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Stabilization of Reaction Diffusion Equations With
State Delay Using Boundary Control Input

Tomoaki Hashimoto and Miroslav Krstic

Abstract—This study analyses a stabilization method for
reaction-diffusion equations with state delay using boundary con-
trol input. The proposed control strategy is based on the backstep-
ping method, wherein the controlled system is transformed into
a target system. The objective of this study is to show that the
conventional transformation, which was proposed for undelayed
reaction-diffusion equations, can still provide a stabilizing bound-
ary controller for a special class of delayed equations.

Index Terms—Backstepping control, delays, distributed pa-
rameter systems, Lyapunov-Razumikhin functions, nonnegative
semigroups.

I. INTRODUCTION

Reaction-diffusion equations arise from numerous systems that are
characterized by chemical reactions and diffusion processes. Time
delays also arise in many dynamical systems because natural physical,
chemical, biological, and economical phenomena depend on not only
the present state but also past occurrences. The control of reaction-
diffusion equations with time delay is a challenging problem attracting
considerable attention in many research fields, such as population dy-
namics [1], [2], neural networks [3], [4], and Turing pattern formation
[5], [6].

To our knowledge, the method of boundary control discussed in
this study has not yet been proposed for reaction-diffusion equations
with state delay. Motivated by the fact that the boundary control of
time-delayed reaction-diffusion equations is still an open problem with
many applications, we consider the stabilization problem for reaction-
diffusion equations with state delay using boundary control input.

The control strategy proposed here is based on the backstepping
method [7], [8], wherein the controlled system can be transformed into
a desired target system. The backstepping control strategy is a well-
established method for designing a stabilizing boundary controller
of partial differential equations (PDEs). Although a backstepping
control method has already been proposed in [9] for reaction-diffusion
equations with input delay, the stabilization of these equations with
state delay is still an open problem. Hence, the objective of this study
is to propose a stabilization method for reaction-diffusion equations
with state delay.

The class of parabolic PDE systems with a delay on the state, whose
stabilization by boundary control is addressed in this technical note,
differs significantly from the class of parabolic systems with a delay
on the boundary input in [9]. While the delay is directly compensated
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in [9], which means that the delay dynamics are incorporated in the
control design and in the complete Lyapunov-Krasovskii function, the
state delay in this technical note is not cancelled but is dominated
through the backstepping transformation.

The features of this study comprise the use of the transformation
proposed in [7] for reaction diffusion equations without state delay and
the application of the nonnegative semigroup theory [10] or Lyapunov-
Razumikhin theory [11] to guarantee the stability of the target system.
Both nonnegative semigroup and Lyapunov-Razumikhin theories are
useful in obtaining a delay-independent condition for the stability
of the target system. The stability condition based on nonnegative
semigroup theory has been already shown in [10], while the stability
analysis based on Lyapunov-Razumikhin theory for reaction diffusion
equations with state delay is the original work shown here. The use
of the backstepping approach for the undelayed equations to stabilize
equations with state delay might seem counterintuitive, but we will
demonstrate that the conventional transformation still works well if
the coefficient of the state delay term is constant.

II. PRELIMINARIES

A. Notation and Terminology

Let R and R+ denote the sets of real numbers and nonnegative real
numbers, respectively. Let C(X,Y ) denote the set of all continuous
functions with domain X and range Y . Let Cr be the set of all
r-times continuously differentiable functions. Let L(X,Y ) denote the
set of all bounded linear operators from one Banach space X to another
Banach space Y . Let L(X) be defined by L(X,X). Let Id ∈ L(X)
denote the identity operator on X .

Definition 1 ([10]): A family (T (t))t≥0 of bounded linear operators
on a Banach space X is called a C0 semigroup if all the following
properties hold:

(1) T (0) = Id.
(2) T (t+ s) = T (t)T (s) for all t, s ∈ R+.
(3) The orbit maps t �→ T (t)x are continuous maps from R+ to X

for every x ∈ X .

Definition 2 ([10]): Let (T (t))t≥0 be a C0 semigroup on a Banach
space X , and let D(A) be the subspace of X defined as

D(A) :=

{
x ∈ X : lim

h↘0

1

h
(T (h)x− x) exists

}
.

For every x ∈ D(A), we define

Ax := lim
h↘0

1

h
(T (h)x− x) .

The operator A : D(A) ⊆ X → X is called the generator of the semi-
group (T (t))t≥0. In the following, let (A, D(A)) denote the operator
A with domain D(A).

