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a b s t r a c t 
This tutorial research article presents all recent advances on the use of approximate and sampled-data 
predictors for time-delay systems. The implementation of predictor feedback for delay systems requires 
the so-called predictor mapping, i.e., the prediction of the future value of the state vector. However, pre- 
dictor mappings are rarely available for nonlinear systems. The approximate predictors allow us to over- 
come this challenge and implement predictor feedback safely for nonlinear time-delay systems even in 
the case of sampled measurements. The present article reviews the implementation schemes for predic- 
tor feedback and provides illustrative examples, which can help the reader to understand the importance 
of the topic. 

© 2016 International Federation of Automatic Control. Published by Elsevier Ltd. All rights reserved. 

1. Introduction 
Predictor feedback has a long history ( Artstein, 1982; Krstic, 

2009; Kwon & Pearson, 1980; Manitius & Olbrot, 1979 ) and is the 
only systematic way of solving stabilization problems with long 
input delays. Recently, predictor feedback has been extended to 
nonlinear delay systems ( Ahmed-Ali, Karafyllis, Krstic, & Lamnabhi- 
Lagarrigue, 2015; Bekiaris-Liberis & Krstic, 2013; Karafyllis, 2011; 
Karafyllis & Krstic, 2012; Karafyllis & Krstic, 2013; Karafyllis & 
Krstic, 2014a; Karafyllis & Krstic, 2016; Karafyllis, Malisoff, de 
Queiroz, Krstic, & Yang, 2015a; Karafyllis, Malisoff, Mazenc, & Pepe, 
2015b; Krstic, 2008; Krstic, 2010a; Sun, Liu, Wen, & Wang, 2016 ) 
as well as to systems with time-varying, state-dependent or un- 
known delay ( Bekiaris-Liberis & Krstic, 2013; Bresch-Pietri & Krstic, 
2010; Krstic, 2010b ). The extension of predictor feedback to nonlin- 
ear systems required many novel mathematical tools as well as the 
simultaneous consideration of many important problems. 

Predictor feedback is a feedback law with distributed delays. 
The reader can consult ( Michiels, Mondie, & Roose, 2003 ; Mondie 
et al., 2001; Niculescu, 2001; Partington & Makila, 2005 ) for the 
presentation of linear control systems with distributed delays. The 
implementation of feedback laws with distributed delays has been 
studied extensively in the literature. The numerical approximation 
of distributed delays by discrete delays was considered as an im- 
portant open problem in Richard (2003 ) and there are many works 
which provide results for the implementation of distributed de- 
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lays and predictor-based feedback laws ( Manitius, 1984; Michiels 
et al., 2003; Mondie & Michiels, 2003; Mondie, Dambrine, & San- 
tos, 2001b; Mondie, Lozano, & Collado, 2001a; Partington & Makila, 
20 05; Santos & Mondie, 20 0 0; Tam and Moore, 1974; Van Assche, 
Dambrine, Lafay, & Richard, 1999; Van Assche, Dambrine, Lafay, & 
Richard, 2001; Zhong, 2010 ). Most of the results are focused on the 
linear case. 

This paper focuses on a different aspect of the implementa- 
tion problem for predictor-based feedback laws: the problem of 
the approximation of the predictor mapping. This problem is very 
common for nonlinear systems: for nonlinear systems very rarely 
the solution map is known analytically. The main idea that over- 
comes this particular problem is the use of an approximate (not 
exact) predictor. Roughly speaking, a static approximate predictor 
is a mapping, which can provide an approximation of the future 
value of the state vector of a forward complete system. The use of 
an approximate predictor may be important even in linear systems 
( Moler & Van Loan, 2003 ). For example, in large scale systems, it 
may be difficult to compute the matrix exponential as well as the 
convolution integrals that involve the matrix exponential. On the 
other hand, the use of an approximate predictor may be computa- 
tionally cheap or may give us simple formulae which can be used 
in a straightforward way. The problem of the approximation of the 
predictor mapping is an important aspect of the implementation 
problem for predictor-based feedback laws but it is different from 
the usual problem of the approximation of distributed delays by 
discrete delays. The latter problem is not studied in the present 
paper. 
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The recent work ( Karafyllis, 2011 ) was devoted to the approxi- 

mation of the predictor mapping with a successive approximation 
approach: the method is suitable for globally Lipschitz systems and 
provides formulas which can replace the predictor mapping. 

The idea of the numerical approximation of the predictor map- 
ping by means of a numerical scheme for solving ordinary differen- 
tial equations arises naturally as a possible method for solving the 
problem of approximation of the predictor mapping. However, cer- 
tain obstructions exist, which are not encountered in standard nu- 
merical analysis results. The first obstruction is the existence of in- 
puts: control theory tackles systems with inputs (control systems), 
whereas standard results in numerical analysis are dealing with 
dynamical systems (systems without inputs). Exception is the work 
of Grüne and Kloeden (2001 ); see also references therein. A second 
problem is the scarcity of explicit formulae for the approximation 
error (which coincides with the so-called global discretization er- 
ror in numerical analysis): in most cases the estimates of the ap- 
proximation error are qualitative ( Hairer & Wanner, 2002; Hairer, 
Norsett, & Wanner, 1993 ). A third fundamental problem is that, in 
general, the use of a numerical scheme for a nonlinear system re- 
quires a state-dependent number of grid points. However, an ap- 
proximate predictor with a state-dependent number of grid points 
cannot be used in a continuous manner. Finally, a fourth problem 
is that in many cases measurements are sampled. 

Therefore, it becomes clear that a numerical approximation of 
the predictor mapping can only be implemented at discrete-time 
instants (the sampling times). This requires a special implementa- 
tion scheme which was proposed recently in Karafyllis and Krstic 
(2012 ): the hybrid implementation scheme. 

The present tutorial research article focuses only on nonlin- 
ear systems with state measurement with no measurement delay. 
Moreover, we only consider delay systems for which the input can 
be continuously adjusted. However, many results have been ex- 
tended to cover nonlinear cases where measurement delays are 
present and the case of output measurement as well as the case 
of input applied with Zero-Order-Hold ( Ahmed-Ali et al., 2015; 
Karafyllis & Krstic, 2012; Karafyllis & Krstic, 2013; Karafyllis & 
Krstic, 2016; Karafyllis, Krstic, Ahmed-Ali, & Lamnabhi-Lagarrigue, 
2014; Sun et al., 2016 ). 

The structure of the following paper is as follows. Section 2 is 
devoted to the presentation of implementation schemes for pre- 
dictor feedback. The case of Linear Time-Invariant (LTI) systems is 
considered in Section 3 (mainly) for pedagogical reasons: the con- 
struction of the approximate predictors is clearer in the linear case. 
Section 4 of the present paper gives the main results for nonlin- 
ear systems. Illustrative examples are presented in Section 5 , while 
Section 6 contains the concluding remarks of the paper together 
with many notes and comments for the state of the art on the 
topic. 

Notation. Throughout this paper, we adopt the following nota- 
tion: 
• ℜ + := [0 , + ∞ ) . A partition of ℜ + is an increasing sequence 

{ τi } ∞ 
i =0 with τ0 = 0 and lim 

i →∞ τi = + ∞ . Z + denotes the non- 
negative integers. For x ∈ ℜ , [ x ] denotes the integer part of x 
∈ ℜ . 

• Let I ⊆ ℜ + := [0 , + ∞ ) be an interval. By L ∞ ( I ; U ) (or L ∞ 
loc (I;U) ) 

we denote the space of measurable and (locally) essentially 
bounded functions u ( · ) defined on I and taking values in 
U ⊆ℜ m . Let A ⊆ℜ n be an open set. By C 0 ( A ; "), we denote the 
class of continuous functions on A , which take values in "⊆ℜ m . 
By C k ( A ; "), where k ≥ 1 is an integer, we denote the class 
of functions on A ⊆ℜ n with continuous derivatives of order k , 
which take values in "⊆ℜ m . 

• For a vector x ∈ ℜ n , we denote by x ′ its transpose and 
by | x | its Euclidean norm. For a matrix A ∈ ℜ m × n , | A | de- 

notes the induced norm of the matrix A ∈ ℜ m × n , i.e., | A | = 
sup { | Ax | : x ∈ ℜ m , | x | = 1 } . 

• A function a : ℜ + → ℜ + is positive definite if a (0) = 0 and a ( s ) 
> 0 for all s > 0. A function σ : ℜ + × ℜ + → ℜ + is said to be 
of class KL , if (i) for each fixed s ≥ 0, σ ( s , · ) is non-increasing 
with lim 

t→ + ∞ σ (s, t) = 0 , and (ii) for each fixed t ≥ 0, σ ( ·, t ) is 
continuous, non-decreasing with σ (0 , t) = 0 . 

