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a b s t r a c t

This paper proposes a predictor-based state feedback controller for multi-input linear time-invariant
(LTI) systems with different time delays in each individual input channel. The controller is derived
based on the backsteppingmethod. Since the conventional backstepping transformation is not applicable
to the systems due to the differences among delays, a modified transformation is introduced. This
transformation enables us to design an exponentially stabilizing controller underwhich the plant behaves
as if the delays were absent after a finite time interval. As a dual of the controller design, we also present
the observer design for multi-output LTI systems with distinct sensor delays. A numerical simulation
confirms the performance of the proposed controller.

© 2016 Elsevier Ltd. All rights reserved.
1. Introduction

This paper considers a stabilization problem of the fol-
lowing linear time-invariant (LTI) systems with distinct input
delays:

Ẋ(t) = AX(t)+

m
i=1

biUi(t − Di), (1)

where X(t) ∈ Rn is the state and the ith control channel Ui(t) ∈ R
is delayed by Di > 0, i ∈ {1, . . . ,m}. Stabilization of dynamical
systems in the presence of input delays has been widely studied
in the field of control engineering (Gu & Niculescu, 2003; Richard,
2003). A typical approach is the predictor-based controller (Art-
stein, 1982; Kwon&Pearson, 1980; Lewis, 1979;Manitius &Olbrot,
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1979;Watanabe & Ito, 1981). According to them,we can design the
following control law:

Ui(t) = k⊤

i


eADiX(t)+

m
j=1

 t

t−Dj

eA(t+Di−θ−Dj)bjUj(θ)dθ


, (2)

where i ∈ {1, 2, . . . ,m} (see Example 5.2 in Artstein, 1982). This
control law exponentially stabilizes the system (1), if the gains
ki ∈ Rn, i = 1, . . . ,m are chosen so that the matrix

A +

m
i=1

e−ADibik
⊤

i e
ADi (3)

is Hurwitz.
The idea of predictor-feedback is to realize Ui(t) = k⊤

i X(t +Di)

(or, equivalently, Ui(t −Di) = k⊤

i X(t)). The variation-of-constants
formula shows that the solution X(t) of (1) satisfies

X(t + Di) = eADiX(t)+

m
j=1

 t−Dji

t−Dj

eA(t+Di−θ−Dj)bjUj(θ)dθ, (4)

where Dji := Dj − Di for each i, j ∈ {1, 2, . . . ,m}. Clearly, (2) does
not imply Ui(t) = k⊤

i X(t + Di), unless m = 1 or D1 = D2 =

· · · = Dm. This fact seems to be of little importance, because the
exponential stability of the closed-loop system is guaranteed as
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long as the matrix (3) is Hurwitz. However, the stability condition
depends on delays except in the case of m = 1 or D1 = D2 =

· · · = Dm. Hence, even if the nominal feedback law Ui(t) = k⊤

i X(t)
stabilizes the undelayed system, the predictor feedback (2) does
not always stabilize (1). We need to abandon the nominal design.

Recently, another interpretation of the predictor-feedback was
made in Krstic (2009) for single-input systems. The predictor-
based controller is naturally derived by applying the infinite-
dimensional backstepping method (Krstic & Smyshlyaev, 2008;
Meurer, 2013; Vazquez & Krstic, 2008). In this approach, we repre-
sent systemswith an input delay by a cascade of an ordinary differ-
ential equation (ODE) and a transport partial differential equation
(PDE). Then, a state transformation, called the backstepping trans-
formation, is used to convert the original system into a stable target
system. The feedback control law is obtained as a condition under
which the transformation is accomplished. As the main feature of
the backstepping approach, we can construct an explicit Lyapunov
functional of the closed-loop system, which brings some benefit as
pointed out in Krstic (2009, 2008).

Actually, an extension of the backstepping approach to the
systems given by (1) is available by specializing the result in
Bekiaris-Liberis and Krstic (2011), which deals with more general
distributed delays. The resulting controller is the same as (2).
However, this result does not seem to be amulti-input counterpart
of the result in Krstic (2009). First of all, we need to use the
backstepping-forwarding transformation. Since the system (1)
does not contain distributed delays, the forwarding part should
be unnecessary. In addition, the transformation involving the
forwarding part is not always invertible (Bribiesca Argomedo &
Krstic, 2015). The other reason is that the structure of the target
system used there is completely different from the one in Krstic
(2009).

The purpose of this paper is to obtain a predictor-based
controller that is more compatible with the variation-of-constant
formula (4) by extending the backstepping approach to multi-
input LTI systems with distinct input delays. The goal is achieved
by introducing a new backstepping-like transformation. This is
the main contribution of this paper. The resulting controller
has a structure that is naturally expected from the variation-of-
constants formula. Furthermore, it is guaranteed that the closed-
loop system behaves as if the nominal static feedback control were
realized after a finite time interval. This fact is an advantage of
the proposed approach, since we can exploit the nominal feedback
gain. An explicit Lyapunov functional for the closed-loop system is
available. In addition to the predictor-feedback controller, we also
derive an observer for multi-output systems with distinct output
delays by developing a dual method. This is one of the substantial
differences from our earlier conference paper (Tsubakino, Oliveira,
& Krstic, 2015).