Definition 3 ([10]): Let (A,D(A)) be the generator of a C0

semigroup (T (t))t≥0

ω0(A) := inf {ω ∈ R : ∃M > 0 such that

‖T (t)‖ ≤ Meωt, ∀t ∈ R+

}
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is called the semigroup’s growth bound.
Definition 4 ([10]): Let (A,D(A)) be a closed operator on a

Banach space X . The set

ρ(A) := {λ ∈ C : λId −A is bijective}
is called the resolvent set of A, and the set

σ(A) := C \ ρ(A)

is called the spectrum of A.

s(A) := sup {Real part of λ : λ ∈ σ(A)}
is called the spectral bound of A.

Definition 5 ([10]): A C0 semigroup (T (t))t≥0 with generator
(A, D(A)) is said to be uniformly exponentially stable if ω0(A) < 0.

Definition 6 ([12]): A Banach space X is called a Banach lattice
if X is supplied with an order relation such that all the following
conditions hold:

1) f ≥ g ⇒ f + h ≥ g + h for all f, g, h ∈ X .
2) f ≥ 0 ⇒ λf ≥ 0 for all f ∈ X and λ ∈ R+.
3) |f | ≥ |g| ⇒ ‖f‖ ≥ ‖g‖ for all f, g ∈ X .

Definition 7 ([10]): A C0 semigroup (T (t))t≥0 on a Banach lattice
X is said to be nonnegative if

0 ≤ x ∈ X ⇒ 0 ≤ T (t)x, for all t ≥ 0.

An operator T (x) ∈ L(X) on a Banach lattice X is also said to be
nonnegative if T (x) ≥ 0 when 0 ≤ x ∈ X .

B. Abstract Delay System

Here, we introduce the concept of an abstract delay system [10]
that can be used to describe the behavior of a wide class of dynamical
systems. Let Y be a Banach space equipped with a norm ‖ · ‖Y . For
a constant τ ∈ R+, let X be defined by X := C([−τ, 0], Y ) and be
endowed with the uniform norm

‖f‖X = sup
t∈[−τ,0]

‖f(t)‖Y , f ∈ X.

Then, X becomes a Banach space with respect to this norm. Let
Φ ∈ L(X,Y ) be a delay operator, and let (B, D(B)) be the generator
of a C0 semigroup on Y . With these notations, an abstract delay
system is described by the following equation with an initial state
ϕ : [−τ, 0]→Y : {

ẋ(t) = Bx(t) + Φxt for t ≥ 0

x0 = ϕ ∈ X
(1)

where xt : [−τ, 0] → Y is defined by xt(r) := x(t+ r).
A continuous function x : [−τ,∞) → Y is called a solution of (1)

if all the following properties hold:

1) x is right-sided differentiable at t = 0 and continuously differ-
entiable for all t > 0.

2) x(t) ∈ D(B) for all t ≥ 0.
3) x satisfies (1).

Let (A,D(A)) be the corresponding delay differential operator on X
defined by

Af := ḟ (2a)

D(A) :=
{
f ∈ C1 ([−τ, 0], Y ) : f(0) ∈ D(B)

and ḟ(0) = Bf(0) + Φf
}
. (2b)

Lemma 1 ([10]): The operator (A,D(A)) in (2) generates a C0

semigroup (T (t))t≥0 on X .

Lemma 2 ([10]): If ϕ ∈ D(A), then the function x : [−τ,∞) → Y
defined by

x(t) :=

{
ϕ(t) if − τ ≤ t ≤ 0

[T (t)ϕ] (0) if 0 < t

is the unique solution of (1).

C. Stability Theory Based on Nonnegative Semigroup

In the subsequent discussion, we assume that the Banach space Y is
a Banach lattice. Then, X also becomes a Banach lattice with respect
to the canonical order.

Lemma 3 ([10]): If B generates a nonnegative C0 semigroup on Y
and the delay operator Φ ∈ L(X,Y ) is nonnegative, then the C0 semi-
group (T (t))t≥0 generated by (A,D(A)) in (2) is also nonnegative,
and the following equivalence holds:

s(A) < 0 ⇔ s(B +Φ0) < 0.

