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Predictor Observers for Proportional Navigation
Systems Subjected to Seeker Delay

John Holloway and Miroslav Krstic, Fellow, IEEE

Abstract— We propose predictor observers as viable tools
to compensate for pure time delays in the seeker subsystem
of missile guidance systems employing proportional navigation
guidance (PNG). With the intention of use in terminal guidance
in which the missile is already on a near-collision course with
a target, we demonstrate that a classical predictor observer
for linear time-delay systems is input-to-state stable (ISS) with
respect to bounded target maneuver and measurement distur-
bances. We then show how the classical predictor observer can be
implemented as a Kalman filter for the delayed state augmented
with a predictor. Finally, we illustrate the practicality of the
approach in missile guidance system design through two examples
that exhibit seeker delay and random target maneuvers. For both
examples, numerical simulations show that predictor observer
guidance laws are able to substantially reduce miss distance
versus baseline PNG laws that have no delay compensation,
inviting further studies of the approach for designing real missile
guidance systems in practice.

Index Terms— Delay, guidance, missile, observer, predictor,
stability.

I. INTRODUCTION

TACTICAL missile guidance laws exhibit performance
degradation when lags and delays in the homing loop

are taken into account [1]–[6]. Depending on the missile
considered, significant lags or delays can exist in the flight
control system, the seeker and filter dynamics, the digital
processing of the guidance and control algorithms, or any
combination of these. The effects of these systems com-
bined are sometimes called guidance system dynamics in
the literature, and [1]–[3] provide a good introduction to
the adverse effects they have on guidance law performance.
Lags and delays in the homing loop become more detrimen-
tal when coupled with target maneuvering during terminal
guidance, in which they become significant fractions of the
time-to-go (tgo) [1], [2], [7].

A common approach used to mitigate guidance sys-
tem dynamics is to model them as a first-order lag or
series of lags as part of the dynamic system to be
controlled [1]–[5], [7]–[9]. This approach is adequate for many
purposes, but in some situations, it may be more appropriate
to model some homing loop dynamics as a pure time delay
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rather than a lag. For example, seeking a simplified model
of the target maneuver estimation process and understanding
that estimates of target acceleration converge more slowly than
estimates of target position, Shinar et al. [4], [5] modeled hom-
ing loop filter dynamics as a pure delay in the estimate of target
acceleration. The pure delay model of filter dynamics was
also employed in [6], [8], and [10]–[13]. On the other hand,
Gurfil [10], [11], Hablani [14], Xu et al. [15], Lum et al. [16],
and Dhananjay et al. [17] modeled pure delays in the seeker
dynamics on the basis that some optical passive seekers can
exhibit a significant delay in providing line-of-sight (LOS) rate
measurements to the guidance law.

There exist relatively few published studies specifically
aimed at mitigating performance degradation due to a pure
time delay in the seeker measurement. Hablani [14] intro-
duced a velocity feed-forward approach to compensate for
passive seeker delays in terminal guidance of exoatmospheric
interceptors and showed that the technique can be effective in
reducing miss distance when various process noise covariance
matrices are used. Xu et al. [15] demonstrated two methods
for estimating the minimum achievable miss distance for
proportional navigation guidance (PNG) with delayed LOS
rate measurement, assuming an estimated bound on the error in
the LOS rate estimate. Lum et al. [16] proposed a sliding mode
guidance law assuming delayed LOS rate measurement and a
simple estimator for LOS rate and showed that it may achieve
a lower miss distance than PNG, depending on guidance
parameters and initial conditions. And then most recently,
Dhananjay et al. [17] formulated a PNG problem having
delayed LOS rate measurement as a Lyapunov–Krasovskii
stability analysis using a delay differential equation for the
delayed LOS rate and determined the effective navigation
ratio (N ′) and time-to-go (tgo) required to guarantee decreasing
behavior of the Lyapunov function used to characterize the
stability of the LOS rate. We note that all of these solutions
depend strongly on the target engagement model assumed,
but this is also true of missile guidance system design in
general.

As far as we know, the delay compensation techniques
known as predictor feedback have not yet been applied to
tactical missile guidance problems. Tracing their origins back
to the Smith predictor in 1959, the ideas of predictor feedback
have been applied to time-delay systems for decades, with
recent advances extending to nonlinear systems [18], [19],
nonconstant delays [19], and the applications of these tech-
niques [20]. As the first step in studying the application
of predictor feedback to missile guidance laws subjected to
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time delays, we recently discovered in [21] that a classical pre-
dictor observer for linear time-delay systems [18], [22], [23]
could be useful for missile guidance laws subjected to seeker
delay in the near-collision course. For practical motivation,
we note that in the design of real weapon systems, perfor-
mance is often constrained by the monetary cost required to
implement the design. Dhananjay et al. [17] proposed that the
overall cost of a missile guidance system could be lowered by
leveraging low-cost optical seekers, which exhibit significant
computational delays, and combining them with improved
guidance algorithms that compensate for the delays. We seek
to contribute to this effort by demonstrating that the classical
predictor observer for linear systems can be used to improve
the performance of a widely used guidance law subjected to
a pure time delay in the seeker measurement. Because of its
familiarity, simplicity, and long history of performance in real
missile guidance systems, we selected a form of PNG as our
baseline guidance law for this study.

The remainder of this paper proceeds as follows. Section II
presents our missile–target engagement model. Section III
introduces PNG as the baseline guidance law for our analysis.
Section IV presents the predictor observer state estimator
we use and demonstrates its stability with respect to target
maneuver and disturbances and time delay in the seeker
measurement. Section V illustrates how the approach could
aid in the design of real missile guidance systems through
two examples. Section VI summarizes the main contributions
of this paper.

II. MISSILE–TARGET ENGAGEMENT MODEL

In this paper, we focus on terminal missile guidance in
which the missile has already achieved a near-collision course
with a target. In the near-collision course, the missile-to-target
LOS angle and the LOS rate have already been made small,
and the nonlinear guidance kinematics are adequately modeled
by linear perturbational equations. We invoke the following
assumptions to obtain our model.

1) A1 (Planar Engagement): The missile–target engage-
ment is confined to a 2-D plane.

2) A2 (Tail Chase): The flight path angles of the missile
and the target are approximately equal, and the missile
pursues the target from behind.

3) A3 (Constant Velocity): The total missile velocity VM

and total target velocity VT are approximately constant,
and VM > VT .

4) A4 (Small Angles): The missile-to-target LOS angle
remains small relative to its initial value.

5) A5 (Missile Forces): Gravitational, aerodynamic, and
longitudinal propulsive forces affecting the missile are
small relative to the missile divert forces resulting from
guidance.

6) A6 (Axis Decoupling): The missile employs roll control
such that the effects of missile axis coupling can be
neglected.

7) A7 (Flight Control): The missile flight control dynam-
ics are fast enough such that their effects can be
neglected.

Fig. 1. Missile–target engagement geometry for the near-collision course.

8) A8 (Seeker Delay): The missile seeker exhibits a known
constant delay denoted by D.