The organization of the paper is as follows. In Section 2,
we present controller design using the proposed transformation.
Section 3 is devoted to the stability analysis of the closed-loop
system. A Lyapunov functional is introduced. In Section 4, we
develop an observer designmethod as a dual result of the foregoing
two sections. The effectiveness of the proposed controller is
demonstrated by a numerical simulation in Section 5.

2. Controller design

Without loss of generality, we can assume that the control
inputs are ordered so that 0 ≤ D1 ≤ D2 ≤ · · · ≤ Dm. It is
convenient to letD0 = 0. SetB = (b1, b2, . . . , bm) ∈ Rn×m.We also
suppose that the pair (A, B) is stabilizable. In other words, there
exists a matrix K = (k1, k2, . . . , km)⊤ ∈ Rm×n such that A + BK is
Hurwitz. Let us represent the system (1) as the ODE–PDE cascade

Ẋ(t) = AX(t)+

m
i=1

biui(0, t), (5)
∂tui(x, t) = ∂xui(x, t), x ∈ (0,Di), (6)
ui(Di, t) = Ui(t), i ∈ {1, 2, . . . ,m}. (7)

The equivalence between (1) and (5)–(7) can be seen by noticing
that the solution of (6) under the condition (7) is given by ui(x, t) =

Ui(x + t − Di) for x ∈ [0,Di] and t ≥ Di − x.
The main procedure of backstepping is to find a state

transformation and a state feedback control law that convert
the system (5)–(7) into a stable target system. We employ the
following target system:

Ẋ(t) = (A + BK) X(t)+

m
i=1

biwi(0, t), (8)

∂twi(x, t) = ∂xwi(x, t), x ∈ (0,Di), (9)
wi(Di, t) = 0, i ∈ {1, 2, . . . ,m}. (10)

The solution to (9) with (10) satisfies wi(x, t) = 0 for any x ∈

[0,Di] after t = Di. Hence, the state X satisfies

Ẋ(t) = (A + BK)X(t), t ≥ Dm.

Thus, the plant obeys the nominal closed-loop equation after t =

Dm. The stability with respect to an appropriate norm will be
discussed later.

Ifm = 1, we can use the standard backstepping transformation
proposed in Krstic (2009). Even if m ≠ 1, we can easily obtain a
multi-variable version of the backstepping transformation in the
case of identical delays, that is, D1 = D2 = · · · = Dm. The main
difficulty in our case is that each ui has a different spatial domain
[0,Di] due to the discrepancy of delays. For this reason,we propose
a new state transformation that is suitable to the system (5)–(7).

2.1. Backstepping-like transformation

For each i ∈ {1, 2, . . . ,m}, define a function φi : [0,Dm] →

[0,Di] and the matrix Ai ∈ Rn×n by

φi(x) =


x, 0 ≤ x ≤ Di,
Di, Di < x ≤ Dm,

(11)

Ai = Ai−1 + bik
⊤

i , (12)

where A0 = A. Obviously, we have Am = A+BK . LetΦ be the state
transition matrix generated by

F(t) =

A, t ∈ [0,D1),
Ai, t ∈ [Di,Di+1), i = 1, 2, . . . ,m − 1,
Am, t ≥ Dm.

The explicit expression ofΦ(x, y) is given by

Φ(x, y) = eAi(x−Di)eAi−1(Di−Di−1)

· · · eAj+1(Dj+2−Dj+1)eAj(Dj+1−y),

Di ≤ x ≤ Di+1, Dj ≤ y ≤ Dj+1 (13)

for i, j ∈ {0, 1, . . . ,m − 1} such that i > j, and

Φ(x, y) = eAi(x−y), Di ≤ y ≤ x ≤ Di+1 (14)

for any i ∈ {0, 1, . . . ,m − 1}. We must understand (13) as
Φ(x, y) = eAi(x−Di)eAi−1(Di−y) if j = i − 1. See Fig. 1 for the
case of m = 3. It should be noted that Φ is continuous, but not
differentiable on the lines represented by x = Di or y = Di for
some i ∈ {1, . . . ,m − 1}.

Consider the following transformation:

wi(x, t) = ui(x, t)− k⊤

i Φ(x, 0)X(t)

−

m
j=1

 φj(x)

0
k⊤

i Φ(x, y)bjuj(y, t)dy (15)
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Fig. 1. FunctionΦ(x, y) form = 3.

together with the state feedback control law

Ui(t) = k⊤

i


Φ(Di, 0)X(t)+

m
j=1

 φj(Di)

0
Φ(Di, y)bjuj(y, t)dy


.

