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a b s t r a c t

The problem of state-observation is addressed for nonlinear systems that can bemodeled by an ODE–PDE
series association. The ODE subsystem assumes a triangular structure while the PDE element is of heat
diffusion type. The aim is to accurately estimate online the state vector of the ODE subsystem and the
distributed state of the PDE element. One major difficulty is that the state observation must only rely on
the global system output i.e. the PDE state at the terminal boundary. In particular, the connection point
between the ODE and the PDE blocks is not accessible tomeasurements. The observation problem is dealt
with by designing a high-gain type observer. Sufficient conditions involving the PDE domain length are
formally established that ensure the observer exponential convergence.

© 2015 Elsevier B.V. All rights reserved.
1. Introduction

In the last decades, the problems of nonlinear system observ-
ability and observer design have intensively been investigated for
systems that can be described by ordinaries differential equations
(ODEs). Several types of observers have been proposed, for sev-
eral classes of nonlinear systems, including the high-gain observer
e.g. [1–4], sliding-mode observers e.g. [5–7], Luenberger-like ob-
servers e.g. [8]. Additional references can be found in recentmono-
graphs e.g. [9,10].

The problem of infinite dimensional system (IDS) observabil-
ity and observer design has also been given a great deal of inter-
est, especially in recent years. The earliest works have focused on
linear IDSs and a relatively complete theoretical framework exists
since the nineties, including the infinite dimensional Luenberger
observer, e.g. [11,12] and reference list therein. Boundary observer
design of bilinear IDSs has been studied in e.g. [13–15]. A unified
study of both interior and boundary observation for linear and bi-
linear systems is found in [16]. In [17], backstepping techniques
have been used to design exponentially convergent boundary ob-
servers for a class of parabolic partial integro-differential equa-
tions. The problem of initial state recovery has also been given
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interest. In [18], an iterative algorithm is proposed to recover the
initial state of a linear infinite dimensional system. The proposed
algorithm generalizes various algorithms, proposed earlier for spe-
cific classes of systems, and stands as an alternative to methods
based on Gramian inversion [19]. The ideas of [18] have been ex-
tended to some nonlinear infinite dimensional systems, using LMI
techniques [20].

In this paper, we are interested in state observation of cascade
systems including an ODE subsystem followed in series with PDE
subsystem (Fig. 1). The aim is to recover the (finite-dimension)
state of the ODE part and the (infinite-dimension) state of the PDE
part. One major difficulty of this problem lies in the fact that the
connecting point between the two parts is not accessible to mea-
surements. In [21,22] a boundary observer has been developed for
a cascade involving a linear ODE and a (linear) heat PDE equation
that may represent a distributed state sensor. In turn, the observer
assumes a cascade structurewith a finite- and infinite-dimensional
parts. The observer design relies upon an infinite-dimensional
transformation, inspired from the backstepping principle, and an
exponentially stable target system. The observer thus obtained is
shown to be exponentially convergent in the sense of a quadratic
norm. Inspired by [21,22], a new observer design is presently de-
veloped to address ODE–PDE systems that involve a triangular
nonlinear ODE subsystem (the PDE part remains a heat equation).

The novelty of the present design approach is twofold: (i) it
combines the backstepping infinite-dimensional transformation
of [22] and the high-gain observer design principles [1,3,4]; (ii) it
involves a quite different target system (as the ones used in [22]
are not usable for the present problem).

http://dx.doi.org/10.1016/j.sysconle.2015.06.003
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Fig. 1. System structure.

The paper is organized as follows: first, the observation problem
under study is formulated in Section 2; then, the observer design
and analysis are dealt with in Section 3; a conclusion and reference
list end the paper. To alleviate the presentation, some technical
proofs are appended.
Notations. Throughout the paper, Rn denotes the n dimensional
real space and the corresponding Euclidean norm is denoted ∥.∥.
Rn×n denotes the set of all n×m real matrices and ∥.∥ the induced
Euclidean norm. Functions that are continuously differentiable
with respect to all their arguments are denoted C1. L2[0, D] is the
Hilbert space of square integrable functions and the corresponding

L2 norm is denoted ∥.∥2. Accordingly, ∥η∥2 =

 D
0 η2(ς)dς

1/2
for

all η ∈ L2[0, D]. H1(0,D) is the Sobolev space of absolutely con-
tinuous functions η : [0,D] → R with dη/dς ∈ L2[0,D]. H2(0,D)
is the Sobolev space of scalar functions η : [0,D] → R with abso-
lutely continuous dη/dς ∈ L2[0,D] and d2η/dς2

∈ L2[0,D].

2. Problem formulation

Analytically, the system under study is modeled by a finite-
order nonlinear ODE connected in series with a PDE (Fig. 1).
The former could represent the plant dynamics which presently
assume the following triangular-form state-space representation:

Ẋ(t) = AX(t) + Bv(t) + f (X(t)), t ≥ 0 (1a)
u(D, t) = CX(t) (1b)

with:

A =



0 1 0 · · · 0 0
0 0 1 0 · · · 0
...

. . .
. . .

. . .
...

...
. . .

. . . 0
...

. . . 1
0 0 · · · · · · · · · 0


∈ Rn×n,

B ∈ Rn, C =

1 0 · · · 0


∈ R1×n

(1c)

where v ∈ C([0, ∞) : R) denotes the system input, X ∈ Rn the
state vector and f : Rn

→ Rn is a vector field with the triangular
form:

f (X) =


f1(X1)

f2(X1, X2)
...

fn(X1, . . . , Xn)

 ; fi : Ri
→ R. (1d)

It is supposed that f (0) = 0 and f is class C2 with bounded
Jacobian matrix i.e.

