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SUMMARY

We consider general discrete-time nonlinear systems (of arbitrary nonlinear growth) with time-varying input
delays and design an explicit predictor feedback controller to compensate the input delay. Such results have
been achieved in continuous time, but only under the restriction that the delay rate is bounded by unity, which
ensures that the input signal flow does not get reversed, namely, that old inputs are not felt multiple times by
the plant (because on such subsequent occasions, the control input acts as a disturbance). For discrete-time
systems, an analogous restriction would be that the input delay is non-increasing. In this work, we do not
impose such a restriction. We provide a design and a global stability analysis that allow the input delay to
be arbitrary (containing intervals of increase, decrease, or stagnation) over an arbitrarily long finite period
of time. Unlike in the continuous-time case, the predictor feedback law in the discrete-time case is explicit.
We specialize the result to linear time-invariant systems and provide an explicit estimate of the exponential
decay rate. Carefully constructed examples are provided to illustrate the design and analytical challenges.
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1. INTRODUCTION

In continuous time, several control schemes using predictor feedback have been developed to com-
pensate long input delays in linear systems [1–14] and nonlinear systems [15–18] for the cases of
constant or time-varying input delays, even when the plant is unstable. The predictor-based control
scheme was extended to nonlinear systems under sampled and constantly delayed measurements
and with inputs subject to constant delay and zero-order hold in [19].

However, the continuous-time predictor feedback controllers are inherently infinite-dimensional
and involve distributed-delay integral feedbacks of the input or state signals, which need to be com-
puted on-line and are implemented by an approximation using a numerical quadrature method. The
approximated implementation has a harmful effect on the stability of the closed-loop system in a
complicated way and even can make the closed-loop system unstable [20]. This implementation
problem of the continuous-time predictor feedback controllers, along with the fact that control
systems are commonly implemented by using digital computers, motivates the design and analysis
of the finite-dimensional discrete-time predictor feedback controllers for systems with input delays.
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In discrete time, predictor feedback schemes have been rarely studied. Predictor feedback con-
trollers for discrete-time linear time-invariant (LTI) systems with constant input delays were
developed based on the d -step ahead state prediction in [21, 22]. To the best knowledge of the
authors, there have been no published results on the compensation of time-varying input delay for
general discrete-time nonlinear systems.

In this paper, we design a nonlinear predictor feedback controller for general discrete-time non-
linear systems with time-varying input delays that are uniformly bounded and increase only over a
finite time interval. Modeling the time-varying input delay as a first-order partial difference equation
(PdE) and employing a discrete-time backstepping transformation, we construct a Lyapunov func-
tion to prove global asymptotic stability (GAS) of the closed-loop system. GAS is achieved even
for high-growth nonlinear systems as long as the nonlinearity is continuous with respect to states
and input. Specializing the approach to discrete-time LTI systems with time-varying input delays,
we design a linear predictor feedback controller and achieve that the closed-loop system is globally
exponentially stable with an explicit estimate of the decay rate. The considered input delays include
the transient input delays at increasing rates more than unity that commonly occur through rapidly
varying transient responses in control systems with input delays [23, 24].

The discrete-time results obtained in this paper show significant differences from the continuous-
time results in [18] because of the inherent property of discrete-time models described by difference
equations. Our discrete-time results allow the delay rate to be more than unity for a finite-time
interval, while Bekiaris-Liberis and Krstic [18] impose a restriction that delay rate is bounded by
unity. The delay rate restriction is possible to remove in discrete time because of the absence of finite
escape time in discrete-time models. Furthermore, while the predictor state in [18] is computed by
an integral equation, our predictor feedback law in discrete time is explicit as the predictor state
is computed by an algebraic equation, which is possible because next states are given by algebraic
equations in discrete-time models.

This paper is organized as follows. In Section 2, we formulate the control problem. In Section 3,
we design a nonlinear predictor feedback controller. In Section 4, we prove GAS of the closed-
loop system. In Section 5, we design a linear predictor feedback controller for LTI systems and
show the exponential stability. In Section 6, we present numerical examples. In Section 7, we make
conclusions.