Therein, Φλ : Y → Y is defined by

Φλy =Φ(ελ ⊗ y)

(ελ ⊗ y)(s) := eλsy, −τ ≤ s ≤ 0

and Φ0 denotes Φλ at λ = 0.
Lemma 4 ([10]): Assume that (T (t))t≥0 is a nonnegative C0

semigroup with generator (A,D(A)) on X . Then

s(A) < 0 ⇔ ω0(A) < 0.

The following proposition directly follows from Lemmas 3 and 4.
Proposition 1 ([10]): Under the assumption that B generates a

nonnegative C0 semigroup on Y and the delay operator Φ ∈ L(X,Y )
is nonnegative, the C0 semigroup (T (t))t≥0 generated by (A,D(A))
in (2) is uniformly exponentially stable if and only if the spectral bound
s(B +Φ0) < 0.

Remark 1: Note that the equivalence in Lemma 4 might not gen-
erally hold. This means that a C0 semigroup (T (t))t≥0 generated by
(A,D(A)) is not necessarily uniformly exponentially stable even if
the spectral bound is negative, i.e., s(A) < 0. Proposition 1 shows
that the nonnegativity assumption enables us to determine the stability
of an abstract delay system by simply examining the spectral bound.
Lemmas 3 and 4 are useful in demonstrating that the target system
introduced in the next section is uniformly exponentially stable.

III. BACKSTEPPING CONTROL

In this section, we focus on the stabilization problem of reaction-
diffusion equations with state delay using boundary control input. Let
s ∈ R and t ∈ R denote spatial and temporal variables, respectively.
Without the loss of generality, we restrict our attention to the range
0 ≤ s ≤ 1. Let τ ∈ R+ denote time delay. Let x(s, t) : [0, 1]× R+ →
R and u(t) : R+ → R be the state variable and control input, respec-
tively. Let the initial state ϕ(s, t) be defined as a bounded function for
0 ≤ s ≤ 1 and −τ ≤ t ≤ 0.

The system considered here is described as

∂x(s, t)

∂t
=

∂2x(s, t)

∂s2
+ a(s)x(s, t) + bx(s, t− τ )

for 0 < s < 1, t > 0 (3a)

x(0, t) =0 for t > 0 (3b)

x(1, t) =u(t) for t > 0 (3c)

x(s, t) =ϕ(s, t) for 0 ≤ s ≤ 1, −τ ≤ t ≤ 0 (3d)
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where a ∈ C1([0, 1],R) and b ∈ R+ denote space-dependent and con-
stant coefficients, respectively. For population dynamics, the coeffi-
cients a and b represent the death and birth rates, respectively, and
τ is the delay due to pregnancy [10]. The delay term bx(s, t− τ ) is
expected to destabilize the system (3) if b is sufficiently large.

To our knowledge, a constructive design method for stabilizing
boundary controls has not yet been proposed for a class of system
(3). To achieve this, we adopt the backstepping method, wherein the
controlled system can be transformed into a desired target system.
The applicability of backstepping control method depends on how
the target system and variable transformation are selected. Thus, it is
important to choose an appropriate target system.

A. Stability of Target System Based on Nonnegative Semigroup

In the following, we introduce a desired target system for which the
uniformly exponential stability can be guaranteed using nonnegative
semigroup theory.

Let w(s, t) : [0, 1] ×R+ → R denote the target state. Consider the
following system as the target system:

∂w(s, t)

∂t
=

∂2w(s, t)

∂s2
− cw(s, t) + bw(s, t− τ )

for 0 < s < 1, t > 0 (4a)

w(0, t) =0 for t > 0 (4b)

w(1, t) =0 for t > 0 (4c)

w(s, t) =ψ(s, t) for 0 ≤ s ≤ 1, −τ ≤ t ≤ 0 (4d)

where c is a positive constant. We formulate the target system as
an abstract delay system introduced in Section II-B. Let Y be the
Banach space C([0, 1],R) endowed with the uniform norm ‖f‖Y :=
sups∈[0,1] |f(s)| for each f ∈ C([0, 1],R). The space Y is a Banach
lattice under a partial order

f ≥ g, f, g ∈ Y
def⇐⇒ f(x) ≥ g(x) for all x ∈ [0, 1].