• For u : [ a − r, b) → U , where U ⊆ℜ m , b > a and r > 0, u t : 
[ −r, 0] → U for t ∈ [ a, b ) denotes the r−“history” of u , i.e., the 
function defined by ( u t )(θ ) = u (t + θ ) for θ ∈ [ −r, 0] and ⌣ 

u t : 
[ −r, 0) → U for t ∈ [ a, b ] denotes the r−“open history” of u , i.e., 
the function defined by ( ⌣ 

u t )(θ ) = u (t + θ ) for θ ∈ [ −r, 0) . For 
a bounded function u : [ −r, 0] → U (or ⌣ 

u : [ −r, 0) → U), ∥ u ∥ de- 
notes the norm ∥ u ∥ = sup 

−r≤θ≤0 ( | u ( θ ) | ) (or ∥ ⌣ 
u ∥ = sup 

−r≤θ< 0 ( | u ( θ ) | ) ). 
2. Implementation schemes for predictor feedback 

In this section we study the design of predictor feedback for 
the ideal case where the input can be continuously adjusted and 
the predictor mapping is available. We consider nonlinear systems 
of the form 
˙ x (t) = f (x (t) , u (t − τ )) 

x (t) ∈ ℜ n , u (t) ∈ ℜ m (1) 
where x (t) = ( x 1 (t ) , . . . , x n (t )) ′ ∈ ℜ n , f : ℜ n × ℜ m → ℜ n is a locally 
Lipschitz mapping with f (0 , 0) = 0 and τ ≥ 0 is a constant. We 
address the problem of stabilization of ( 1 ) with output 
y (t) = x (t) ∈ ℜ n (2) 
i.e., we consider non-delayed state measurements. 

System ( 1 ) is associated with its delay-free version, i.e. ( 1 ) with 
τ = 0 , or 
˙ x (t) = f (x (t ) , u (t )) (3) 

All assumptions needed for the construction of predictor feed- 
back are dealing with the delay-free system ( 3 ) and are presented 
next. 

Our first assumption concerning system ( 3 ) is forward com- 
pleteness. System ( 3 ) is forward complete if for every x 0 ∈ ℜ n , u ∈ 
L ∞ 

loc ( ℜ + ; ℜ m ) the solution x ( t ) of ( 3 ) with initial condition x (0) = 
x 0 ∈ ℜ n corresponding to input u ∈ L ∞ 

loc ( ℜ + ;ℜ m ) exists for all t ≥ 0. 
Assumption (H1). System ( 3 ) is forward complete. 

Assumption (H1) guarantees that system ( 1 ) is forward com- 
plete as well: for every x 0 ∈ ℜ n , u ∈ L ∞ 

loc ([ −τ, + ∞ ) ; ℜ m ) the solu- 
tion x ( t ) of ( 1 ) with initial condition x (0) = x 0 ∈ ℜ n correspond- 
ing to input u ∈ L ∞ 

loc ([ −τ, + ∞ ) ; ℜ m ) exists for all t ≥ 0. There- 
fore, we are in a position to define the “predictor” mapping & : 
ℜ n × L ∞ ( [ −τ, 0) ; ℜ m ) → ℜ n for all τ > 0 in the following way: 

“for every x 0 ∈ ℜ n , u ∈ L ∞ ( [ −τ, 0) ; ℜ m ) the solution x ( t ) of 
( 1 ) with initial condition x (0) = x 0 corresponding to input u ∈ 
L ∞ ( [ −τ, 0) ; ℜ m ) satisfies x (τ ) = &( x 0 , u ) ”
We assume next that ( 3 ) is globally stabilizable. 

Assumption (H2). (Continuously adjusted input). There exists a lo- 
cally Lipschitz function k ∈ C 0 ( ℜ n ; ℜ m ) with k (0) = 0 , such that 0 ∈ 
ℜ n is Globally Asymptotically Stable for system ( 3 ) with u = k (x ) . 

The predictor feedback assumes the following simple form: 
u (t) = k ( &(x (t) , ⌣ u t ) ) , for t ≥ 0 (4) 

We can view the closed-loop system ( 1 ), ( 2 ) with ( 4 ) in three 
possible ways: 
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(1) Direct implementation: As the interconnection of a system 

of ODEs with a system of Integral Delay Equations (IDEs); 
see Karafyllis and Krstic (2014a ) for an introduction to sys- 
tems described by IDEs), namely, system ( 4 ). In this way, 
the state space of the closed-loop system is the space ℜ n ×
L ∞ ( [ −τ, 0) ; ℜ m ) . 

(2) Dynamic Implementation: When k ∈ C 1 ( ℜ n ; ℜ m ) with lo- 
cally Lipschitz partial derivatives, we can view the closed- 
loop system ( 1 ), ( 2 ) with ( 4 ) as a system of RFDEs with dis- 
tributed delays, namely system ( 1 ), ( 2 ) with the system 
˙ u (t) = ∇k ( &( x ( t) , u t ) ) f ( &( x ( t) , u t ) , u ( t) ) 

−µ( &( x ( t) , u t ) , u ( t) )( u ( t) − k ( &( x ( t) , u t ) ) ) (5) 
where µ: ℜ n × ℜ m → ℜ m is a smooth positive function. In 
this way, the state space of the closed-loop system is the 
set 
{ (x, u ) ∈ ℜ n × C 0 ( [ −τ, 0] ;ℜ m ) : u (0) = k ( &(x, u ) ) } 
The dynamic implementation scheme is known for a long 
time and has been studied for LTI systems ( Mondie & 
Michiels, 2003 ) and nonlinear systems ( Karafyllis, 2011 ). The 
function µ: ℜ n × ℜ m → ℜ m acts as a nonlinear gain that 
attempts to eliminate the deviation of u ( t ) from its desired 
value k ( &( x ( t ), u t )). 

(3) Hybrid Implementation: As a hybrid system with delays, 
namely, system ( 1 ), ( 2 ) with the following system: 
z( τi ) = &( x ( τi ) , ⌣ u τi ) , for all i ∈ Z + (6) 
˙ z (t) = f (z(t ) , u (t )) 
u (t) = k (z(t)) for all , t ∈ [ τi , τi +1 ) , i ∈ Z + (7) 
where { τi } ∞ 

i =0 is an arbitrary partition of ℜ + . In this way, 
the state space of the closed-loop system is the space ℜ n ×
L ∞ ( [ −τ, 0) ; ℜ m ) . The hybrid implementation scheme was 
first proposed in Karafyllis and Krstic (2012 ) in order to al- 
low predictor feedback to be implemented in the case where 
the measurements are sampled. 

The three ways of viewing the closed-loop system ( 1 ), ( 2 ) with 
( 4 ) have major mathematical differences (see the different state 
spaces) but have also significant practical implications: they can 
lead to three different implementations of the feedback law. It 
should be emphasized that the solutions obtained with any of the 
above implementations are identical when the initial condition is 
in the set { (x, u ) ∈ ℜ n × C 0 ( [ −τ, 0] ; ℜ m ) : u (0) = k ( &(x, u ) ) } . More- 
over, the solutions produced by the direct implementation and 
the hybrid implementation are identical for any initial condition 
in ℜ n × L ∞ ( [ −τ, 0) ; ℜ m ) . However, there are huge differences be- 
tween the three implementation schemes: 

(a) The dynamic implementation scheme gives a closed-loop 
system, which is a conventional time-delay system with 
state delays. The delays are distributed but affect only the 
state variable u ( t ). 

(b) The hybrid implementation scheme uses the predictor map- 
ping only at the discrete time instants { τi } ∞ 

i =0 , while the 
other two implementation schemes use the predictor map- 
ping at every time instant. 

(c) The hybrid implementation scheme uses sampled mea- 
surements, while the other two different implementation 
schemes use continuous measurements. 

3. The LTI case 
In this section, we describe the use and construction of approx- 

imate predictors for linear systems. The first subsection is devoted 

to the construction of approximate predictors for LTI systems and 
the second subsection is devoted to the use of approximate predic- 
tors in the context of predictor feedback. 
3.1. Approximate predictors for LTI systems 

Consider the solution of 
˙ x (t) = Ax (t) + Bu (t) 

x (t) ∈ ℜ n , u (t) ∈ ℜ m (8) 
on [0, T ] with initial condition x (0) = x 0 ∈ ℜ n corresponding to in- 
put u ∈ L ∞ ([0, T ); ℜ m ). The theory of differential equations allows 
us to construct approximations of the solution of ( 8 ) which do not 
require the exponential matrix exp ( At ). 