(16)

The function φi defined by (11) limits the domain of integration
for ui. The transformation (15) converts the original system (5)–(7)
with the control law (16) into the target system (8)–(10).Moreover,
(15) is invertible and the inverse is given by

ui(x, t) = wi(x, t)+ k⊤

i e
AmxX(t)

+

m
j=1

 φj(x)

0
k⊤

i e
Am(x−y)bjwj(y, t)dy. (17)

To see these facts, we need a cumbersome computation. Hence, we
show them in Appendices A and B.

The transformation (15) can be constructed as a composite of
recursive transformations

wi(x, t) = ui(x, t)− k⊤

i e
Ai−1xX(t)

+

i−1
j=1

 φj(x)

0
k⊤

i e
Ai−1(x−y)bjwj(y, t)dy

+

m
j=i

 x

0
k⊤

i e
Ai−1(x−y)bjuj(y, t)dy. (18)

Note that the right-hand side of (18) containsw1, . . . , wi−1 rather
than u1, . . . , ui−1. In contrast to our conference paper (Tsubakino
et al., 2015), we directly startwith (15) instead of (18) in this paper.

2.2. Predictor-based controller

Recall that ui(x, t) = Ui(x + t − Di). By changing the variables
of integration, we can rewrite (16) in the predictor-feedback form

Ui(t) = k⊤

i


Φ(Di, 0)X(t)

+

m
j=1

 t−Dj+φj(Di)

t−Dj

Φ(Di, θ − t + Dj)bjUj(θ)dθ

. (19)

To explain the structure of (19), define P1, P2, . . . , Pm by

P1(t) = eAD1X(t)+

m
j=1

 t−Dj1

t−Dj

eA(t−Dj1−θ)bjUj(θ)dθ,

Pi(t) = eAi−1Di,i−1Pi−1(t)+

m
j=i

 t−Dji

t−Dj,i−1

eAi−1(t−Dji−θ)bjUj(θ)dθ,
where i = 2, 3, . . . ,m. Then, by carefully evaluatingΦ in (19)with
the aid of (13) and (14), we see that

Ui(t) = k⊤

i Pi(t), i = 1, 2, . . . ,m.

The variation-of-constants formula (4) tells us that P1(t) = X(t +

D1). In addition, Pi is equivalent to Zi(t+Di),where Zi is the solution
to the ODE

Żi(τ ) = Ai−1Zi(τ )+

m
j=i

Uj(τ − Dj), τ ≥ t + Di−1

with the initial condition Zi(t + Di−1) = Pi−1(t). This indicates
that Pi(t) is a predicted value of X(t + Di) under the assumption
that Uj(t) = k⊤

j X(t + Dj) on the feature time interval (t, t + Dij)
for each j ∈ {1, 2, . . . , i − 1}. In this way, (19) realizes feedback
of the future state. On the other hand, Uj(t) is regarded as 0 on
(t, t +Dij) in the previous controller (2). This treatment causes the
inconsistency between (2) and the variation-of-constant formula
(4). Hence, our controller (19) is considered as an exact predictor-
feedback controller.

Another way to design an exact predictor-feedback controller
is to equalize the input delays by introducing artificial delays.
Assume that m = 2. Let Ū1(t) = U1(t + D21) as in Zhou (2015).
Then, (1) becomes

Ẋ(t) = AX(t)+ b1Ū1(t − D2)+ b2U2(t − D2).

Since the delays are identical, (2) is an exact predictor-feedback
controller. This approach gives a simple controller. However, the
resulting controller requires more memory size than the proposed
one. The controller uses the values of U1 on the time interval
(t − D2, t), whereas our controller stores the values of U1 only
on (t − D1, t). Hence, if D1 ≪ D2, necessary memory size for
the proposed controller (19) is approximately half of that for the
predictor-feedback controller obtained by adding artificial delays.

3. Stability analysis via Lyapunov functional

In this section, we prove the exponential stability of the closed-
loop system (1) with (16) (or, equivalently, (19)) by utilizing
a Lyapunov functional. The basic idea of the proof is adapted
from Krstic (2009).

LetH denote the Cartesian product Rn
×L2(0,D1)×L2(0,D2)×

· · · × L2(0,Dm) endowed with the inner product

(f , g) := f ⊤

0 g0 +

m
i=1

(fi, gi)L2(0,Di)
,

f = [f0, . . . , fm], g = [g0, . . . , gm] ∈ H . (20)

The spaceH is aHilbert space. Thenorm inducedby the above inner
product is denoted by ∥ · ∥H . We also define a subset H1 of H by
H1

= Rn
×H1(0,D1)×H1(0,D2)× · · · ×H1(0,Dm). By replacing

the L2 inner product in (20) with the H1 inner product, we can
define an inner product for H1. Again, H1 becomes a Hilbert space
with respect to the resulting inner product. For simplicity,wewrite
[X, u] and [X, w] instead of [X, u1, . . . , um] and [X, w1, . . . , wm],
respectively.

