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Finite time consensus control

Finite-time consensus for multi-agent systems (MAS) with high-order nonlinear uncertain
dynamics under directed communication topology is still an open problem due to the
involvement of high-order nonlinear uncertain dynamics; one-way directed communica-
tion constraints; and unknown time-varying control effectiveness gain. In this paper, based
upon the locally defined consensus error and fractionally composed virtual error, a number
of useful intermediate results are derived, with which, a finite time consensus solution is
established for networked MAS with high-order uncertain dynamics under single-way di-
rected communication topology. By including fraction power integration as part of the Lya-
punov function candidate and by using inductive analysis, it is shown that the proposed
distributed solution is able to achieve consensus in finite time with sufficient accuracy.
The benefits and effectiveness of the developed algorithm are also confirmed by numerical
simulations.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

Finite-time convergence behavior is of special importance in cooperative control of MAS, but the vast majority research
on finite time control of MAS has been focused on linear single or double integrator ([12,21,26,28], to just name a few).
Although effort on finite time consensus of MAS with first- or second-order feedback linearizable nonlinear dynamics has
been made by [3,5,10,13] by using homogeneous (local) approximation, results on finite time distributed control of MAS
with general high-order nonlinear dynamics are scarce, and extending the finite time control methods for single or double
integrator to higher-order case encounters significant technical challenge. The main hinderance stems from the fact that in
the presence of high-order dynamics, the commonly used filtering technique [20] cannot be used with Babarlat lemma or
UUB (uniformly ultimately bounded) theory to derive finite time convergence because the convergence of the filtered error
to zero or to a small value cannot ensure the finite time convergence of the original error.
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The underlying problem becomes even more challenging when non-parametric uncertainties and unknown time-varying
control effectiveness gains (or non-affine dynamics) are involved. In fact, the existence of non-parametric uncertainties liter-
ally makes it impossible to use continuous control to achieve zero steady-state error in finite time even for non-networked
(single) system. Although zero error convergence is no longer feasible for such situation, convergence with sufficient steady
state accuracy is acceptable for most practical applications. Motivated by the work of [2], where it is shown that the finite-
time convergence systems with nonlinearities possess many good features including faster convergence rate, better distur-
bance rejection and robustness against uncertainties, it is thus practically meaningful and plausible to pursue achieving finite
time convergence with sufficient accuracy. However, new issues and challenges arise along with this effort. One is that if
the control effectiveness gain is unknown and time-varying, literally any designed protocol will be polluted or disguised,
making the control impact on the agent uncertain and unclear such that the widely used negative feedback control method
is inapplicable for direct cancelation. Furthermore, to guarantee global finite-time stable control with sufficient accuracy for
high-order nonlinear MAS, the derivative of the Lyapunov function V(x, t) must satisfy the relation of V(x, t) < —cV (x,t)* + ¢
for suitable constants ¢ > 0, 0 < o < 1 and bounded constant ¢ > 0, which brings about another technical difficulty to
adaptive control design because it is non-trivial to synthesize the adaptive compensation to fulfill such relation. The prob-
lem under consideration is made further complicated by the one-way directed communication topology, which imposes
significant challenge to extend existing finite time adaptive consensus methods derived from undirected graph to directed
graph. As such, the problem of distributed finite time control of MAS with high-order nonlinear dynamics has not been well
addressed, this is particular true when there involve non-parametric uncertainties and disturbances in the model and the
communication is one-way directed.

In this work we present a solution to this problem by focusing on achieving consensus of MAS in finite time with suf-
ficient accuracy. To circumvent the aforementioned technical obstacles, we first introduce the locally defined neighborhood
error and the fractionally composed virtual error, which are embedded into the control scheme; and then we design the
fraction power feedback law and fraction power adaptive updated law for the parameter estimation, which renders the cru-
cial relation V (x,t) < —cV (x,t)* + ¢ to be satisfied. To carry out rigorous proof of the stability by inductive analysis, we add
the fraction power integration term to the Lyapunov function candidate. In addition, to cope with the directed communi-
cation topology we use the recent result of [23] on the newly constructed Laplacian deduced from eigenvalue theory, such
that the distributed consensus via finite time control is realized.

Notation. Throughout this paper, argument in a variable or function sometimes is dropped if no confusion is likely to occur
and the initial time t; is set as to = 0 without loss of generality; | - | is the absolute value of a real number; for a vector X =
(X1, ....xn]T. X =[x, ... x}]" with h € R, ||X|| denotes the Euclidean norm of the vector X, and diag{X} = diag{x;.....xn};
J=1{1,2,...,N} denotes the set of node indexes.

2. Problem formulation and preliminaries

Consider a group of networked systems consisting of N subsystems with high-order nonlinear dynamics, modeled by

Xim =Ximy1, m=1,...,n—1
Xin = filxi, up) + fai(%;,0),
Yi=Xi1, i=1,...,N, (1)
where %; = [X;1....,%,]T €R", X; » € R, u; € R and y; € R are system state, control input, and control output, respectively,

fi(:): R* x R — R is a smooth but unknown non-affine function, f;;(-) denotes all the uncertainties and disturbances acting
on the ith subsystem.

Remark 1. It should be mentioned that the general high-order systems as described by (1) include the first-order and
second-order systems as specific cases. So the proposed control schemes are naturally applicable to lower-order systems.