Fig. 1 illustrates the geometry of the engagement. In Fig. 1,
we define a Cartesian inertial frame XY such that X is selected
to lie along the LOS of the target relative to the missile at
the commencement of terminal guidance, denoted by t0, and
Y is perpendicular to X . By Assumption A1, the engagement
remains confined to the XY plane. By Assumptions A2–A4,
the missile-to-target relative distance along the LOS, denoted
by r(t), decreases linearly according to

r(t) = r0 − Vcl(t − t0) (1)

where r0 is the initial distance of the target relative to the
missile at time t0 and Vcl � VM − VT is the missile
closing velocity, which is constant. We define the parameter
t f � (r0/Vcl) as the time-of-flight. Observe that when
t = t0 + t f , r(t) = 0. Also, r(t) can be written as

r(t) = r0 − Vcl(t − t0) = Vcl(t0 + t f − t) = Vcltgo(t) (2)

where tgo(t) � t0 + t f − t is called the time-to-go. Invoking
further Assumptions A5 and A6, the distance of the target
relative to the missile perpendicular to the LOS, denoted y(t),
is governed by

ÿ(t) = aT (t) − aM (t) (3)

where aT (t) and aM (t) are the target and missile accelerations
perpendicular to the LOS, respectively. The purpose of the
missile guidance law and the flight control system is to
effect maneuvers through aM (t) that result in target intercept,
i.e., make y(t) → 0 at t = t0 + t f , since at that time,
r(t) = 0. The target maneuver aT (t) acts as a disturbance
against this objective. When t = t0 + t f , any remaining
displacement M � y(t0 + t f ) is called the miss distance.
Assumption A7 allows us to treat aM (t) as identical to
the guidance law command without having to account for
the ability of the missile flight control system to track it.
Finally, invoking Assumption A8, we model the missile seeker
measurement as

z(t) = y(t − D) + v(t) (4)

where D is a known constant delay and v(t) is a measurement
disturbance. Defining the state as x(t) = [y(t) ẏ(t)]T, we write
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Fig. 2. Block diagram of missile–target engagement model.

our engagement model in state space form as

ẋ(t) =
[

0 1
0 0

]
︸ ︷︷ ︸

A

x(t) +
[

0
−1

]
︸ ︷︷ ︸

BM

aM (t) +
[

0
1

]
︸︷︷︸

BT

aT (t) (5a)

z(t) = [ 1 0 ]︸ ︷︷ ︸
C

x(t − D) + v(t). (5b)

We emphasize that terminal missile guidance as presented here
is a finite-time problem, with solutions y(t) and ẏ(t) defined
only for t ∈ [t0, t0 + t f ], since at t = t0 + t f , the missile
either achieves intercept or misses the target. Note that in
many applications, a nonzero miss distance may be acceptable,
as long as the miss is smaller than the missile’s lethality radius.

To conclude our model development, we note that without
perfect knowledge of the entire state, we require an observer
to estimate the states required by the guidance law. For now,
we defer our discussion of the particular structure of the
observer and its properties until Section IV. Fig. 2 summarizes
our engagement model in block diagram form.

III. BASELINE GUIDANCE LAW

In this paper, we develop predictor observers that can
be used in the design of tactical missile guidance systems
subjected to seeker delay. But in order to evaluate their
performance in the homing loop, we require a guidance law
that can be used as a baseline for comparisons.

The most familiar and widely studied guidance law for
tactical missiles is PNG [2], [3], which derives its name
from the fact that it is a simple feedback control law pro-
portional to the LOS rate, a quantity that guidance laws
attempt to regulate to zero. When the LOS rate is made
zero, assuming that additional kinematic constraints are met
(see [2], [3]), the missile achieves a collision course with the
target, eventually intercepting it. In its original form, PNG is
written as

aM (t) = N ′Vclλ̇(t) (6)

where N ′ > 2 is the effective navigation ratio, which
is a design parameter that missile guidance engineers tune
differently for each problem to optimize performance [2].
Experience has shown that N ′ between 3 and 5 often works
well in practice. PNG is known to perform well against

nonmaneuvering and stationary targets, but its performance
degrades in the presence of target maneuvering.

By Assumption A4, λ(t) remains small such that
λ(t) ≈ (y(t)/r(t)). Then

aM (t) = N ′Vcl
d

dt

(
y(t)

r(t)

)
= N ′Vcl

(
− ṙ(t)y(t)

r(t)2 + ẏ(t)

r(t)

)

= N ′Vcl

(
Vcl y(t)

r(t)2 + ẏ(t)

r(t)

)

= N ′V 2
cl

r(t)2 y(t) + N ′Vcl

r(t)
ẏ(t)

=
[

N ′V 2
cl

r(t)2

N ′Vcl

r(t)

] [
y(t)
ẏ(t)

]

= K (t)x(t) (7)

where we have used ṙ(t) = −Vcl, and defined

K (t) �
[

K1(t) K2(t)
] =

[
N ′V 2

cl

r(t)2

N ′Vcl

r(t)

]
. (8)

As t → t0 + t f , r(t) → 0, and the gains K1(t), K2(t) → ∞.
It is therefore natural to inquire whether PNG in this
form is a stable guidance law. In the ideal case, which
assumes perfect state information, ideal flight control
dynamics, and a nonmaneuvering target, the feedbacks
K1(t)y(t) and K2(t)ẏ(t) remain in a delicate balance that
keeps the quantity K (t)x(t) finite as t → t0 + t f . Several
notions of stability for PNG systems are found in the literature
to include frozen-time stability [3], short-time stability [24],
and finite-time stability [25]. The specific definitions of
PNG stability and the sufficient criteria to demonstrate them
are strongly dependent on the engagement model assumed.
It turns out that the special structure of our model makes it
possible to find solutions for the state evolution x(t) directly.
Then with expressions for x(t), qualitative notions of stability
can be deduced.

A. Ideal Case

Suppose for a moment that the missile guidance system
has perfect knowledge of the state and also that the target is
nonmanuevering. The engagement kinematics in this case are

ẋ(t) = Ax(t) + BM aM (t)

= (A + BM K (t)) x(t)

= A (t)x(t) (9)

where we have defined A (t) � A + BM K (t) and

A (t) = A + BM K (t) =
⎡
⎣ 0 1

− N ′V 2
cl

r(t)2 − N ′Vcl

r(t)

⎤
⎦. (10)

The solution to (9) is significant enough that we state it as a
theorem.

Theorem 1: If in the near-collision course engagement
characterized by (5a), the missile guidance system
has perfect knowledge of the state and implements
PNG with ideal flight control dynamics as aM (t) =
K (t)x(t) = [(N ′V 2

cl/r(t)2) (N ′Vcl/r(t))]x(t), and the target
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is nonmaneuvering, then the state x(t) evolves for
t ∈ [t0, t0 + t f ] according to

x(t) = 1

1 − N ′ �(t, t0)x(t0) (11)

where �(t, t0) is the state transition matrix, defined as the
matrix that satisfies

d

dt
�(t, t0) = A (t)�(t, t0) (12a)

�(t0, t0) = (1 − N ′)I (12b)

where N ′ > 2, and

�11(t, t0) = r(t)

r0

[(
r(t)

r0

)N ′−1

− N ′
]

(13a)

�12(t, t0) = r(t)

Vcl

[(
r(t)

r0

)N ′−1

− 1

]
(13b)

�21(t, t0) = N ′Vcl

r0

[
1 −

(
r(t)

r0

)N ′−1
]

(13c)

�22(t, t0) = 1 − N ′
(

r(t)

r0

)N ′−1

. (13d)

Proof: See Appendix A. �
An important consequence of Theorem 1 is that with perfect

knowledge of the state, ideal flight control, and a nonmaneu-
vering target, PNG in the near-collision course achieves zero
miss distance in finite time.

