Pergamon

PIL: S0005-1098(97)00184-2

Automatica, Vol. 34, No. 4, pp. 429-435, 1998
¢ 1998 Elsevier Science Ltd. All rights reserved
Printed in Great Britain

0005-1098/98 $19.00 + 0.00

Brief Paper

Adaptive Backstepping with Parameter Projection:
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Abstract—We employ parameter projection to improve robust-
ness of the adaptive backstepping design with tuning functions.
However, since projection is not compatible with the existing
recursive procedure, we also propose a controller modification
which enables the use of projection in backstepping designs. The
following robustness properties are achieved. When the relative
degree of the linear system equals that of the model, the closed
loop signals are globally uniformly bounded. If this condition is
not verified then the region of attraction of the closed loop
system is shown to be inversely proportional to the “size” of the
unmodeled dynamics. In both cases, the tracking error is shown
to be proportional to the size of the uncertainties. . 1998
Elsevier Science Ltd. All rights reserved.

L. Introduction and problem statement
Transient performance of adaptive backstepping designs com-
pares favorably to that of traditional adaptive controllers (cf.
Krstic et al., 1995) {Sections 10.4 and 10.5). However, the ques-
tion of their robustness is still open and is a topic of intensive
current studies (Ikhouane and Krstic, 1995; Li er al., 1995;
Polycarpou and loannou, 1993; Yao and Tomizuka, 1998;
Zhang and loannou, 1995a-c; Jang and Praly, 1996). In
Ikhouane and Krstic (1995) we showed that, by adding a (suffi-
ciently differentiable) “switching™ g-modification into the tuning
functions and the update law, we achieve regional robustness
properties with a region of attraction inversely proportional to
the “size” of the unmodeled dynamics. (The robustness proper-
ties are regional—and not global as in the case of traditional
robust adaptive schemes (Toannou and Sun, 1995) -because the
adaptive backstepping controller is nonlinear.) To achieve ro-
bustness in Ikhouane and Krstic (1995), we did not employ any
type of dynamic normalization (which may come as a surprise to
readers familiar with traditional robust adaptive control, loan-
nou and Sun, 1995). At the same time, our proof is much simpler
than that in Naik et al.,, (1992) where dynamic normalization was
shown not to be necessary in a certainty-equivalence scheme.
A natural question that Ikhouane and Krstic (1995) raises is:
Can o-modification be replaced by parameter projection? In
traditional adaptive control these two tools can be used inter-
changeably. This, however, is not the case in the backstepping
approach. Because of the recursive character of backstepping.
replacing ¢-modification by projection would require a projec-
tion operator which is sufficiently differentiable. It is a litle
appreciated technical finesse that the projection operator cannot
be made a C' function of the vector field even though it can be
made a smooth function of the parameter estimate. In this paper
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we propose a new adaptive backstepping design with tuning func-
tions which circumvents this technical obstacle. We consider
multiplicative unmodeled dynamics yuA. When the relative de-
gree of the system with uncertainties equals that of the nominal
model, the closed loop signals are globally uniformly bounded. If
the relative degree of the true system is less than that of the
model, then the region of attraction of the closed loop system
is proportional to 1/u?. Unlike the o-modification design in
Ikhovane and Krstic (1995), the projection design insures
global stability when A is proper. The mean square of the
tracking error is shown to be proportional to the size of the
uncertainties.

The paper 1s organized as follows. In Section 2 we present the
design procedure. Section 3 deals with the stability and asymp-
totic performance analysis of the closed loop system when the
transfer function A is improper. In Section 4 we address the case
where A is proper. Section 5 illustrates our robust adaptive
scheme on a non-minimum phase unstable second order
example.

Problem statement. The control objective is to asymptotically
track a reference signal y,(t) with the output y of the plant

B(s)
Yty =——(1 + pAls)u(t) + d(t), (1.1)

Als)
where A(s)=s"+a,- ;5" '+ - +as+a, and B(s)=
bus™ + -+ + bys + bo. The parameters a; and b; are unknown.

Without loss of generality, we assume that u > 0.