Similarly, the space X = C([−τ, 0], Y ) becomes a Banach lattice if
we equip X with a partial order in such a way that, for each f, g ∈ X ,
f ≥ g if f(t) ≥ g(t) for all t ∈ [−τ, 0] in the sense of the order for Y .
The operator B and Φ in (1) are given by

B =
d2

ds2
−Mc (5a)

D(B) =
{
g ∈ C2 ([0, 1],R) : g(0) = g(1) = 0

}
(5b)

Φ =Mbδ−τ ∈ L(X,Y ) (5c)

where Mc and Mb are the multiplication operators induced by c and
b, respectively, and δ−τ : X → Y denotes the point evaluation, that is,
δ−τf = f(−τ ) ∈ Y for each f ∈ X .

The following properties are already known [10]. The operator
d2/ds2 with domain D(B) generates an immediately compact analytic
contraction semigroup on Y . Moreover, since the semigroups gener-
ated by d2/ds2 and Mc are nonnegative, we see that the semigroup on
Y generated by B is nonnegative. Since Mb is a nonnegative operator,
Φ is also nonnegative. Consequently, we observe that the uniqueness
and regularity of solution for the system (4) is guaranteed using
Lemma 2. Moreover, noting that Φ0 = Mc and that s(B + Φ0) <
b− c, we can verify the following statement using Proposition 1.

Lemma 5 ([10]): System (4) is uniformly exponentially stable if

c > b. (6)

Next, we consider the decay rate for system (4). The following
lemma is useful for establishing the equality between spectral and
growth bounds.

Lemma 6 ([10]): For a C0 semigroup (T (t))t≥0 generated by
(A,D(A)), if there exists t0 > 0 such that T (t0) is compact, then
s(A) = ω0(A) holds true.

In fact, a C0 semigroup (T (t))t≥0 for system (4) is known to be
compact for t > τ . Consequently, we see that the growth bound is
given by ω0(A) < b− c.

Remark 2: The coefficient c in the target system is a design
parameter in backstepping control method. Thus, we can choose an
arbitrarily large value of c, which means that we can arbitrarily assign
the exponential decay rate.

B. Variable Transformation

We use the following transformation:

w(s, t) = x(s, t)−
s∫

0

k(s, y)x(y, t)dy (7)

along with boundary control

u(t) =

1∫
0

k(1, y)x(y, t)dy (8)

to transform system (3) into target system (4). The integral kernel k
satisfies

a(s) + c+ 2
d

ds
k(s, s) = 0 (9a)

k(s, 0) = 0 (9b)

∂2k(s, y)

∂s2
− ∂2k(s, y)

∂y2
− (a(y) + c) k(s, y) = 0. (9c)

The above transformation and boundary control were proposed in
[7] for reaction-diffusion equations without the state delay. In this
subsection, we show that the transformation and state feedback for the
undelayed equations still works for a class of delayed equations.

Here, we state the main theorem.
Theorem 1: Suppose that conditions (6), (9a)–(9c) are satisfied. Let

the initial state ϕ be such that ψ ∈ X defined by

(ψ(r)) (s) = ϕ(s, r)−
s∫

0

k(s, y)ϕ(y, r)dy (10)

belongs to D(A) for B and Φ in (5). Then, system (3) with control
input (8) is uniformly exponentially stable and there exists a constant
M ≥ 1 satisfying

‖x(s, t)‖Y ≤ Me−(c−b)t sup
−τ≤r≤0

‖ϕ(s, r)‖Y , t > 0. (11)

Proof: Differentiating transformation (7) with respect to s twice
yields

∂2w(s, t)

∂s2
=

∂2x(s, t)

∂s2
− d

ds
(k(s, s)x(s, t))

− ∂k(s, y)

∂s

∣∣∣∣
y=s

x(s, t)−
s∫

0

∂2k(s, y)

∂s2
x(y, t)dy

=
∂2x(s, t)

∂s2
− d

ds
k(s, s)x(s, t)

− k(s, s)
∂x(s, t)

∂s
− ∂k(s, y)

∂s

∣∣∣∣
y=s

x(s, t)

−
s∫

0

∂2k(s, y)

∂s2
x(y, t)dy. (12)
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Similarly, we differentiate transformation (7) with respect to t to obtain

∂w(s, t)

∂t
=

∂x(s, t)

∂t
−

s∫
0

k(s, y)
∂x(y, t)

∂t
dy

=
∂2x(s, t)

∂s2
+ a(s)x(s, t) + bx(s, t− τ )

−
s∫

0

k(s, y)

(
∂2x(y, t)

∂y2
+a(y)x(y, t)+bx(y, t−τ )

)
dy

=
∂2x(s, t)

∂s2
+ a(s)x(s, t) + bx(s, t− τ )