Corollary 1: If the hypotheses of Theorem 1 are met, then
at t = t0 + t f , y(t0 + t f ) = 0 and ẏ(t0 + t f ) = (N ′Vcl y0/
r0) + ẏ0.

Proof: The proof follows by inspection of the solution
of x(t). As t → t0 + t f , r(t) → 0. Then for any integer M ,
(r(t)/r0)

M → 0. So as t → t0 + t f , y(t) → 0 and ẏ(t) →
(N ′Vcl y0/r0) + ẏ0. �

In other words, in the near-collision course, PNG exhibits
a somewhat peculiar result: the miss distance is regulated to
zero, but the rate of the missile perpendicular to the LOS is
not regulated to anything, and ends up converging to some
finite value that depends on N ′, the initial conditions, and
the time-of-flight t f = r0/Vcl. Since even with perfect state
information, perfect flight control, and a nonmaneuvering
target, not all of the state is regulated to x(t) = 0, once we
relax one or more of these assumptions, we do not expect
the desirable, traditional stability concepts like input-to-state
stability [26], [27] to hold. Despite this inconvenience, we can
still establish a less useful form of stability, but we require
additional notation. We denote the Euclidean 2-norm of an
n-element vector of real elements x by |x| = (xT x)1/2, the
induced 2-norm of an m × n matrix of real elements A
by |A| = [λ(AT A)]1/2, where λ(·) denotes the maximum
eigenvalue of a matrix, and the induced ∞-norm of A by
|A|∞ = maxi

∑n
j=1 |ai j |, where ai j is the element of A in the

i th row and the j th column.
Corollary 2: The origin x = 0 of (11) is globally uniformly

stable for t ∈ [t0, t0 + t f ].

Proof: From (11), we have

|x(t)| ≤
∣∣∣∣ 1

1 − N ′

∣∣∣∣ |�(t, t0)||x(t0)|

≤
√

2

|1 − N ′| |�(t, t0)|∞|x(t0)|. (14)

Using (13), we find that

|�(t, t0)|∞ ≤ max

{
N ′

(
1

t f
+ 1

)
− 1, N ′ + t f

}
(15)

which is always bounded for finite N ′ and t f . Since
|�(t, t0)|∞ is bounded for all t ∈ [t0, t0 + t f ], x(t) remains
bounded, so x = 0 is stable for all t ∈ [t0, t0 + t f ]. The
stability is global, and since (15) is independent of t0, the
stability is also uniform. �

B. General Case

For the general case where the state must be estimated using
the seeker measurement (4), and the target is maneuvering,
we define the estimate of the state as x̂(t) � [ŷ(t) ˆ̇y(t)]T, and
assume that r(t) is still known perfectly according to (1). The
PNG law then becomes

aM (t) = K (t)x̂(t). (16)

Then defining the state estimation error as x̃(t) � x(t) − x̂(t),
we have

aM (t) = K (t)x(t) − K (t)x̃(t) (17)

and the engagement kinematics become

ẋ(t) = Ax(t) + BM aM (t) + BT aT (t)

= (A + BM K (t))x(t) − BM K (t)x̃(t) + BT aT (t)

= A (t)x(t) − BM K (t)x̃(t) + BT aT (t). (18)

The solution to (18) is another important consequence of
Theorem 1.

Corollary 3: For the near-collision course engagement
characterized by (5a), in which the missile implements
PNG with ideal flight control in the form
aM (t) = K (t)x̂(t) = [(N ′V 2

cl/r(t)2) (N ′Vcl/r(t))]x̂(t),
where x̂(t) = [ŷ(t) ˆ̇y(t)]T is the state estimate provided by
an observer, and x̃(t) is the state estimation error, and the
state evolves for t ∈ [t0, t0 + t f ] and N ′ > 2 according to

x(t) = 1

1 − N ′ �(t, t0)x(t0)

− 1

1 − N ′

∫ t

t0
�(t, θ)BM K (θ)x̃(θ)dθ

+ 1

1 − N ′

∫ t

t0
�(t, θ)BT aT (θ)dθ. (19)

Proof: The proof follows from (11) and (18) by simple
application of the variation of parameter formula. �

Since by (11) not all of the state is regulated to zero even
without the disturbances x̃(t) and aT (t), input-to-state stability
cannot be established. Furthermore, the finite-time nature of
PNG in the near-collision course makes it difficult to obtain
meaningful bounds on the trajectories x(t) once the distur-
bances x̃(t) and aT (t) are added to the problem. For these
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reasons, we consider a rigorous finite-time stability analysis
of (19) to be an open problem. Without proven statements on
the stability of (19), as is typically done in practice, we rely on
numerical simulations to verify the stability of our guidance
laws in the closed loop.

IV. PREDICTOR OBSERVERS

Due to the finite-time nature of our terminal guidance
problem, we require a state observer that not only remains
stable but also provides accurate estimates of the state as
quickly as possible. In this section, we show how such an
observer can be designed by leveraging a classical predictor
observer for linear time-delay systems.

A. Classical Predictor Observer

For the linear time-invariant system

ẋ(t) = Fx(t) + G1u(t) + G2w(t) (20)

z(t) = H x(t − D) + G3v(t) (21)

with control input u(t), bounded disturbances w(t) and v(t),
and D > 0 a constant measurement delay, the state x(t) can
be estimated using the classical predictor observer for linear
time-delay systems [18], [22], [23]

x̂(t) = eF D�(t) +
∫ t

t−D
eF(t−τ )G1u(τ )dτ (22)

�̇(t) = F�(t) + G1u(t − D) + L[z(t) − H�(t)] (23)

where x̂(t) is the state estimate, �(t) is an estimate of the
delayed state x(t − D), and L is chosen such that (F − L H) is
Hurwitz. Note that for w(t) = 0 and v(t) = 0, (23) is simply a
Luenberger observer for the delayed state, x(t − D); thus, with
(F − L H ) Hurwitz, it provides an exponentially convergent
estimate of x(t − D). Then the estimate for the current state
is arrived at (22) by application of the variation of parameter
formula. We call (22) the predictor and (23) the observer.
Thus, with (22) and (23) combined, we have a predictor
observer for the current state, x(t), given a measurement of
the delayed state characterized by (21).

There exist other observers that could be used for our
engagement model with seeker delay, such as the cascade
observers introduced in [28] and later used with sliding mode
control in [29]. However, while those observers may appear
to be simpler since they do not involve a distributed delay, the
observers have a higher dynamical order, since they estimate
the state at a number of delayed states instead of a single
delayed state. For this reason, classical predictor observer (22),
(23) may be easier to implement in missile guidance system
design.

Predictor observer (22), (23) for w = 0 and v = 0 was
shown to be exponentially stable in [18]. In the following,
we show that for w 	= 0 and v 	= 0, this predictor observer is
also input-to-state stable (ISS) [26], [27]. For easy reference,
we state the definition of input-to-state stability, in which the
usual definitions of class K and class K L functions [26]
are implied.

Definition 1 (Input-to-State Stability): The system is said
to be ISS if there exist a class K L function β and class

K functions γ j such that for any initial state x(t0) and any
bounded inputs u j (t), for j = 1, 2, . . . , n, the solution x(t)
exists for all t ≥ t0 and satisfies

|x(t)| ≤ β(|x(t0)|, t − t0) +
n∑

j=1

γ j

(
sup

t0≤τ≤t
|u j (τ )|

)
. (24)

We now state the main result of this work.
Theorem 2: For system (20), (21) with control input u,

a known, constant measurement delay D, and bounded distur-
bances w and v, if the observer gain L in (23) is selected such
that (F − L H) is Hurwitz, then the observer error dynamics
for predictor observer (22), (23) are ISS with respect to the
disturbances w and v.