Let the communication network among the N subsystems be represented by a directed graph G = (¢, €) and each subsys-
tem can be seen as a node in such graph [16], where ¢ = {t1, (5, ..., ty} denotes the set of nodes, £Ct x ( is the set of edges
between two distinct nodes. The set of neighbors of node ¢; is denoted by A; = {¢; € t|¢j; € €}, in which ¢;; = (¢}, 1) e ¢
indicates that node i can obtain information from node j. The graph topology is represented by the weighted adjacency
matrix A = [q;;], where a; > 0¢¢j; € ¢, and q;; = 0, otherwise. Moreover, it is assumed that a; =0 for all i=1,...,N.
The in-degree matrix B = diag(B;., ..., By) € RN is defined as B; = Z]-EM_ a;j such that the Laplacian matrix is defined by
L= [ll]] =B-Ae RNXN.

The objective is to establish fully distributed consensus protocols for general high-order nonlinear MAS in the presence
of non-affine dynamics and non-parametric uncertainties as described by (1) via finite time control method such that not
only the stable cooperative output consensus is achieved, but also the finite time convergence is ensured with sufficient
accuracy, i.e., there exists a finite time T* such that for all t > T* and alli=1,..., N, |e;(t)| < €, where e;(t) denotes the local
neighborhood error, € > 0 is a constant which can be made sufficiently small, and meanwhile, all the internal signals in the
closed-loop systems are bounded.

Note that by non-affine dynamics, the control action enters into the system through an implicit and uncertain way,
making the controller design much more challenging. To proceed, the non-affine dynamic model (1) is first transformed
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into an affine form by using the mean value theorem [15], that is, there exists a constant &; € (0, u;) (i € J) such that

iR, wp) = fi(%;, 0) + L0550 3f1(X1,§,

l
Denote g;(X;, &) = 0 f; (x;, éi)/au,-. By substituting (2) into (1), one gets
Xin = & (X, EDu; + L (Xi, 1), (3)
where L (%;,t) = fi(%;,0) + f;(X;, t) denotes the lumped uncertainties. Before moving on, we impose the following funda-
mental conditions.

(2)

Assumption 1. The directed communication network G is strongly connected.

Assumption 2. g;(-) is unknown and time-varying but bounded away from zero, that is, there exist unknown constants gj;
and g,; such that 0 < g; < |g;(*)] < g < oo and g;(-) is sign-definite (we assume sgn(g;) = +1 in this paper without loss of
generality).

Assumption 3. For the lumped uncertainties Lg(-), there exists an unknown constant «; > 0 and a known scalar function
¥i(%;) > 0 such that |Ls(-)] < a;¥(-). In addition, if X; is bounded, so is v;(x;).

Remark 2. In Assumption 2, although g; is unknown, we can always estimate its lower bound, i.e., g <g;; for some constant
g >0. In addition, Assumption 2 is commonly imposed in most existing works in addressing the tracking control problem,
for instance [6,14,19,22,24,25]. Assumption 3 is related to the extraction of the core information from the nonlinearities of
the system, which can be readily done for any practical system with only crude model information.

3. Main results

The focus in this section is on deriving the finite time output consensus control for MAS with dynamics (1). We first
introduce the neighborhood error and local virtual error, and then derive some useful properties, which, as can be seen in
the sequel, play a crucial role in developing the adaptive finite time control algorithm. At last, the inductive control design
and stability analysis are conducted.

To develop the distributed finite-time control for high-order MAS under directed topology, we define the following local
position error e; ; and local virtual errors e; ;, as

e =y a;(yi—wi—yj+w)). i.je]

JjeN;
eim = X" — X1/ el m=2,....n (4)
where o; are constants denoting the final consensus configuration such that y; —yj=@;—@; (i, j € J); gm = (4In+3 -
2m)/(4in+1) > 0 (I € Zy); x{,, (m=2,...,n) is the virtual control given by X = —ﬁi’m,leg’;q with B;,_; being positive
constant to be designed. Denote y = [y1,...,ynIT, @ =[@q,..., oy]T, and E =[eq 1, ..., ey 1]T, then it holds that E = L(y —
w).

Remark 3. It is noted that unlike the existing method [9] in defining the fraction power ¢, we have introduced the integer
I into g, here, such treatment leads to the fraction power feedback control capable of adjusting the control precision and
finite convergence time, as shown in sequel.

The following properties are crucial for the development of finite time control for MAS under consideration. See
Appendix for the proof.

Property 1. Let E = 1/2(PL+ LTP), where P = diag{p} and p=[p1., ..., pn]T is the left eigenvector of L associated with the zero
eigenvalue. Under Assumption 1, VE* # Oy, there exists a constant ks > 0 such that

(E)TEE* > ks(E°)TE°, (5)
where s = (4in—1)/(4ln+1), l e Z,.
Property 2. Suppose V : D — R is a continuous function satisfying:

(i) Vis positive definite.
(ii) There exist real numbers ¢ > 0, « € (0, 1) and 0 < ¢ < oo, and an open neighborhood U C D of the origin such that

Vx,t) < —eV(x, )% + ¢, x eUd/{0}). (6)
Then there exists a finite time T* (called the settling-time),
1-a
. Vix0) 0<py <1 7)

= d-pned-a)
and for Yt > T*, we have V(x, t) is bounded by

VX t) < (5/(1118))%. (8)
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Property 3. Consider a continuous function of the form,
G (t) = —ky? (" +q5 (0. 9)

where kg > 0, 0 < h = hy/hy <1 (hy, hy > 0 are positive odd integers), q > 0 is a constant, and ¢(t) > 0 is a scalar function.
Then, for any given bounded initial condition $(0) > 0, we have 9(t) > 0, Vt > 0.