Notation: A set of integers for i 2 Z is denoted by Zi D ¹i; i C 1; i C 2; � � � º. An integer
interval is denoted by ZŒi;j � D Zi n ZjC1 for i 6 j and ZŒi;j � D ; for i > j . The domain
of a function f is denoted by Dom.f /. The support of a function f is denoted by Supp.f /. The
state of a PdE is denoted by a two-variable function ui .k/, where k 2 Z0 is the discrete-time step,
i 2 ZŒ0;D� is the spatial variable, and D 2 Z0 denotes an upper bound of the input delay. The norm

ku.k/klpŒ0;D�1� D
�PD�1

jD0 juj .k/j
p
�1=p

for p 2 Œ1;1/ denotes the spatial lp norm of ui .k/.
For p D 2, we simplify the notation to ku.k/k D ku.k/kl2Œ0;D�1�. The norm ku.k/kl1Œ0;D�1� D
maxj2ZŒ0;D�1� juj .k/j denotes the spatial l1 norm, which is written more compactly as ku.k/k1.

For a vector-valued function of two variables, pi .k/ D
�
p1i .k/; p

2
i .k/; � � � ; p

n
i .k/

�T
2 Rn,

the norm kp.k/kl1Œ0;D� D maxj2ZŒ0;D�

��
p1j .k/

�2
C � � � C

�
pnj .k/

�2� 12
denotes the spatial l1

norm. �min.M/ and �max.M/ are the minimum and maximum eigenvalues of a matrix M .

2. PROBLEM FORMULATION

We consider the discrete-time nonlinear system with time-varying input delay:

X.k C 1/ D f .X.k/; U.k � d.k///; (1)

where X 2 Rn is the state vector, U 2 R is the control input, d.k/ is the time-varying input delay,
and f W Rn � R ! Rn is continuous with f .0; 0/ D 0. Even if the system (1) is time-varying,
we choose the initial time step as k D 0 for brevity of notation without loss of generality because

Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2016; 26:1755–1776
DOI: 10.1002/rnc



PREDICTOR FEEDBACK CONTROLLER FOR DISCRETE-TIME NONLINEAR SYSTEMS 1757

a different choice of the initial time step has no influence on the subsequent analyses and results.
Throughout the paper, we use the following definitions and assumptions regarding the system (1).

Definition 1 ([25])
Consider the system (1) with input �.k/ and let X.�; X0; �/ be the solution of (1) with initial
condition X0 and input �. Then, the system (1) is input-to-state stable (ISS) if there exist functions
ˇ 2 K L and � 2 K such that, for any initial state X0 and any bounded input �, it holds that

jX.k;X0; �/j 6 ˇ.jX0j; k/C �
 

sup
k2Z0

j�.k/j

!
8k 2 Z0:

Assumption 1
There exists a continuous function � W Rn ! R such that the system X.k C 1/ D
f .X.k/; �.X.k//C !.k// is ISS with respect to !.

Under Assumption 1, there exists a stabilizing controller �.X.k// for the system (1) with no input
delay, and the ISS allows to construct an explicit strict Lyapunov function for the closed-loop system
with the predictor feedback controller that will be designed in the following [25].

Assumption 2
There exist non-negative integers D;�D , and kI such that

0 6 d.k/ 6 D; 8k 2 Z0 (2)

d.k/ � d.k � 1/ 6
²
�D 6 D; 8k 2 ZŒ1;kI �

0; 8k 2 ZkIC1
: (3)

Assumption 2 implies that the time-varying input delay and the delay increase are uniformly
bounded, and increasing delays occur only over a finite interval.

Definition 2
The delayed time function � W Z0 ! Z�D is defined as

�.k/ D k � d.k/; (4)

and the set-valued inverse function of �.k/, denoted as � .k/ D ��1.k/, is defined as

� .k/ D ¹m 2 Z0jk D �.m/º; (5)

where the domain of � is the image of �, that is,

Dom.� / D �.Z0/: (6)

Moreover, the single-valued inverse function of �.k/, denoted by � .k/, is defined as

� .k/ D min � .k/; (7)

where the minimum is taken over the elements of the set � .k/ at the given k and Dom.� / D
Dom.� /.