Assumption 1.1. The plant is minimum phase, ie., the poly-
nomial B(s) is Hurwitz. The plant order (n), relative degree
(p =n — m) and sign of the high frequency gain (sgn(b,)) are
known.

Assumption 1.2. The reference signal y,(1) and its first p deriva-
tives are known and bounded and, in addition, y!' is piecewise
continuous.

Assumption 1.3. The transfer function A is stable and its relative
degree is no lower than — p + 1. The output disturbance d(t)
and its first derivative are uniformly bounded. Moreover, d is
piecewise continuous.

Assumption 1.4. The unknown parameter vector ) = (b,,, ..., bg,
Ay— 1, ... ag)" lies in a known bounded convex set

Iy = {fe ™+ p() < 0)

where # is a convex smooth function. Furthermore, an upper
bound g,..,, on the the absolute value of the unknown parameter
o = 1/b,, is known.

Notation. The following notation is used throughout the paper,
unless otherwise stated.

® ¢ a generic positive constant independent of g, d, d and the
initial conditions.
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e g: a generic positive constant independent of g, d, d and
possibly depending on the initial conditions.
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Table 1. Tuning functions design for linear systems

i=y—n 28
2. Design procedure: tuning functions with damping Li=vni— Y — i, i=2 ...p 29)
2.1. ldeal case .
For clarity, we first present the design procedure in the ab- ay = 9, (2.10)
sence of uncertainties, that is for 4 = 0 and d = 0. We represent S . =Th
the plant (1.1) in the observer canonical form: f=—ler+di)n =<~ o0 (211)
dory \?
% = Aox + (k — a)x, + bu, = — bz — | e+ dof 22\ ey 4 8y 4 Y, 2.12)
2.1) ay
Y =X
Oy 2
where @ =—zi-y—|c+d T i+ B+ Y (2.13)
In- Aot L Oayy ) Qo
Ao=| —k g k= ks, o ki), Bi= (&2 + 0"0) + (Aon + €,y) + —5
oy an Sy oy
0...0 J
m+i—1 5ai— . ,
a=(an—-h “'!aO)T’ b=(0(ﬂ—l]><ls bm! '~~!b0)T' (22) +kivm°l + Z 2 ( _kjil +Aj+]) (214)
i=t j
By filtering u and y with two n-dimensional filters
i = Ao + €., T = (o — 0(¥: + &y)ey)z; (2.15)
(2.3) R
1= Au) + e, it (0;,—1 W, P=2 .p (216)
the state estimate is formed as X = B(A4y)A — A(Ag)n, and the Y
estimation error is defined as ¢ = x — X. We define the vectors Adapti trol law:
v, 5, & o and 6 as aptive control law:
v;=Add, j=0,...,m U=y — Upprt + OV (2.17)
E= —[40 ' ...,1],
E= — An, (2.4) The resulting error system is
© = [Upn.2s -, Up,2, B2y — ye11T, P = Az 0z + Wiz, 083 + Wolz. D0 — by, + d)e1d.  (218)
@ =[0,Un1.2 - » Vo2 Zzy — yerI™. where the system matrix A4,(z, 1) is given by
[, —d, b 0 0 1
doy\?
-5, _62_612(_(77) L+0,, 924 P20
0 —1—0,,
Afz )= (2.19)
— 0 Uﬂ—z,p
l+o,_,,
dx,_,
0 75, — 0, 2, —l—ap‘lp wcundp< (;; )

The control law and the parameter update laws are designed in
p steps (Krstic et al., 1995, Section 10.2.1). This design is sum-
marized in Table 1. The design in Krstic et al. (1995), which we
refer as “tuning functions with cancellations”, employs the fol-
lowing terms:

Ou,y oty \ -
Y,=—T A — |0
2= 75 73+ (} + @Q)Q

Ot~y L S ) i1\ ;
Y, =T — Tz, + [ YD+ —— |5,
T ,;z . &y AtV 2 /)¢
i=3 ...,p (2.5)
and the parameter update laws:
r3
6=T1,= Y wzj, (2.6)
j=1
&= — ysgn(bn). + &1)z1 = wozy. 27

with o;; = (fa; - 1/6@)1‘(6%_ 1/8pyw, and Wz, ry and Wiz, t) are
- B

1

Jay

Wz, t) =] ey e R,
gy
- jo)
L

Welz, )T = Wiz, D" — 8(¥, + &,)e,e] e RP*P,

(2.20)

The role of the terms (2.5) is to eliminate & and @ from the error
system (2.18). The cancelling tuning functions design (Krstic
et al., 1994) ensures global stability of the closed loop system and
asymptotic tracking when there are no uncertainties (that is
#=0and d =0). In the presence of unmodeled dynamics and
bounded disturbances this scheme does not guarantee the stabil-
ity of the closed loop. Thus we need to change the parameter
update law and the control law. The simplest modification to
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think of would be to employ parameter projection in the tuning
functions (2.15), (2.16) and in the update laws (2.6), (2.7). How-
ever, to be compatible with the recursive backstepping proced-
ure (2.8}+2.16), the projection operator would need to be p — 2
times differentiable. While the projection operator can be made
smooth with respect to the parameter estimates, it (is little
appreciated that it) cannot be made differentiable with respect to
the vector field (see Krstic et al., 1995, Appendix E). Thus we
have to resort to a more extensive modification of the tuning
function design, in which the recursive stabilizing functions do
not explicitly incorporate the non-differentiable tuning func-
tions.
Instead of equation (2.5) we choose:

Y, - —z.{ b [ﬁk( nwku>
- 2 ) 2
+ﬂ+14<”%% HWi“) :|+f1i”w0||2<y(ri7” + %) }

i=2 ...,p (2.21)

0t; - 1
a9

and refer to the new design as “tuning functions with damping”.
The error system becomes

Z= Az, 07 + Wiz, ey + Welz, )8 — b(3, + 5,)e,d
+ 04z, 06 + Oufz, 78, (2.22)

where the system matrix 4.z, t) is given by

[evoii e 0 e 0]
by  —ci—0h 10 0
0 -1
Az, )=
0 0
1
0 0 0 -1 —c,—d,,
(2.23)
61y = dy,

da—q\?
o = di< P 1>
oy

i—1 60(,-7 2 61 2
+Z[f(7 ||wku> +fk(“—65 uwr)]
O _ 2
+f1.~HwDH2<y$"' ny St ) (224)
00

and Qz, 1) and Qyz, 1) are

[ 0
(%)
- .vr+_:
Qz 1y = Y .
Qo
Y VRS P 1
I <y " 6@)
F 0
Aoty
Oz, )7 = a0 | (2.25)
o,y
o6

The role of the damping terms (2.21) is to counteract the de-
stabilizing effect of § and ¢1n the error system (2.22). We choose
as update laws for the parameter estimates $ and §

&= Projn (— 7sgnibw) (3, + &,)z,),

A . (2.26)
0 = Projp(I't,).

The projection operator is defined as in Krstic et al. (1995,
p. 512)

t fell, or Ve?'r <0,

. o VPV PT
PrO_]n'{T} = <I - C(G)r W >T (227)
e, \, and V;#™r >0,
R 20
af) = min{l, ©) } (2.28)
£

I, = {fe #"* "+ 1/P(d) < &} for some positive real & (2.29)

This operator is locally Lipschitz but not C'. The projection
interval I, is

I, = [Sgn(bm] , sgn(bm)gmax} (2.30)

supsen,| 8]

The control u is chosen as in equation (2.17). With this choice,
the derivative of the Lyapunov function

271 1
v,y (; i+ 7 sTPoa)
J=1\~ J

b 1 "
+ lz—yl(g -9+ ;(0 -OTYe—-0 31
satisfies

2od (fa;_, \? LI
-y 4 -1 73 — szm’AlProjm(I“rp)
2 PR

o (-, P -
- 2w+ 2% Projn,(woz,)

o
oo

» . \2
- sz[flj”Wo’V(y(rlﬂ'+——-—AJA )
; i)

i=2
2 2
”WkH> +ﬁc+1.j( ”W,”) ] (232)