Property 4. Let = ¢ — . It then holds that
1 35-1, (1 Yeioa
Sa3s1 +S 8s(s—1) 26-1) \ ~ 4s M S — +S (1+s) 45
é‘é‘ W < 45 [(2 (1452 — Q713 )é‘ T+s (l — 27* s s )é‘ HS} s (10)

where s is given the same as in Property 1.

With these intermediate results and the lemmas as listed in Appendix, we are ready to address the finite time consensus
control design for the high-order nonlinear MAS (1).

The design procedure consists of n steps. At each of the first m (m=1,2,...,n—1) step, a virtual control Xyl 1S
designed, and finally, the true control law u; is derived at step n. In the following, we denote by xj, =[x, ..., xn ] for
k=1,...,n

Step 1: Construct the first part of Lyapunov function candidate as

1 14s 14s
Vi(x;1) = ——(E2)TPE? 11
100 = G ED) (11)
where s and ks are defined as in Property 1. With simple computation, it is obtained that,
; 1 |
Vi(x1) = — (E5)TPE = —(E5)TPLx,
ks ks
1 1
= —(E5)TPLxs + — (ES)TPL(xy — x3), (12)
ks ks

where X, = [x12, ..., Xy2]". By introducing the virtual control X5 = —B1E* (B1 > 0 is design constant) into (12), we have

Vi) = -1 LB PLE 4 () PLOG )

_ 1 N N
- _%(ES)TQES + > iz —x50) D tilej). (13)
s S i=1 j=1
where ¢j; is the (j, i)th element of (PL). Let ¢max = max;c|¢;|, a straightforward derivation by using Lemmas 2 and 3 in
Appendix,

1 N N 1 N
FZ(Xi,Z_XZZ)Zeji(ej,l)S =k 22] S|912|SZ|611||911|3 <2 semax Z|912| Z'ejl|
S =1

j=1 j=1

/\

1 N 2 B N 2 , N N
= 2N (Z le; 1 |S> +G (Z |€i’2|5) <= Z(e' DE4G Z(ei,z)zs (14)

i=1 i=1 i=1 i=1

in which the fact (XN, x)2 <NV, x? has been used, and G, = NG, is a fixed constant.
In light of Property 1 and (14), it is deduced from (13) that

Vi) = =B Z(el D*+ 5 Z(el ¥ +G Z(elz) : (15)
i=1
Step 2: Consider the second part of Lyapunov function candidate
Va(x1,%2) = Vi(x1) + Wa (X1, X2), (16)
with
W (x1,X2) = XN:/XLZ (ré —xz§)1+s_q2dr. (17)
X:

i=1
It is obvious that W5 (...) is C', then V,(-) is C!, and moreover, V5(-) is positive definite and V,(-) < kb Zl ](e“s +e”s)
where ky = max{ ;7. 2}. Note that
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8W2 1+5—
i, e, “=ei
ol
AW 0x. 2 rxio /4 w5742
8 ? i,2
ol
X7 o .
=" (X2 —X;5), JeN; =N Ui (18)
J,

The derivative of W5(t) is thus derived as

1

N 0x; 5
. _ 2
Wa() = ) | einkia — (iz—xi5) ) FrRl
i=1 jen;
—e gl
<) leialis —X3) +eiaxs + 2172 BT en|®] Y a(xio — xj2)| |- (19)
i=1 JeN;

According to Lemma 4 in Appendix, we have
1
Xi2] < leiz + %51 < |eia|” + Bileir|®, (20)

which implies that

N N
- 1 -
212 BN o592 > ai(xi2 — xj2)| < 272D " e |2 rilxia| 412 Y X2
i=1 JeN; i=1 JeN;
N
<212 BR Ny leio]® 4 11 B lein] e % + ralein]® Y (lejal® + Bileja]®) |. (21)
i1 JeN;

with 1y = maxViEj{ZjENi a;j} and r; = maxy; j¢/{a;;}. Note that
1-qy p1+1 201-q5) R2(1+1/q2) .2 2 1 2
2170 B0 g, |9 ey 4% < 2% q”ﬁl( TR g |20 4 Z|€i.1| &,

217612,311/"”2|€i,z|q2 Z lejo]% < quzﬂll/qzrz 2:(|€'i,2|2q2 + |ej2]?%),

Jjen; Jjen;
1
—qo p1+1 - 2(1+1
21 qzlgl+ /02r2|ei’2|th Z Iej,1|q2 < Z (22<1 q2):31( + /QZ)T%CN|€L2|2q2 + H|em|2q2>’ (22)
Jjen; jen; {

in which ¢y = max;g{dim{A}}. and dim{A}} denotes the number of the elements in ;.
Substituting (22) into (21) yields that

