0η
r, ηr

]
(133)

υr
j (θ̂) =Aj

0λ
r(θ̂), j = 0, 1, . . . ,m (134)

Ωr(θ̂)T =
[
υr
m(θ̂), . . . , υr

1(θ̂), υ
r
0(θ̂),Ξ

r
]

(135)

Xr(θ̂) = ξr +Ωr(θ̂)T θ̂ (136)

= −Â(A0)η
r + B̂(A0)λ

r(θ̂) (137)

Yr = eT1 X
r(θ̂). (138)

Now we define a series of error variables below

z1(t) =Y (t)− Yr (139)

η̃(t) = η(t)− ηr (140)

λ̃(t) =λ(t)− λr(θ̂) (141)

ξ̃(t) = ξ(t)− ξr (142)

Ξ̃(t) =Ξ(t)− Ξr (143)

υ̃j(t) = υj(t)− υr
j (θ̂), j = 0, 1, . . . ,m (144)

Ω̃(t)T =Ω(t)T − Ωr(θ̂)T (145)

which are governed by following dynamic equations:

˙̃η(t) =A0η̃(t) + enz1(t) (146)

˙̃
λ(t) =A0λ̃(t) + enê(0, t)−

∂λr(θ̂)

∂θ̂

˙̂
θ (147)

ż1(t) = ξ̃2(t) + ω̃(t)T θ̂ + ε2(t) + ω(t)T θ̃ (148)

= b̂mυ̃m,2(t) + ξ̃2(t) + ¯̃ω(t)T θ̂

+ ε2(t) + ω(t)T θ̃ (149)

where ω̃(t), ¯̃ω(t) and ω(t) have the fully same forms with
(41)–(43).

Then we define a couple of new variables as

χ(t) =

⎡
⎣Y (t)
η(t)
λ(t)

⎤
⎦ , χr(θ̂) =

⎡
⎣ Yr

ηr

λr(θ̂)

⎤
⎦ . (150)

Thus, a new error variable is derived

χ̃(t) = χ(t)− χr(θ̂) =

⎡
⎣z1(t)η̃(t)

λ̃(t)

⎤
⎦ ∈ R

2n+1 (151)

which is driven by

˙̃χ(t) = Aχ̃(θ̂)χ̃(t) + e2n+1ê(0, t) + e1

(
ε2(t) + ω(t)T θ̃

)

− ∂χr(θ̂)

∂θ̂

˙̂
θ (152)

where Aχ̃(θ̂) has the same form as (47) while

∂χr(θ̂)

∂θ̂
=

[
0(1+n)×p
∂λr(θ̂)

∂θ̂

]
. (153)

Next, similar to the transformation on [10, pp. 435–436 ], the
dynamic equation for the m-dimensional zero dynamics ζ(t) =
TX(t) of (2) and its reference signal ζr are introduced as

ζ̇(t) =Abζ(t) + bbY (t) (154)

0 =Abζ
r + bbYr (155)

where Ab, bb and T are totally in the same presentations with
(51)–(53).

Thus, the error state

ζ̃(t) = ζ(t) − ζr (156)

is driven by

˙̃ζ(t) = Abζ̃(t) + bbz1(t). (157)

B. PDE Prediction-Based Boundary Control With
Adaptive Backstepping

Aiming at system

ż1 = b̂mυ̃m,2 + ξ̃2 + ¯̃ωT θ̂ + ε2 + ωT θ̃ (158)

˙̃υm,i = υ̃m,i+1 − kiυ̃m,1 − eTi A
m
0

∂λr(θ̂)

∂θ̂

˙̂
θ

i =2, 3, . . . , ρ− 1 (159)

˙̃υm,ρ = ê(0, t) + υ̃m,ρ+1 − kρυ̃m,1 − eTρA
m
0

∂λr(θ̂)

∂θ̂

˙̂
θ (160)

a very similar adaptive backstepping recursive control proce-
dure to (59)–(65) is depicted below

Coordinate Transformation:

z1 =Y − Yr (161)

zi = υ̃m,i − αi−1, i = 2, 3, . . . , ρ. (162)
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Stabilizing Functions:

α1 =
1

b̂m

(
−(c1 + d1)z1 − ξ̃2 − ¯̃ωT θ̂

)
(163)