−k(s, s)
∂x(s, t)

∂s
+
∂k(s, y)

∂y

∣∣∣∣
y=s

x(s, t)+k(s, 0)
∂x(0, t)

∂s

−
s∫

0

(
∂2k(s, y)

∂y2
+ a(y)k(s, y)

)
x(y, t)dy

− b

s∫
0

k(s, y)x(y, t− τ )dy. (13)

Subtracting (12) from (13) and substituting (9a)–(9c) into the resulting
equation yields

∂w(s, t)

∂t
− ∂2w(s, t)

∂s2
= − c

⎛
⎝x(s, t)−

s∫
0

k(s, y)x(y, t)dy

⎞
⎠

+ b

⎛
⎝x(s, t−τ )−

s∫
0

k(s, y)x(y, t− τ )dy

⎞
⎠

= − cw(s, t) + bw(s, t− τ ). (14)

Note that the delay term bx(s, t− τ ) is mapped to almost the same
term bw(s, t− τ ) as long as the coefficient b is constant.

Using Lemma 5, we observe that target system (4) is uniformly
exponentially stable under condition (6). Moreover, the decay rate of
the target system is given as follows:

‖w(s, t)‖Y = ‖(T (t)ψ) (0)‖Y

≤ ‖T (t)‖L(X) ‖ψ‖X

≤ M̃e−(c−b)t sup
−τ≤r≤0

‖ψ(r)‖Y , t > 0 (15)

where M̃ ≥ 1 is a constant determined by (T (t))t≥0.
Using transformation (7), we see that system (3) can be transformed

into target system (4) under conditions (9a)–(9c). To complete the
proof, we need to confirm that the stability of target system (4) implies
the stability of system (3). In other words, we need to confirm that the
transformation (7) is invertible. In fact, the invertibility of transforma-
tion (7) has been verified in [8] without regard to the controlled and
target systems. Therefore, the stability of the target system implies the
stability of system (3).

Furthermore, noting that both transformation (7) and its inverse
transformation are bounded with respect to ‖ · ‖Y , we see that the
convergence of the target system in (15) implies that there exists a
constant M that satisfies (11). Consequently, the proof of Theorem 1
is completed. �

Remark 3: Noting the following relation

‖x(s, t)‖L2(0,1) =

⎛
⎝ 1∫

0

|x(s, t)|2 ds

⎞
⎠

1
2

≤
((

sup
0≤s≤1

|x(s, t)|
)2

) 1
2

= ‖x(s, t)‖Y

we see that the convergence in L2 norm is also guaranteed.
Remark 4: Since control input (8) comprises the kernel function

k(s, y), we need to solve PDEs (9a)–(9c) to determine the control in-
put. Although those equations are well-posed, it is not straightforward
to find a solution of those PDEs. If spatial coefficient a(s) is a constant
independent of s, then we can obtain the analytic solution of PDEs
(9a)–(9c) using the Bessel function [7] as shown below

k(s, y) = −(a+ c)y
I
(√

(a+ c)(s2 − y2)
)

√
(a+ c)(s2 − y2)

where I denotes the first-order modified Bessel function of the first
kind defined by

I(z) :=
∞∑

n=0

(
z
2

)2n+1

n!(n+ 1)!
.

Otherwise, one can solve it either symbolically using a recursive
procedure or numerically with finite difference schemes developed for
Klein—Gordon-type PDEs [7].

Remark 5: In this study, we considered the Dirichlet boundary
conditions in (3b) and (3c). Note that the proposed method is also
applicable to the case of Neumann boundary conditions, such as
∂x(s, t)/∂s|s=0 = 0 and ∂x(s, t)/∂s|s=1 = u(t). Since the uniform
exponential stability of the target system can be guaranteed using the
properties of nonnegative semigroups even if boundary conditions (4b)
and (4c) of the target system are changed into Neumann boundary
conditions, such as ∂w(s, t)/∂s|s=0 = 0 and ∂w(s, t)/∂s|s=1 = 0.
In addition, the transformation to such a target system is possible by
the same transformation (7) if the boundary condition for the integral
kernel (9b) is replaced with ∂k(s, y)/∂y|y=0 = 0.

Remark 6: It can be seen from (15) that the exponential decay rate
of the controlled system is given by −c+ b. Since the coefficient c is
a design parameter, we can arbitrarily assign the decay rate without
regard to initial states and boundary conditions.