1st step: Successive approximations 
Starting with the constant approximation y 0 ( t, u, x 0 ) ≡ x 0 on 

[0, T ], we generate approximations by means of the recursive 
formula: 
y k +1 (t, u, x 0 ) = x 0 + ∫ t 

0 A y k (s, u ) ds + ∫ t 
0 Bu (s ) ds , 

for k ≥ 0 and t ∈ [0, T ] 
It can be shown (using induction) that 

y l (t, u, x 0 ) = 
( 

l ∑ 
k =0 

t k 
k ! A k 

) 
x 0 + ∫ t 

0 
( 

l−1 ∑ 
k =0 

(t − s ) k 
k ! A k 

) 
Bu (s ) ds, 

for l ≥ 1 and t ∈ [0 , T ] (9) 
The error of the l th approximation is given by: 

x (t) − y l (t, u, x 0 ) = 
( 

∞ ∑ 
k = l+1 

t k 
k ! A k 

) 
x 0 

+ ∫ t 
0 

( 
∞ ∑ 

k = l 
(t − s ) k 

k ! A k 
) 

Bu (s ) ds , 
for l ≥ 1 and t ∈ [0 , T ] (10) 

Since | ∑ ∞ 
k = l+1 t k 

k ! A k | ≤ ∑ ∞ 
k = l+1 t k 

k ! | A | k = p l ( | A | t ) , where p l (t) := 
exp (t) − ∑ l 

k =0 t k 
k ! and since p l (t ) ≤ t l+1 

(l+1)! exp (t ) for all t ≥ 0, we 
obtain from ( 10 ): 
| x (t) − y l (t, u, x 0 ) | 

≤ T l+1 | A | l 
(l + 1)! exp ( | A | T )( | A || x 0 | + | B | sup 

0 ≤s<T ( | u (s ) | ) ) , 
for l ≥ 1 and t ∈ [0 , T ] (11) 

2nd step: Combination of successive and numerical approximations 
First, we divide the interval [0, T ] into N subintervals of equal 

length h = T /N and we approximate the solution at the time in- 
stants ih ( i = 1 , . . . , N) in the following way for certain integer l ≥
1: 
z i +1 = 

( 
l ∑ 

k =0 
h k 
k ! A k 

) 
z i + ∫ h 

0 
( 

l−1 ∑ 
k =0 

( h − s ) k 
k ! A k 

) 
Bu ( ih + s ) ds , 

i = 0 , . . . , N − 1 with z 0 = x 0 , (12) 
This approximation scheme generalizes the successive approx- 

imation scheme (described above) as well as classical numerical 
schemes as the explicit Euler scheme, which corresponds to the 
special case l = 1 . For this approximation scheme, we can prove 
the following technical result; its proof is similar to the proof 
of Proposition 4.1 which is given in the following section and is 
proved in Karafyllis and Krstic (2014b ). 
Lemma 3.1. For every integer N ≥ 1 , x (0) = x 0 ∈ ℜ n and u ∈ L ∞ ([0, 
T ); ℜ m ) , the solution x ( t ) of ( 8 ) satisfies 
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| z N − x (T ) | ≤ T l+1 | A | l 

N l (l + 1)! exp ( | A | T )( | A || x 0 | + | B | sup 
0 ≤s<T ( | u (s ) | ) ) 

(13) 
Formula ( 12 ) can be written in a different way: 

z N = 
( 

l ∑ 
k =0 

h k 
k ! A k 

) N 
x 0 + N−1 ∑ 

i =0 
∫ (i +1) h 

ih 
( 

l ∑ 
k =0 

h k 
k ! A k 

) N−1 −i 

×

( 
l−1 ∑ 
k =0 

( (i + 1) h − s ) k 
k ! A k 

) 
Bu (s ) ds (14) 

where h = T /N, l, N ≥ 1. 
Every choice of integers l, N ≥ 1 gives us an approximate predic- 

tor for the delay system 
˙ x (t) = Ax (t) + Bu (t − τ ) (15) 

i.e., a matrix Q ∈ ℜ n × n and a linear operator ˜ & : 
L ∞ ( [ −τ, 0) ; ℜ m ) → ℜ n for which there exist constants a 1 , a 2 
> 0 such that ∣∣∣∣( Q − exp ( Aτ ) ) x + ˜ &(u ) − ∫ τ

0 exp ( As ) Bu (−s ) ds ∣∣∣∣
≤ a 1 | x | + a 2 sup 

−τ≤s< 0 ( | u ( s ) | ) , 
∀ (x, u ) ∈ ℜ n × L ∞ ( [ −τ, 0) ;ℜ m ) (16) 

The approximate predictor is given by: 
˜ x (t) = Qx (t) + ˜ &( ⌣ u t ) (17) 

Notice that the predictor is not necessarily equal to the 
mapping &(x, u ) = exp ( Aτ ) x + ∫ τ0 exp ( As ) Bu (−s ) ds (exact predic- 
tor mapping) but may provide a predicted value of the future 
value of the state vector which differs from the nominal one, i.e., 
exp ( Aτ ) x (t) + ∫ τ0 exp ( As ) Bu (t − s ) ds . The error of the prediction is 
bounded by the right hand side of inequality ( 16 ). 

The selection 
Q = 

( 
l ∑ 

k =0 
h k 
k ! A k 

) N 
, 

˜ &(u ) = N−1 ∑ 
i =0 

∫ (i +1) h 
ih 

( 
l ∑ 

k =0 
h k 
k ! A k 

) N−1 −i 

×

( 
l−1 ∑ 
k =0 

( ( i + 1) h − s ) k 
k ! A k 

) 
Bu (s ) ds (18) 

where h = τ /N, l, N ≥ 1, is an approximate predictor since ( 14 ) 
and ( 15 ) imply that ( 16 ) holds with a 1 := τ l+1 | A | l+1 

(l+1)! N l exp ( | A | τ ) , a 2 := 
| B | τ l+1 | A | l 

(l+1)! N l exp ( | A | τ ) . It should be noted that for every τ > 0, we 
are in a position to select sufficiently large values for l, N ≥ 1 so 
that the constants a 1 , a 2 > 0 are sufficiently small. 
3.2. Use of approximate predictors for control of LTI systems 

We next assume that we have a linear stabilizing feedback law 
for the delay-free case, i.e., we can design a matrix k ∈ ℜ m × n such 
that (A + Bk ) is a Hurwitz matrix. This assumption allows us to 
consider the predictor feedback for the delay system ( 15 ) based on 
the nominal delay-free feedback law u = kx . The approximate pre- 
dictor ( 17 ) can be used in conjunction with any of the implemen- 
tation schemes given in the previous section. Here, we consider the 
hybrid implementation scheme, which requires sampled measure- 
ments. The hybrid implementation scheme with the approximate 
predictor is given by the equations 
˙ z (t) = Az(t) + Bu (t) , f or all t ∈ [ τi , τi +1 ) (19) 

z( τi ) = Q x ( τi ) + ˜ &( ⌣ u τi ) , f or all i ∈ Z + (20) 
u (t) = kz(t) , f or all t ≥ 0 (21) 
where { τi } ∞ 

i =0 is a partition of ℜ + . For this particular control 
scheme we can prove the following result. 
Theorem 3.2. Let σ > 0 and M ≥ 1 be constants satisfy- 
ing | exp ((A + Bk ) t) | ≤ M exp (−2 σ t) for all t ≥ 0 and let ϕ ∈ 
C 0 ( ℜ + ; ℜ + ) be a function that satisfies |exp ( At )| ≤ ϕ( t ) for all t ≥
0 . Assume that: 
(

M | B | 
σ

( a 1 + a 2 | k | ) + a 2 ) | k | max 
0 ≤s ≤T s ( ϕ(s ) ) exp ( σ (τ + T s ) ) < 1 

(22) 
where a 1 , a 2 > 0 are the constants involved in ( 16 ). Then there exists 
a constant K > 0 such that for every x 0 ∈ ℜ n , ⌣ 

u 0 ∈ L ∞ ( [ −τ, 0) ; ℜ m ) 
and for every partition { τi } ∞ 

i =0 of ℜ + with sup 
i ≥0 ( τi +1 − τi ) ≤ T s , the 

solution (x (t) , ⌣ 
u t ) ∈ ℜ n × L ∞ ( [ −τ, 0) ; ℜ m ) of the closed-loop system 

( 15 ), ( 19 ), ( 20 ), ( 21 ) with initial condition x (0) = x 0 , u (s ) = ⌣ 
u 0 (s ) for 

s ∈ [ −τ, 0) , satisfies the following inequality for all t ≥ 0 : 
| x (t) | + ∥ ⌣ u t ∥ ≤ K exp (−σ t)( | x 0 | + ∥ ⌣ u 0 ∥ ) (23) 

The proof of Theorem 3.2 is similar to the proof of Theorem 4.6 , 
which is given in the following section and is proved in Karafyllis 
and Krstic (2014b ). It should be emphasized at this point that the 
result of Theorem 3.2 includes the case where the exact predic- 
tor is used, i.e., when ( 20 ) is replaced by the equation z( τi ) = 
exp (A (τ + r))( x ( τi ) + ξ ( τi ) ) + ∫ τ0 exp (Aw ) Bu ( τi − w ) dw . Indeed, in 
this case we can set a 1 = a 2 = 0 . Condition ( 22 ) may be interpreted 
as a condition on the accuracy of the approximate predictor. If the 
approximate predictor is accurate enough (i.e., if the constants a 1 , 
a 2 > 0 are sufficiently small) then stabilization can be achieved. 
Indeed, this can be always achieved by the approximate predictor 
given by ( 18 ), since a sufficiently small value for h = τ /N can give 
sufficiently small values for a 1 , a 2 > 0, even for l = 1 (explicit Euler 
scheme). However, a larger value for l can allow larger values for 
h = τ /N which can give the same level of accuracy (i.e., the same 
a 1 , a 2 > 0). 