α2 = − b̂mz1 −
(
c2 + d2

(
∂α1

∂z1

)2
)
z2 + β2 (164)

αi = −zi−1 −
(
ci + di

(
∂αi−1

∂z1

)2
)
zi + βi

i =3, 4, . . . , ρ (165)

βi = kiυ̃m,1 +
∂αi−1

∂z1
(ξ̃2 + ω̃T θ̂) +

∂αi−1

∂η̃
(A0η̃ + enz1)

+
m+i−1∑
j=1

∂αi−1

∂λ̃j

(λ̃j+1 − kj λ̃1), i = 2, 3, . . . , ρ

(166)

where ci > 0, di > 0 for i = 1, 2, . . . , ρ are design parameters.
Adaptive Control Law:

ê(0, t) = U(t− D̂)− U r(θ̂) = −υ̃m,ρ+1 + αρ. (167)

Based on a comparable calculation, there is no trouble to
show that ê(0, t) = Kχ̃(θ̂)χ̃(t) with Kχ̃(θ̂) being the same as
(70)–(71) and that of Table II.

In comparison with (75), (76), by backstepping transformation

ŵ(x, t) = ê(x, t) −Kχ̃(θ̂)e
Aχ̃(θ̂)D̂xχ̃(t)

− D̂

x∫
0

Kχ̃(θ̂)e
Aχ̃(θ̂)D̂(x−y)e2n+1ê(y, t) dy (168)

ê(x, t) = ŵ(x, t) +Kχ̃(θ̂)e
(Aχ̃+e2n+1Kχ̃)(θ̂)D̂xχ̃(t)

+ D̂

x∫
0

Kχ̃(θ̂)e
(Aχ̃+e2n+1Kχ̃)(θ̂)D̂(x−y)e2n+1

× ŵ(y, t) dy (169)

systems (8), (9), (129), (146), (157), (158)–(160), and (121),
(122) are mapped into the below closed-loop target error systems

ż =Az(θ̂)z +Wε(θ̂)(ε2 + ωT θ̃) +Q(z, t)T
˙̂
θ

+Qr(θ̂)T
˙̂
θ + eρŵ(0, t) (170)

˙̃η =A0η̃ + enz1 (171)
˙̃ζ =Abζ̃ + bbz1 (172)

ε̇ =A0ε+ b̄e(0, t) (173)

Det(x, t) = ex(x, t)−D̃f(x, t)−D
˙̂
D(x−1)f(x, t) (174)

e(1, t) = 0 (175)

D̂ŵt(x, t) = ŵx(x, t)− D̂
˙̂
Dg(x, t)− D̂

˙̂
θTh(x, t)

− D̂(ε2 + ωT θ̃)h0(x, t) (176)

ŵ(1, t) = 0 (177)

D̂ŵxt(x, t) = ŵxx(x, t)− D̂
˙̂
Dgx(x, t)− D̂

˙̂
θThx(x, t)

− D̂(ε2 + ωT θ̃)h0x(x, t) (178)

ŵx(1, t) = D̂
˙̂
Dg(1, t) + D̂

˙̂
θTh(1, t)

+ D̂(ε2 + ωT θ̃)h0(1, t) (179)

where Az(θ̂), Wε(θ̂), Q(z, t)T , Qr(θ̂)T have almost the identi-
cal representations with those in Table I, while f(x, t), h0(x, t),
g(x, t) and hi(x, t) of h(x, t) are presented in Table III of
Appendix.

As a consequence, by certainty equivalence principle for (72),
we design our control as follows to make sure (177):

U(t) =U r(θ̂)−Kχ̃(θ̂)χ
r(θ̂)

+Kχ̃(θ̂)e
Aχ̃(θ̂)D̂χ(t)

+ D̂

1∫
0

Kχ̃(θ̂)e
Aχ̃(θ̂)D̂(1−y)e2n+1û(y, t) dy (180)

where the update law of θ is chosen as

˙̂
θ = γθProjΘ{τθ}, γθ > 0, b̂m(0)sgn(bm) ≥ bm (181)

τθ =
1

2κ2
ωWε(θ̂)

T z

−D̂ω

1∫
0

(1+x)(ŵ(x, t)h0(x, t)+ŵx(x, t)h0x(x, t))dx

(182)

in which κ2 > 0 and ProjΘ{·} is a standard projection algo-
rithm defined on the set Θ to guarantee that |b̂m| ≥ bm > 0,
and the update law of D is chosen such that

˙̂
D = γDProj[D,D̄]{τD}, γD > 0 (183)

|τD| ≤MDV ∗
0 (184)

V ∗
0 = |z|2 + |η̃|2 + |ζ̃|2 + ‖e(x, t)‖2

+ ‖ŵ(x, t)‖2 + ‖ŵx(x, t)‖2 + |ε|2 (185)

in which MD > 0 and Proj[D,D̄]{·} is a standard projection
operator defined on the interval [D, D̄].