∃β > 0, ∀X ∈ Rn
: ∥fX (X)∥ ≤ β. (1e)

The system PDE part represents a diffusive sensing system
modeled by the following heat equation and associated boundary
condition:

ut(x, t) = uxx(x, t), 0 ≤ x ≤ D (2a)
ux(0, t) = 0, u(D, t) = CX(t) (2b)

where D is a known scalar representing the length of the PDE
domain. The whole system is observed through the output signal,

y(t)
def
= u(0, t). (2c)
The aim is to design an observer that provides accurate online
estimates of both the finite-dimension state vector X(t) and the
distributed state variable u(x, t), 0 ≤ x ≤ D. The observer must
only make use of the system input v(t) and output y(t). In partic-
ular, the connection signal u(D, t) is not supposed to be accessible
to measurements.

Note that, a similar state observation problem has been dealt
with in [22] for ODE–PDE systems where the ODE subsystem is
linear i.e. the vector field f (.) is identically null.

Before proceeding with the observer design and analysis, let
us check that the system described by (1a)–(1e)–(2a)–(2c) is
well posed. This is the subject of following statement proved in
Appendix A.

Proposition 1. The system (1a)–(1e)–(2a)–(2c) has a unique classi-
cal solution

u(t) ∈ C([0, ∞) : Y ) ∩ C1((0, ∞) : Y ),

X(t) ∈ C1([0, ∞) : Rn)

provided that u(0) ∈ Y , with Y = {ξ ∈ H2(0,D) : ξ(D) = 0,
ξx(0) = 0}. �

3. Observer design and analysis

3.1. Observer design

Inspired by the high-gain observer design approach, the fol-
lowing observer structure is considered for the system (1a)–(1d)–
(2a)–(2c):

˙̂X = AX̂ + Bv(t) + f (X̂) − θ∆−1K(û(0, t) − y(t)) (3a)

û(D, t) = CX̂(t) (3b)

ût(x, t) = ûxx(x, t) − θk(x)(û(0, t) − y(t)) (3c)

ûx(0, t) = 0 (3d)

for all t ≥ 0 and all x ∈ [0, D], with

∆
def
= diag


1,

1
θ
, . . . ,

1
θn−1


∈ Rn×n (3e)

where the scalar θ > 1 is a design parameter. The vector and scalar
gains, K ∈ Rn and k(x) ∈ R, have yet to be defined. To this end,
introduce the state estimation errors:

X̃ = X̂ − X, ũ = û − u. (4)

Then, subtracting each of the system equations (1a)–(1b)–
(2a)–(2c) from the corresponding equation in the observer
(3a)–(3d), one gets the following error system:

˙̃X = AX̃ +


f (X̂) − f (X)


− θ∆−1K ũ(0, t) (5a)

ũ(D, t) = CX̃(t) (5b)

ũt(x, t) = ũxx(x, t) − θk(x) ũ(0, t) (5c)

ũx(0, t) = 0. (5d)

Inspired by [22], the following backstepping transformation is
considered:

Z̃ = M−1(D)1X̃, (6a)

w̃(x, t) = ũ(x, t) − CM(x)Z̃(t) (6b)

where M(x) is a matrix function yet to be defined. Then, the error
system (5a)–(5d) rewrites, in terms of Z̃ and w̃(x, t), as follows (see
Appendix B):
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˙̃Z = θ(M−1(D)AM(D) − LCM(0))Z̃
+M−1(D)∆(f (X̂) − f (X)) − θLw̃(0, t) (7a)

w̃(D, t) = 0 (7b)

w̃t(x, t) = w̃xx(x, t) − CM(x)M−1(D)∆(f (X̂) − f (X))

− θ

k(x)w̃(0, t) + k(x)CM(0)Z̃ − CM(x)Lw̃(0, t)


+ C


d2M
dx

(x) − θM(x)

M−1(D)AM(D) − LCM(0)


Z̃(t)

(using (6b)) (7c)

w̃x(0, t) = −C
dM
dx

(0)Z̃ (7d)

with:

L = M−1(D)K . (7e)

We seek a gain k(x) and a matrix function M(x) that make
the error system (7a)–(7d) coincide with the following target
system (which will be shown to be exponentially convergent in
Section 3.2):

˙̃Z = θ(A − LCM(0))Z̃ + M−1(D)∆(f (X̂) − f (X))
− θLw̃(0, t) (8a)

w̃(D, t) = 0 (8b)

w̃t(x, t) = w̃xx(x, t) − CM(x)M−1(D)∆(f (X̂) − f (X)) (8c)

w̃x(0, t) = 0. (8d)

Comparing (7a)–(7d) and (8a)–(8d), it is checked that k(x) and
M(x) must be defined as follows:

k(x) = CM(x)L (9a)

d2M
dx2

(x) = θM(x)A (9b)

M(0) = I,
dM
dx

(0) = 0. (9c)

Indeed, doing so Eq. (7d) reduces to (8b) while (7c) further
develops as follows:

w̃t(x, t) = w̃xx(x, t) − CM(x)M−1(D)∆(f (X̂) − f (X))

+ C

d2M
dx

(x) − θM(x)M−1(D)AM(D)


Z̃(t). (10)

Additional properties of the matrix function M(x) are given in
Lemma 1 (see Appendix C).