Theorem 1. Consider the system (5)–(7)with the control law (16) for
some matrix K such that A + BK is Hurwitz. Given an initial data
[X0, u0

] ∈ H1, assume that u0
i is compatible with the boundary

condition (7) for any i ∈ {1, . . . ,m}. Then, there exists a unique
solution [X, u] ∈ C([0,+∞);H1) ∩ C1([0,+∞);H) to the closed-
loop system such that

∥[X(t), u(·, t)]∥H ≤ Me−ωt
∥[X0, u0

]∥H , t ≥ 0, (21)

where ω > 0 and M ≥ 1 are constants independent of the initial
data.



146 D. Tsubakino et al. / Automatica 71 (2016) 143–150
We emphasize that the stability condition of the proposed
controller is delay-free. Recall that the existing controller (2)
stabilizes the system if the matrix (3), which depends on delays,
is Hurwitz. The use of our exact predictor-feedback controller (19)
allows us to exploit the nominal gain.

Proof. As in the conventional backstepping method, the theorem
is a consequence of the well-posedness and the stability of the
target system, and the continuity of the transformation (15) and
its inverse (17). We start by analyzing the target system.

The unbounded operator d/dx on L2(0,Di) with the domain
{fi ∈ H1(0,Di) | fi(Di) = 0} generates a strongly continuous
semigroup (Engel & Nagel, 2000). Hence, for any w0

i ∈ H1(0,Di)

satisfying w0
i (Di) = 0, there exists a unique solution wi ∈

C([0,+∞);H1(0,Di))∩C1([0,+∞); L2(0,Di)) to (9) and (10) for
every i ∈ {1, 2, . . . ,m}. Then, (8) is a linear ODE with continuous
inhomogeneous terms. Thus, we can conclude that the system
(8)–(10) is well-posed in H .

We next show the exponential stability of the target system by
utilizing a Lyapunov functional. Let V : H → R be a candidate of
Lyapunov functional defined by

V (f ) = f ⊤

0 Pf0 +
a
2

m
j=1

 Dj

0
(1 + x)fj(x)2dx (22)

for each f = [f0, f1, . . . , fm] ∈ H . The matrix P = P⊤ > 0 is the
solution of the Lyapunov equation

P(A + BK)+ (A + BK)⊤P = −Q

for some Q = Q⊤ > 0, and the constant a > 0 is determined later.
The functional V is almost the same as the one introduced in Krstic
(2009). A simple computation shows that the following inequality
holds:

c∥f ∥2
H ≤ V (f ) ≤ c∥f ∥2

H , f ∈ H . (23)

The positive coefficients c , c are given by c = min

λ(P), a/2


and c = max


λ(P), a(1 + Dm)/2


, where λ(·) and λ(·) stand

for the minimum and the maximum eigenvalues of the argument,
respectively. By abuse of notation, we write V̇ (t) for the temporal
derivative of V ([X(t), w(·, t)]) instead of dV ([X(t), w(·, t)])/dt .
We see that

V̇ (t) = −X(t)⊤QX(t)+ 2
m
j=1

X(t)⊤Pbjwj(0, t)

−

m
j=1

a
2


wj(0, t)2 +

 Dj

0
wj(x, t)2dx


,

≤ −X(t)⊤QX(t)+
2
a
X(t)⊤PBB⊤PX(t)

−
a
2

m
j=1

 Dj

0
wj(x, t)2dx. (24)

Set a = 4λ(PBB⊤P)/λ(Q ). Then, (24) becomes

V̇ (t) ≤ −
λ(Q )

2λ(P)
X(t)⊤PX(t)

−
a

2(1 + Dm)

m
j=1

 Dj

0
(1 + x)wi(x, t)2dx

≤ −2ωV ([X(t), w(·, t)]),

where ω := min

λ(Q )/(4λ(P)), 1/(2(1 + Dm))


. Thus, we have

V ([X(t), w(·, t)]) ≤ e−2ωtV ([X0, w0
]). (25)
Combining (23) and (25) gives

∥[X(t), w(·, t)]∥H ≤

c/c e−ωt

∥[X0, w0
]∥H , (26)

which proves the exponential stability of the target system.
Let us return to the original system. Assume that [X0, u0

] ∈ H1

is an initial value compatible with the boundary condition (7).
Define the image [X0, w0

] of [X0, u0
] under the transformation

(15). Then, [X0, w0
] belongs to H1 and wi(Di, t) = 0 for any i ∈

{1, 2, . . . ,m}. For this initial data [X0, w0
], there exists a unique

solution [X, w] satisfying (26). Pulling back this solution [X, w]

into the original coordinate, we can construct a solution [X, u] to
the closed-loop system (5)–(7) with (19). The proof is completed
by showing the continuity of the transformation (15).