Proof: See Appendix B. �
Conceptually, Theorem 2 says that in the absence of dis-

turbances, the state estimation errors decay exponentially, and
in the presence of disturbances, the estimation errors remain
bounded by the functions γ j for all t ≥ t0. Further, as the
magnitudes of the initial conditions and disturbances decrease,
the state estimation errors decrease more rapidly.

B. Predictor Observer Kalman Filters

In real tactical missile guidance systems, in which mea-
surements are subjected to noise and there exist mismodeled
or unmodeled dynamics, some form of Kalman filter is often
used as the state observer [2], [3], [30], [31]. Fundamentally,
the traditional Kalman filter for linear systems provides the
best linear unbiased estimate of the state subjected to Gaussian
process noise and measurement noise. Furthermore, it has a
basic structure that is identical to the classical Luenberger
observer, where the observer gain takes the special form of
the Kalman gain. But subjected to a seeker delay, we expect
the performance of a simple Luenberger observer or Kalman
filter to degrade, with the observer error dynamics potentially
even going unstable. We therefore require a special observer
or Kalman filter that performs well enough in the presence of
a seeker delay such that an acceptable miss distance can be
achieved.

For our engagement model with seeker delay, it is quite
convenient that the selection of the observer gain L as the
Kalman gain makes the matrix (F − L H) Hurwitz [32].
Then by Theorem 2, we can use a Kalman filter in the form
of (23) to estimate the delayed state, and then propagate it
forward using predictor (22) to obtain an estimate of the
current state. The actual performance of the Kalman filter for
a particular engagement will depend on how well Gaussian
noise approximates the target maneuver and measurement
disturbances and how well the filter parameters and N ′ are
tuned for the system.

V. EXAMPLES

In this section, we illustrate how predictor
observer (22), (23) can aid in the design of real missile
guidance systems subjected to seeker delay. In general,
missile guidance engineers do not have perfect knowledge of
the target maneuver a priori. Consequently, one often assumes
that the target manuever is random but has some known
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Fig. 3. Notional random target maneuvers. (a) Random step maneuver.
(b) Random telegraph maneuver.

structure. Two target maneuver models often used in missile
guidance studies are the random step maneuver [2], [30]
and the randomly reversing Poisson square wave
maneuver [31], [33], which is more succinctly called a
random telegraph maneuver. Both of these are based on the
concept of the shaping filter, whereby to simplify modeling
and simulations, a system with a random input is replaced by
the original system without the random input, but augmented
with a shaping filter equivalent, which is some function
of white noise. It can be shown on a case-by-case basis
that, although the original random input and its shaping
filter equivalent do not have the same time histories,
their time histories do have the same means and standard
deviations [2], [31]. Then by using a shaping filter equivalent
of a random input, one implicitly assumes that the shaping
filter input will have the same effect on the system as the
original random input, at least in some statistical sense.
Notional time histories of a random step maneuver with
magnitude aT ,0 and a random telegraph maneuver with
amplitude β are shown in Fig. 3.

A. Random Step Target Maneuver

Zarchan [2] showed that if a target were to initiate a step
maneuver with magnitude aT ,0 and a random starting time t ′,
where t ′ is uniformly distributed over the time-of-flight, then
in terms of mean and standard deviation, such a maneuver
is mathematically equivalent to white noise passed through
an integrator. Further, the spectral density of the white noise
is related to the magnitude of the step maneuver according
to 	aT = (a2

T ,0/t f ) [2]. Using this shaping filter [2], [30],
we modify our engagement model (5a), (5b) with a target
step maneuver initiated at a random time by redefining the
state vector as x(t) = [y(t) ẏ(t) aT (t)]T and writing

ẋ(t) =
⎡
⎣ 0 1 0

0 0 1
0 0 0

⎤
⎦ x(t) +

⎡
⎣ 0

−1
0

⎤
⎦ aM (t) +

⎡
⎣ 0

0
1

⎤
⎦w(t)

(25)

z(t) = [1 0 0] x(t − D) + v(t) (26)

where w(t) and v(t) are white Gaussian noise. For this system,
�(t) = [ŷ(t − D) ˆ̇y(t − D) âT (t − D)]T , and observer (23)

becomes

�̇(t) =
⎡
⎣ 0 1 0

0 0 1
0 0 0

⎤
⎦�(t) +

⎡
⎣ 0

−1
0

⎤
⎦ aM (t − D)

+
⎡
⎣ L1

L2
L3

⎤
⎦ (z(t) − [1 0 0] �(t)) (27)

where the Kalman gain L = [L1 L2 L3]T = [2(Rw/Rv)
1/6

2(Rw/Rv)
1/3 (Rw/Rv)

1/2]T is provided by [30]. Predictor (22)
becomes

x̂(t) =
⎡
⎣ 1 D D2/2

0 1 D
0 0 1

⎤
⎦�(t) +

⎡
⎢⎢⎢⎢⎣

−
∫ t

t−D
(t − τ )aM (τ )dτ

−
∫ t

t−D
aM (τ )dτ

0

⎤
⎥⎥⎥⎥⎦

=
⎡
⎣ 1 D D2/2

0 1 D
0 0 1

⎤
⎦�(t)

+

⎡
⎢⎢⎢⎢⎣

−
∫ D

0
(D − τ )aM(t − D + τ )dτ

−
∫ D

0
aM (t − D + τ )dτ

0

⎤
⎥⎥⎥⎥⎦. (28)

With Kalman filter observer (27) providing estimates of the
delayed state x(t − D) and predictor (28) advancing it to
yield an estimate of the current state x(t), by Theorem 2
we expect a convergence of the state estimates to within
some neighborhood of the true state, where the size of the
neighborhood depends on the uncertainty in the process and
measurement models. Then using these predictor observer
state estimates, PNG can be used to null the LOS rate. Note
that when this predictor observer is implemented in practice,
the integral terms over the delay period in (28) must be
numerically approximated.

B. Random Telegraph Target Maneuver

Predictor observer (22), (23) can also be implemented in
a discrete-time setting, which may be more useful for the
design of real missile guidance systems that use onboard
digital computers. Suppose that the missile guidance system
operates at a frequency of 1/T , and let t(k) = kT with k
being a positive integer denote the time of the kth guidance
cycle. Also suppose that seeker measurements arrive at the
same frequency as the guidance cycle, but they exhibit a delay
D = nT with n being a positive integer, such that their values

correspond to the physics at time t(k−n) . In this situation, the
guidance acceleration commands a(k)

M are implemented with
a zero-order hold (ZOH) over each guidance cycle, and a
discrete-time Kalman filter can be used to estimate the delayed
state x(t − D) using observer (23). We use the discrete-time
Kalman filter algorithm of [34] to implement the predictor
observer, but with the following two key differences.

1) For time t(k), the state estimates and covariance must
now be understood as corresponding to the physics at
time t(k−n) .
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2) In the time updates, the guidance command from
time t(k−n) must be used rather than from time t(k), since
the filter equations estimate the delayed state x(t − D)
and therefore require the input for that earlier time rather
than the current one.

Then, since guidance requires estimates of states correspond-
ing to the physics at time t(k), the Kalman filter estimates
for the delayed state must be advanced up to time t(k) using
predictor formula (22).