N N N
1 .
— 1 2 2
202 BN " ey || Y a2 — xj2)| < 5 Y et +G Y et (23)
io1 Y iz im1

where C_z _ 21—q2'3]1/CI2r] + 22(1*‘12)/312(1“/"2)@ + 21—q2'311/‘I2 ToCy + 22(17q2)ﬁ12<1+1/q2)r592v.
Combining (16), (15), (19) and (23) yields that

N N N
Vi<=(Br=1DD (@)*+ (G +C) Y (i) + ) [eia(Xis — X]3) +ei2x;5]. (24)
i=1 i=1 i=1
Note that g3 = ¢, —2/(4ln+1), and then 1+ g3 = 2q; = 2s. Thus by choosing B; > n— 1+ ke with kc > 0 being a design
parameter and the virtual control Xy = —/3,-26232 with Bi5 >n—2+ ke + G +C,, we get that
) N 2 N
Va<—(n=2+k) Y > (eim)®* + Y eia(Xiz —Xi3). (25)
i=1 m=1 i=1
Step k (3 <k <n—1): To proceed, we conduct the proof by using an inductive argument. Suppose at step k — 1, there
exists a C! Lyapunov function Vj,_; (x1,....X,_1), which is positive definite and satisfies
N
Vel () < ky Z (eil_;rs +o+ eilﬁl) (26)

i=1
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such that
N k- ;
Vi () < — (n—k+1+k)ZZe +Ze,f]qkl(x,-,,(—x;jk). (27)
i=1 m=1

We claim that (26) and (27) also hold at step k. To prove this, consider

Vi1, oo X)) = Vie () + We(xa, - %), (28)
with
N ik 1+s5—q
Wi(Xq,....X) = Z/ 'L’"k - X ,Zk) “dr. (29)
— Jx
It is not hard to check that W;(-) is C!, and moreover,
W _ el =% and form=1,....k—1,
Bxi,k Lk
W, Bx 9oy 1 wL
=—(1 - & —x, )S~kdT, 30
By, = " smaoglt [ apy e (30)
Therefore, Vi(-) is C', positive definite and satisfies V,(-) < k, > 1(e”5 ot e};S).
The derivative of V(-) is derived, by combining (27), as
N k- )
Vi) = —(n—k+1+k) > Ze +Ze,,:’5 W (Xi g — X5} +Ze] Sy
i=1 m=1
- 8Wk 8Wk
+Z Z 2 3, N ) (31)

jeN;

To continue, we examine the second term and the fourth term on the right hand side of (31). First, according to
Lemma 3 in Appendix, it holds that
25

e.
T+s—q— - — ,
|el ks i l(xi,k _x:k)| <21 e 4 |l+s Qi1 |ei’k|Qk < ’T +Gixe 1k’ (32)
with G j a constant. As for the fourth term, we have
N N k— *q yn
aw, awk _ ,f ) o
- 1m+ Xj] = (1 +S_Qk)2] q'<|ei,k|S L X1m+ l ( ', (33)
2 Z a
i=1 \m= 2 je! \’ Q3 i=1 m=2 ~ M jeNi
Now we show that
k— *;zlk *ﬂ N k
3|5 i+ 3 S <3 (3 aunlent ) 34
i=1 m=2 Lm jeN; J1 i=1 \m=1

for a constant gy 5, > 0. This is done by inductive argument. First of all, it is deduced from (18)-(20) that

ZZ ax s Z/Sl/qz Zau(XIZ_XJZ) <Z ZQ21m|ezm| (35)

i=1 jeN; JeN;

where gy; n, > 0 is a constant. Assume that for k — 1, it holds,

_1 1
N . 1 T N k-1
z k=1 1 k— 1
> L Xim + Z i =20 D ewenimleiml® (36)
; Bx, m 0x; 4
i=1 jeN; i=1 \m=1
with Q_1yim =0 (m=1,..., k — 1) being constants. Recall that e; ,, = x}ﬁgm - xﬁn/q’“ and xf, = —fipm_tefn . thus xﬂn/qm =
; : . : :
—B; i e m_q and

1
Xim| < leim + X210 < lejm|™ + Bim-1l€im_11", (37)
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which, together with (36), yields

k-1 q N k-1
Z Z 1kk )-( Z %i4| = Z _ Bl Z a‘%’,k—lxl I Z 3‘31',k—1)-('
, i,m 8 J. 4 ik—1 axim im L ale J.1
i=1 m:Z L jeN; 1 i=1 m=2 ’ jeN; ’
-1
N x Jk-1 kZaqul aqul
l/q 1k 1 ik-1 ik— l
SR D DLERIE ppets
im o i,
N ) 1 . . k-1
<> B —- ( et + ,qu,'i o l,<q'§1> ~(leikl ™ + et 1%Bik—1) + > Q-1yiml€im!®
i=1 i1 m=1
N Kk
<Y > oumleinl.
i=1 m=1

Therefore,

N

W, W,
Z( M akv)
i=1 JjeN; J.

with G, > 0 being a constant.
Substituting (32) and (39) into (31) leads to

=~
—_

N
25 " 2S
€im +Z iK€k
i=1

-

3
n

N k
1
2(1 +5—q)2' e[ (Z Qki.m|ei,m|s) =3

m=1 i=1

N k- N
1 1
vk(><—<n—k+k)§:§:e +§:(clk+clk>e,,<+§:e“ U (Xiksr — 1k+1>+§ ein X
i=1 m=1 i=1