Remark 7: In this study, we assumed that coefficient b is a constant
and is not dependent on spatial variable s. In the case of space-
dependent coefficient b(s), the equivalence between the controlled
system and the considered target system is lost. Note that (13) in the
case of b(s) should be changed as follows:

∂w(s, t)

∂t
=

∂2x(s, t)

∂s2
+ a(s)x(s, t) + b(s)x(s, t− τ )

− k(s, s)
∂x(s, t)

∂s
+

∂k(s, y)

∂y

∣∣∣∣
y=s

x(s, t)

+ k(s, 0)
∂x(0, t)

∂s

−
s∫

0

(
∂2k(s, y)

∂y2
+ a(y)k(s, y)

)
x(y, t)dy

−
s∫

0

k(s, y)b(y)x(y, t− τ )dy. (16)
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Subtracting (12) from (16) and substituting (9a)–(9c) into the resulting
equation yields

∂w(s, t)

∂t
=

∂2w(s, t)

∂s2
− cw(s, t) + b(s)w(s, t− τ )

−
s∫

0

k(s, y) (b(y)− b(s))x(y, t− τ )dy. (17)

The integration term in (17) can be transformed as follows:

s∫
0

k(s, y) (b(y)− b(s))x(y, t− τ )dy

=

s∫
0

k(s, y) (b(y)− b(s))w(y, t− τ )dy

+

s∫
0

k(s, y) (b(y)− b(s))

y∫
0

l(y, η)w(η, t− τ )dηdy

=

s∫
0

k(s, y) (b(y)− b(s))w(y, t− τ )dy

+

s∫
0

s∫
y

k(s, η) (b(η)− b(s)) l(η, y)dηw(y, t− τ )dy

=

s∫
0

f(s, y)w(y, t− τ )dy (18)

where f(s, y) in (18) is defined by

f(s, y) = k(s, y) (b(y)− b(s)) +

s∫
y

k(s, η) (b(η)− b(s)) l(η, y)dη.

(19)

Consequently, we can see that the system with space-dependent coef-
ficient b(s) is transformed into the following system using (7)–(9):

∂w(s, t)

∂t
=

∂2w(s, t)

∂s2
− cw(s, t) + b(s)w(s, t− τ )

−
s∫

0

f(s, y)w(y, t− τ )dy. (20)

Therefore, Lemma 5 cannot be directly applied to examine the stability
of system (20). Thus, we need to examine another stability criterion
or variable transformation for the case of space-dependent coeffi-
cient b(s).

C. Stability of Target System Based on Lyapunov-Razumikhin Theory

In this subsection, we provide another stability condition for target
system (4) using Lyapunov-Razumikhin theory [11].

Theorem 2: System (4) is uniformly exponentially stable if

c >
b2 − π2 + 4

4
. (21)

Proof: Let Lyapunov-Razumikhin function V be defined by

V =
1

2
‖w(s, t)‖2L2(0,1) =

1

2

1∫
0

w(s, t)2ds.

The time derivative of V is given by

V̇ =

1∫
0

{
w(s, t)

∂2w(s, t)

∂s2
− cw(s, t)2 + bw(s, t)w(s, t− τ )

}
ds.

(22)

Applying integration by parts into the first tem on the right-hand side
and taking boundary conditions (4b) and (4c) into account, we obtain

V̇ =

1∫
0

{
−
(
∂w(s, t)

∂s

)2

− cw(s, t)2 + bw(s, t)w(s, t− τ )

}
ds.

(23)

Applying a variation of Wirtinger’s inequality into the first term on the
right-hand side, we have

V̇ ≤
1∫

0

{
−
(
c+

π2

4

)
w(s, t)2 + bw(s, t)w(s, t− τ )

}
ds. (24)

Under the assumption that V (w(s, t+ θ)) < V (w(s, t)) for all −τ ≤
θ ≤ 0, we have

V̇ ≤
1∫

0

{
−
(
c+

π2

4

)
w(s, t)2 + bw(s, t)w(s, t− τ )

+
b2

4

(
w(s, t)2 − w(s, t− τ )2

)}
ds

=

1∫
0

{
−
(
c− b2 − π2 + 4

4

)
w(s, t)2

−
(
w(s, t)− b

2
w(s, t− τ )

)2
}
ds

≤ −
(
c− b2 − π2 + 4

4

)
V. (25)