Using Part 2 of that Lemma 1, one gets M−1(D)AM(D) = A.
Accordingly, Eq. (10) boils down to (8c).

Now, substituting to k(x) and K their expressions given by (7e)
and (9a), the observer (5a)–(5d) rewrites in the following more
suitable form:
˙̂X = AX̂ + Bv(t) + f (X̂) − θ∆−1M(D)L(û(0, t) − y(t)) (11a)

û(D, t) = CX̂(t) (11b)

ût(x, t) = ûxx(x, t) − θCM(x)L(û(0, t) − y(t)) (11c)

ûx(0, t) = 0 (11d)

for all t ≥ 0 and all x ∈ [0, D]. For convenience, (3e) is also
rewritten:

∆
def
= diag


1,

1
θ
, . . . ,

1
θn−1


∈ Rn×n. (11e)

The state observer thus designed is a high-gain type involving
two design parameters, L ∈ Rn and θ > 1. The analysis of Sec-
tion 3.2 will provide insights on how to select these parameters.
Remark 1. (a) The above observer design is also a generalization
of the observer design proposed in [22]. Indeed, both observers
address ODE–PDE cascaded systems and involve matrix gains
M(x) which play an instrumental role in the achievement of
exponential convergence properties. The generalization lies
in the fact that the ODE part of the present class of systems
(1a)–(1e)–(2a)–(2c) is nonlinear, whereas only linear systems
are considered in [22].

(b) Amajor novelty of the presentwork is the definition of the new
target system (8a)–(8d) which is quite different from the one
used in [22]. The target system in [22] is not usable here due to
the nonlinearities in the error system (5a)–(5d).

(c) For convenience, the target system based upon in [22] is
rewritten here (see Eqs. (97)–(100)):

˙̃X =

A − M(D)LCM−1(D)


X̃ − M(D)Lw̃(0, t) (12a)

w̃(D, t) = 0 (12b)

w̃t(x, t) = w̃xx(x, t) (12c)

w̃x(0, t) = 0. (12d)

Clearly, the system (12a)–(12d) is linear while (8a)–(8d) is not.
Furthermore (8a)–(8d) involves a feedback interconnection
between the finite dimensional and the infinite dimensional
parts, whereas (12a)–(12d) is a cascade structure. Conse-
quently, the exponential stability analysis of the system
(12a)–(12d) is simpler than that of the system (8a)–(8d). In-
deed, the subsystems (12b)–(12c) as well as the (autonomous
part of) the subsystem (12a) are both well known to be expo-
nentially stable. The proof of exponential stability is not that
easy when it comes to the target system (8a)–(8d).

(d) Also, it is worth noticing that the presently designed observer
(11a)–(11e) is a high gain type while that in (Krstic, 2009) is
not. However (11a)–(11e) is not a standard high-gain observer
due to the presence of the matrix gainM(x). �

3.2. Observer analysis

First, the well posedness of the observer (11a)–(11e) is estab-
lished in the following proposition the proof of which is placed in
Appendix D.

Proposition 2. Let the gain L of the observer (11a)–(11e) be selected
so that A − LC has all its eigenvalues with negative real parts and
the input v(t) be bounded and piecewise continuous. If X̂(0) ∈ Rn

and û(0) ∈

ξ ∈ H1(0,D) : ξ(D) = 0, ξx(0) = 0


then, the system

(11a)–(11e) admits a strong solution û(t) ∈

ξ ∈ H2(0,D) : ξ(D) =

0, ξx(0) = 0

and X̂(t) is absolutely continuous. �

Now, the exponential convergence of the observer (11a)–(11e)
is described in the following theorem which constitutes the main
result:

Theorem 1. Letting the gain L of the observer (11a)–(11e) be selected
as in Proposition 2, there exists a scalar θ∗ > 0 such that, for all
θ > θ∗ and D ∈ (0,D∗(θ)) with D∗(θ) = 1/

√
θ , the observer

(11a)–(11e) a global exponential observer of the system (1a)–(1d).
Accordingly, the norm,X(t) − X̂(t)

2 +

 D

0
(u(x, t) − û(x, t))2dx

1/2

,

is exponentially vanishing, as t → ∞. �

Proof. The observer (11a)–(11e) has been designed so that the
corresponding error system (7a)–(7d) coincides with the target
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system (8a)–(8d), which is expressed in terms of the variables Z̃
and w̃(x, t) defined by (6a)–(6b). To analyze the system (8a)–(8b),
the following Lyapunov function candidate is considered:

V = Z̃TPZ̃ +
a
2

 D

0
w̃2(x, t)dx (13a)

with P any symmetric positive definite matrix satisfying the
following algebraic equation:

P(A − LC) + (A − LC)TP ≤ −µI (13b)

whereµ > 0 is arbitrarily chosenwhile a > 0will be selected later
in this proof. Time-derivation of (13a) yields, using (13b), (8a) and
(8c):

V̇ =
˙̃Z
T
PZ̃ + Z̃TP ˙̃Z + a

 D

0
w̃(x, t)w̃t(x, t)dx

= −µθ

Z̃2 + 2Z̃TPM−1(D)∆(f (X̂) − f (X)) − 2θ Z̃TPL w̃(0, t)

+ a
 D

0
w̃(x, t)w̃xx(x, t)dx − a

 D

0
w̃(x, t)CM(x)

×M−1(D)∆(f (X̂) − f (X))dx. (14)