Using the delayed time function �.k/ in (4) instead of the input delay d.k/ in (1) turns out to
be more convenient because the predictor problem requires the inverse of �.k/, that is, � .k/ in (7).
If increasing delays occur, �.k/ in (4) is not one-to-one; that is, there may exist two different time
steps k1 and k2 such that 0 < k1 < k2 but 0 < �.k1/ D �.k2/. In this case, if k1 D min¹m 2
Z0j�.m/ D �.k1/ D �.k2/º, then � .k/ in (7) returns the function value as � .k/jkD�.k1/D�.k2/ D
k1. In this manner, the definition (7) makes � .k/ a single-valued function. On the other hand, apart
from � being set valued, � is not defined for all integers k, but only for k 2 �.Z0/. In particular, if
decreasing delays occur, there may exist a time step k3 2 Z0, such that k3 ¤ �.j / for all j 2 Z0
and k3 … Dom.� /.
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1758 J.-Y. CHOI AND M. KRSTIC

Table I. k; d.k/;�.k/; � .k/; � .k/; P.k/, and P.�.k//.

k �4 �2 0 1 2 3 4 5 6 7 8 9 10 11 12 � � �
d.k/ ND ND 4 1 4 1 4 1 4 4 4 1 1 1 1 � � �
�.k/ ND ND �4 0 �2 2 0 4 2 3 4 8 9 10 11 � � �
� .k/ ¹0º ¹2º ¹1; 4º ND ¹3; 6º ¹7º ¹5; 8º ND ND ND ¹9º ¹10º ¹11º ¹12º ¹13º � � �
� .k/ 0 2 1 ND 3 7 5 ND ND ND 9 10 11 12 13 � � �
P.k/ ND ND X.1/ ND X.3/ 0 X.5/ ND ND ND X.9/ X.10/ X.11/ X.12/ X.13/ � � �
P.�.k// ND ND ND X.1/ ND X.3/ X.1/ X.5/ X.3/ 0 X.5/ X.9/ X.10/ X.11/ X.12/ � � �

ND denotes that the corresponding function is not defined at the corresponding time step.

Figure 1. �.k/ and � .k/.

Example 1
We illustrate Definition 2. A time-varying delay d.k/ is given in the second row of Table I, and the
corresponding �.k/ is obtained by (4) as in the third row of Table I. With �.k/, we obtain from
(6) that Dom.� / D ¹�4;�2; 0; 2; 3; 4; 8; 9; 10; 11; � � � º. According to (5) and (7), we obtain � .k/
and � .k/ for Dom.� /, which are shown in the fourth and fifth row of Table I. The graphs of �.k/
and � .k/ are depicted in Figure 1. As mentioned, � .k/ is set-valued and � .k/ is single-valued. The
predictor states P.k/ and P.�.k// in the last two rows of Table I will be discussed in Example 3.

3. DESIGN OF PREDICTOR FEEDBACK CONTROLLER

First, we construct the i-step ahead predictor function of the system (1) as

‰.X;U ı �; k; i/ D f i .X.k/; NU.U ı �; k; i//; (8)

where

U ı �.k/ , U.�.k// (9)

NU .U ı �; k; i C 1/ ,
�
NU .U ı �; k; i/; U ı �.k C i/

�
for i 2 Z1 (10)
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NU.U ı �; k; 1/ , U.�.k// (11)

f i
�
X; NU .U ı �; k; i/

	
, f

�
f i�1

�
X; NU .U ı �; k; i � 1/

	
; U ı �.k C i � 1/

	
for i 2 Z1 (12)

f 0
�
X; NU .U ı �; k; 0/

	
, X.k/: (13)

The predictor function (8) yields, in particular,

‰.X;U ı �; k; i/ D X.k C i/ for i 2 Z0 (14)

NU .U ı �; k; i/ D ŒU.�.k//; U.�.k C 1//; � � � ; U.�.k C i � 1//� for i 2 Z2; (15)

which reveals that ‰.X;U ı �; k; i/ for i 2 Z1 depends on the signals X.k/ and U.�.j // for
j 2 ZŒk;kCi�1�.