Next we present an example, which shows how 
Theorem 3.2 can be applied for LTI systems. 
Example 3.3. Consider the scalar system 
˙ x (t) = x (t) + u (t − 1) 

x (t) ∈ ℜ , u (t) ∈ ℜ (24) 
The predictor feedback based on the linear nominal controller 

k = −p with p > 1. All assumptions of Theorem 3.2 hold with A = 
B = M = τ = 1 , k = −p, ϕ(t) = exp (t) for all t ≥ 0 and σ ∈ ( 0 , p−1 

2 ] , 
where p > 1. Here we consider the implementation of the hy- 
brid scheme ( 19 )–( 21 ) with the approximate predictor formula ( 18 ) 
with τ = 1 and l = 1 (explicit Euler scheme): 
z(t) = exp ( t − τi ) ( 1 + N −1 ) N x ( τi ) + ∫ t 

τi exp ( t − s ) u (s ) ds 
+ exp ( t − τi ) N−1 ∑ 

j=0 (1 + N −1 ) N−1 − j ∫ N −1 
0 u ( τi + j N −1 + s − 1 ) ds 

for all t ∈ [ τi , τi +1 ) and i ∈ Z + (25) 
u (t) = −pz(t) , for all t ≥ 0 (26) 
where { τi } ∞ 

i =0 is the sampling partition (a partition of ℜ + ) with 
sup 
i ≥0 ( τi +1 − τi ) ≤ T s , and N > 0 is the number of grid points 
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used in the approximation of the solution mapping. Applying 
Lemma 3.1 with T = τ = 1 we can guarantee that ( 16 ) holds with 
a 1 = a 2 = exp (1) 

2 N . Inequality ( 22 ) is equivalent to the following in- 
equality: 
p exp ( ( σ + 1)( 1 + T s ) )( 1 + p + σ ) < 2 σ N (27) 
for σ ∈ ( 0 , p−1 

2 ] . It follows from ( 27 ) that the number of grid points 
N > 0 is proportional to the quantity exp ( ( σ + 1)( 1 + T s ) ) . In other 
words, the number of grid points N > 0 used in the approxi- 
mation of the solution mapping must increase exponentially with 
the upper diameter of the sampling period T s > 0. This feature is 
expected: the approximation z ( t ) of the future value of the state 
x (t + τ ) becomes less and less accurate when the measurements 
become sparser. In order to face this potential loss of accuracy, the 
approximation scheme requires more grid points. 

We conclude from Theorem 3.2 that if inequality ( 27 ) holds, 
and then there exists a constant K > 0 such that for every x 0 ∈ 
ℜ , ⌣ 

u 0 ∈ L ∞ ( [ −1 , 0) ; ℜ ) and for every partition { τi } ∞ 
i =0 of ℜ + with 

sup 
i ≥0 ( τi +1 − τi ) ≤ T s , the solution (x (t) , ⌣ 

u t ) ∈ ℜ × L ∞ ( [ −1 , 0) ; ℜ ) of 
the closed-loop system ( 24 )–( 26 ) with initial condition u (s ) = 
⌣ 
u 0 (s ) for s ∈ [ −1 , 0) , x (0) = x 0 satisfies inequality ( 23 ) for all t ≥
0. ▹ 
4. Nonlinear systems 

As explained in Introduction, roughly speaking, an approximate 
predictor is a mapping, which can provide an approximation of the 
future value of the state vector at time τ > 0 of a forward com- 
plete system. While for linear systems the use of static approx- 
imate predictors was motivated by computational issues, for non- 
linear systems the use of static approximate predictors is absolutely 
necessary because the predictor mapping is rarely known. 

Next, we describe the construction of approximate predictors 
for nonlinear systems. Consider the solution of ( 3 ) on [0, τ ] with 
initial condition x (0) = x 0 ∈ ℜ n corresponding to input u ∈ L ∞ ([0, 
τ ); ℜ m ). The theory of differential equations allows us to construct 
approximations of the solution of ( 3 ), which do not require the 
knowledge of the solution mapping. 

1st step: Successive approximations 
Let h > 0 be given. Starting with the constant approximation 

y 0 ( t, u, x 0 ) ≡ x 0 on [0, h ], we generate approximations by means 
of the recursive formula: 
y k +1 (t, u, x 0 ) = x 0 + ∫ t 

0 f ( y k (s, u, x 0 ) , u (s )) ds , 
for k ≥ 0 and t ∈ [0 , h ] (28) 

2nd step: Combination of successive and numerical approximations 
First, divide the interval [0, τ ] into N subintervals of equal 

length h = τ /N and approximate the solution at the time instants 
ih ( i = 1 , . . . , N) in the following way for certain integer l ≥ 1: 
z i +1 = y l (h, u i , z i ) for i = 0 , . . . , N − 1 with z 0 = x 0 (29) 
where ( u i )(s ) = u (ih + s ) for s ∈ [0, h ), i = 0 , . . . , N − 1 . 

The solution of ( 3 ) at t = τ is approximated by z N . The above 
approximation scheme generalizes the successive approximation 
scheme (described above) as well as classical numerical schemes 
as the explicit Euler scheme, which corresponds to the special case 
l = 1 . In order to obtain useful estimates for the error of the com- 
putation we need to provide results which are in many ways sim- 
ilar to the results for the global discretization error in numerical 
analysis textbooks – see for example Hairer and Wanner (2002 ) 
and Hairer et al. (1993 ) – with the important difference that here 
we consider systems with inputs (while numerical analysis text- 
books consider systems without inputs). 

We next present results for the general case as well as for the 
case of globally Lipschitz systems. The latter class is in many ways 
similar to the LTI case, because an approximate predictor with 
guaranteed level of accuracy can be constructed with a constant 
number of grid points. In the general nonlinear case, this is not 
possible. 
4.1. Approximate predictors for globally Lipschitz systems 

The following proposition provides an error estimation for glob- 
ally Lipschitz systems ( Karafyllis, 2011 ). 
Proposition 4.1. (Combined successive and numerical approxima- 
tions with constant discretization step size for globally Lipschitz sys- 
tems). Suppose that the following assumption holds. 

(S1) There exists a constant L ≥ 0 satisfying 
| f (x, u ) − f (y, u ) | ≤ L | x − y | , ∀ x, y ∈ ℜ n , ∀ u ∈ ℜ m (30) 
| f (x, u ) | ≤ L | x | + L | u | , ∀ x ∈ ℜ n , ∀ u ∈ ℜ m (31) 

Let l, N be positive integers with Lh < 1 , where h = τN . Then there 
exists a constant K := K(N) ≥ 0 , independent of l, such that for every 
x 0 ∈ ℜ n , u ∈ L ∞ ([0, τ ); ℜ m ) the solution x ( t ) of ( 3 ) on [0, τ ] with 
initial condition x (0) = x 0 ∈ ℜ n corresponding to input u ∈ L ∞ ([0, τ ); 
ℜ m ) satisfies the following inequality: 
| z N − x (T ) | ≤ K (Lh ) l+1 

1 − Lh ( | x 0 | + sup 
0 ≤s<τ

| u (s ) | ) (32) 
4.2. Approximate predictors for the general case 

Next, we consider the generalization of the explicit Euler 
scheme to systems with inputs, which corresponds to the special 
case l = 1 . We make no additional assumption for system ( 3 ) ex- 
cept of the usual Assumptions (H1) and (H2). However, Assump- 
tions (H1) and (H2) have important consequences, which are uti- 
lized in Karafyllis and Krstic (2014b ) in order to obtain results for 
the following numerical scheme, which is an extension of the ex- 
plicit Euler method to systems with inputs: we select a positive 
integer N and define 
z 0 = x 0 , z i +1 = z i + ∫ (i +1) h 

ih f ( z i , u (s )) ds , for i = 0 , . . . , N − 1 (33) 
for h = τN . This is the scheme that corresponds to ( 28 ) and ( 29 ) for 
the special case l = 1 . 
Theorem 4.2. (Numerical approximation). Consider system ( 3 ) un- 
der assumptions (H1), (H2) and let τ > 0 be a positive constant. 
Then there exist continuous functions P : ℜ + → ℜ + , Q : ℜ + → ℜ + , 
A : ℜ + → ℜ + , B : ℜ + → ℜ + such that for every x 0 ∈ ℜ n and for ev- 
ery measurable and essentially bounded input u : [0, τ ) → ℜ m and if 
N ≥ τ P ( | x 0 | + ∥ u ∥ ) then the following inequalities hold: 
| x (τ ) − z N | ≤ τ

2 N B (| x 0 | + ∥ u ∥ )( exp ( τA (| x 0 | + ∥ u ∥ ) ) − 1 ) (34) 
| z i | ≤ Q(| x 0 | + ∥ u ∥ ) , for all i = 0 , 1 , . . . , N (35) 
where ∥ u ∥ := ess sup 

t∈ [0 ,τ ) | u (t) | , x ( τ ) is the solution of ( 3 ) with initial 
condition x (0) = x 0 corresponding to input u : [0, τ ) → ℜ m at time 
t = τ and z i , i = 0 , ..., N are given by ( 33 ). 