Remark 3: As the statement in Remark 1, keeping (117),
(130), (131), (155) in mind, based on a very similar derivation
on [10, pp. 345–346 and 437–438], we could depict λ̃ as an one-
to-one linear functional mapping of z, η̃, ζ̃ and ε, if and only if
B(s) in Assumption 1 and K(s) = sn + k1s

n−1 + k2s
n−2 +

· · ·+ kn−1s+ kn are co-prime. This appears possibly because
B(s) is not known. This co-prime condition may be satisfied by
a complete trial and error procedure.

As a result, if K(s) and B(s) are assumed to satisfy
the co-prime condition, employing the Young’s inequality
and the Cauchy-Schwartz inequality, through a lengthy but
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straightforward calculation, the parameter estimators (181),
(182) have the following property:

| ˙̂θi| ≤ γθMθ (|z|+ ‖ŵ(x, t)‖ + ‖ŵx(x, t)‖+ V ∗
0 )

i =1, 2, . . . , p (186)

where Mθ > 0.

C. Stability Analysis

Next, the stability of the ODE-PDE cascade systems of
Section IV (in which distributed input is unmeasured) is sum-
marized in the below main theorem.

Theorem 2: Consider the closed-loop systems consisting of
the plant (2), the K-filters (123)–(128), the adaptive controller
(180), the parameter identifier (181), (182) and the time-delay
identifier (183)–(185). Let Assumptions 1–2 and 4 hold, and let
B(s) and K(s) be co-prime. There exists a constant M ∗ > 0
such that if the initial error states satisfy the condition

|z(0)|2 + |η̃(0)|2 +
∣∣∣ζ̃(0)∣∣∣2 + ∣∣∣θ̃(0)∣∣∣2 + ∣∣∣D̃(0)

∣∣∣2 + |ε(0)|2

+ ‖e(x, 0)‖2 + ‖ŵ(x, 0)‖2 + ‖ŵx(x, 0)‖2 ≤ M ∗ (187)

then all the signals of the closed-loop system are bounded and
the set-point regulation is achieved, i.e.,

lim
t→∞

z1(t) = lim
t→∞

(Y (t)− Yr) = 0. (188)

Remark 4: Based on the equalities (19), (139)–(141), (156),
(161), (162), (118)–(120), (168), (169), θ̃ = θ − θ̂ and D̃ =
D − D̂, the initial condition of error state (187) can be trans-
formed into the initial conditions of the actual ODE plants,
filters, identifiers and transport PDE, namely, X(0), η(0), λ(0),
θ̂(0), D̂(0), u(x, 0) and û(x, 0).

Proof: First of all, a non-negative function to contain
major states of the closed-loop systems is built as follows:

V =
1

2
zT z +

1

kη
η̃TP η̃ +

1

kζ
ζ̃TPbζ̃

+ κ1D

1∫
0

(1 + x)e(x, t)2 dx

+ κ2D̂

1∫
0

(1 + x)
(
ŵ(x, t)2 + ŵx(x, t)

2
)

dx

+ D̃2 +
κ2

γθ
θ̃T θ̃ + kε

ρ∑
i=1

1

4di
εTPε (189)

where kη > 0, kζ > 0, κ1 > 0, kε > 0.