The  indefinite  term — Y.5=22,0%;-1/08 Projn (T't,)
= 2 9=22{y¥ ™" + du;_1/39 Projn {wez,) reduces negativity of
the derivative of V,. The aim of the subsequent analysis is to
quantify its effect. From property (i) of Krstic er al. (1995,
Lemma E1) and equation (2.6) it follows that

Oor;

ji—-1
A(

oy,
i

»
IProjn T il < & 3 iiwillizd,
k=1

f Pl'ojnp(wozx)” < lwolllzl, (2.33)
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where 3 = /0. T} 2min(T). With (2.33) and (2.32) we get
Y

L ’ pod (o \?
-15%3 Z an Zj(%‘)z%

j=1 = j=1 oy

+z>:(

lwiz;llzi)
j=2k=1
T P
'f;u( fA fwiz;l —-—z
0 n
p Jj—1
Z Z ||M)J||‘k+l‘
T k=1

: Ck+1
fk+11< 5 ijZjH> *n Zf+1>
k+1

14
+ Z(':W Ay Py
j=2 00

EFIAC IS
—fUHWOZ \2<V“ 1)+ ]A ) __lzf . (2.34)

‘ak

Q0 ny
Thus, if we choose
n=4p— 1),

m=Mp—kl+2, k=2,..,p,

fjkz—"—"'éz, j=2,...,.pl<k<j— 1
4,
fror 22l e gl <k<j—1,
4cyy
n
fu_ﬁ, i=2...,p (2.35)
I
we obtain
’ . 121 2od; (da;_y \?
R Y P J(f—')z?. (2.36)
R

We now state the main result of this section.

Theorem 2.1 (Tuning functions with damping). All the signals
in the closed-loop adaptive system consisting of the plant (1.1),
the control law (2.17), the update laws (2.26), and the filters (2.3)
are globally uniformly bounded, and asymptotic tracking is
achieved:

lim [y() — ydr)] = 0. (2.37)

Proof. Starting with equation (2.36), the rest of the proof is
similar to Krstic ez al. (1995, Theorem 10.6).

2.2. Uncertain plant

In the presence of uncertainties, the design procedure remains
the same. However, additional terms appear in the right-hand
side of equation (2.36) due to the presence of perturbations. We
represent the plant (1.1) as

X = Aex + (k — a)x; + bu,

y=(1+ pAyx; +d. (2.38)

Then the estimation error satisfies

£ = Aot + {a — k)(uAx, + d). (2.39)

The derivative of the output is
Vo=, — Ay Y + HAGS + dy )X+ d F ayod, (2.40)
so that the error system 1s
3= Az, 0z + Wiz, Des + Wz, 070 = b (5, + @,)e,D
+ Qulz. 1000 + Qulz. 1)78
+ Wiz, DA + @y )xy +d + apeid). (2.41)

Combining equations (2.41), (2.40), (2.39) and (
that

36) it follows

121 LS|
-3 Y 7 lel2+23 d—(a — k)TPoe(uAx, + d). (2.42)
i j=14j

i=

The aim of the next section is to quantify the effect of the
indefinite terms in the right-hand side of equation (2.42).

3. Robustness properties with A improper

In this section, we treat the most general case where A is
improper, with a relative degree no lower than — p + 1. The
stability analysis is carried out by using a similarity transforma-
tion to represent equation (2.38) as

Xy = X3 —dy- Xy,

X, =% — dpXy + b, (3.1
{= Ayl + bpx,.
y=(+puA)x, +d,

where X = (xy, ....x, (", ¢, € #" and b€ #™. For stability
analysis, we are 1nterested in the deviation { = J — {, which is
governed by

O = Ayl + bpxy,. S(0) = 0, (3.2)
where {, is defined as

&= Ayl + by, (A0) = 1(0) (

L
%)
=

and x,, is defined as
X1, = X| = (34)
For the # variables we define analogously ij = 5 — n,

= Aol + ¢z, i(0) = 0,

. (3.5)
iy = Aoty + €2, 1,(0) = 7(0).