Theorem 4.2 allows us to construct mappings which approx- 
imate the solution of ( 3 ) τ time units ahead with guaranteed 
accuracy level. Indeed, let R ∈ C 0 ( ℜ + ; ℜ + ) be a positive definite 
function with lim inf 

s → 0 + ( R ( s ) /s ) > 0 . Define the mapping ˜ & : ℜ n ×
L ∞ ( [0 , τ ) ; ℜ m ) → ℜ n by means of the equation: 
˜ &( x 0 , u ) := z N (36) 
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where z i , i = 0 , 1 , . . . , N are defined by the numerical scheme 
(33) with h = τN , N = N( | x 0 | + ∥ u ∥ ) and 
N(s ) := [τ max ( B (s ) 

2 R (s ) ( exp ( τ A (s ) ) − 1 ) , P (s ) )]
+ 1 (37) 

for s > 0 and 
N(0) := 1 (38) 

By virtue of ( 34 ), ( 36 ) and ( 37 ) the mapping ˜ & : ℜ n ×
L ∞ ( [0 , τ ) ; ℜ m ) → ℜ n satisfies 
| ̃  &( x 0 , u ) − x (τ ) | ≤ R ( | x 0 | + ∥ u ∥ ) (39) 

It can be shown that (by virtue of the condition 
lim inf 

s → 0 + ( R ( s ) /s ) > 0 ) the mapping N ( s ) defined by ( 37 ) and ( 38 ) is 
locally bounded, i.e., 
sup 
0 ≤l≤s N(l) < + ∞ , for all s ≥ 0 (40) 

Therefore, we conclude: 
Corollary 4.3. Consider system ( 3 ) under the assumptions of 
Theorem 4.2 . For every positive definite function R ∈ C 0 ( ℜ + ;ℜ + ) with 
lim inf 

s → 0 + ( R ( s ) /s ) > 0 and for every τ > 0 , consider the mapping ˜ & : 
ℜ n × L ∞ ( [0 , τ ) ; ℜ m ) → ℜ n defined by ( 36 ) for all ( x 0 , u ) ∈ ℜ n ×
L ∞ ([0, τ ); ℜ m ) , where z i , i = 1 , ..., N are defined by the numerical 
scheme ( 33 ) with h = τN and N := N(| x 0 | + ∥ u ∥ ) , where N : ℜ + → 
{ 1 , 2 , 3 , ... } is defined by ( 37 ), ( 38 ). Then inequality ( 39 ) holds for 
all ( x 0 , u ) ∈ ℜ n × L ∞ ([0, τ ); ℜ m ) , where x ( t ) denotes the solution 
of ( 3 ) with initial condition x (0) = x 0 corresponding to input u : [0, 
τ ) → ℜ m and ∥ u ∥ := ess sup 

t∈ [0 ,τ ) | u (t) | . Moreover, inequality ( 40 ) holds 
for all s ≥ 0 . 

However, it must be emphasized that there are problems 
with the approximate predictors provided by Proposition 4.1 and 
Corollary 4.3: 

- the approximate predictor provided by Proposition 4.1 works 
only for globally Lipschitz systems (a very strict assumption) 
and gives an approximation error which depends linearly on 
| x 0 | + ∥ u ∥ , 

- if we would like the approximate predictor provided by 
Corollary 4.3 to work for a system which is not globally Lips- 
chitz, then we would have to use a state-dependent number of 
grid points N = N( | x 0 | + ∥ u ∥ ) . This means that the approximate 
predictor provided by Corollary 4.3 with a state-dependent 
number of grid points N = N( | x 0 | + ∥ u ∥ ) cannot be used in a 
continuous manner. Moreover, the function R ∈ C 0 ( ℜ + ;ℜ + ) in- 
volved in the achieved accuracy level given by ( 39 ) must be a 
positive definite function with lim inf 

s → 0 + ( R ( s ) /s ) > 0 . 
The rest of the section is devoted to the presentation of results 

that allow the use of approximate predictors for time-delay sys- 
tems. We give results for the general case as well as for the case of 
nonlinear globally Lipschitz systems. For the latter class, we are in 
a position to use an approximate predictor with an approximation 
error which depends linearly on | x 0 | + ∥ u ∥ . Moreover, we consider 
two different implementation schemes. 
4.3. Use of approximate predictors for control of globally Lipschitz 
delay systems 

Our first result is about globally Lipschitz systems and con- 
cerns the dynamic implementation of the approximate predictor 
( Karafyllis, 2011 ). In addition to (H1), (H2), (S1), we also need the 
following assumptions. 

(S2) There exists k ∈ C 1 ( ℜ n ; ℜ m ) with k (0) = 0 such that system 
( 3 ) with u = k (x ) + v is Input-to-State Stable from the input 
v ∈ ℜ m with linear gain function, i.e., there exist a function 
σ ∈ KL and a constant γ ≥ 0 such that for every x 0 ∈ ℜ n , v ∈ 
L ∞ 

loc ( ℜ + ;ℜ m ) , the solution x ( t ) of ( 3 ) with u = k (x ) + v , initial 
condition x (0) = x 0 corresponding to input v ∈ L ∞ 

loc ( ℜ + ; ℜ m ) 
satisfies the following inequality for all t ≥ 0: 
| x (t) | ≤ max { σ ( | x 0 | , t ) , γ sup 

0 ≤τ≤t | v (τ ) | } (41) 
Moreover, there exists a constant R ≥ 0 such that 

| k (x ) | ≤ R | x | , ∀ x ∈ ℜ n (42) 
(S3) There exist constants a 1 , a 2 ≥ 0, G ≥ 0 and completely 

Lipschitz mappings p : ℜ n × C 0 ([ −τ, 0] ;ℜ m ) → ℜ m , g : ℜ n ×
C 0 ([ −τ, 0] ;ℜ m ) → ℜ m satisfying the following inequalities 
for all (x, u ) ∈ ℜ n × C 0 ([ −τ, 0] ;ℜ m ) : 
| k (&(x, u )) − p(x, u ) | ≤ max { a 1 | x | , a 2 ∥ u ∥ } (43) 
| g(x, u ) | + | p(x, u ) | ≤ G | x | + G ∥ u ∥ (44) 
where & : ℜ n × L ∞ ( [ −τ, 0) ; ℜ m ) → ℜ n is the predictor map- 
ping involved in ( 4 ). Moreover, for every (x, u ) ∈ ℜ n ×
C 0 ([ −τ, + ∞ ) ; ℜ m ) the solution x ( t ) of ( 1 ) with initial con- 
dition x (0) = x 0 corresponding to u ∈ C 0 ([ −τ, + ∞ ) ; ℜ m ) sat- 
isfies d 

dt p(x (t) , u t ) = g(x (t) , u t ) for all t ≥ 0. 
Assumption (S2) requires that the feedback stabilizer k ∈ C 1 ( ℜ n ; 

ℜ m ) guarantees robustness with respect to control actuator errors 
for the delay-free system ( 3 ). Assumption (S3) introduces the map- 
ping p : ℜ n × C 0 ([ −τ, 0] ; ℜ m ) → ℜ m , which approximates the stabi- 
lizing mapping k ( &( x, u )). Indeed, the reader should notice that 
by virtue of (S3) the solution x ( t ) of ( 1 ) with initial condition 
x (0) = x 0 corresponding to u ∈ C 0 ([ −τ, + ∞ ) ; ℜ m ) satisfies: 
| k (&(x (t) , u t )) − p(x (t) , u t ) | ≤ max { a 1 | x (t) | , a 2 ∥ u t ∥ } , 
for every t ≥ 0 (45) 
| k (x (t)) − p(x (t − τ ) , u t−τ ) | ≤ max { a 1 | x (t − τ ) | , a 2 ∥ u t−τ∥ } , 
for every t ≥ τ (46) 
d 
dt p(x (t) , u t ) = g(x (t) , u t ) , ∀ t ≥ 0 (47) 

Eq. (47) shows that the mapping g : ℜ n × C 0 ([ −τ, 0] ;ℜ m ) → ℜ m 
is simply the derivative of p : ℜ n × C 0 ([ −τ, 0] ;ℜ m ) → ℜ m along the 
solutions of ( 1 ). Notice the linear bound on the approximation 
error for k ( &( x, u )) in ( 45 ). This linear bound was also met in 
Proposition 4.1 and therefore, Assumption (S3) can be met for 
an approximate predictor designed by means of Proposition 4.1 . 
The constants a 1 , a 2 ≥ 0 in (43) determine the accuracy of the 
approximation. 

We are now ready to state our first main result on the use of 
approximate predictors for control of globally Lipschitz delay sys- 
tems ( Karafyllis, 2011 ). 
Theorem 4.4. (Stabilization with approximate predictor for globally 
Lipschitz systems). Consider systems ( 1 ), ( 3 ) under assumptions (S1), 
(S2), (S3) and further assume that 
γ a 1 < 1 , a 2 (1 + γ R ) < 1 (48) 

Then for every µ > 0 , there exists ˜ σ ∈ KL such that for every 
( x 0 , u 0 ) ∈ ℜ n × C 0 ([ −τ, 0] ; ℜ m ) the solution ( x ( t ), u ( t )) of ( 1 ) with 
˙ u (t) = g(x (t) , u t ) − µ(u (t) − p(x (t) , u t )) (49) 
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with initial condition x (0) = x 0 , u (s ) = u 0 (s ) for s ∈ [ −τ, 0] , satisfies 
the estimate: 
| x (t) | + | u (t) | ≤ ˜ σ ( | x 0 | + ∥ u 0 ∥ , t ) , ∀ t ≥ 0 (50) 
i.e., the dynamic feedback law ( 49 ) achieves global stabilization of sys- 
tem ( 1 ). Moreover, if there exist constants M, ω > 0 such that the 
following estimate holds instead of ( 41 ) for all t ≥ 0 
| x (t) | ≤ max { M exp (−ω t) | x 0 | , γ sup 

0 ≤τ≤t exp ( −ω(t − τ ) ) | v (τ ) | } , 
(51) 

then for every µ > 0 there exist ˜ M , ˜ ω > 0 such that for every 
( x 0 , u 0 ) ∈ ℜ n × C 0 ([ −τ, 0] ;ℜ m ) the solution ( x ( t ), u ( t )) of ( 1 ), ( 49 ) 
with initial condition x (0) = x 0 , u (s ) = u 0 (s ) for s ∈ [ −τ, 0] , satisfies 
estimate ( 50 ) with ˜ σ (s, t) := ˜ M exp (− ˜ ω t) s , i.e. , the dynamic feed- 
back law ( 49 ) achieves global exponential stabilization of system ( 1 ). 