Taking time derivative of (189) along (170)–(179), we obtain

V̇ ≤ −
ρ∑

i=1

ciz
2
i +

ρ∑
i=1

1

4di
ε22 + zTWε(θ̂)ω

T θ̃

+ zTQ(z, t)T
˙̂
θ + zTQr(θ̂)T

˙̂
θ + zρŵ(0, t)

− 1

kη
|η̃|2 + 2

kη
η̃TPenz1 −

1

kζ
|ζ̃|2 + 2

kζ
ζ̃TPbbbz1

− κ1e(0, t)
2 − κ1 ‖e(x, t)‖2

− 2κ1D̃

1∫
0

(1 + x)e(x, t)f(x, t) dx

− 2κ1D
˙̂
D

1∫
0

(x2 − 1)e(x, t)f(x, t) dx

+ κ2
˙̂
D

1∫
0

(1 + x)ŵ(x, t)2 dx

− κ2ŵ(0, t)
2 − κ2 ‖ŵ(x, t)‖2

− 2κ2D̂
˙̂
D

1∫
0

(1 + x)ŵ(x, t)g(x, t) dx

− 2κ2D̂

p∑
i=1

˙̂
θi

1∫
0

(1 + x)ŵ(x, t)hi(x, t) dx

− 2κ2D̂(ε2 + θ̃Tω)

1∫
0

(1 + x)ŵ(x, t)h0(x, t) dx

+ κ2
˙̂
D

1∫
0

(1 + x)ŵx(x, t)
2 dx

+ 2κ2ŵx(1, t)
2 − κ2ŵx(0, t)

2 − κ2 ‖ŵx(x, t)‖2

− 2κ2D̂
˙̂
D

1∫
0

(1 + x)ŵx(x, t)gx(x, t) dx

− 2κ2D̂

p∑
i=1

˙̂
θi

1∫
0

(1 + x)ŵx(x, t)hix(x, t) dx

− 2κ2D̂(ε2 + θ̃Tω)

1∫
0

(1 + x)ŵx(x, t)h0x(x, t) dx

− D̃
˙̂
D − 2κ2

γθ
θ̃T

˙̂
θ − kε

ρ∑
i=1

1

4di
|ε|2

+ kε

ρ∑
i=1

1

2di
εTP b̄e(0, t). (190)
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With the help of (177), Poincaré and Agmon’s Inequalities
imply that ŵ(0, t)2≤4‖ŵx(x, t)‖2. Bearing (117), (130), (131),
(155), (184)–(186) in mind, according to Young’s and Cauchy-
Schwartz inequalities, we have the following inequality:

V̇ ≤ − c0
2
|z|2− kε − 2

8d0
|ε|2+ 1

c0
ŵ(0, t)2+

kε
2d0

|P b̄|2e(0, t)2

+ γθMQ

(
V ∗
0 + V ∗2

0

)
+ γθMQr

(
V ∗
0 + V ∗2

0

)
− 1

2kη
|η̃|2 + 2

kη
|Pen|2z21 −

1

2kζ
|ζ̃|2 + 2

kζ
|Pbbb|2z21

− κ1e(0, t)
2 − κ1 ‖e(x, t)‖2

+ |D̃|(γDMD + κ1M1)V
∗
0 + κ1γDM2

(
V ∗
0 + V ∗2

0

)
− κ2ŵ(0, t)

2 − κ2 ‖ŵ(x, t)‖2

+ κ2γDM3

(
V ∗
0 + V ∗2

0

)
+ κ2γDM4

(
V ∗
0 + V ∗2

0

)
+ κ2γθM5

(
V ∗
0 + V ∗2

0

)
+

κ2

4
‖ŵ(x, t)‖2 + κ2M6|ε|2

− κ2ŵx(0, t)
2 − κ2 ‖ŵx(x, t)‖2

+ κ2γDM7

(
V ∗
0 + V ∗2

0

)
+ κ2γDM8

(
V ∗
0 + V ∗2

0

)
+ κ2γθM9

(
V ∗
0 + V ∗2

0

)
+

κ2

4
‖ŵx(x, t)‖2 + κ2M10|ε|2

+ κ2

(
γ2
D + γ2

θ

)
M11(V

∗2
0 + V ∗3

0 ) + κ2M12|ε|2

+ κ2|θ̃|2M13V
∗
0 − 2κ2

γθ
θ̃T (

˙̂
θ − γθτθ) (191)

where c0 = mini=1,2,...,ρ ci, d0 = (
∑ρ

i=1(1/di))
−1, MQ,

MQr , M1 ∼ M13 are some positive constants.
A merger of similar items results in

V̇ (t) ≤ −
(
c0
2

− 2

P
kη|Pen|2 −

2

kζ
|Pbbb|2

)
|z|2

− 1

2kη
|η̃|2 − 1

2kζ
|ζ̃|2 + κ2|θ̃|2M13V

∗
0

−
(
kε − 2

8d0
− κ2(M6 +M10 +M12)