Singer [33] also used the shaping filter technique and
introduced an engagement model and discrete-time Kalman
filter for a target maneuvering in the form of a random
telegraph signal, which for some applications may be a more
accurate model of target maneuver than (25). In terms of
mean and standard deviation, the random telegraph signal
is mathematically equivalent to an exponential decay excited
by white Gaussian noise [31], [33]. Then defining the state
vector as before as x(t) = [y(t) ẏ(t) aT (t)]T , we model an
engagement with a random telegraph maneuver as

ẋ(t) =
⎡
⎣ 0 1 0

0 0 1
0 0 − α

⎤
⎦ x(t)+

⎡
⎣ 0

−1
0

⎤
⎦ aM (t)+

⎡
⎣ 0

0
1

⎤
⎦w(t) (29)

where α is the inverse of the target maneuver exponential
decay time constant, w(t) is white Gaussian noise, and we
again use (26) to model the seeker dynamics. The correlation
function of the process noise satisfies σ 2

w(t) = 2ασ 2
mδ(t),

where σ 2
m is the variance of the target maneuver acceleration

and δ(t) is the Dirac delta function [33]. Because they are
lengthy, we refer the reader to [33] for the discrete-time
Kalman filter equations corresponding to (29). Appendix C
shows that for a discrete-time guidance and control system
with sample period T , state predictor (22) for this engagement
model is

x̂(k) =

⎡
⎢⎢⎢⎣

1 D
1

α2 [−1 + αD + e−αD]
0 1

1

α
[1 − e−αD]

0 0 e−αD

⎤
⎥⎥⎥⎦ x̂(k−n)

+

⎡
⎢⎢⎢⎢⎢⎢⎣

T 2
n∑

j=1

(
1

2
− j

)
a(k− j )

M

−T
n∑

j=1

a(k− j )
M

0

⎤
⎥⎥⎥⎥⎥⎥⎦

. (30)

Now having predictor observer state estimates for time t(k),
a pulsed form of PNG is issued through the ZOH to null
the LOS rate. In this paper, we assumed perfect bang-bang
pulses having duration T and magnitude equal to the guidance
command a(k)

M .
It is also interesting to note that after invoking reasonable

assumptions, a discrete-time version of predictor formula (22)
reproduces the velocity feed-forward formula introduced
in [14] to compensate for sensor processing delays in
terminal guidance of exoatmospheric interceptors. In [14],
delayed seeker measurements and Kalman filter estimates
were propagated forward in time over delay periods using

TABLE I

SCALINGS FOR NONDIMENSIONAL VARIABLES


V measurements from an onboard inertial measurement unit
to synchronize state estimates with the guidance cycle. The
velocity feed-forward formula for the LOS rate took the form

λ̇(k+1) =
(

1 + 2T

t(k)
go

)
λ̇(k) − 
V (k)

Vclt
(k)
go

. (31)

This formula was to be applied recursively over the delay
periods that were assumed to be equal to integer multiples of
guidance cycles. Although Hablani [14] outlined other means
of deriving (31), it can also be obtained using (22) if the
2T/t(k)

go term is ignored, which is often done in practice.
We provide a short proof of this in Appendix D. Our work
here corroborates the use of (31) for tactical missiles by
showing that the method is in some sense equivalent to the
classical predictor observer, which we have shown to be ISS
with respect to bounded target maneuvers and measurement
disturbances.

C. Numerical Simulations

We illustrate our examples through numerical simulations.
For all simulations, we used nondimensional equations and
parameters to display results for a variety of physical situations
simultaneously. We denote all nondimensional variables by
an overbar ( ¯ ) using the scalings summarized in Table I.
For both examples, PNG denotes an engagement in which
the baseline undelayed PNG law with Kalman filter is used,
PNG/D denotes using the same PNG law and Kalman filter
subjected to a seeker delay, and PNG/DC denotes using the
new predictor observer guidance law to compensate for the
same seeker delay present in the PNG/D simulation. The
convergence behavior of the observers and guidance laws
will be illustrated in the time histories of state variables,
and the overall performance of the guidance laws will be
quantified in terms of the miss distance M � y(t0 + t f ) and
the cumulative velocity increment 
V �

∫ t0+t f
t0

|aM (τ )|dτ ,
which is a measure of the missile guidance and control effort
that is often used in missile guidance studies. We used a
classical fourth-order Runge–Kutta algorithm with a time step
of 
t̄ = 10−3 to advance the engagements through time and a
third-order trapezoidal quadrature rule to approximate integrals
in the predictor formulas. We initialized the state estimates
to zero.

For the random step target maneuver example, Fig. 4
illustrates a single simulation with sample pseudorandom noise
sequences for the seeker noise (v(t)) in (26) and the input
to the random step target maneuver shaping filter (w(t))
in (25). Fig. 4 results from using ȳ(0) = 0.0, ¯̇y(0) = 0.10,
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Fig. 4. State and state estimate time histories for random step target maneuver
engagement with ȳ(0) = 0.0, ¯̇y(0) = 0.10, N ′ = 3, and D̄ = 0.25.
Est denotes the state estimates of the guidance laws.

and target maneuver shaping filter variance σ̄w = 0.566.
The seeker noise has an angular standard deviation of
σ̄λ = 2.0 mrad, which results in a decreasing vertical dis-
placement standard deviation of σ̄v = σ̄λr̄(t). The delay
in the seeker measurement is D̄ = 0.25 and N ′ = 3.
These parameters represent (among others) an engagement
in which r0 = 2000 m, Vcl = 1000 m/s, t f = 2.0 s, and
λ̇(0) = 0.05 mrad/s, and the target initiates a step maneuver
of 200 m/s2 at some random time t ′ ∈ [t0, t0 + t f ]. Note
that in practice, a delay of this size would be considered
quite large, since it is one quarter the duration of t f . For
this sample simulation, the baseline PNG law achieved a
miss distance of M̄ = 1.49759 × 10−4 and a cumulative
velocity increment of 
V̄ = 0.235573, which translates into
M = 0.299518 m and 
V = 235.573 m/s, respectively.
Fig. 4 shows that without compensation, the seeker delay
destabilized the Kalman filter, resulting in a diverging ȳ for
PNG/D. However, PNG/DC was able to compensate for the
delay, stabilizing the Kalman filter and thereby driving ȳ
toward zero under the PNG law. PNG/DC resulted in a miss
distance of M̄ = −4.28094×10−3 (M = −8.56189 m) versus
M̄ = −0.127572 (M = −255.144 m) for PNG/D. From
Fig. 5, we see that this reduced miss distance came at the
cost of greater 
V̄ versus the baseline PNG.

Fig. 6 shows how mean |M̄| and mean 
V̄ vary versus D̄
for 300 Monte Carlo simulations (for each D̄) of the same
engagement scenario depicted in Figs. 4 and 5. Fig. 6 shows
that for these initial conditions, filter parameters, and N ′,
PNG/DC reduced miss distance better than PNG/D for all
D̄ < 0.45, and quite dramatically so for D̄ > 0.10. The
improved miss distance came at the cost of increased 
V̄
versus the ideal PNG case, but this tradeoff could be

Fig. 5. Missile acceleration and cumulative velocity increment for random
step target maneuver engagement with ȳ(0) = 0.0, ¯̇y(0) = 0.10, N ′ = 3, and
D̄ = 0.25.

Fig. 6. Monte Carlo simulation results of performance parameters for random
step target maneuver engagement with ȳ(0) = 0.0, ¯̇y(0) = 0.10, and N ′ = 3.

manageable in practice depending on the particular missile
considered. In practice, D̄ = 0.45 or higher would typically
not be encountered, since seeker delays are not that large
relative to the duration of terminal guidance.