Since the formulae for the mappings p : ℜ n × C 0 ([ −r, 0] ;ℜ m ) → 
ℜ m and g : ℜ n × C 0 ([ −r, 0] ;ℜ m ) → ℜ m involved in Assumption (S3) 
may be complicated, the following result ( Karafyllis, 2011 ) helps 
for the simplification of the formulae at the cost of an additional 
approximation. 
Theorem 4.5. Consider systems ( 1 ), ( 3 ) under assumptions (S1), (S2) 
and further assume that the following assumption holds: 

(S4) There exist constants a 1 , a 2 ≥ 0 , G ≥ 0 and com- 
pletely Lipschitz mappings p : ℜ n × C 0 ([ −τ, 0] ;ℜ m ) → ℜ m , g : ℜ n ×
C 0 ([ −τ, 0] ;ℜ m ) → ℜ m satisfying the following inequalities for all 
(x, u ) ∈ ℜ n × C 0 ([ −τ, 0] ;ℜ m ) : 
max {| k (&(x, u )) − p(x, u ) | , |∇k (&(x, u )) f (&(x, u ) , u (0)) 

− g(x, u ) |} 
≤ max { a 1 | x | , a 2 ∥ u ∥ } (52) 

| g(x, u ) | + | p(x, u ) | ≤ G | x | + G ∥ u ∥ (53) 
γ a 1 < 1 , a 2 (1 + γ R ) < 1 (54) 
where & : ℜ n × L ∞ ( [ −τ, 0) ; ℜ m ) → ℜ n is the predictor mapping in- 
volved in ( 4 ). Then for every µ > 0 satisfying 
γ a 1 ( 1 + µ−1 ) < 1 , a 2 ( 1 + µ−1 )(1 + γ R ) < 1 (55) 
there exists ˜ σ ∈ KL such that for every ( x 0 , u 0 ) ∈ ℜ n ×
C 0 ([ −τ, 0] ;ℜ m ) the solution ( x ( t ), u ( t )) of ( 1 ) with ( 49 ) and 
initial condition x (0) = x 0 , u (s ) = u 0 (s ) for s ∈ [ −τ, 0] , satis- 
fies estimate ( 50 ), i.e. , the dynamic feedback law ( 49 ) achieves 
global stabilization of system ( 1 ). Moreover, if there exist constants 
M, ω > 0 such that ( 51 ) holds instead of ( 41 ), then for every 
µ > 0 satisfying ( 55 ) there exist ˜ M , ˜ ω > 0 such that for every 
( x 0 , u 0 ) ∈ ℜ n × C 0 ([ −τ, 0] ;ℜ m ) the solution ( x ( t ), u ( t )) of ( 1 ), ( 49 ) 
with initial condition x (0) = x 0 , u (s ) = u 0 (s ) for s ∈ [ −τ, 0] , satis- 
fies estimate ( 50 ) with ˜ σ (s, t) := ˜ M exp (− ˜ ω t) s , i.e. , the dynamic 
feedback law ( 49 ) achieves global exponential stabilization of system 
( 1 ). 

The parameters a 1 , a 2 ≥ 0 involved in Assumptions (S3) and 
(S4) play the same role as in the LTI case: they determine the level 
of accuracy of the approximate predictor. However, Assumption 
(S4) does not require the mapping g : ℜ n × C 0 ([ −τ, 0] ;ℜ m ) → ℜ m 
to be the derivative of p : ℜ n × C 0 ([ −τ, 0] ; ℜ m ) → ℜ m along the so- 
lutions of ( 1 ): g approximates the derivative of k ( &( x ( t ), u t )). 
4.4. Use of approximate predictors for control of general nonlinear 
delay systems 

The next main result utilizes the approximate predictor pro- 
vided by Corollary 4.3 , implemented in a hybrid way ( Karafyllis & 

Krstic, 2014b ). We also study the sampling problem, i.e., the prob- 
lem where the measurement is not available on-line but it is only 
available at discrete time instants (the sampling times). 
Theorem 4.6. (Approximate predictor with hybrid implementation). 
Consider system ( 3 ) under Assumptions (H1), (H2). Furthermore, as- 
sume that f : ℜ n × ℜ m → ℜ n and k : ℜ n → ℜ m are continuously differ- 
entiable mappings and that 0 ∈ ℜ n is a Globally Asymptotically Stable 
and Locally Exponentially Stable equilibrium point of the closed-loop 
system ( 3 ) with u (t) = k (x (t)) . 

Then for every τ > 0 , T s > 0 there exists a locally bounded map- 
ping N : ℜ n × ℜ + → { 1 , 2 , 3 , ... } , a constant ω > 0 and a locally Lips- 
chitz, non-decreasing function C : ℜ + → ℜ + with C(0) = 0 , such that 
for every partition { τi } ∞ 

i =0 of ℜ + with sup 
i ≥0 ( τi +1 − τi ) ≤ T s , for every x 0 

∈ ℜ n and ⌣ 
u 0 ∈ L ∞ ( [ −τ, 0) ; ℜ m ) , the solution ( x ( t ), u ( t )) ∈ ℜ n × ℜ m 

of the closed-loop system ( 1 ) with 
˙ z (t) = f (z(t) , k (z(t))) , z(t) ∈ ℜ n 
u (t) = k (z(t)) , for t ∈ [ τi , τi +1 ) , i ∈ Z + (56) 
and 
z( T i ) = z N , i ∈ Z + (57) 
where N := N( | x ( τi ) | + sup 

τi −τ≤s< τi | u (s ) | ) , h = τ /N and 
z j+1 = z j + ∫ ( j+1) h 

jh f ( z j , u ( τi − τ + s )) ds , 
for j = 0 , . . . , N − 1 and z 0 = x ( τi ) (58) 
and initial condition x (0) = x 0 and u (s ) = ⌣ 

u 0 (s ) for s ∈ [ −τ, 0) satis- 
fies the following inequality for all t ≥ 0 : 
| x (t) | + sup 

t−τ≤s<t | u (s ) | ≤ exp (−ω t) C( | x 0 | + sup 
−τ≤s< 0 | u 0 (s ) | ) (59) 

The notions of Global Asymptotic Stability and Local Expo- 
nential stability employed in the statement of Theorem 4.6 are 
the standard notions used in the literature ( Khalil, 1996 ). Since 
the number of the grid points N := N( | x ( τi ) | + sup 

τi −τ≤s< τi | u (s ) | ) is 
a function of the state and the input, it is clear that different 
time steps are used each time that a new measurement arrives. 
Theorem 4.6 is proved by means of a combined Lyapunov and 
small-gain methodology and its proof is constructive. The con- 
trol practitioner will find explicit formulae for the computation 
of N := N( | x ( τi ) | + sup 

τi −τ≤s< τi | u (s ) | ) , which require the knowledge of 
an appropriate Lyapunov function for the closed-loop system ( 3 ) 
with u (t) = k (x (t)) . Notice that the fact that the function C : ℜ + → 
ℜ + involved in ( 59 ) is locally Lipschitz with C(0) = 0 guarantees 
the analogue of local exponential stability for complicated systems 
such as the closed-loop system ( 1 ) with ( 56 )–( 58 ) (systems with 
delays and hybrid features), since the estimate 
| x (t) | + sup 

t−τ≤s<t | u (s ) | ≤ " exp (−ω t)( | x 0 | + sup 
−τ≤s< 0 | u 0 (s ) | ) 

holds for all t ≥ 0, for certain appropriate constant " > 0 and 
for initial conditions with | x 0 | + sup 

−τ≤s< 0 | u 0 (s ) | sufficiently small. 
Therefore, both global asymptotic stability and local exponential 
stability are preserved, despite the delay, the sampled measure- 
ments, and the numerical approximation. 