Define the strictly proper and stable transfer functions A, and
A, and the states v, and v, as

o
Als + ) = Z §1;Sj + A],

j=0

p—1

A= Z §2ij + A,
i=0
V= Ay + by, (3.6)
Apxy, =010, ..,0n =v,

Vo= Agvy + by Xy

Aoxy, = (1.0, ....0W; =v,,.
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The matrices A; and A4, are Hurwitz since A is stable, We are
now ready to introduce the augmented Lyapunov function V:

1 | P
V=V+ m AP + o CTPY + quviPavi + goviPovs (3.7)
n {

Note that V is a quadratic function V = x"P,y of the vector
= At vl v, B ) (38)
It can be shown (Ikhouane and Krstic, 1995) that
Vs —af X2+ B+ p#2clAs + a,-1)x1,)% + (Ax )9, (3.9)

where

% = min 1 2 % )~n:i:|(P0) A;i}-n(Ph) /mm(Pl) /mm(Pz)
= g T 5 P — X

B=clu® +d* +d*, (3.10)

X = (et T, {L VIV (3.11)
Using the fact that, due to the use of projection in the parameter
update law, the parameter estimates are uniformly bounded, it
follows:

V< ~aV+ B+ 12c(Als + a,- X1, + (Axy)?), (3.12)

where
1 1 N bul .

— =-ma — Amad Po) ==+ Zmax(T 7",

v X{ Zl (Po), — 2 Zmaxl )

Zmad Pa)  Amad Pp)
kn ké

B=F+- (sup 16 +

fell,

> q1)~max(P1)~ q2;~max‘P2)}

(e + Qmax)2>- (3.13)

From this point on, the analysis continues exactly as in Ik-
houane and Krstic (1995), leading to the following result.

Theorem 3.1. Consider the plant (1.1) subject to Assumptions
(1.1)«1.4) and the adaptive controller composed of the control
law (2.17) and the parameter update laws (2.26). There exist
positive constants u*, g and ¢ independent of y, d and d, and
a positive integer m, independent of p such that for 0 < y < u*
and for

* 140} 20 < ¢, L
ol 0 + o+ I S et
© Il < el

we have

(i) All the signals of the closed loop are bounded;
(i) The mean-square of the tracking error is proportional to the
size of perturbations:

t+T

t~T
( (D) — ploO)dr < g + Cj (12 + d(0)* + d(x)?) dr,

t

v, T > 0. (3.14)

4. Robustness properties with A proper

In this section we suppose that A is proper. Similar to Section
3, we introduce an augmented Lyapunov function as in equation
(3.7). Define the state v, as

V3 = Azvy + bz,

1 1
—_— e 7y = (1,0, ...
L+pA 1+ ug

Note that the proper transfer function 1/(1 + uA) is stable and
the term 1/(1 + pi5;) is well defined for sufficiently small . We

Oy =va. (41)

introduce the final Lyapunov function for our closed loop sys-
tem as

1 1. -
V=V, + P + - P+ GIViP v + 42v3P2v; + qsviPyvs.

k, k.

4.2)
Observe that V' is a quadratic function V = x"P,y of the vector
=N AT vV o, T 43)

Similar to Section 3, we obtain
V< ~allX]? + B+ p2el(Als + ay-1)x1,)? + (Ax,,)), (4.4)

where -
=TT AN IT v v DT (4.5)

We now need a bound on Ax,, and A(s + a,_)x;,. In Ikhouane
and Krstic (1995) we proved that

A%y = vy + Ga0lzy — pvay — pAy, — d), (4.6)