For the discrete-time example, Fig. 7 shows how predic-
tor observer (22), (23) is able to compensate for a seeker
delay and the shaping filter equivalent of a random telegraph



2010 IEEE TRANSACTIONS ON CONTROL SYSTEMS TECHNOLOGY, VOL. 24, NO. 6, NOVEMBER 2016

Fig. 7. State and state estimate time histories for random telegraph target
maneuver engagement with T̄ = 0.04, ȳ(0) = 0.0, ¯̇y(0) = 0.05, N ′ = 4, and
D̄ = 0.36. Est denotes the state estimates of the guidance laws.

target maneuver for ȳ(0) = 0.0, ¯̇y(0) = 0.05, ᾱ = 10/3,
σ̄w = √

2ᾱ0.566, σ̄v = 0.002, T̄ = 0.04, N ′ = 4, and
D̄ = 0.36. These parameters represent an engagement in
which the guidance sample frequency is 25 Hz, the delay is
nine samples long, r0 = 1000 m, Vcl = 1000 m/s, t f = 1.0 s,
λ̇(0) = 0.025 mrad/s, and the target performs a random
telegraph maneuver. For these particular noise sequences, the
baseline PNG resulted in M̄ = 1.612818 × 10−3 (M =
1.612818 m) and 
V̄ = 0.262161 (
V = 262.161 m/s).
As was the case for the random step maneuver, the seeker
delay destabilized PNG/D, but PNG/DC stabilized the engage-
ment dynamics and drove ȳ toward zero. PNG/DC resulted in a
miss distance of M̄ = −4.154028×10−3 (M = −4.154028 m)
versus M̄ = −0.157695 (M = −157.695 m) for PNG/D. Also
as before, the reduction in miss distance came at the cost of
greater 
V̄ versus the baseline PNG in Fig. 8.

Fig. 9 shows how mean |M| and mean 
V̄ vary versus D̄
for 300 Monte Carlo simulations of the same scenario depicted
in Figs. 7 and 8. For these initial conditions, filter parameters,
and N ′, it turned out that for small D̄, say D̄ < 0.125, the
miss distance performances of PNG, PNG/D, and PNG/DC
were comparable, and in fact PNG/D occasionally resulted
in a smaller |M| than PNG/DC. This shows that depending
on the initial conditions and the tuning of N ′ and the filter
parameters, for a very small D̄, it may be better to simply not
compensate for the delay at all. However, for D̄ ≥ 0.125, the
miss distance performance of PNG/DC was far superior to that
of PNG/D. As for the random step target maneuver example,
the improved miss distance came at the cost of increased 
V̄
versus the ideal PNG case, but this tradeoff could be manage-
able in practice.

Fig. 8. Missile acceleration and cumulative velocity increment for random
telegraph target maneuver engagement with T̄ = 0.04, ȳ(0) = 0.0,¯̇y(0) = 0.05, N ′ = 4, and D̄ = 0.36.

Fig. 9. Monte Carlo simulation results of performance parameters for
random telegraph target maneuver engagement with T̄ = 0.04, ȳ(0) = 0.0,¯̇y(0) = 0.05, and N ′ = 4.

For both our random step and random telegraph target
maneuver engagement models, additional simulations showed
that while our PNG/DC guidance laws are always able to
stabilize the engagement dynamics, the resulting miss distance
performance is strongly dependent on the initial conditions,
filter parameters, and N ′.
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VI. CONCLUSION

We demonstrated the potential for predictor observers to
improve the stability and performance of PNG systems sub-
jected to seeker delay in the near-collision course. We proved
that a classical predictor observer for linear time-delay sys-
tems is ISS with respect to bounded target maneuvers and
bounded measurement disturbances, and further showed how
the predictor observer can be implemented as a Kalman filter
for the delayed state augmented with a predictor. Using PNG
laws with Kalman filter observers as baselines, numerical
simulations showed that when PNG systems are subjected
to seeker delay, our predictor observer guidance laws are
able to stabilize the engagement dynamics and reduce miss
distance compared with the baseline guidance laws, which
have no delay compensation. In practice, the performance of
the predictor observer Kalman filters will depend on the initial
conditions of the engagement and the tuning of N ′ and the
Kalman filter parameters.

APPENDIX A
PROOF OF THEOREM 1

Proof: In the near-collision course, PNG can be
expressed as

aM (t) = N ′Vcl
d

dt

(
y(t)

r(t)

)
. (32)

Assuming a nonmaneuvering target, engagement kinemat-
ics (3) reduce to

ÿ(t) = −N ′Vcl
d

dt

(
y(t)

r(t)

)
. (33)

Integration of (33) gives

ẏ(t) +
(

N ′Vcl

r(t)

)
y(t) = ẏ0 + N ′Vcl

y0
r0

� C (34)

which is a first-order linear ordinary differential
equation (ODE) for y(t). We solve it by multiplying
both sides by an integrating factor and then integrating. The
integrating factor is

I (t) = e
∫ t

t0

N ′Vcl
r(τ ) dτ = e

∫ t
t0

N ′Vcl
r0−Vcl(τ−t0) dτ

= e
ln
(

r0
r0−Vcl(t−t0)

)N ′

=
(

r0

r0 − Vcl(t − t0)

)N ′

. (35)

Multiplying (34) by I (t) gives

d

dt
[I (t)y(t)] =

(
r0

r0 − Vcl(t − t0)

)N ′

C (36)

and then integration results in

y(t) = y0

(
r0 − Vcl(t − t0)

r0

)N ′

+
(

r0 − Vcl(t − t0)

r0

)N ′∫ t

t0

(
r0

r0 − Vcl(θ − t0)

)N ′

Cdθ.

(37)

For any constant C , integration by substitution shows that

∫ t

t0

(
r0

r0−Vcl(θ − t0)

)N ′

Cdθ = − C

Vcl(1 − N ′)

(
r0

r(t)

)N ′

r(t)

+ Cr0

Vcl(1 − N ′)
(38)

where the integration requires N ′ 	= 1. Using this fact, after
substituting in C = ẏ0 + N ′Vcl(y0/r0) from (34) and reducing
through algebra, we find that the solution to y(t) is

y(t) = 1

1 − N ′

(
r(t)

r0

){[
y0 + r0

Vcl
ẏ0

](
r(t)

r0

)N ′−1

−N ′ y0 − r0

Vcl
ẏ0

}
. (39)

The solution is verified by first differentiating to find ẏ(t)

ẏ(t) = 1

1 − N ′

{[
− N ′Vcl

r0
y0 − N ′ ẏ0

](
r(t)

r0

)N ′−1

+ N ′Vcl

r0
y0 + ẏ0

}
(40)

and then substituting y(t) and ẏ(t) back into (34).
It is more convenient to express the solutions to

y(t) and ẏ(t) in matrix form. For a general linear time-varying
system with state x(t) and input u(t)

ẋ(t) = A (t)x(t) + B(t)u(t) (41)

the general solution is provided by the variation of parameter
formula

x(t) = 	(t, t0)x(t0) +
∫ t

t0
	(t, θ)B(θ)u(θ)dθ (42)

where x(t0) is the initial condition of the state and 	(t, t0)
is the state transition matrix, defined as the matrix that
satisfies

d

dt
	(t, t0) = A (t)	(t, t0) (43a)