It is clear that the hybrid implementation scheme has a dig- 
ital component ( Eqs. (57) and ( 58 )) and an analog component 
( Eq. (56) ). Therefore, the implementation of the analog component 
may be an important issue. However, it should be noted that even 
if the solution map of ( 1 ) is not available in explicit form then nu- 
merical methods may be used for the computation of the solution 
of ( 56 ). The numerical computation of the solution of ( 56 ) is much 
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easier than the computation of the solution of ( 1 ) because 0 ∈ ℜ n 
is a Globally Asymptotically Stable and Locally Exponentially Sta- 
ble equilibrium point for ( 56 ) ( Karafyllis & Grüne, 2011 ) and be- 
cause the feedback u = k (x ) may be used in order to guarantee 
useful properties such as (i) in the linear case, the placement of 
the eigenvalues of the matrix A + Bk at convenient places so that 
the matrix A + Bk is not a stiff matrix, and (ii) the feedback lin- 
earization of the nonlinear system. Therefore, even if the solution 
map of ( 1 ) is not explicitly known, the solution of ( 56 ) can be com- 
puted easily by using an appropriate numerical scheme. 
5. Examples 

In this section we present two examples that illustrate the use 
of approximate predictors for nonlinear systems. 
5.1. A globally Lipschitz example 

The following example illustrates the use of Theorem 4.4 and 
Proposition 4.1 for the scalar system 
˙ x (t) = f (x (t)) + u (t − τ ) 

x (t) ∈ ℜ , u ∈ ℜ (60) 
where f ∈ C 1 ( ℜ ; ℜ ) is a globally Lipschitz function with derivative 
satisfying sup 

x ∈ℜ | f ′ (x ) | < + ∞ . The feedback law 
k (x ) := −(+ + κ ) x (61) 
where κ > 0 is a constant and + := sup 

x ∈ℜ | f ′ (x ) | , satisfies Assump- 
tion (S2) with γ = 1+ ε 

κ , σ (s, t) := s (1 + ε −1 ) exp ( − κ
2 t ) and R = 

+ + κ , where ɛ > 0 is arbitrary. This may be shown directly by us- 
ing the time derivative of the function V (x ) = 1 

2 x 2 and the growth 
condition | f ( x )| ≤ +| x | for all x ∈ ℜ . More specifically, inequality 
( 51 ) holds with γ = 1+ ε 

κ
√ 

1 −ε , M := 1 + ε −1 and ω := κε 
2 , where ɛ ∈ 

(0, 1) is arbitrary. 
Assumption (S2) can be used for the small-gain analysis pre- 

sented in Teel (1998 ). Indeed, utilizing the small-gain arguments 
in Teel (1998 ), it may be shown that the closed-loop system ( 60 ) 
with u (t) = k (x (t)) will be Globally Asymptotically Stable provided 
that 
τ < κ

(+ + κ )(2+ + κ ) (62) 
As a case study, we consider the case f (x ) = sgn (x ) x 2 √ 

1+ x 2 . 
For this function we have f ′ (x ) = | x | ( 2+ x 2 ) 

(1+ x 2 ) √ 
1+ x 2 , which implies that 

+ := sup 
x ∈ℜ | f ′ (x ) | = 4 √ 

2 
3 √ 

3 ≈ 1 . 088662 . It follows that inequality ( 62 ) 
is not satisfied for κ = 20 − + and τ > 0.044838. Simulations 
in Karafyllis (2011 ) confirm that we should not use the “no- 
prediction” controller u (t) = k (x (t)) for large values of the de- 
lay. Indeed, simulations for the closed-loop system ( 60 ), ( 61 ) with 
u (t) = k (x (t)) , f (x ) = sgn (x ) x 2 √ 

1+ x 2 , κ = 20 − L and τ = 1 show so- 
lutions that do not approach the equilibrium and obtain very large 
(in absolute value) values after a short time. 

Since the nonlinearity f (x ) = sgn (x ) x 2 √ 
1+ x 2 is considered to be 

mild in the sense that it is globally Lipschitz and a linear growth 
condition holds, one may assume that a classical linear Smith-like 
predictor can be used for the linearized system ˙ x (t) = u (t − τ ) us- 
ing the linear controller ( 61 ) which stabilizes the nonlinear system 
when no delays are present (notice that f ′ (0) = 0 ). The applied in- 
put is given by the implicit expression: 
u (t) = −( L + κ ) (x (t) + ∫ t 

t−τ
u (τ ) dτ

)
, for t ≥ 0 (63) 

Simulations in Karafyllis (2011 ) show that local stabilization can 
be achieved by using the controller ( 63 ). However, global stability 
is not achieved by using ( 63 ), since simulations for the closed-loop 
system ( 60 ), ( 63 ) with f (x ) = sgn (x ) x 2 √ 

1+ x 2 , κ = 20 − L and τ = 1 
show solutions that do not approach the equilibrium. 

Notice that inequalities ( 30 ), ( 31 ) hold with L := max ( 1 , +) = 
max ( 1 , sup 

x ∈ℜ | f ′ ( x ) | ) . Proposition 4.1 guarantees that inequality ( 32 ) 
holds for the prediction scheme given by ( 28 ) and ( 29 ). Here, we 
consider a “pure successive approximation scheme”, i.e., N = 1 , for 
which we can apply Proposition 4.1 when L τ < 1. The proof of 
Proposition 4.1 shows that the constant K ( N ) involved in ( 32 ) sat- 
isfies K = 1 for N = 1 . Using the prediction scheme given by ( 28 ) 
and ( 29 ) with N = l = 1 , we notice that the requirements of As- 
sumption (S3) hold with 
p(x, u ) = −(+ + κ ) (x + τ f (x ) + ∫ τ

0 u (s − τ ) ds ), 
a 1 = (1 + ω)( + + κ ) (Lτ ) 2 

1 − Lτ
, a 2 = (1 + ω −1 )( + + κ ) (Lτ ) 2 

1 − Lτ
, 

g(x, u ) = −(+ + κ ) ( f (x ) + τ f ′ (x ) f (x ) + τ f ′ (x ) u (−r) + u (0) ) 
(64) 

and appropriate constant G ≥ 0, where ω > 0 is an arbitrary con- 
stant. The assumptions of Theorem 4.4 hold for ( + + κ ) (Lτ ) 2 (1 + 
+ + 2 κ ) < κ(1 − Lτ ) . 

Using the prediction scheme given by ( 28 ) and ( 29 ) with N = 
1 , l = 2 , we notice that the requirements of Assumption (S3) hold 
with 
p(x, u ) = −(+ + κ ) (x + ∫ τ

0 f (x + w f (x ) + ∫ w 
0 u (s − τ ) ds )dw 

+ ∫ τ

0 u (w − τ ) dw ), 
a 1 = (1 + ω)( + + κ ) (Lτ ) 3 

1 − Lτ
, a 2 = (1 + ω −1 )( + + κ ) (Lτ ) 3 

1 − Lτ
, 

g(x, u ) = −(+ + κ ) ( f (x ) + u (0) ) 
− (+ + κ ) (∫ τ

0 f ′ (x + w f (x ) 
+ ∫ w 

0 u (s − τ ) ds )( f ( x ) + w f ′ (x ) f (x ) ) dw )

− (+ + κ ) (∫ τ

0 f ′ (x + w f (x ) 
+ ∫ w 

0 u (s − τ ) ds )( w f ′ ( x ) u ( −τ ) + u (w − τ ) ) dw ) (65) 
and appropriate constant G ≥ 0, where ω > 0 is an arbitrary con- 
stant. The assumptions of Theorem 4.4 hold for ( + + κ ) (Lτ ) 3 (1 + 
+ + 2 κ ) < κ(1 − Lτ ) . 

Turning back to the case study f (x ) = sgn (x ) x 2 √ 
1+ x 2 , L = + := 

sup 
x ∈ℜ | f ′ (x ) | = 4 √ 

2 
3 √ 

3 ≈ 1 . 088662 , κ = 20 − L , we notice that system 
( 60 ) will be stabilized by the “no prediction” feedback u (t) = 
k (x (t)) for τ < 0.044838, i.e., when ( 62 ) holds. On the other hand, 
the inequality ( + + κ ) (Lτ ) 2 (1 + + + 2 κ ) < κ(1 − Lτ ) shows that 
for every µ > 0 the dynamic feedback ( 49 ) with p, g defined by 
( 64 ) achieves global exponential stabilization for τ < 0.130922. 
Moreover, inequality ( + + κ ) (Lτ ) 3 (1 + + + 2 κ ) < κ(1 − Lτ ) shows 
that for every µ > 0 the dynamic feedback ( 49 ) with p, g defined 
by ( 65 ) achieves global exponential stabilization for τ < 0.238642. 