Hence, we can see that if V (w(s, t+ θ)) < V (w(s, t)) is satisfied for
all −τ ≤ θ ≤ 0, then there exist positive constants α, β, and γ such
that the following conditions are satisfied:

α ‖w(s, t)‖2L2(0,1) ≤ V ≤ β ‖w(s, t)‖2L2(0,1) (26)

V̇ ≤ −γ ‖w(s, t)‖2L2(0,1) . (27)

Consequently, the proof of Theorem 2 is completed based on
Lyapunov-Razumikhin theory [11]. �

Remark 8: Note that the boundary control method given by (8) and
(9) that satisfies condition (21) instead of (6) can also stabilize system
(3). Fig. 1 shows that condition (21) is less conservative in the case of
2− π < b < 2 + π.

IV. ILLUSTRATIVE EXAMPLE

In this section, we provide an illustrative example to verify the
effectiveness of the proposed method.

Consider the following unstable system:

∂x(s, t)

∂t
=

∂2x(s, t)

∂s2
+ 10x(s, t) + 10x(s, t− τ ) (28)

with boundary conditions (3b) and (3c) and initial condition (3d).
To satisfy condition (6), we consider the following stable target

system:

∂w(s, t)

∂t
=

∂2w(s, t)

∂s2
− 20w(s, t) + 10w(s, t− τ ). (29)
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Fig. 1. Plots of the right-hand sides in (6) and (21).

Fig. 2. Free response of x(s, t) without control input.

Consequently, kernels (9a)–(9c) are given by

λ+ 2
d

ds
k(s, s) = 0 (30a)

k(s, 0) = 0 (30b)

∂2k(s, y)

∂s2
− ∂2k(s, y)

∂y2
− λk(s, y) = 0 (30c)

where λ is given by λ = 30. As described in Remark 4, we can obtain
the solution of (30a)–(30c)

k(s, y) = −λy
I
(√

λ(s2 − y2)
)

√
λ(s2 − y2)

. (31)

Consequently, we obtain a stabilizing controller as

u(t) = −λ

1∫
0

y
I
(√

λ(1− y2)
)

√
λ(1− y2)

x(y, t)dy. (32)

In the following, we provide the numerical simulation results
for the controlled system (28). The initial state ϕ(s, t) is given
by ϕ(s, t) = sin(πs) for all −τ ≤ t ≤ 0. We simply discretize the
partial differential equation into the finite difference equation using
the explicit scheme. The step sizes for discretization of s and t are
denoted by Δs and Δt, respectively. The parameters employed in
the numerical simulations are as follows: Δs = 0.01, Δt = 0.00005,
and τ = 0.001. Throughout discretization for transforming infinite-
dimensional controller (32) into a finite-dimensional controller, there
is the possibility of numerical instability. In this example, however, no
numerical instability was arisen in spite of using the simple discretiza-
tion scheme.

Figs. 2 and 3 show the time history of the state x(s, t) of (28)
without and with control input, respectively. Figs. 4 and 5 shows

Fig. 3. Time response of x(s, t) with control input.

Fig. 4. Time response of ‖x(s, t)‖∞ .

Fig. 5. Time response of ‖x(s, t)‖L2(0,1) .

the time history of the uniform norm ‖x(s, t)‖∞ and the L2 norm
‖x(s, t)‖L2(0,1), respectively. Fig. 6 shows the time history of the
control input. The figures reveal the effectiveness of the proposed
method.

V. CONCLUSION

In this study, we provided a stabilization method for reaction-
diffusion equations with state delay using boundary control input. The
key idea of this study is the use of a backstepping control method and
nonnegative semigroup theory. We adopted a variable transformation
of backstepping control method, which was proposed for undelayed
reaction-diffusion equations. We introduced a target system whose
stability can be guaranteed using nonnegative semigroup theory or
Lyapunov-Razumikhin theory. Consequently, we found that a conven-
tional transformation proposed for undelayed systems is still useful in
deriving a stabilizing controller for time-delayed systems by means of
properly choosing the target system. In other words, the applicability
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Fig. 6. Time response of u(t).

of a backstepping control method based on commonly used transfor-
mation was extended to a special class of reaction-diffusion equations
with state delay. To consider the stabilization problem for a general
case where the coefficient of the delayed term is not a constant but
a space-dependent variable is a possible future study. Apart from
reaction-diffusion equations, the boundary control of wave equations
with delay is also important problem [13]. To consider the applicability
of the proposed method into a class of wave equations with state delay
is also a possible future study.
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