-Bi cedert with Bik=n—k+ke+Cy+GCy >0, we get from (40) that

By introducing the virtual control x¥ ik

ik+1 =

N k
V() = —(n—k+ke) Z Ze; + Ze,l,ts & (Xi,k+1 _x;[<+1)~

m=1 i=1

—_

i=
Step n: Consider the nth part of Lyapunov function candidate,
VX1, ... %) = Va1 () + Wa(Xq, ..., Xn),

where
N Xin 1 %L
Wa(x1,.... %) = Z/ (Tan —x )ylHs=andr,
i X:n '

Clearly, Va(-) so defined is C, positive definite and satisfies Vi (-) < ky X0, (€] + -+ + e/ 1%).
From the above inductive argument, one can conclude that

N n-

1
Va() < —ke D" Y e +Ze”s "X n +Z(c,n +Gnels.
1

i=1 m= i=1

where C; , > 0 and G, > 0 are constants.
The actual control u; is designed as

Si gy2p1es-
U= —Pnely’ — e,

1
with the updated law
E,: Olm}m n 7¢,2 2(1+s @)
n?

i

(38)

(39)

(42)

(43)

(46)

where fl is the estimation of ¢; (here ¢; is a virtual parameter to be defined later), ¥;(-) is a scalar and readily computable
function, B; ,,, 0}, ¥; and n; are positive design parameters chosen arbitrarily by the designer. Now we are ready to present

the following result.

Theorem 1. Consider the networked high-order nonlinear MAS (1) under Assumptions 1-3. If the distributed adaptive control
scheme (45)-(46) with the virtual control x; (m=1,..., n) is applied, then for any initial conditions satisfying {;(0) > 0 and

V(0) < u (m > 0 is a bounded constant), ﬁmte time stable consensus is achieved in that
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(1) the neighborhood error E converges to a small residual set ®¢, namely

1
1+ 5)ksky] 56\ *
©o = { |E|l < [A+9)ksky] ™ ¢ ’ (47)
1 oka
and the parameter estimate error f converges to a small region ®4, given by
~ 20maxky \ 7
0= I < | ( FTmet > (48)
g H12ka
in a finite time T* satisfying
V(0)!- s
T < 0) T ’ (49)
(1—p)e(1 - &5
8s(s—1) _
where ko = minfke, LEgy; (2 B 2 )}, ky = max{ky, 2%_}, c=yN 1 + YN, Tsgyi(1-2 Wy 31
—16s(s—1)2
s - . -
+ %);i”s, 0<py <1,0<py<1,C=[s,....cn]", and omax = max{o;};

(2) all of the signals in the controlled system are semi-globally uniformly ultimately bounded.

Proof. Choose the Lyapunov function candidate as
Nog o
V=V =P 50
o+ ; 20,5 (50)
Taking the derivative of V along (3) yields that

N 1
V() = —ke D Y ek +Ze‘” (gt + Lgi)

i=1 m=1

+Z(c,n+c,,1)e +Z;,<—f;,) (51)

By Assumptlon 3 and using Young's mequahty, we have, for any n; > 0, that

n—

2
145—qn —qn 2(1 n i
el Ly < e |1 < wz (e L (52)

Let ¢; = ozz By using (45) and (52) it is deduced from (51) that

N n-1
V() < —ke Z Z e — Z(giﬁi,n —Gn—Gine?,
i1

n
i=1 m=1

g@z 22(1+ n) gé‘l 22(1+ n
+Z< Iln o + w Sq

+§%"+§é(—§i§). (53)

According to Property 3 and (46), it holds that f,»(t) > 0 for any given initial estimate fi(O) > 0. If B;  is chosen such that
Bing& — Cin —Cin > ke, it thus follows from (53) that

N

N n
V(')S*kczze +Z 1//2 204540 (1 _ £y 4 Z

i=1 m=1 i=1

AH

N
g A

+2.8 <*a§1)~ (54)

i=1

By applying the adaptive law for {,- given in (46) one has

V(@) < —kaZe +Zg)4 Z (55)

i=1 m=1

It is deduced from Property 4 that

—165(s—1)2
%5_1;—5(22“” oy - 1+s< g 31 (1492 607 );ﬁs
S

gi(,-l 2 (14s)2 )é‘ TS 4 TS 1-27+ s s
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2(s-1) 8s(s—1)
where 27T —2 (+9?2 > 0. It then holds that

V()<—kczze 1-1—3 1(22(15+5”—2(‘+S>2 )CHS +c (57)
i=1 m=1 i=1
with
Y n? 1+5s 31 (1427 05 |
B _ Z]SJrZ — +s lTrSs
c _;: 4 Z 25 & (1 2 Y Ta s )é’l . (58)

1) 8s(s—1)
Let kg = min{ke, L2 gy; (2 B g2 )}. Then (57) can be expressed as

V()<—ka(zze +Z(E% ) (59)

i=1 m=1

In the sequel, we prove that there exists a finite time T* > 0 and a bounded constant cy such that V(t) < ¢y when t > T*.
Let k, = max{ky, ~ A }, and thus

N 2
V() <k, <Z Z el+s + Z(Ejm)lﬂ) (60)

i=1 m=1 i=1

which further implies, by using Lemma 4 in Appendix, that

v )<k‘+‘(22e +Z;m) (61)

i=1 m=1

Let ¢ = ‘%‘“ (0 < y < 1). It is straightforward from (59) and (61) that

kb1+5
V()= -V () +g. (62)
Upon using Property 2, it is seen that there exists a finite time T* satisfying