Let us analyze the different terms on the right side of (14),
starting with the second term. One has:2Z̃TPM−1(D)∆(f (X̂) − f (X))


≤

2Z̃TPM−1(D)∆

 1

0
fX (X(t) + sX̃(t))


X̃(t)

 (15)

using (1e) and the mean value theorem, where fX denotes the
Jacobian matrix of f . By (6a)–(6b) one has X̃ = ∆−1M(D)Z̃ . Then,
(11) becomes:2Z̃TPM−1(D)∆(f (X̂) − f (X))


≤

2Z̃TPM−1(D)∆

 1

0
fX (X(t) + sX̃(t))


∆−1M(D)Z̃

 . (16)

Letting the x-domain length D be such that D2θ < 1, one gets
using Parts 1 and 2 of Lemma 1 (Appendix C) that, ∀x ∈ [0, D]:

∥M(x)∥ ≤ 1 +

n−1
k=1

1
(2k)!

def
= c1 < ∞ (17a)

M−1(x)
 ≤ 1 +

n−1
k=1

|αk|

(2k)!
def
= c2 < ∞ (17b)

using the fact that
Ak

 ≤ 1, whatever k. Moreover, it is readily

checked using (1e) and (3d) that, as long as θ > 1,
∆ 1

0 fX (X(t)+

sX̃(t))

∆−1

 ≤ β . Based on these observations, (16) yields:2Z̃TPM−1(D)∆(f (X̂) − f (X))

 ≤ 2c1c2β ∥P∥

Z̃2 (18)

where the right side of this inequality does not depend on θ (as
long as θ > 1). In turn, the third term on the right side of (14)
develops as follows:

2θ
Z̃TPL w̃(0, t)

 = 2θ




µ

2
Z̃T


2
µ
PL w̃(0, t)


≤

µθ

2
Z̃2

+
2θ ∥PL∥2

µ
|w̃(0, t)|2
≤
µθ

2

Z̃2
+

2Dθ ∥PL∥2

µ

 D

0
|w̃x(x, t)|

2 dx (19)

where the last inequality is obtained using the fact that:

|w̃(0, t)|2 =

 D

0
w̃x(x, t)dx

2 (using (7b))

≤ D
 D

0
w̃2

x (x, t)dx (using Schwartz inequality).

Using an integration by parts, the fourth term on the right side
of (14) develops as follows:

a
 D

0
w̃(x, t)w̃xx(x, t)dx = −a

 D

0
w̃2

x (x, t)dx (20)

where the boundary conditions (7b) and (7d) have been used.
Finally, the last term on the right side of (10) can be bounded as
follows, whatever ζ > 0:

a
 D

0
w̃(x, t)CM(x)M−1(D)∆(f (X̂) − f (X))dx


≤

aζ
2

 D

0
|w̃(x, t)|2 dx +

a
2ζ

 D

0

CM(x)M−1(D)

× ∆(f (X̂) − f (X))

2 dx
≤

aζ
2

 D

0
|w̃(x, t)|2 dx

+
ac21c

2
2

2ζ

 D

0

∆(f (X̂) − f (X))

2 dx
where the last inequality is obtained using (17a)–(17b). Following
the same argument as the one used to get (18) from (16), the above
inequality leads to:

a
 D

0
w̃(x, t)CM(x)M−1(D)∆(f (X̂) − f (X))dx


≤

aζ
2

 D

0
|w̃(x, t)|2 dx +

aDβc41c
2
2

2ζ

Z̃2 . (21)

Using (18) to (21), it follows from (14) that:

V̇ ≤ −µθ

Z̃2 + 2c1c2β ∥P∥

Z̃2 +
µθ

2

Z̃2
+

2Dθ ∥PL∥2

µ

 D

0
|w̃x(x, t)|

2 dx − a
 D

0
w̃2

x (x, t)dx

+
aζ
2

 D

0
|w̃(x, t)|2 dx +

aDβc41c
2
2

2ζ

Z̃2
≤ −


µθ

2
− 2c1c2β ∥P∥ −

aDβc41c
2
2

2ζ

 Z̃2
+

2Dθ ∥PL∥2

µ

 D

0
|w̃x(x, t)|

2 dx − a
 D

0
w̃2

x (x, t)dx

+
2aD2ζ

π2

 D

0
|w̃x(x, t)|

2 dx (22)

where we have used Wirtinger’s inequality [23]: D

0
|w̃(x, t)|2 dx ≤

4D2

π2

 D

0
|w̃x(x, t)|

2 dx. (23)
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This is presently possible because w̃(D, t) = 0 and w̃(., t) ∈

H1(0,D). Rearranging terms on the right side of (22), one gets:

V̇ ≤ −


µθ

2
− 2c1c2β ∥P∥ −

aDβc41c
2
2

2ζ

 Z̃2
−

a
2

 D

0
w̃2

x (x, t)dx

−


a
2

−
2Dθ ∥PL∥2

µ
−

2aD2ζ

π2

 D

0
w̃2

x (x, t)dx

≤ −
µθ

4

Z̃2 −


µθ

4
− 2c1c2β ∥P∥ −

aDβc41c
2
2

2ζ


  

Term 1

Z̃2

−
aπ2

8D2

 D

0
w̃2(x, t)dx

−


a
2

−
2Dθ ∥PL∥2

µ
−

2aD2ζ

π2


  