Take arbitrary f = [f0, f1, . . . , fm] ∈ H . Let g = [g0, g1, . . . , gm]

be the image of f under (15), where g0 = f0. It follows that

|gi(x)|2 ≤ (m + 2)


|fi(x)|2 + f ⊤

0 Φ(x, 0)
⊤kik

⊤

i Φ(x, 0)f0

+

m
j=1

∥k⊤

i Φ(x, ·)bj∥
2
L2(0,Dj)

∥fi∥2
L2(0,Dj)


, (27)

where we have used the Cauchy–Schwarz inequality. Integrating
(27) from 0 to Di, we see that there exists a constant αi > 0
such that ∥gi∥L2(0,Di)

≤ αi∥f ∥H . Since a similar inequality holds
for each i ∈ {1, 2, . . . ,m}, we see that the transformation (15)
is a continuous map on H . In a similar fashion, we can prove the
continuity of the inverse transformation (17) not only on H but
also on H1. The continuity of the direct and the inverse transfor-
mations guarantees that the constructed solution [X, u] belongs
to C([0,+∞);H1) ∩ C1([0,+∞);H). In addition, the continu-
ity with respect to the H-norm ensures the existence of posi-
tive constants Cd and Ci such that the inequalities ∥[X0, w0

]∥H ≤

Cd∥[X0, u0
]∥H and ∥[X(t), u(·, t)]∥H ≤ Ci∥[X(t), w(·, t)]∥H hold.

The constants depend only on A, B, K , and the delays D1, . . . ,Dm.
Combining (26) with these inequalities leads to (21), which proves
the theorem. �

For single-input systems, a Lyapunov functional for the closed-
loop system plays a key role in the analysis of the inverse opti-
mality and robustness of the predictor-feedback controller (Krstic,
2008).Webelieve that similar analysiswould be possible formulti-
input systems by using (22). However, it is beyond the scope of the
paper and, hence, left as future work.

4. Observer design

In this section, we present a method for designing an observer
for the following system:

Ẋ(t) = AX(t)+ BU(t), (28)

Yi(t) = c⊤

i X(t − Di), i = 1, 2, . . . , r (29)

whereDr ≥ Dr−1 ≥ · · · ≥ D1 ≥ D0 = 0 as in the controller design.
A PDE representation of (29) is given by

∂tvi(x, t) = ∂xvi(x, t), x ∈ (−Di, 0), (30)

vi(0, t) = c⊤

i X(t), (31)
Yi(t) = vi(−Di, t). (32)

Set C = (c1, c2, . . . , cr)⊤ ∈ Rr×n and assume that the pair (A, C) is
detectable. Then, there exists a matrix L = (l1, l2, . . . , lr) ∈ Rn×r

such that A+ LC is Hurwitz. In analogy with (12), we set Ãi ∈ Rn×n
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as

Ãi = Ãi−1 + lic
⊤

i , i = 1, 2, . . . , r,

and Ã0 = A. To describe our observer, we need the matrix-valued
function Ψ : [−Dr , 0] → Rn×n defined recursively by

Ψ (x) =


eAx, x ∈ [−D1, 0],
eÃi(x+Di)Ψ (−Di), x ∈ [−Di+1,−Di),

(33)

where i = 1, 2, . . . , r − 1. By definition, Ψ is non-singular for any
x ∈ [−Dr , 0] and continuous everywhere on [−Dr , 0].

Let us introduce an observer of the form

˙̂X(t) = AX̂(t)+ BU(t)+

r
j=1

l̄j

Yj(t)− v̂j(−Dj, t)


, (34)

∂t v̂i(x, t) = ∂xv̂i(x, t)+

r
j=1

hij(x)

Yj(t)− v̂j(−Dj, t)


, (35)

v̂i(0, t) = c⊤

i X̂(t), (36)

where l̄j and hij are observer gains. Since vi(x, t) = Yi(x+ t+Di) =

c⊤

i X(x + t), v̂i is an estimate of values of Yi on the future time
window (t, t+Di). Subtracting (34), (35), (36) from (28), (30), (31),
respectively, and substituting (32) results in the error system

˙̃X(t) = AX̃(t)+

r
j=1

l̄jṽj(−Dj, t), (37)

∂t ṽi(x, t) = ∂xṽi(x, t)+

r
j=1

hij(x)ṽj(−Dj, t), (38)

ṽi(0, t) = c⊤

i X̃(t), (39)

where X̃ := X − X̂ and ṽi := vi − v̂i for any i ∈ {1, 2, . . . , r}.
We analyze the behavior of the error system in the Hilbert spaces
H̃ := Rn

× L2(−D1, 0) × · · · × L2(−Dr , 0) and H̃1
:= Rn

×

H1(−D1, 0)× · · · × H1(−Dr , 0). The inner products for H̃ and H̃1

are defined similarly to those for H and H1.