V(0)'- 5
T (1= p)e(1 - &
such that for Vt > T*,

¢ \¥ ¢ \¥
V(. ( ) =k< ) . 64
() < PrY: o\ i ke v (64)

Next, we examine the steady-state errors of all agents. Note that

[(1+5)ksky] 56\ *
H1taka

*

: (63)

IEN < [(1 4+ Vi O] < [(1 4+ kV ()] < (

Let £ =[Z;. ..., ¢n]T. and omax = max{o;}. Then we have from (50) that

1+s

~ ZUmax zomaxkb ]st g R
< [ —=V() < . 66
||C|| - g ()_ |:( g ) Ml,uvzka ( )

Thus it has been established that under the proposed finite time control scheme, the neighborhood error converges to a
small region ®y given as

2\ %

@ — ”E” < [(1 +S)kskb]1+ g , (67)
w1tzka
and the parameter estimate errors converge to the region ©4,
K\

ol 20maxkp \ S
® = < 68
1 ||§||_[< . ) e (68)

in the finite time T* as given in (49). O
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4. Comparison with regular linear feedback consensus method

Note that if we set the fraction power s=1, g = ¢y =--- = g, = 1, the proposed finite time control scheme reduces to
the regular non-finite time control and the convergence result is in asymptotical sense. In this case, the local virtual error
e,m(ie),m=2,...,n)becomes e;, =x;,, —x;,, with the virtual control x{ _ given as

X?_m = _IBi.m—lei.m—l, (69)

and the actual control u; becomes

uj = _,Bi,nei.n - %1#,-2€f,n (70)
m;
with the updated law
X N o;
G = —oii + n%l/f,-zei,n, (71)
i
then the ultimately uniformly bounded consensus is achieved. More specifically, with this protocol, the neighborhood error
converges to

2]( 1
@, = {|[E|| = (-2

e, (72)

and the parameter estimate errors converges to

20maxkpS . 1
= < (Smho ) 73
0 ={|¢]l < g1 fizke } (73)
where the variables ¢ and ¢ correspond to the values withs=1and g; =---=qs = 1.

Remark 4. It is seen that in these two control schemes, the steady-state errors are controlled by the convergence regions,
i.e, ®g, O, ®, and O3, respectively, all of which can be reduced as small as desired by choosing the control parameters.
Nevertheless, due to control saturation constraint, the control parameters are not allowed to be set too large. While in the
proposed method one can choose the fractional power s = (4ln — 1)/(4ln + 1) properly to enhance the disturbance rejection
performance and increase the control precision without the need for excessively large control parameters. For instance,
[(prs)kskb]12Tfj S

suppose ik

<1 is satisfied (this is allowed because all the parameters in kq, and k, ie., ke, y; and o; are free

2s
$)ksky]1+5 ¢ zl 2kpkss
.. o ST Mika )% <<(H1M2ka
control precision as compared with linear feedback based non-finite time control method.

design parameters), note that 1/s is much larger than 1, which makes ( [+ )%, thus leading to better

Remark 5. It is worth noting that the proposed finite time control scheme is essentially different from the regular UUB
control, here the feedback error and the adaptive compensation are not used directly in building the control scheme and
the updated law, instead, the fractional power of the feedback error of the form e?_",;1 and the fractional power of adaptive

3s5—1
term Eiﬁ are embedded into the algorithm, it is such special treatment that makes it possible to achieve sufficient control
precision in finite time by the adaptive approach. In other words, for the proposed control, the convergence precision is
adjustable and the convergence time is easily adjustable without the need for high gain to reach the given precision, whereas
for regular UUB control, although it can reach a bound in a finite time, both the bound and the finite time cannot be
prescribed and one can only enlarge the control gain to get a better control precision.

Remark 6. Note that if letting the number of the agents N be equal to 1 and the neighborhood error e; 1 = Y jen; Gij (X1 —
Xj1) be replaced by x; 1, and accordingly r; = maxyi{ 3_ a;;} =1 and r; = maxy; j{a;;} =0, then the proposed control
JeN;

scheme is immediately applicable to single (non-networked) systems with high-order nonlinear dynamics. Compared with
the existing works on single nonlinear systems by [8,9], and [11], the control scheme presented herein is able to deal with
much less restrictive uncertainties, i.e., non-parametric uncertainties and external disturbances, gracefully. In addition, in
defining the fraction power qn, we introduce the integer [ into g, here, such treatment makes the fraction power feedback
control capable of adjusting the control precision and finite convergence time, leading to a more favorable solution for finite
time control of high-order systems.

Remark 7. Compared with the recent work [23], where the system is second-order dynamic, this work extends the result
to high-order case, which poses significant technical challenge. In fact, the main hinderance stems from the fact that in
the presence of high-order dynamics, the commonly used filtering technique [20] cannot be used with Babarlat lemma or
UUB theory to derive finite time convergence because the convergence of the filtered error to zero or to a small value
cannot ensure the finite time convergence of the original error. Compared with the other only two works, [27] and [10], on
adaptive finite time consensus for nonlinear MAS, where the systems are second-order; the communication is undirected;
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Fig. 1. The directed communications among the four agents.
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Fig. 2. Position neighborhood errors under the finite time controller.
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Fig. 3. The parameter estimation under the finite time controller.

and the uncertainties are assumed to exhibit the linear parametric property, this work proposes an adaptive distributed
control solution to the problem of the cooperative consensus of nonlinear MAS with general high-order dynamics involving
non-parametric uncertainties and disturbances under directed communication, by focusing on achieving consensus in finite
time with sufficient accuracy.