	(t0, t0) = I. (43b)

For the state x(t) = [
y(t) ẏ(t)

]T
, we have already found

	(t, t0) by solving first-order ODE (34). For notational con-
venience, we factor out the 1/1 − N ′ and rewrite the state
transition matrix as

	(t, t0) = 1

1 − N ′ �(t, t0) (44)

where �(t, t0) is the state transition matrix that satisfies

d

dt
�(t, t0) = A (t)�(t, t0) (45a)

�(t0, t0) = (1 − N ′)I. (45b)

Then by inspection of (39) for y(t) and (40) for ẏ(t),
the elements of �(t, t0) are obtained, and the theorem is
proved. �
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APPENDIX B
PROOF OF THEOREM 2

Proof: Define the state estimation error as

x̃(t) � x(t) − x̂(t)

= x(t) − eF D�(t) −
∫ t

t−D
eF(t−τ )G1u(τ )dτ. (46)

Rewriting the first term using the variation of parameter
formula, this becomes

x̃(t) = eF D(x(t−D) − �(t))+
∫ t

t−D
eF(t−τ )G2w(τ )dτ. (47)

Differentiating (47) and reducing then gives

˙̃x(t) = eF D(F − L H )e−F D
[

x̃(t) −
∫ t

t−D
eF(t−τ )G2w(τ )dτ

]

− eF D LG3v(t)

+
∫ t

t−D
FeF(t−τ )G2w(τ )dτ + G2w(t). (48)

Since (F − L H ) is Hurwitz, given some Q = QT > 0, there
exists some P = PT > 0 such that P is the solution to the
Lyapunov equation

P(F − L H) + (F − L H)T P = −Q. (49)

Using this P , define the Lyapunov function candidate

V [x̃(t)] = x̃(t)T e−F T D Pe−F D x̃(t). (50)

The derivative of V [x̃(t)] along the trajectory of x̃(t) is

V̇ [x̃(t)] = ˙̃x(t)T e−F T D Pe−F D x̃(t) + x̃(t)T e−F T D Pe−F D ˙̃x(t)

= x̃(t)T {e−F T D(F − L H )T Pe−F D

+ e−F T D P(F − L H )e−F D}x̃(t)

− 2x̃(t)T e−F T D P(F − L H )e−F D�(t)

− 2x̃(t)T e−F T D P LG3v(t)

+ 2x̃(t)T e−F T D Pe−F D F�(t)

+ 2x̃(t)T e−F T D Pe−F DG2w(t) (51)

after substituting in (48) and defining

�(t) �
∫ t

t−D
eF(t−τ )G2w(τ )dτ (52)

for notational convenience. Then using a similarity transfor-
mation of (49), we reduce the term in brackets so that

V̇ [x̃(t)] = −x̃(t)T e−F T D Qe−F D x̃(t)

− 2x̃(t)T e−F T D P(F − L H )e−F D�(t)

− 2x̃(t)T e−F T D P LG3v(t)

+ 2x̃(t)T e−F T D Pe−F D F�(t)

+ 2x̃(t)T e−F T D Pe−F DG2w(t). (53)

Define

Q1 � e−F T D Qe−F D (54)

P1 � e−F T D Pe−F D. (55)

Then from (50), we have

λ(P1)|x̃(t)|2 ≤ V [x̃(t)] ≤ λ(P1)|x̃(t)|2 (56)

where λ(·) and λ(·) denote the minimum and maximum
eigenvalues of a matrix, respectively. Then also

V [x̃(t)] ≤ λ(P1)|x̃(t)|2 = 1

λ
(
P−1

1

) |x̃(t)|2 (57)

and

−x̃(t)T Q1x̃(t) ≤ −λ(Q1)|x̃(t)|2 (58)

−|x̃(t)|2 ≤ −λ(P−1
1 )V [x̃(t)]. (59)

We now use (58), (59), Young’s inequality in the form 2ab ≤
γ a2 + (1/γ )b2, γ > 0 with γ = (1/8)λ(Q1), and completion
of squares to reduce (53) to

V̇ [x̃(t)] ≤ −1

2
λ(Q1)λ

(
P−1

1

)
V [x̃(t)]

+ 8

λ(Q1)
|P1 F�(t)|2 + 8

λ(Q1)
|P1G2w(t)|2

+ 8

λ(Q1)
|e−F T D P(F − L H )e−F D�(t)|2

+ 8

λ(Q1)
|e−F T D P LG3v(t)|2. (60)

The squared absolute value quantities can be reduced as
follows. First observe that

|�(t)| ≤
∫ t

t−D
|eF(t−τ )G2||w(τ )|dτ

≤
(

sup
τ∈[t−D,t ]

|w(τ )|
)∫ t

t−D
|eF(t−τ )G2|dτ

≤
(

sup
τ∈[0,t ]

|w(τ )|
)

|G2|
∫ D

0
|eFσ |dσ

≤
(

sup
τ∈[0,t ]

|w(τ )|
)

|G2|
∫ D

0
e|F |σ dσ

= |G2|
|F |

(
e|F |D − 1

)(
sup

τ∈[0,t ]
|w(τ )|

)
. (61)

Then further

|P1G2w(t)|2 ≤ |P1G2|2|w(t)|2

≤ |P1G2|2
(

sup
τ∈[0,t ]

|w(τ )|
)2

= c1

(
sup

τ∈[0,t ]
|w(τ )|

)2

(62)

|e−F T D P LG3v(t)|2
≤ |e−F T D P LG3|2|v(t)|2

≤ |e−F T D P LG3|2
(

sup
τ∈[0,t ]

|v(τ )|
)2

= c2

(
sup

τ∈[0,t ]
|v(τ )|

)2

(63)
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|P1 F�(t)|2 ≤ |P1 F |2|�(t)|2

≤ |P1 F |2 |G2|2
|F |2 (e|F |D − 1)2

(
sup

τ∈[0,t ]
|w(τ )|

)2

≤ |P1|2|G2|2(e|F |D − 1)2

(
sup

τ∈[0,t ]
|w(τ )|

)2

= c3

(
sup

τ∈[0,t ]
|w(τ )|

)2

(64)

and

|e−F T D P(F − L H)e−F D�(t)|2
≤ |e−F T D P(F − L H )e−F D|2|�(t)|2

≤ |e−F T D P(F − L H )e−F D|2 |G2|2
|F |2

× (e|F |D − 1)2

(
sup

τ∈[0,t ]
|w(τ )|

)2

= c4

(
sup

τ∈[0,t ]
|w(τ )|

)2

(65)

where we have defined

c1 � λ
(
GT

2 PT
1 P1G2

)
c2 � λ

(
GT

3 LT Pe−F De−F T D P LG3
)

c3 � λ
(
PT

1 P1
)
λ
(
GT

2 G2
)(

e
√

λ(F T F)D − 1
)2

c4 �
λ
(
GT

2 G2
)

λ(FT F)

(
e
√

λ(F T F)D − 1
)2

× λ
(
e−F T D(F −L H)TPe−F De−F T D P(F −L H)e−F D)

.