)
|ε|2

−
(
κ1 −

kε
2d0

|P b̄|2
)
e(0, t)2

− κ1 ‖e(x, t)‖2 + |D̃|(γDMD + κ1M1)V
∗
0

−
(
κ2 −

1

c0

)
ŵ(0, t)2 − κ2

2
‖ŵ(x, t)‖2

− κ2ŵx(0, t)
2 − κ2

2
‖ŵx(x, t)‖2

+ φ1(γD, γθ)
(
V ∗
0 + V ∗2

0

)
+φ2(γD, γθ)

(
V ∗2
0 +V ∗3

0

)
(192)

where φ1 and φ2 are linear and nonlinear functions with respect
to γD and γθ, respectively.

Choose kη , kζ , kε and κ1, κ2 appropriately such that

kη ≥ 8

c0
|Pen|2, kζ ≥ 8

c0
|Pbbb|2, κ2 ≥ 1

c0
kε ≥ 8d0κ2(M6 +M10 +M12) + 2

κ1 ≥ kε
2d0

|P b̄|2 (193)

thus (192) becomes

V̇ ≤ −M14V
∗
0 + |D̃|M15V

∗
0 + |θ̃|2M16V

∗
0

+ φ1(γD, γθ)
(
V ∗
0 + V ∗2

0

)
+ φ2(γD, γθ)

(
V ∗2
0 + V ∗3

0

)
≤ −M14V

∗
0 +

(
κ3

2
+

D̃2

2κ3

)
M15V

∗
0 + |θ̃|2M16V

∗
0

+ φ1(γD, γθ)
(
V ∗
0 + V ∗2

0

)
+ φ2(γD, γθ)

(
V ∗2
0 + V ∗3

0

)
≤ −M14V

∗
0 +

κ3

2
M15V

∗
0 + (V −M17V

∗
0 ) V

∗
0

+ φ1(γD, γθ)
(
V ∗
0 + V ∗2

0

)
+ φ2(γD, γθ)

(
V ∗2
0 + V ∗3

0

)
≤ −

(
M14 −

κ3

2
M15 − φ1(γD, γθ)− V

)
V ∗
0

− (M17−φ1(γD, γθ)−φ2(γD, γθ)− φ2(γD, γθ)V
∗
0 )V

∗2
0

(194)

where M14 = min{(c0/2)− (2/kη)|Pen|2 − (2/kζ)|Pbbb|2,
((kε − 2)/8d0)− κ2(M6 +M10 +M12), 1/2kη, 1/2kζ, κ1,
κ2/2},M15=γDMD+κ1M1, M16=κ2M13, κ3>0, M17>0.

By designing κ3, γD, γθ and choosing initial state V (0)
suitably to satisfy

κ3

2
M15 + φ1(γD, γθ) ≤ M14 (195)

φ1(γD, γθ) + φ2(γD, γθ) ≤ M17 (196)

V (0) ≤ min
{
M14 −

κ3

2
M15 − φ1(γD, γθ),

M18
M17 − φ1(γD, γθ)− φ2(γD, γθ)

φ2(γD, γθ)

}
(197)

we have

V̇ ≤ −M19V
∗
0 −M20V

∗2
0 (198)

where M19 = M14 − (κ3/2)M15 − φ1(γD, γθ)− V , M20 =
M17 − φ1(γD, γθ)− φ2(γD, γθ)− φ2(γD, γθ)V

∗
0 , M18 > 0.

Thus signals z, η̃, ζ̃, e(x, t), ŵ(x, t), ŵx(x, t) and ε are
bounded. Bearing boundedness of Yr, U r, ηr and λr in mind,
we can derive boundedness of X and u(x, t) from (19), (137),
and (168), (169), respectively. Thus, all signals of closed-
loop systems have been proved to be bounded. By applying
the LaSalle-Yoshizawa theorem to (198), it follows such that
z(t) → 0, in other words, limt→∞[Y (t)− Yr] = 0. �

Remark 5: Please note that all reference signals of (117)
depend on neither time nor space. We have to admit that the
result in Section IV can not be extended directly to non-constant
trajectory tracking. In that situation, on the one hand, (121),
(122) will lose its boundary symmetry and correspondingly
the closed-loop error systems (174)–(179) will become too
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complicated to handle. On the other hand, as one can see in
previous calculation, (130), (131), and (155) play their roles in
the stability analysis.