5. Numerical simulations

In order to demonstrate the feasibility of the proposed finite-time control, two numerical examples are given.
Example 1. We simulate on a group of third-order MAS with non-affine dynamics in the form of (1) with
Xi3 = (0.6 + 0.1exp(—x?, — x*3))u; + 0.1sin(u;) + fi (), (74)

for i = 1,2, 3,4, where the system uncertainties fy; is taken as f;;(-) = d; + 0.5(—1)'5(%1 +0.5(=1)"(x?,) + 0.5x?;, and d; de-
notes disturbances, taken as random and bounded by |d;| < 0.1. The communication topology is directed and connected as
shown in Fig. 1. Each edge weight is taken as 0.1. The left eigenvector of L associated with eigenvalue 0 is [1, 1, 1, 1]T.

The simulation runs for 20s. The initial condition are x; (0) = [-0.2, —0.3,0,0.2]7, x,(0) =[0.2,0.3, 0, —0.2]", and x3(0) =
0,4. The simulation is conducted by applying the control laws given in (45)-(46), where the control parameters are taken as:

I=1, 1 =4 Biy=12, Bi3=40, 0;=1, y;=1 and n; = 0.8. The scalar function ¥;(%;) = 0.2 +x7, +x?, +x75. In addition,

the initial values of the estimates are chosen as fi(O) =0.5 for i =1, 2, 3, 4. The error convergence result of the four agents
are depicted in Fig. 2. Fig. 3 represents the parameter estimation & (i = 1,2, 3, 4).

To show that better performance is achieved with our proposed scheme, we also tested the convergence property be-
tween the proposed finite-time control scheme (45)-(46) and the typical non-finite-time based adaptive scheme (69)-(71).
Both the two control laws are applied to system (74) by using the same design parameters. It is observed from Fig. 4 that
the convergence rate is faster and the error precision is better with the finite time controller compared with the non-finite
time controller.
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Fig. 4. Position neighborhood errors under the two different controllers.
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Fig. 5. Position trajectories of the four agents under the finite time controller.
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Fig. 6. Position neighborhood errors under the finite time controller.

Example 2. We consider a one-link manipulator [4] with nonaffine actuation system,
Didi + Big + N;sin(q;) = f(u), (75)

for i=1,2,3,4, where g;, ¢; and §; denote the link angular position, velocity and acceleration of the ith robot, respec-
tively; f(u;) = u; + 0.5cos(u;) is the driving torque in which u; is the motor current, Gg(t) = —0.1sin(t) is the external
disturbance. For convenience, we consider the same communication condition as in Example 1 with each edge weight
being 0.1. We set the final consensus configuration o; as @ = 0.15[7 /2,57 /8,37 /4, 77/8]". The initial condition are
x1(0) =[-0.1,-0.2,0,0.1]T, x,(0) = 04, and ¢ (0) = 0.514.

Fig. 5 is the position trajectories of the four robots, and Fig. 6 is the neighborhood errors. For comparison, we also
compared the convergence property of the proposed control with the typical non-finite-time based control (69)-(71). Fig. 7
demonstrates that the convergence property including the convergence rate and the error precision is better with the finite
time controller as compared with the non-finite time method, as theoretically predicted.

6. Conclusions
The majority of the research on finite time consensus control has been focused on MAS described by single or double

integrator under undirected topology. This work explicitly addressed the problem of finite-time consensus for MAS with
high-order nonlinear uncertain dynamics under directed communication constraints. By integrating an adjustable fractional
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Fig. 7. Position neighborhood errors under the two different controllers.

power feedback control method with adaptive control, not only the inherent uncertainties with unknown and time-varying
control gains can be effectively compensated but also the cooperative consensus can be achieved in finite time with suffi-
cient accuracy.

Acknowledgements

This work was supported in part by the Major State Basic Research Development Programs 973 (No. 2012CB215202) and
the National Natural Science Foundation of China (No. 61134001).

Appendix

Part I. Preliminaries

Lemma 1 [1]. Suppose there exists a continuously differentiable function V (x,t) : Uy x R* — R (Up CR" is an open neighborhood
of the origin), a real number ¢ > 0 and 0 < o < 1, such that V(x, t) is positive definite and V (x,t) +cV(x,t)* <0 on U (Uc Uy),

then V(x, t) is locally in finite-time convergent with a finite settling time satisfying Ty < %, such that for any given initial
state x(ty) € U/{0}, limt_JJV(x, t)=0and V(x,t) =0 for t = T;.

Lemma 2 [17]. Let ¢, d be positive real numbers and y(x, y) > 0 a real-valued function. Then, |x||y|d < cy(&é% +

dy (xy)~/dJy|c+d
c+d :

Lemma 3 [17]. If 0 < h = hy/hy < 1, where hy, hy > 0 are odd integers, then |xh — y"| < 21-1|x — y|h,
Lemma 4 [7]. Forx; e R, i=1,2,...,N, 0 < h < 1, then (XN, [x;D" < TN, |x;|" < N'-h(ZN, % )h.