Term 2

 D

0
w̃2

x (x, t)dx (24)

where the last inequality is obtained using again (23). At this stage,
the free parameters a > 0 and ζ > 0 and the design parameter θ >
1 have yet to be chosen. An adequate choice is one thatmakes Term
1 and Term 2, on the right side of (24), nonnegative. As 0 < D <

1/
√

θ < 1, Term 2 is bounded from below as follows:

Term 2 =
a
2

−
2Dθ ∥PL∥2

µ
−

2aD2ζ

π2

≥ a

1
2

−
2ζ
π2


−

2
√

θ ∥PL∥2

µ
. (25a)

Then, a sufficient condition for Term 2 to be nonnegative is to
let:

1
2

−
2ζ
π2

> 0 and a =
2
√

θ ∥PL∥2

µ

2π2

π2 − 4ζ
. (25b)

The first inequality in (25b) is satisfied with e.g. ζ =
π2

8 . Then,
Term 1 can be made nonnegative by letting:

µθ

4
≥ 2c1c2β ∥P∥ +

4aβc41c
2
2

π2
√

θ
(using 0 < D < 1/

√
θ)

≥ 2c1c2β ∥P∥ +
4βc41c

2
2

π2

2 ∥PL∥2

µ

2π2

π2 − 4ζ

(using (25b)). (26)

This suggests the choice θ ≥ θ∗ with θ∗
=

4
µ


2c1c2β ∥P∥ +

16βc41 c
2
2

π2
2∥PL∥2

µ


. Doing so, inequality (26) yields:

V̇ ≤ −c3
Z̃2 − c4

 D

0
w̃2(x, t)dx ≤ −c0V (27)

with c3 =
µθ∗

4 , c4 =
aπ2

8D2 and c0 = min(
µθ∗

4λmax(P)
, 2π2

8D2 ). This ends
the proof of Theorem 1. �

3.3. Extension

The result of Theorem 1 can be adapted to the case where
the PDE subsystem is a delay/transport element. Then, the system
(1a)–(1e)–(2a)–(2c) becomes:

Ẋ(t) = AX(t) + Bv(t) + f (X(t)) (28a)
u(D, t) = CX(t) (28b)
ut(x, t) = ux(x, t), 0 ≤ x ≤ D (28c)
y(t) = u(0, t) (28d)

where the remaining notations are as in Section 2. Then, the
observer (11a)–(11e) adapts to this case as follows:

˙̂X = AX̂ + Bv(t) + f (X̂) − θ∆−1M(D)L(û(0, t) − y(t)) (29a)

û(D, t) = CX̂(t) (29b)

ût(x, t) = ûx(x, t) − θCM(x)L(û(0, t) − y(t)) (29c)

ûx(0, t) = 0 (29d)

where ∆ is defined by (11e) and M(x) = eθAx. Following mutatis-
mutandis the proof of Theorem 1, the same result can be estab-
lished with the observer (29a)–(29d) being applied to the system
(28a)–(28d).

4. Conclusion

The problem of state observation is addressed for the class of
nonlinear systems, represented by the ODE–PDE association of
Fig. 1, analytically modeled by Eqs. (1a)–(1e). The aim is to get
online estimates of both the finite-dimensional state X(t) and
the infinite-dimensional state u(x, t) over the x-domain (0,D), for
some D > 0. A major difficulty is that the connection point (be-
tween the ODE and the PDE subsystems), is not accessible to mea-
surementsmaking useless existing observers developed separately
for ODE and PDE systems. The problem is dealtwith using the high-
gain type observer defined by Eqs. (11a)–(11e) which is a general-
ization of [22] to the case where the ODE subsystem is nonlinear
with triangular structure. The matrix function M(x) emphasizes
the difference with standard high-gain observers and plays an in-
strumental role inmaking (11a)–(11e) an exponential convergence
(Theorem 1). The present study can be pursued in several direc-
tions including: (i) re-designing the observer so that to make its
convergence rate dependent on the design parameters µ and θ ;
(ii) the design of an adaptive version of the observer and the gen-
eralization to other ODE and PDE subsystems.

Appendix A

Proof of Proposition 1. First notice that, by the standard exis-
tence theorem, the solution X(t) of the ODE subsystems (1a)–(1e)
exists, whatever ∥X(0)∥ < ∞, because f is continuous and Lips-
chitz (due to (1e)). Then, it remains to show that, in turn the so-
lution u(x, t) exists. To this end, introduce the following auxiliary
signal:

ω(x, t) = u(x, t) − γ (x, t)X(t) (A.1)

where γ (x, t) ∈ R1×n has yet to be defined. Clearly, u(x, t) exists
if ω(x, t) and γ (x, t) do so. Presently, γ (x, t) is selected so that
ω(x, t) undergoes the following target system:

ωt(x, t) = ωxx(x, t) (A.2)
ωx(0, t) = 0 (A.3)
ω(D, t) = 0. (A.4)

This parabolic system is analyzed in many places and its well
posedness can be established inmanyways. Applying e.g. Theorem
2.6.5 in [24] it follows that (A.2)–(A.4) admits a unique local
solution:

ω ∈ C([0, ∞) : Y ) ∩ C1((0, ∞) : Y ) (A.5)

whatever ω(0, x) ∈ Y , where

Y = D(A) =

ξ ∈ H2(0,D) : ξ(D) = 0, ξx(0) = 0


(A.6)
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is the dense domain of the operator A =
∂2

∂x2
. Note that (A.5) is

achieved making use of the fact that A is a closed operator gener-
ating on Y a strongly continuous exponentially stable semigroup T
satisfying the inequality ∥T (t)∥ ≤ κe−δt (t ≥ 0) for some constant
δ > 0 (e.g. [11]).