Other values for N can be used as well. However, the formu- 
lae become complicated for high values of the integers l, N . Using 
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the prediction scheme given by ( 28 ) and ( 29 ) with l = 1 , N = 2 we 
notice that the requirements of Assumption (S3) hold with: 
p(x, u ) = −(+ + κ ) (x + τ

2 f (x ) + ∫ τ

0 u (s − τ ) ds )

− (+ + κ ) τ
2 f 

(
x + τ

2 f (x ) + ∫ τ / 2 
0 u (s − r) ds ) (66) 

g(x, u ) = −(+ + κ ) ( f (x ) + τ
2 f ′ (x ) f (x ) + τ

2 f ′ (x ) u (−τ ) + u (0) )
− (+ + κ ) τ

2 f ′ 
(

x + τ
2 f (x ) + ∫ τ / 2 

0 u (s − τ ) ds )
×

(
f (x ) + u (−τ

2 
))

− (+ + κ ) τ
2 f ′ 

(
x + τ

2 f (x ) + ∫ τ / 2 
0 u (s − τ ) ds )

×
(
τ
2 f ′ (x ) f (x ) + τ

2 f ′ (x ) u (−τ ) ) (67) 
Exact computation of the constant K ( N ) involved in ( 32 ) in con- 

junction with Proposition 4.1 and Theorem 4.4 shows that for ev- 
ery µ > 0 the dynamic feedback ( 49 ) with p, g defined by ( 66 ), 
( 67 ), achieves global exponential stabilization provided that 
Lτ < 2 and 
( 1 + 2 κ + +)(+ + κ ) (Lτ ) 2 

×
[

1 + exp (√ 
2 + 1 
4 Lτ

)
+ exp (Lτ

2 
)

+ 1 
2 (Lτ ) 2 

2 − Lτ

]

< 2 κ(2 − Lτ ) (68) 
For the case study f (x ) = sgn (x ) x 2 √ 

1+ x 2 , L = + := sup 
x ∈ℜ | f ′ (x ) | = 

4 √ 
2 

3 √ 
3 ≈ 1 . 088662 , κ = 20 − L , we notice that inequalities ( 68 ) hold 

for τ < 0.151464. 
5.2. A nonlinear system in strict feedback form 

The following example is a planar nonlinear system in strict 
feedback form. It will become apparent that for this class of sys- 
tems the analog component of the proposed control scheme can be 
implemented with precision by utilizing transformed coordinates. 

Consider the two-dimensional control system 
˙ x 1 (t) = a ( 1 + cos ( x 1 (t)) ) x 1 (t) + x 2 (t) 
˙ x 2 (t) = u (t − τ ) (69) 

where a > 0 is a constant. System ( 69 ) is a nonlinear system 
which is not globally Lipschitz and the solution map for system 
( 69 ) is not available. However, in Karafyllis and Krstic (2014b ), it 
is shown that Theorem 4.6 can be applied for system ( 69 ) and ex- 
plicit formulas are given for the locally bounded function N : ℜ + → 
{ 1 , 2 , 3 , ... } which determines the number of grid points used in 
the numerical approximation scheme. 

It follows from Theorem 4.6 that for every τ > 0, T s > 0 there 
exists a constant ω > 0 and a locally Lipschitz, non-decreasing 
function C : ℜ + → ℜ + with C(0) = 0 , such that for every parti- 
tion { τi } ∞ 

i =0 of ℜ + with sup 
i ≥0 ( τi +1 − τi ) ≤ T s , for every x 0 ∈ ℜ 2 and 

⌣ 
u 0 ∈ L ∞ ( [ −τ, 0) ; ℜ ) , the solution ( x ( t ), u ( t )) ∈ ℜ 2 × ℜ of the closed- 
loop system ( 69 ) with 

˙ z 1 (t) = a ( 1 + cos ( z 1 (t)) ) z 1 (t) + z 2 (t) 
˙ z 2 (t) = u (t) , for t ∈ [ τi , τi +1 ) (70) 
u (t) = −( a + 2 + a cos ( z 1 (t)) −a z 1 (t ) sin ( z 1 (t )) )( z 2 (t) + a z 1 (t) ) 

− a z 1 (t) cos ( z 1 (t))(a + 2 + a cos ( z 1 (t)) 
− a z 1 (t) sin ( z 1 (t))) − z 1 (t) (71) 

and 
z( τi ) = z N (72) 
where N := N( | x ( τi ) | + sup 

τi −τ≤s< τi | u (s ) | ) , h = τ /N and 
z j+1 = z j + [ah ( 1 + cos ( z j, 1 ) ) z j, 1 + h z j, 2 

∫ ( j+1) h 
jh u ( τi − τ + s ) ds 

]
, 

for j = 0 , . . . , N − 1 and z 0 = x ( τi ) (73) 
and initial condition x (0) = x 0 and u (s ) = ⌣ 

u 0 (s ) for s ∈ [ −τ, 0) sat- 
isfies inequality ( 59 ) for all t ≥ 0. The analog component ( 70 ) 
of the hybrid predictor feedback law ( 70 )–( 73 ) can be imple- 
mented by utilizing the fact that system ( 70 ), ( 71 ) expressed in the 
coordinates 
ξ1 = z 1 
ξ2 = (a + 1) z 1 + a cos ( z 1 ) z 1 + z 2 (74) 
satisfies the following differential equations 
˙ ξ1 (t) = −ξ1 (t) + ξ2 (t) 
˙ ξ2 (t) = −ξ2 (t) (75) 

It follows from ( 74 ), ( 75 ) that the analog component ( 70 ) of the 
hybrid predictor feedback law ( 70 ), ( 71 )–( 73 ) can be implemented 
by means of the equations: 
ξ1 (t) = exp ( −( t − τi ) ) z 1 ( τi ) 

+ exp ( −( t − τi ) )(t − τi )((a + 1) z 1 ( τi ) 
+ a cos ( z 1 ( τi )) z 1 ( τi ) + z 2 ( τi )) 

ξ2 (t) = exp ( −( t − τi ) )((a + 1) z 1 ( τi ) 
+ a cos ( z 1 ( τi )) z 1 ( τi ) + z 2 ( τi )) , 

for t ∈ [ τi , τi +1 ) (76) 
z 1 (t) = ξ1 (t) 
z 2 (t) = ξ2 (t) − (a + 1) ξ1 (t) − a cos ( ξ1 (t )) ξ1 (t ) (77) 

The methodology for handling feedback linearizable systems in 
strict feedback form of dimension larger than two is similar to the 
methodology described above for system ( 69 ). 
6. Notes, comments and concluding remarks 

Research on approximate predictors for predictor feedback 
of nonlinear time-delay systems still continues. Recent results 
( Karafyllis & Krstic, 2016 ) have shown that approximate predictors 
based on the numerical scheme ( 33 ) with a constant number of 
grid points can also be used for another class of nonlinear systems: 
nonlinear systems with a compact absorbing set. 

All approximate predictors presented in this work can be char- 
acterized as static approximate predictors, because the prediction 
is the output of a static mapping (which is either given by a for- 
mula or an algorithm). The reader should be aware of a different 
method for the prediction of the future state of a nonlinear time- 
delay system: the dynamic approximation method. For the dy- 
namic approximation method, the approximate predictor is a sys- 
tem described by Integral Delay Equations or Retarded Functional 
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Differential Equations and consists of a series connection of N ap- 
proximate predictors (each making a prediction for the state vector 
δ = τ /N time units ahead). Such dynamic predictors were first in- 
troduced in Germani, Manes, and Pepe (2002 ) and later were used 
in Ahmed-Ali et al. (2015 ), Ahmed-Ali, Karafyllis, and Lamnabhi- 
Lagarrigue (2013 ) and Karafyllis et al. (2014 ) . The present paper 
does not cover this methodology for two reasons: (a) because its 
analysis is similar to the analysis provided for the static approxi- 
mate predictors used in the present paper, and (b) because the im- 
plementation of dynamic approximate predictors is much more de- 
manding than the implementation of the proposed static approx- 
imate predictors. Dynamic approximate predictors can be applied 
to globally Lipschitz systems and systems with a compact absorb- 
ing set ( Ahmed-Ali et al., 2015; Karafyllis et al., 2014 ). 

The problem of the approximation of the matrix exponential 
exp ( At ) and the convolution integrals that involve the matrix ex- 
ponential can be important because the computation of the ma- 
trix exponential exp ( At ) can be a tedious task for large scale or 
for stiff systems ( Moler & Van Loan, 2003 ). The results provided 
in Section 3 and formula ( 14 ) is a specialization of the results in 
Karafyllis Krstic (2014b ) and Karafyllis et al. (1015a) to the lin- 
ear case. Formula ( 14 ) with l = 1 is similar to the formula (11.7) 
on page 177 of the book ( Zhong, 2010 ). However, there is a dif- 
ference between formula ( 14 ) and formula (11.7) on page 177 of 
Zhong (2010 ): in formula ( 14 ) with l = 1 the matrix exponentials 
exp ( A τ ) and exp ( A ( τ − (k + 1) τN ) ) are approximated by ( I + τN A ) N 
and ( I + τN A ) N−1 −k , respectively. In other words, formula ( 14 ) does 
not require the computation of the matrix exponentials. This fea- 
ture can be important for large-scale systems. Another advantage 
of the presented analysis is the computation of explicit bounds for 
the number of grid points N (recall formulas ( 13 ) and ( 22 )). In 
Zhong (2010 ), it is shown that the error converges to zero when 
N → + ∞ (Theorem 11.6 on page 187) but no explicit bound is 
provided. 

The necessity of the use of approximate predictors is clear 
when stabilization of a delay system with large delays is sought. 
With the exception of a limited number of classes of nonlinear sys- 
tems – given in Karafyllis and Krstic (2012 ) – where exact formu- 
las for the solutions can be given, for all other nonlinear systems 
the solution mapping is not available. It is expected that future re- 
search results will illustrate the use of approximate predictors for 
classes of nonlinear systems which are different from the classes 
presented in this work as well as the robustness properties of ap- 
proximate predictors. 
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