Theorem 2. Consider the error system (37)–(39). Let L ∈ Rn×r be a
matrix such that A + LC is Hurwitz. If, for each i, j ∈ {1, 2, . . . , r},
the observer gains l̄j and hij are chosen as

l̄j = Ψ (−Dj)
−1lj, (40)

hij(x) =


c⊤

i Ψ (x)Ψ (−Dj)
−1lj, −Dj ≤ x ≤ 0,

0, −Di ≤ x < −Dj,
(41)

then, for any initial data [X̃0, ṽ0] ∈ H̃1 satisfying v0i (0) = c⊤

i X̃0, i =

1, 2, . . . , r, there exists a unique solution [X̃, ṽ] ∈ C([0,+∞), H̃1)∩

C1([0,+∞), H̃) to (37)–(39) such that

∥[X̃(t), ṽ(·, t)]∥2
H̃ ≤ Me−ωt

∥[X̃0, ṽ0]∥2
H̃ , t ≥ 0

for some constants M ≥ 1 and ω > 0 independent of [X̃0, ṽ0].

The proof of the theorem can be found in Appendix C. In contrast
to the observers proposed in Bekiaris-Liberis and Krstic (2011) and
Watanabe and Ito (1981), our observer requires that the matrix
A + LC , which is independent from delays, be Hurwitz.

The gain hij is 0 if x < −Dj. This enables our observer to estimate
signals by using past information only. Take arbitrary i, j ∈ N
satisfying j < i ≤ r . Then, v̂i(x, t) with x < −Dj is an estimate of
Yi on (t, t +Di −Dj), namely, c⊤

i X on (t −Di, t −Dj). Since Yj(t) =

c⊤

j X(t − Dj), the value of Yj(t) is future information for v̂i(x, t)
with x < −Dj. To ignore such information, the corresponding gain
becomes 0.
5. Numerical simulation

We confirm the main advantage of the proposed predictor-
feedback controller, that is, the fact that it can exploit the nominal
gain, by a numerical simulation. Set the matrices A and B as

A =

 0 1 0
−3 4 0
−6 2 3


, B =

0 0
1 −1
0 1


.

The set of eigenvalues of A is given by σ(A) = {3, 1}. The pair (A, B)
is controllable, but neither (A, b1) nor (A, b2) are controllable. Set
the nominal gain K as

K =


4 −10 0
6 −2 −6


. (42)

Then, we have σ(A + BK) = {−3,−2 ± i}, where i :=
√

−1.
Assume that there are the delays D1 = 0.2 and D2 = 0.5

in the control inputs U1 and U2, respectively. We compare three
different controllers for the fixed gain (42): the nominal state
feedback Ui(t) = k⊤

i X(t), the conventional predictor-feedback (2),
the proposed predictor-feedback (19). The closed-loop behavior
for the initial value X0

= (1, 0, 2)⊤ is illustrated in Fig. 2. The left
figure indicates that the presence of the delay prevents the nominal
static state feedback from stabilizing the system. Unfortunately,
the conventional predictor-feedback (2) also fails to stabilize the
system as shown in the middle figure. In fact, the matrix (3) is
not Hurwitz for the nominal gain (42). The proposed predictor-
feedback (19) is the only controller that achieves asymptotic
stabilization in this example. Of course, the conventional one (2)
with a suitable feedback gain ki results in a stable closed-loop
system. Nevertheless, the nominal stability always implies the
stability of the closed-loop system with the proposed predictor-
feedback (19).

6. Conclusion

We derived a predictor-feedback controller for multi-input
LTI systems with different delays in each control input based
on a novel backstepping-like state transformation. The proposed
predictor provides an exact estimate of the future state. This
enables us to prove, by constructing an explicit Lyapunov
functional, that the closed-loop system is exponentially stable
whenever the nominal controller stabilizes the undelayed system.
Hence, we do not waste the nominal gain. An observer for multi-
output LTI systems with sensor delays was also proposed.

Appendix A. Conversion to the target system

It is easy to check (8) and (10). Hence, we only show that wi
solves (9). For simplicity of notation, we do not explicitly write the
dependence of X andwi on the temporal variable t .

For given i ∈ {1, 2, . . . ,m}, take arbitrary ν ∈ {1, 2, . . . , i}.
Unless otherwise stated, we assume that x ∈ (Dν−1,Dν). The
transformation (15) can be written as

wi(x) = ui(x)− k⊤

i Φ(x, 0)X

−

ν
ℓ=1

m
j=ℓ

 φℓ(x)

Dℓ−1

k⊤

i Φ(x, y)bjuj(y)dy. (A.1)

Note that φℓ(x) = Dℓ whenever ℓ < ν. Differentiating (A.1) with
respect to t and x, respectively, to get ∂twi and ∂xwi, and then
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Fig. 2. The closed-loop behavior in the presence of delays under the nominal state feedback (left), the conventional predictor-feedback (2) with the nominal gain (middle),
the exact predictor-feedback (19) with the nominal gain (right).
subtracting ∂xwi from ∂twi, we get

∂twi(x)− ∂xwi(x)

= k⊤

i Γ
ν
1 (x, 0)X +

ν
ℓ=1

m
j=ℓ

 φℓ(x)

Dℓ−1

k⊤

i Γ
ν
ℓ (x, y)bjuj(y)dy

−

ν−1
j=1

k⊤

i Φ(x,Dj)bjuj(Dj), (A.2)

where Γ ν
ℓ is defined, for each ℓ ∈ {1, . . . , ν}, by

Γ ν
ℓ (x, y) = Aν−1Φ(x, y)− Φ(x, y)Aℓ−1, y ∈ [Dℓ−1, φℓ(x)).