(66)

Substituting the above expressions into (60) reduces to

V̇ [x̃(t)] ≤ −1

2
λ(Q1)λ

(
P−1

1

)
V [x̃(t)]

+ 8

λ(Q1)
(c1 + c3 + c4)

(
sup

τ∈[0,t ]
|w(τ )|

)2

+ 8

λ(Q1)
c2

(
sup

τ∈[0,t ]
|v(τ )|

)2

= − c5V [x̃(t)] + c6

(
sup

τ∈[0,t ]
|w(τ )|

)2

+ c7

(
sup

τ∈[0,t ]
|v(τ )|

)2

(67)

with

c5 � 1

2
λ(Q1)λ

(
P−1

1

)

c6 � 8

λ(Q1)
(c1 + c3 + c4)

c7 � 8

λ(Q1)
c2. (68)

By multiplying (67) by ec5t and integrating from 0 to t , it can
be shown that

V [x̃(t)] ≤ V [x̃(0)]e−c5t + c6

c5

(
sup

τ∈[0,t ]
|w(τ )|

)2

+ c7

c5

(
sup

τ∈[0,t ]
|v(τ )|

)2

. (69)

Then using (56) and (69), it follows that:
|x̃(t)|2 ≤ 1

λ(P1)
V [x̃(t)]

≤ 1

λ(P1)

⎧⎨
⎩V [x̃(0)]e−c5t + c6

c5

(
sup

τ∈[0,t ]
|w(τ )|

)2

+ c7

c5

(
sup

τ∈[0,t ]
|v(τ )|

)2
⎫⎬
⎭

≤ λ(P1)

λ(P1)
|x̃(0)|2e−c5t + c6

c5λ(P1)

(
sup

τ∈[0,t ]
|w(τ )|

)2

+ c7

c5λ(P1)

(
sup

τ∈[0,t ]
|v(τ )|

)2

= c8|x̃(0)|2e−c5t + c9

(
sup

τ∈[0,t ]
|w(τ )|

)2

+ c10

(
sup

τ∈[0,t ]
|v(τ )|

)2

(70)

with

c8 � λ(P1)

λ(P1)

c9 � c6

c5λ(P1)

c10 � c7

c5λ(P1)

from which it follows that:
|x̃(t)| ≤ √

c8|x̃(0)|e− 1
2 c5t + √

c9 sup
τ∈[0,t ]

|w(τ )|
+√

c10 sup
τ∈[0,t ]

|v(τ )|. (71)

Then by Definition 1, the observer error dynamics are ISS
with respect to w and v. �

APPENDIX C
PREDICTOR OBSERVER FOR RANDOM

TELEGRAPH MANEUVER

With time discretized, predictor (22) for Singer engagement
model (29) becomes

x̂(k) =

⎡
⎢⎢⎢⎣

1 D
1

α2 [−1 + αD + e−αD]
0 1

1

α
[1 − e−αD]

0 0 e−αD

⎤
⎥⎥⎥⎦ x̂(k−n)

+

⎡
⎢⎢⎢⎢⎢⎣

−
∫ t (k)

t (k−n)
(t(k) − η)u(η)dη

−
∫ t (k)

t (k−n)
u(η)dη

0

⎤
⎥⎥⎥⎥⎥⎦

. (72)
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The integral terms are rewritten using only discrete-time quan-
tities as follows. The guidance command u(k) is implemented
with a ZOH for all k, so it is constant between guidance
cycles. Then consider the integral terms broken up into sums
of integrals over each guidance cycle. Taking from the first
equation of (72), for example, from t(k−n) to t(k−n+1)

−
∫ t (k)

t (k−n)
(t(k)−η)u(η)dη = −u(k−n)

∫ t (k−n+1)

t (k−n)
(t(k) − η)dη

−
∫ t (k)

t (k−n+1)
(t(k)−η)u(η)dη (73)

where we have factored out the u(k−n) since it is constant for
t ∈ [t(k−n), t(k−n+1)]. Continuing on, we have

−
∫ t (k)

t (k−n)
(t(k)−η)u(η)dη = −u(k−n)

∫ t (k−n+1)

t (k−n)
(t(k) − η)dη

−u(k−n+1)

∫ t (k−n+2)

t (k−n+1)
(t(k) − η)dη

+ · · · − u(k−1)

∫ t (k)

t (k−1)
(t(k) − η)dη

= −u(k−n)

∫ (k−n+1)T

(k−n)T
(kT − η)dη

−u(k−n+1)

∫ (k−n+2)T

(k−n+1)T
(kT − η)dη

+ · · · − u(k−1)

∫ kT

(k−1)T
(kT −η)dη.

(74)

Consider∫ b

a
(kT − η)dη =

(
kTη − 1

2
η2

)∣∣∣∣
b

a

= kT (b − a) + a2

2
− b2

2

= kT (b − a) + 1

2
(a + b)(a − b)

= (a − b)

[
1

2
(a + b) − kT

]
. (75)

Then after rewriting (74) with (75) and reducing the result
algebraically, we arrive at

−
∫ t (k)

t (k−n)
(t(k) − η)u(η)dη = u(k−n)T 2

(
1

2
− n

)

+ u(k−n+1)T 2
(

1

2
− n + 1

)

+ · · · + u(k−1)T 2
(

1

2
− 1

)

= T 2
n∑

j=1

(
1

2
− j

)
u(k− j ). (76)

Similarly, it can be shown that

−
∫ t (k)

t (k−n)
u(η)dη = −T

n∑
j=1

u(k− j ). (77)

Then state predictor (72) for the discrete-time case reduces to

x̂(k) =

⎡
⎢⎢⎢⎣

1 D
1

α2 [−1 + αD + e−αD]
0 1

1

α
[1 − e−αD]

0 0 e−αD

⎤
⎥⎥⎥⎦ x̂(k−n)

+

⎡
⎢⎢⎢⎢⎢⎢⎣

T 2
n∑

j=1

(
1

2
− j

)
u(k− j )

−T
n∑

j=1

u(k− j )

0

⎤
⎥⎥⎥⎥⎥⎥⎦

. (78)

APPENDIX D
PREDICTOR DERIVATION OF (31)

For discrete time, the variation of parameters formula can
be written as

x(k+1) = eAT x(k) +
∫ t (k+1)

t (k)
eA(t (k+1)−τ ) Bu(τ )dτ. (79)

Using spherical coordinates and defining the state as
x = [λ λ̇]T , where λ is the azimuth LOS angle, the state
transition matrix 	 = eAT used in [14] was

	 =
[

1 T
0 1 + (2/tgo)T

]
(80)

which differs from the state transition matrix for rectangular
coordinates by the existence of the term (2T/tgo). This term
is sometimes dropped in practice due to the likely error
in the estimation of tgo [14]. If this is done, substituting

the resulting transition matrix and B = [ 0
−(1/Vcltgo)

]
for

spherical coordinates into (79) and then looking only at the
equation for λ̇ result in

λ̇(k+1) = λ̇(k) −
∫ t (k+1)

t (k)

1

Vcltgo(τ )
u(τ )dτ. (81)

Approximating tgo(t) ≈ t(k)
go and u(t) ≈ aM (t) then leads to

λ̇(k+1) = λ̇(k) − 1

Vclt
(k)
go

∫ t (k+1)

t (k)
aM(τ )dτ. (82)

But now the integral is equal to the acceleration due to
guidance and control sensed over the sample period, denoted
by 
V (k) in [14], and thus

λ̇(k+1) = λ̇(k) − 
V (k)

Vclt
(k)
go

(83)

which is the same as (31) when the term (2T/tgo) is ignored.
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[18] M. Krstić, Delay Compensation for Nonlinear, Adaptive, and PDE
Systems. Cambridge, MA, USA: Birkhäuser, 2009, pp. 41–52.

[19] N. Bekiaris-Liberis and M. Krstić, Nonlinear Control Under Noncon-
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