Als + a,- )% = vi1 + Grolzy — pvag — pApy, — d) + ¢11%4,,
4.7

X1, =he + phvyy + hlpys + Wi + h o+ hzy + hvyy + x,
(4.8)

dmiz=zp 40y HHe+ hies + Wi+ R+, (49)

where h is a generic constant scalar or vector of appropnate
dimensions indepenent of d, d, and g; x is a generic bounded
function of time which depends only on y, and its first p deriva-
tives. From equation (4.6) it is clear that Ax, is linearly bounded
in | X|. To show that A(s + a,_,) x,, is also linearly bounded in
[ X[, we note from equations (4.7) and (4.8) that it is enough to
show that 4,,, , is linearly bounded in | X||. Since we are using
projection, & and ¢ are bounded, so #, is linearly bounded in
1 X1, and, according to equation (4.9), so is A, ,. Thus

[As + ag-)xpd < IXN + 1yl + 10k + 1dl2)s (4.10)
1A% | < el + ilyell e + 19« + 1ldl]0). (4.11)

With equations (4.10), (4.11), and (4.4), and using the bounded-
ness of # and § due to projection, we get

. x
V< *EHXH2+2/3

< —%V+2ﬂ‘ 4.12)

which implies that V is globally uniformly bounded. The boun-
dedness of the control « and the vectors A and x is shown as in
Krstic et al. (1995, Section 10.2.2). The asymptotic performance
is dertved as in Theorem 3.1. We now state the main result of this
section

Theorem 4.1. Consider the plant (1.1) subject to Assumptions
1.1-1.4 and the adaptive controller composed of the control law
(2.17) and the parameter update laws (2.26). If A is proper then
there exist positive constants u ¢ and g independent of g, d and
d such that for any 0 < u < p*, we have

(i} All the signals of the closed loop are globally bounded;
(ii) The mean-square of the tracking error is proportional to the
size of perturbations:

rt+T

| @) —ph)de<g + ‘J

ol '

t+T

(1* + d(1)* + d(r)*)dr,
v, T >0. (4.13)

The linear bounds (4.10) and (4.11) represent a key difference
between the present paper and Ikhouane and Krstic (1995) for
proper perturbations. In Ikhouane and Krstic (1995) the bounds
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were cubic because, without parameter projection, § and g can-
not be bounded independently, and thus, «, cannot be bounded
linearly in || X || (a cubic bound in ||| was used in Ikhouane and
Krstic (1995). Thus, the robustness result for proper A in this
paper is global, whereas in Ikhouane and Krstic (1995), it was
only regional.

5. Simulation results
Consider the following relative degree one unstable and non-
minimum phase plant

) = (1 ~ ps)u(t) + d(o), (5.1)

s(s —a)

where the parameter @ = 1 is unknown and y is a positive scalar.
The design procedure in Krstic et al. (1994) does not apply
directly because of the presence of the unstable zero. Instead we
can consider (5.1) to be relative degree two and (1 — us) to be the
unmodeled dynamics. We apply both the robust adaptive
scheme from this paper and the scheme presented in Krstic et al.
(1994). The design parameters and the reference signal are

y=05 ki=k,=4, c,=cs=1, dy=d, =01, £=03,
1

(f) = —————————F(1),
W= hery @
r(t) = 5sin(0.5¢), (5.2)
I, = [0, 2].
154 ]
10F |
st ]
OMMWWMWN% .
-5F 1
-10} b
15} ]
-5 2 a 8 5 6 1z a6 18 20

50 r v y v v . v 17
45} 1
40F 4

351 4

20

Fig. 2. Parameter estimate vs. time (without projection).

20 T T T T T —— T T

10F ]

}

-5} ]

-15} 1

20 s ) —_ . " . L s

25 T T T T - T ——
il 1
151 4
1+ R
05 {
0 n n " . L

Fig. 4. Parameter estimate vs. time (with projection).

The control law is given by

O oa .
u= —f, —z, + a—yle + TglPrOJnn{rz} — 32y
day \?
- d2<——'> 2. (5.3)
ay

Note that in the particular case of relative, degree two systems,
instead of using damping, we may include 8 and §in the control
law. The stability proof is very similar to that of Section 3.

Figures 1-4 show the behavior of the closed loop system
subject to the output disturbance d(t) = 0.5sin(15t) and
¢ = 0.04. The closed loop system is unstable when the projection
is not used in the parameter update law. This instability is
removed with our projection design.
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