Since Γ ν
ν (x, y) = Aν−1eAν−1(x−y)

− eAν−1(x−y)Aν−1 = 0, the index
ℓ on the right-hand side of (A.2) only has to run from 1 to ν − 1.
Observe that, for any ℓ < ν and y ∈ [Dℓ−1,Dℓ),

Aν−1Φ(x, y) = Φ(x,Dν−1)Aν−1Φ(Dν−1, y)

= Φ(x,Dν−1)

Aν−2 + bν−1k

⊤

ν−1


Φ(Dν−1, y)

= Φ(x,Dν−1)bν−1k
⊤

ν−1Φ(Dν−1, y)
+ Φ(x,Dν−2)Aν−2Φ(Dν−2, y),

where the fact Φ(Dν−1, y) = Φ(Dν−1,Dν−2)Φ(Dν−2, y) =

eAν−2(Dν−1−Dν−2)Φ(Dν−2, y) was used. We continue in this fashion
to obtain

Aν−1Φ(x, y) =

ν−1
j=ℓ

Φ(x,Dj)bjk
⊤

j Φ(Dj, y)+ Φ(x, y)Aℓ−1.

Hence, Γ ν
ℓ (x, y) can be represented as

Γ ν
ℓ (x, y) =

ν−1
j=ℓ

Φ(x,Dj)bjk
⊤

j Φ(Dj, y). (A.3)

Recall that ui(Di, t) = Ui(t). Then, substituting (16) into the third
term on the right-hand side of (A.2) and using the identity (A.3),
we see that the new statewi satisfies (9).

Appendix B. Invertibility of the proposed transformation

We continue to ignore the temporal variable t . Substituting (17)
into (15) gives

wi(x) = wi(x)− k⊤

i R(x, 0)X −

m
j=1

 φj(x)

0
k⊤

i R(x, y)bjwj(y)dy,

(B.1)

where R(x, y) is defined to be

R(x, y) = Φ(x, y)− eAm(x−y)
+

m
j=1

 φj(x)

φj(y)
Φ(x, z)bjk

⊤

j e
Am(z−y)dz, (B.2)

for any x, y ∈ [0,Dm] with x ≥ y. Let us show that R(x, y) ≡ 0.
We assume that (x, y) ∈ (Dν−1,Dν)× (Dρ−1,Dρ) for arbitrary ν ∈

{1, 2, . . . , i} and ρ ∈ {1, 2, . . . , ν}. Then, the index j of summation
in (B.2) runs ρ tom sinceφj(x) = φj(y) = Dj for any j < ρ. Observe
that, for any ℓ ∈ {ρ, ρ + 1, . . . , ν} and z ∈ (Dℓ−1,Dℓ),

∂

∂z


Φ(x, z)eAm(z−y)

= Φ(x, z) (Am − Aℓ−1) eAm(z−y).

Then, the last term on the right-hand side of (B.2) becomes
m

j=ρ

 φj(x)

φj(y)
Φ(x, z)bjk

⊤

j e
Am(z−y)dz

=

m
j=ρ

 φρ (x)

y
Φ(x, z)bjk

⊤

j e
Am(z−y)dz

+

ν
ℓ=ρ+1

m
j=ℓ

 φℓ(x)

φℓ−1(x)
Φ(x, z)bjk

⊤

j e
Am(z−y)dz

=

 φρ (x)

y
Φ(x, z)


Am − Aρ−1


eAm(z−y)dz

+

ν
ℓ=ρ+1

 φℓ(x)

φℓ−1(x)
Φ(x, z) (Am − Aℓ−1) eAm(z−y)dz

= eAm(x−y)
− Φ(x, y).

Since ν and ρ are arbitrary, we deduce that R(x, y) = 0 for any
x, y ∈ [0,Di] with y ≤ x. Thus, (B.1) turns into wi(x) = wi(x).
Conversely, substituting (15) into (17) results in ui(x) = ui(x).
Therefore, we conclude that (17) is the inverse of (15).

Appendix C. Proof of Theorem 2

Consider the state transformation

ṽi(x, t) = w̃i(x, t)+

i−1
j=1

i−1
ℓ=j

 ψℓ+1,j(x)

ψℓ,j(x)
c⊤

i Ψ (x − y − Dj)

× Ψ (−Dj)
−1ljw̃j(y, t)dy + c⊤

i Ψ (x)X̃(t), (C.1)

where, for each i ∈ {1, 2, . . . , r} and j ∈ {1, 2, . . . , i}, the function
ψij : [−Dr , 0] → [−Dj, 0] is defined by

ψij(x) =


−Dj, −Dr ≤ x < −Di,
x + Dij, −Di ≤ x < −Dij,
0, −Dij ≤ x ≤ 0.