Similarly, deriving both sides of (A.1) with respect to time, one
gets using (1a) and (2a):

ωt(x, t) = uxx(x, t) − γ (x, t)(AX(t) + f (X(t))) − γt(x, t)X(t)
= ωxx(x, t) + γxx(x, t)X(t) − γ (x, t)

× (AX(t) + f (X(t))) − γt(x, t)X(t)
= ωxx(x, t) + γxx(x, t)X(t) − γ (x, t)AX(t)

− γ (x, t)
 1

0
(fX (sX(t)))ds


X(t) − γt(x, t)X(t) (A.7)

where the last equality is obtained using the mean-value theorem.
Equality (A.4) suggests the following model for γ (x, t):

γt(x, t) = γxx(x, t) − γ (x, t)A − γ (x, t)a(t) (A.8)

where a(t) =
 1
0 (fX (sX(t)))ds is a boundedmatrix function, due to

(1e). Eq. (A.6) is completed with the corresponding boundary con-
ditions. First, one gets from (A.1), using (A.4) and (2b):

0 = ω(D, t) = u(D, t) − γ (D, t)X(t) = CX(t) − γ (D, t)X(t)

which suggests that one must let

γ (D, t) = C . (A.9)

Also, one gets from (A.1), using (A.3) and (2b):

0 = ωx (0, t) = ux (0, t) − γx (0, t) X(t) = −γx (0, t) X(t)

which entails:

γx(0, t) = 0. (A.10)

In the sequel, the notation γ̄ (t) refers to the family of func-
tions, parameterized by t ∈ [0, ∞), defined by: γ̄ (t) : [0,D] →

R; x → γ (x, t)−C . This is a usual practice in the semigroups the-
ory (e.g. [25]). Then, Eq. (A.8) rewrites in the form of a differential
equation defined on H = L2[0,D] as follows:

γ̄t(t) = Aγ̄ (t) + F(t, γ̄ (t)) (A.11)

with A as above and F(t, γ̄ ) = γ̄ A + γ̄ a(t) + Ca(t) + CA. Clearly,
F(t, γ̄ ) is affine w.r.t. γ̄ and so it is Lipschitz. Then, again applying
Theorem 2.6.5 in [24] it follows that the system (A.9)–(A.11), with
γ̄ (0) ∈ Y , admits a unique local solution:

γ̄ ∈ C([0, ∞) : Y ) ∩ C1((0, ∞) : Y ),

using again the fact that the function F(t, γ̄ ) is Lipschitz and the
operator A is generating on Y a strongly continuous exponentially
stable semigroup.

Combining the above results on ω(x, t) and γ (x, t), one gets
that u = ω + γ X ∈ C([0, ∞) : Y ) ∩ C1((0, ∞) : Y ), whatever
u(0) ∈ Y . This completes the proof of Proposition 1. �

Appendix B

Proof of 7a–7b. Deriving Z̃ = M−1(D)1X̃ with respect to time
yields, using (5a):

˙̃Z = M−1(D)∆

AX̃ + (f (X̂) − f (X)) − θ∆−1K ũ(0, t)


= M−1(D)1AX̃ + M−1(D)∆(f (X̂) − f (X)) − θM−1(D)K ũ(0, t)
= M−1(D)1A∆−1M(D)Z̃ + M−1(D)∆(f (X̂) − f (X))

− θL ũ(0, t) (B.1)
with L = M−1(D)K . It is readily checked using (1c) and (3e), that:

1A∆−1
= θA. (B.2)

Then, one gets:

M−1(D)1A∆−1M(D) = θM−1(D)AM(D). (B.3)

Then, Eq. (B.1) reduces to:
˙̃Z = θM−1(D)AM(D)Z̃ + M−1(D)∆(f (X̂) − f (X))

− θL ũ(0, t). (B.4)

Furthermore, it is readily seen from (6b) that, w̃(0, t)+CM(0)Z̃
can be substituted to ũ(0, t) in (B.4) which then becomes:
˙̃Z = θM−1(D)AM(D)Z̃ + M−1(D)∆(f (X̂) − f (X))

− θL

w̃(0, t) + CM(0)Z̃


= θM−1(D)AM(D)Z̃ + M−1(D)∆(f (X̂)

− f (X)) − θLCM(0)Z̃ − θL w̃(0, t)

= θ(M−1(D)AM(D) − LCM(0))Z̃ + M−1(D)

× ∆(f (X̂) − f (X)) − θLw̃(0, t). (B.5)
Eq. (7a) is established.
To prove (7b), write the second equality in (6b) for x = D:

w̃(D, t) = ũ(D, t) − CM(D)Z̃(t)

= CX̃(t) − C1X̃(t) (using (5b) and (6a))

= CX̃(t) − CX̃(t) = 0

where the last equality is obtained using the fact that C∆ = C , due
to (1c) and (3e). This proves (7b).