V. SIMULATION

In this chapter, we illustrate the proposed scheme by applying
it to the following three dimensional plant with the relative
degree being two:

Ẋ1(t) =X2(t)− a2Y (t)

Ẋ2(t) =X3(t)− a1Y (t) + b1U(t−D)

Ẋ3(t) = −a0Y (t) + b0U(t−D)

Y (t) =X1(t) (199)

where X2(t), X3(t) are the unmeasurable states, Y (t) is the
measured output, D = 1 is the unknown constant time-delay
in control input and a2 = −3 is the unknown constant system
parameter. To show the core effectiveness of the developed
control algorithm, without losing the generality, we simplify
the simulation by assuming that a1 = a0 = 0, b1 = b0 = 1 are
known and PDE state u(x, t) is measurable. It is easy to check
that this plant is potentially unstable due to the poles pos-
sessing non-negative real part. The prior information including
D = 0.5, D̄ = 1.5, a2 = −4, ā2 = −2 are known to designers.
Yr(t) = sin t is the known reference signal to track and it is
easily produced by the following reference state and input:

Xr
1 (t) = sin t (200)

Xr
2 (t, θ̂) = â2 sin t+ cos t (201)

Xr
3 (t, θ̂) =

â2 − 1

2
sin t+

â2 + 1

2
cos t (202)

U r(t, θ̂) = − â2 + 1

2
sin t+

â2 − 1

2
cos t. (203)

Furthermore, if we choose k1 = 6, k2 = 12, k3 = 8, the refer-
ence state (200)–(203) can be readily divided into the reference
output filter and input filter as follows:

ηr1(t) =
2

125
sin t− 11

125
cos t (204)

ηr2(t) =
23

125
sin t− 64

125
cos t (205)

ηr3(t) =
88

125
sin t− 109

125
cos t (206)

λr
1(t, θ̂) =

(
− 2

125

â2 + 1

2
+

11

125

â2 − 1

2

)
sin t

+

(
11

125

â2 + 1

2
+

2

125

â2 − 1

2

)
cos t (207)

λr
2(t, θ̂) =

(
− 23

125

â2 + 1

2
+

64

125

â2 − 1

2

)
sin t

+

(
64

125

â2 + 1

2
+

23

125

â2 − 1

2

)
cos t (208)

λr
3(t, θ̂) =

(
− 88

125

â2 + 1

2
+

109

125

â2 − 1

2

)
sin t

+

(
109

125

â2 + 1

2
+

88

125

â2 − 1

2

)
cos t. (209)

Fig. 1. Output and input tracking.

Fig. 2. Delay and parameter estimate.

It is obvious that Assumptions 1–3 are satisfied. Then we
adopt the proposed adaptive control scheme to design the
controller and the identifier. The initial values are set as
X(0)=[0, 1,−1]T , η(0)=[−11/125,−64/125,−109/125]T ,
λ(0) = [−15/125,−110/125,−285/125]T and D̂(0) = 1.4,
â2(0) = −3.4. The design parameters are chosen as follows.
c1 = c2 = 0.1, d1 = d2 = 0.05, γθ = 5× 10−6, γD = 5×
10−7, g = 0.2. The boundedness and the asymptotic tracking
of system output and control input, the estimations of θ and D
are shown in Figs. 1 and 2.

VI. CONCLUSION

In this paper, despite a collection of classic nondeterminacy
under simultaneous co-existence of unknown parameter and
delay, unmeasurable ODE and PDE state (that is summarized
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TABLE I
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TABLE II

as the most complex situation in [1, Ch. 7]), we have pre-
sented an adaptive output feedback control scheme for a gen-
eral class of uncertain linear time-delay systems without any
constraint on relative degree (in comparison with [11], [15],
[27]). When the distributed input is measured, the trajectory
tracking is achieved, while it is unmeasured, the constant set-

point regulation is realized. The implementable output feedback
control strategy combines the adaptive backstepping technique
for ODE dynamics with the prediction-based boundary control
method for PDE dynamics. The local stabilization result of the
ODE-PDE cascade systems is shown through the Lynapunov-
based analysis.
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TABLE III

APPENDIX

See Tables I–III.
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