Normally, the graph of ψij can be drawn by connecting the four
points (−Dr ,−Dj), (−Di,−Dj), (−Dij, 0), and (0, 0) as illustrated
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Fig. C.1. The graphs of ψij in the case of r = 3.

in Fig. C.1. Note that −Dℓ+1 < x − y − Dj < −Dℓ for any ℓ, j ∈

{1, 2, . . . , r} with ℓ ≥ j, x ∈ [−Dr , 0], and y ∈ (ψℓj(x), ψℓ+1,j(x)).
The theorem is a consequence of the fact that the transformation
(C.1) converts the target system

˙̃X(t) =


A +

r
j=1

Ψ (−Dj)
−1ljc

⊤

j Ψ (−Dj)


X̃(t)

+

r
j=1

Ψ (−Dj)
−1ljw̃j(−Dj, t), (C.2)

∂tw̃i(x, t) = ∂xw̃i(x, t), x ∈ (−Di, 0), (C.3)
w̃i(0, t) = 0, i ∈ {1, 2, . . . , r} (C.4)

into the error system (37)–(39).
It is a simple matter to deduce (37) and (39) from (C.2) and

(C.4) because ψij(0) = 0 and ψij(−Di) = −Dj for any i, j ∈

{1, 2, . . . , r} such that i ≥ j. Hence, we show that ṽ defined by
(C.1) solves (38) with (40) and (41) whenever w̃i is a solution to
the PDE (C.3) under the boundary condition (C.4). Assume that
x ∈ (−Dν,−Dν−1) for some ν ∈ {1, 2, . . . , i}. Since ψℓj(x) = −Dj
for any ℓ ∈ {1, 2, . . . , ν−1}, the summation in front of the integral
sign in (C.1) can be divided as

i−1
j=1

i−1
ℓ=j

(∗) =

ν−1
j=1

i−1
ℓ=ν−1

(∗)+

i−1
j=ν

i−1
ℓ=j

(∗).

Then, substituting (C.1) into (38) yields

∂t ṽi(x, t)− ∂xṽi(x, t)

= −

ν−1
j=1

c⊤

i Ψ (x)Ψ (−Dj)
−1ljw̃j(−Dj, t)

+ c⊤

i


Ψ (x) ˙̃X(t)− Aν−1Ψ (x)X̃(t)


. (C.5)

To calculate the last term, we next observe that, for any i ∈

{1, 2, . . . , r},

Ψ (−Di)
−1AiΨ (−Di)

= Ψ (−Di)
−1lic

⊤

i Ψ (−Di)+ Ψ (−Di)
−1Ai−1Ψ (−Di)

= Ψ (−Di)
−1lic

⊤

i Ψ (−Di)+ Ψ (−Di−1)
−1Ai−1Ψ (−Di−1)

=
...

= A +

i
j=1

Ψ (−Dj)
−1ljc

⊤

j Ψ (−Dj), (C.6)

where the identity Ψ (−Di) = e−Ai−1Di,i−1Ψ (−Di−1), which is clear
from the definition (33), was used. Hence, we have

Ψ (x)


A +

r
j=1

Ψ (−Dj)
−1ljc

⊤

j Ψ (−Dj)


X̃(t)

=

r
j=ν

Ψ (x)Ψ (−Dj)
−1ljc

⊤

j Ψ (−Dj)X̃(t)

+ Ψ (x)Ψ (−Dν−1)
−1Aν−1Ψ (−Dν−1)X̃(t)
=

r
j=ν

Ψ (x)Ψ (−Dj)
−1lj


ṽj(−Dj, t)− w̃j(−Dj, t)


+ eAν−1(x+Dν−1)Aν−1Ψ (−Dν−1)X̃(t)

=

r
j=ν

Ψ (x)Ψ (−Dj)
−1lj


ṽj(−Dj, t)− w̃j(−Dj, t)


+ Aν−1Ψ (x)X̃(t). (C.7)

Substituting (C.2) and (C.7) into (C.5) gives (38). In light of (C.6) for
i = r , the coefficient matrix of X̃ in (C.2) is Hurwitz if and only if
Ar = A + LC is Hurwitz. Then, an argument similar to the proof
of Theorem 1 completes the proof. In particular, the exponential
stability of the target system (C.2)–(C.4) is concluded by use of the
Lyapunov functional

Ṽ ([X̃(t), w̃(·, t)]) = X̃(t)⊤Ψ (−Dr)
⊤P̃Ψ (−Dr)X̃(t)

+
ã
2

r
j=1

 0

−Dj

(1 + x)w̃j(x, t)2dx,

where P̃ = P̃⊤ > 0 is a solution of the Lyapunov equation
P̃Ar + A⊤

r P̃ = −Q̃ for some Q̃ > 0, and ã > 0 is a suitably chosen
constant. �
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