To prove (7c), it follows deriving both sides of (6b) with respect
to time:

w̃t(x, t) = ũt(x, t) − CM(x) ˙̃Z

= ũxx(x, t) − θk(x) ũ(0, t) − CM(x) ˙̃Z (using (5c))

= w̃xx(x, t) + C
d2M
dx

(x)Z̃(t) − θk(x) ũ(0, t)

− CM(x) ˙̃Z (B.6)

where the last equality is obtained using (6b). Using (7a), Eq. (B.6)
further develops as follows:

w̃t(x, t) = w̃xx(x, t) + C
d2M
dx

(x)Z̃(t) − θk(x) ũ(0, t)

− CM(x)

θ

M−1(D)AM(D) − LCM(0)


Z̃

+M−1(D)∆(f (X̂) − f (X)) − θLw̃(0, t)


= w̃xx(x, t) − CM(x)M−1(D)∆(f (X̂) − f (X))

− θ

k(x)ũ(0, t) − CM(x)Lw̃(0, t)


+ C


d2M
dx

(x) − θM(x)

M−1(D)AM(D)

− LCM(0))

Z̃(t)

= w̃xx(x, t) − CM(x)M−1(D)∆(f (X̂) − f (X))

− θ

k(x)w̃(0, t) + k(x)CM(0)Z̃ − CM(x)Lw̃(0, t)


+ C


d2M
dx

(x) − θM(x)

M−1(D)

× AM(D) − LCM(0))

Z̃(t) (B.7)
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where we have used (6b). Eq. (B.7) is nothing other than (7c).
Finally, equality (7d) is obtained by deriving both sides of (6b) with
respect to x and then letting x = 0 in the obtained equality. Doing
so, one gets:

w̃x(0, t) = ũx(0, t) − C
dM
dx

(0)Z̃ = −C
dM
dx

(0)Z̃

where the second equality is an immediate consequence of (5d).
This completes the proof that the system (7a)–(7d) holds. �

Appendix C. Properties of the matrix functionM(x)

Lemma 1. The function M(x) defined by (9b)–(9c), where A is as
in (1c), has the following properties:

(1) M(x) = I +
n−1

k=1
x2k
(2k)! (θA)

k
.

(2) M(x)A = AM(x).
(3) M−1(x) = I+

n−1
k=1 αkx2k(θA)

k withα1 = −
1
2! , αk = −

αk−1
2! −

αk−2
4! · · · −

1
(2k)! .

(4) M−1(x)A = AM−1(x).

(5) M(x)
def
= (I 0) e


0 θA
I 0


x  I

0


∈ Rn×n, ∀x. �

Proof. Part 1. This is simply proved by checking that the presumed
expression ofM(x) undergoes the differential equation and border
condition (9b)–(9c). It is readily checked that the first derivative is:

dM
dx

(x) =

n−1
k=1

x2k−1

(2k − 1)!
(θA)k. (C.1)

Deriving once again, one gets:

d2M
dx2

(x) =

n−1
k=1

x2k−2

(2k − 2)!
(θA)k

=


n−1
k=1

x2k−2

(2k − 2)!
(θA)k−1


(θA)

=


M(x) −

x2(n−1)

(2(n − 1))!
(θA)n−1


(θA)

= M(x)(θA)

where the last equality is obtained using the fact that the matrix
A is nilpotent i.e. An

= 0. This proves (9b). Furthermore, letting
x = 0 on the right side of the equality in Part 1, yields M(0) = I .
Also, letting x = 0 on the right side of (C.1) gives dM

dx (0) = 0. Part 1
is established.

Part 2. This is an immediate consequence of part 1 using the fact
that A(θA)k = (θA)kA.

Part 3. Let us develop the product M(x)M−1(x) replacing there
M−1(x) by its presumed expression. Doing so one gets:

M(x)M−1(x) =


I +

n−1
k=1

x2k

(2k)!
(θA)k


I +

n−1
k=1

αkx2k(θA)
k



= I +

2n−2
k=1

βkx2k(θA)k. (C.2)

Direct computations yield:

β1 = α1 +
1
2!

βk = αk +
αk−1

2!
+ · · · +

α1

(2(k − 1))!
+

1
(2k)!

(k = 2 . . . 2n − 2).
By definition of the αk’s, it follows that all βk’s are equal to zero.
Then (C.2) implies that the equalityM(x)M−1(x) = I does hold.

Part 4. This part is readily obtained from Part 3, pre-multiplying
and post-multiplying the expression ofM−1(x) by A.

Part 5. It readily follows from Part 1 that:

d2MT

dx2
(x) = θATMT (x). (C.3)

Introduce the augmented matrix:

ϑ(x) =

 MT (x)
dMT

dx
(x)

 . (C.4)

It follows from (C.3) that ϑ(x) undergoes the differential equa-
tion:

dϑ
dx

(x) =


0 I

θAT 0


ϑ(x) (C.5)

with the initial condition ϑ(0) =

I 0


, using Part 4. The solution

of (C.5) is:

ϑ(x) = e


0 I

θAT 0


x I

0


which, together with (C.4) yields:

MT (x) = (I 0) e


0 I

θAT 0


x  I

0


which proves Part 5 and completes the proof of Lemma 1. �

Appendix D

Proof of Proposition 2. By Proposition 1, the true system state
(X(t), u(x, t)) exists for all t ≥ 0, 0 ≤ x ≤ D. Then, a sufficient
condition for the observer (3a)–(3d) to be well posed is that the
error system (5a)–(5d) is so. The well posedness of the latter will
now be established. To this end, introduce the following variable
change:

Z̃ = M−1(D)1X̃, X̃ = ∆−1M(D)Z̃ (D.1)

ω(x, t) = ũ(x, t) − CM(x)Z̃ . (D.2)

The last expression is referred to backstepping transforma-
tion [22]. Then, the error system (5a)–(5d) rewrites, in terms of X̃
and ω(x, t), as follows:

˙̃X = (A − θ∆−1M(D)LCM−1(D)∆)X̃ + (f (X̂) − f (X))

− θ∆−1M(D)Lω(0, t) (D.3)

= (A − θ∆−1M(D)LCM−1(D)∆)X̃

+

 1

0
(fX (X(t) + sX̃(t)))ds


X̃

− θ∆−1M(D)Lω(0, t) (D.4)

ω(D, t) = 0 (D.5)

ωt(x, t) = ωxx(x, t) − CM(x)M−1(D)

× ∆

 1

0
(fX (X(t) + sX̃(t)))ds


X̃ (D.6)

ωx(0, t) = 0 (D.7)
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where (D.4) is obtained using the mean value theorem. Let us
define a new function η(x, t) as follows:

ηt(x, t) = (A − θ∆−1M(D)LCM−1(D)∆)η(x, t)

+M−1(D)∆

 1

0
(fX (X(t) + sη(x, t)))ds


× η(x, t) − θLω(0, t) (D.8)

η(x, 0) = X̃(0). (D.9)

Therefore, analyzing thewell-posedness of (D.3)–(D.7) amounts
to analyzing the well posedness of the following system:

ηt(x, t) = (A − θ∆−1M(D)LCM−1(D)∆)η(x, t)

+M−1(D)∆

 1

0
(fX (X(t) + sη(x, t)))ds


η(x, t)

+ θL
 D

0
ωx(x, t)dx (D.10)

η(x, 0) = X̃(0), ηx(0, t) = 0, η(D, t) = 0 (D.11)
ω(D, t) = 0 (D.12)

ωt(x, t) = w̃xx(x, t) − CM(x)M−1(D)

× ∆

 1

0
(fX (X(t) + sη(x, t)))ds


η(0, t) (D.13)

ωx(0, t) = 0 (D.14)

where the last term on the right side of (D.10) is obtained using
the boundary condition ω(D, t) = 0. Following closely a simi-
lar analysis in [26, Appendix A], one defines the augmented state
W (x, t) =


η(x, t)
ω(x, t)


. Then, the system (D.10)–(D.14) can be repre-

sented by the following differential equation, where

Ẇ (t) = ΠW (t) + F(t,W (t)), (D.15)

defined in L2(0,D) where

Π =

A − θ∆−1M(D)LCM−1(D)∆ 0

0
∂2

∂x2

 (D.16)

and the nonlinear F(.) : R+
× H1(0,D) → L2[0,D] is defined as

follows:

F(t,W ) = φ(t, η)η

+

 θL
 D

0
ωx(x, t)dx

CM(x)M−1(D)∆

 1

0
(fX (X(t) + sη))ds

 D

0
ηx(x, t)dx


 (D.17)

φ(t, η) =

M−1(D)∆

 1

0
(fX (X(t) + sη))ds


0

 . (D.18)

The operator Π has the dense domain:

D(Π) =

W ∈ H2(0,D) : W (D) = 0,Wx(0) = 0


.

At this point, recall that one has M(D)A = AM(D), AM−1(D) =

M−1(D)A and 1A∆−1
= θA. Then, it is readily checked that

A − θ∆−1M(D)LCM−1(D)∆ = θ∆−1M(D)(A − LC)M−1(D)∆. This
shows that the matrix A − θ∆−1M(D)LCM−1(D)∆ is similar to
A− LC which we know it is Hurwitz. Also, it is well known that the
operator ∂2

∂x2
generates a strongly continuous exponentially stable

semigroup. Then, it follows that in turn the operatorΠ generates a
strongly continuous exponentially stable semigroup. Furthermore,
it is easily checked that the operator −

∂2

∂x2
is positive definite. On
the other hand, since the matrix A − LC has negative real-part
eigenvalues, it has a square root. It turns out that, the operator−Π

has a square root (−Π)1/2 in the domain:

H1/2 = D((−Π)1/2) =

W ∈ H1(0,D) : W (D) = 0,Wx(0) = 0


which is a Hilbert space with the scalar product ⟨a, b⟩ = ⟨(−Π)1/2

a, (−Π)1/2b⟩.
On the other hand, since f is class C2 satisfying (1e) and X(t)

exists (by Proposition 1), it follows from (D.18) that φ(t,W ) is
bounded and belongs to C1. Then, it follows from (D.17) that
F(t,W ) is class C1 and so the following Lipschitz condition:

∥F(t1,W1) − F(t2,W2)∥

≤ κ1

|t1 − t2| +

(−Π)1/2(W1 − W2)
 ,

∀(ti,Wi) ∈ R × H1/2 (D.19)

with some constant κ1 > 0, holds locally in R×H1/2. Furthermore,
since φ(t,W ) is bounded there exist κ2 > 0 such that:

∥F(t,W )∥ ≤ κ2
(−Π)1/2W

 , ∀W ∈ H1/2. (D.20)

Thus, Theorem 3.3.3 of [27] is applicable to (D.15) ensuring that
a strong solution W (t) ∈ D(Π), for all t > 0, initialized with
W (0) ∈ H1/2. Then, one gets from (D.1)–(D.2) that, ũ(t) ∈


ξ ∈

H1(0,D) : ξ(D) = 0, ξx(0) = 0


∩ D(Π) and X̃(t) is absolutely
continuous. Then, it follows using Proposition 1 that, X̂ is abso-
lutely continuous and û = u + ũ ∈


ξ ∈ H2(0,D) : ξ(D) = 0,

ξx(0) = 0

. �
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