Part II. Proof of Property 1-Property 4

A. Proof of Property 1

Proof. Before moving on, we first give an important property on E, which has been proved in our previous work [23]: VX

# Oy, XTEX =0 if and only if X = cly with ¢ being a nonzero constant, and moreover, 0 <  min XTTEX < A2(EB) (we
X#cly.X£0y X' X

denote by A;(E) the eigenvalue of E). In the following, we prove that indeed E¥ # cly, and then min EDTEE" o Let

Eh;éON (Eh)TEh
ks = min <f£g;iﬁ“, then it holds that (E")'EE" > ke(EM)TEM. Note that p"E = p'L(y — ') =0, i.e., p1ej1 +---+ pnen1 =0,
Eh£0y
thus for E # Oy, it is impossible that sgn(e;;) =1 (or sgn(e; ;) = —1) for all i=1,2,..., N due to the fact that p; > 0 ([18]).
Hence, E # cly with ¢ being a nonzero constant. Note that sgn(e; ;) = sgn(effl) fori=1,...,N, it is readily established that
EM £ cly. O

B. Proof of Property 2

Proof. Let A ={x:V(x.t) < (Mglf)é,o < 1 < 1}. According to Theorem 5.2 in [2] for any x¢ A for all t € [0, ty], it holds

that V(x,t) > (g/ulﬁ)% ie, ¢ < w1V (x, t)¥, for all t € [0, tx]. This fact, together with (6), implies that
VX t) < =V (X 0 + 11V (x, )" = —(1 = )&V (x, £)* (76)
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V(x.0)1-%

for all t € [0, tx]. Note that V(x,t) > (¢/n1C)* > 0 for t € [0, tx]. According to Lemma 1 and (75), we know ty < Toned—a) =

T*. Thus (8) holds for Vt > T*. O

C. Proof of Property 3

Proof. The assertion is vacuously true if ¢(t) = 0. In fact, in this case (9) becomes

9 () = —ky O (O, (77)
and by direct integration we obtain the solution to (76) as
D) = [|90)|"" —ky(1 —h)t]™, t <T,9(0)#£0,=0, otherwise (78)

with T = 'E(?I)Ph) , which implies that 9(t) > 0 Vt > 0 for any given bounded initial condition $(0) > 0.

We now consider the case that ¢(t) is not always equal to 0. If there exists some time constant t; > 0 such that ¢(t;) =
0, then by continuity there exists a small neighborhood [t;, t; + Aty) such that §(t) > 0 on [tq, t; + Aty) (At; > 0) from the

above analysis; if there exists some time constant t; > 0 such that ¢(t;) > 0 and ¥ (ty) > (%ﬁt?))% > 0, then by continuity
there exists a small neighborhood [t;, t; + Aty) such that §(t) > 0 on [tp, t; + Aty) (At, > 0); if there exists some time
constant t3 > 0 such that ¢(t3) > 0 and ¥ (t3) = (%;3))117 > 0, then by (9) it holds that 9 (t3) = kﬂ[(qg(@))h "+ qc(t3) =

0, and by continuity there exists a small neighborhood |[t3, t3 + At3) such that ¥ (t) = (%)h > 0 on [t3,t3 + At3) (At3
> 0); and if there exists some time constant t; > 0 such that ¢(t4) > 0 and 0 < ¥ (t4) < (%)%, it follows from (9) that

3 (ty) > —kﬁl(%)l]’r]h +qg(t4) =0, and then there exists a small neighborhood [t4, t4 + Ats) such that §(t) > 9(t4) > 0
on [t4,t4 + Aty) (Aty > 0) by continuity. By global continuity of the function 9(t), we have 9(t) > 0 Vt > 0 for any given

bounded initial condition $(0) > 0 in this case. O
D. Proof of Property 4

Proof. To proceed, we first prove an inequality that for x, y € R, it holds that
h
X X) <
V=% = l +h
with h being defined the same as in Property 3. In fact, let g(x) = x"(c — x) — ﬁ(c”h — x!*h), then taking the derivation
of g(x) with respect to x yields

(y1+h 1+h) (79)

;—Xg(x) =hx"1(c—x) —x" +x" = hx" " (c — x), (80)

which implies that g(x) arrives its maximum value at x = c, that is, Vx € Rg(x) < g(c) = 0, thus (78) holds.
Upon using (78), it is deduced from Lemma 3 that

Fe- < L0 o - b= et - die - 8%
< DS o - few - %) (81)

~ 3s—1 ~3s—1
Note that s= jﬂgﬁ, straightforward derivation yields that 31— 21-1 " and therefore [¢ —{||¢ 7% — {15 | = (¢ —

;)(gﬁs - = ). By using Lemma 2, it then holds that

5)315+s1<m[§‘ +s—21+s§'1+s 21+s§';‘1+s 21+s§§ 1+s_21+551475s]
45

<1 D P A (A DL VS (D (S G O LN € VA DLCRP =Y
~ 4s 4s 4s 4s 4s
16551
flis[(zfsfiﬁ 25 4 (1—22” 354;1 (1+S)j$ a7 );{’} (82)
d
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