Now, we turn to control input design. In view of Assumption 1, we seek a controller that achieves

U.k � d.k// D U.�.k// D �.X.k// for �.k/ 2 Z0; (16)

which can be alternatively written as

U.k/ D �.X.� .k/// for k 2 Dom.� / \ Z0: (17)

This controller, however, is not implementable for d.k/ > 0, that is, � .k/ > k because it requires
future values of state. This problem might be resolved by designing the nonlinear predictor feedback
controller based on the predictor function (8):

U.k/ D �.P.k// (18)

P.k/ D ‰ .X;U ı �; k; � .k/ � k/ ; (19)

where � .k/ � k is the prediction horizon and P.k/.D X.� .k/// is the .� .k/ � k/-step ahead
predictor state of X.k/. Moreover, in order to implement the controller (18), it should also be causal
with respect to U.k/, but there can be some time steps in which the controller (18) is non-causal
with respect to U.k/ because of increasing input delays. In the following lemma, we obtain the set
of the time steps in which the controller (18) becomes non-causal.

Lemma 1
The feedback law (18) becomes non-causal (i.e., dependent on values of U at times equal to or
larger than k) at the time steps belonging to the set NC.� / defined as

NC.� / , ¹k 2 Z0 \ Dom.� /jk 6 max
j2ZŒk;� .k/�1�

�.j /º: (20)

Proof
The predictor state P.k/ in (19) is computed by the signals X.k/ and U.�.j // for j 2 ZŒk;� .k/�1�
according to (8). In order that U.k/ in (18) becomes non-causal at k, there must exist at least a
time step j 2 ZŒk;� .k/�1� such that k 6 �.j /, which is equivalent to the condition that k 6
maxj2ZŒk;� .k/�1� �.j /. This condition yields the set NC.� /. �

Example 2 (continued from Example 1)
In Table I, we can find the only time step k D 3 that belongs to (20) because � .3/ D 7 and
maxj2ZŒ3;6� �.j / D 4 > 3, which implies that NC.� / D ¹3º. If we try to implement the pre-
dictor feedback control input (18) at time step k D 3 2 NC.� /, that is, U.3/, then we need
the four-step ahead predictor state of X.3/ because � .3/ D 7 in Table I. According to (18),

Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2016; 26:1755–1776
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Figure 2. Closed-loop system for k 2 Supp.U /.

U.3/ is computed as U.3/ D �
�
f 4

�
X.3/; NU .U ı �; 3; 4/

		
, where NU .U ı �; 3; 4/ D

ŒU.�.3//; U.�.4//; U.�.5//; U.�.6//� D ŒU.2/; U.0/; U.4/; U.2/�. We observe that �.5/ D 4 > 3
and U.3/ require a future input U.4/, which means that it cannot be implemented in the form (18)
but must be modified.

In order to deal with the non-causality in Lemma 1, the controller (18) is revised so that we assign
the zero input for k 2 NC.� /, which is written as

U.k/ D

²
�.P.k//; 8k 2 Supp.U /

0; 8k 2 NC.� /
(21)

where

Supp.U / , .Dom.� / \ Z0/ n NC.� /: (22)

The whole closed-loop system that consists of the plant (1) and the designed predictor feedback
controller (21) for k 2 Supp.U / is depicted in Figure 2.

Example 3 (continued from Example 2)
From (22) and Table I, we obtain that Supp.U / D ¹0; 2; 4; 8; 9; 10; 11; � � � º. As an illustration of the
controller implementation, U.k/ in (21) for k D 4 2 Supp.U / is computed as

U.4/ D �.P.4// D � .‰ .X;U ı �; 4; � .4/ � 4//

D �
�
f � .4/�4

�
X.4/; NU .U ı �; 4; � .4/ � 4/

	�
D �

�
f 1

�
X.4/; NU .U ı �; 4; 1/

		
D �.f .X.4/; U.�.4//// D �.X.5//;

(23)

where NU .U ı �; 4; 1/ D U.�.4// D U.0/. In the same way, the control input U.k/ for other
time steps in Supp.U / can be computed, and corresponding predictor states P.k/ and P.�.k// are
shown in the last two rows in Table I.

4. STABILITY ANALYSIS

Through the following subsections, we establish GAS of the plant (1) with the predictor feedback
controller (21) under Assumptions 1 and 2.

Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2016; 26:1755–1776
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4.1. Delayed control input

Because the delayed control input U.�.k// is extensively involved in the subsequent analysis, we
need to look into the characteristic of the control input (21) in terms of U.�.k//. When the control
input (21) is applied to the plant (1), the plant senses the time-varying delayed input U.�.k// at
time k. At a given k, one of the following four possibilities may occur:

(i) the input may be the desired predictor-based input that compensates the delay (good input) ;
(ii) the input may have already reached the system before as a desired, delay-compensating input

and is reaching the system again at k as a disturbance (bad input) ;
(iii) the input may be zero because it was selected at one of the times when the feedback law would

have been non-causal, and thus, it also acts as a disturbance (bad input); and
(iv) the input was not designed, but it is a part of the initial condition of the input subsystem

(bad input).

Given these four possibilities, we write out (21) in detail as

U.�.k// D

8̂<
:̂

�.P.�.k/// D �.X.� .�.k//// D �.X.k// 8k 2 Dom1.�/

�.P.�.k/// D �.X.� .�.k////; � .�.k// < k 8k 2 Dom2.�/

0 8k 2 Dom3.�/

initial condition .�.k/ < 0/ 8k 2 Dom4.�/

; (24)

where

Dom1.�/ , � .Supp.U // D ¹kj� .�.k// D k for �.k/ 2 Supp.U /º (25)

Dom2.�/ ,

0
@ [
k2 Supp.U /

� .k/

1
A n Dom1.�/

D ¹kj�.� .�.k/// D �.k/ but � .�.k// < k for �.k/ 2 Supp.U /º

(26)

Dom3.�/ ,
[

k2NC.� /

� .k/ D ¹kj�.k/ 2 NC.� /º (27)

Dom4.�/ , ¹kj�.k/ < 0º: (28)

The sets of times Dom1.�/;Dom2.�/;Dom3.�/;Dom4.�/ correspond to the four respective
possibilities listed earlier. Note that the division of time into sets

Dom1.�/ [ Dom2.�/ [ Dom3.�/ [ Dom4.�/ D Z0 (29)

is according to the role that the input plays at the time when it arrives at the plant, whereas the
division of time into sets

Supp.U / [ NC.� / D Z0 \ Dom.� / (30)

is according to the input’s purpose at the time it is sent to the plant. Fortunately, Dom2.�/ and
Dom3.�/ related to the bad inputs are finite under Assumption 2, as shown in the following lemma.

Lemma 2
Under Assumption 2, Dom2.�/ in (26) and Dom3.�/ in (27) satisfy that Dom2.�/ � ZŒ0;kICD�1�
and Dom3.�/ � ZŒ0;kICD�1�, where kI is defined in Assumption 2.

Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2016; 26:1755–1776
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Proof
We prove this lemma by showing that Dom1.�/ � ZkICD . From (2), it holds that �.kI CD/ D
kI CD � d.kI CD/ > kI and �.j / D j � d.j / 6 j for all j 2 ZŒ0;kI�1�, which implies that
maxj2ZŒ0;kI�1� �.j / 6 kI � 1 < �.kI CD/. Besides, from (3) in Assumption 2, we already have
that �.k/ > �.k � 1/ for all k 2 ZkIC1. Hence, it follows that �.� .k// D k for all k 2 ZkICD ,
which is equivalent to Dom1.�/ � ZkICD . �

Moreover, if the time-varying input delay is restricted to non-increasing delays, we obtain the
following result.

Lemma 3
If the time-varying input delay d.k/ in (1) is non-increasing, then Dom2.�/ in (26) and Dom3.�/

in (27) satisfy that Dom2.�/ D Dom3.�/ D ;.

Proof
If the input delay is non-increasing, we obtain that d.k/ � d.k � 1/ 6 0 for all k 2 Z1, which
implies that �.k/ > �.k � 1/ for all k 2 Z1 and that there are no time steps k1 and k2, such that
�.k1/ D �.k2/. This result shows that k D �.� .k// for all k 2 Dom.� /, which is equivalent
to Dom2.�/ D ; by the definition (26). Moreover, it holds that k D �.� .k// > �.j / for all
j 2 ZŒ0;� .k/�1� and k 2 Dom.� /, which implies in view of (20) that every k 2 Dom.� / is not
included in NC.� /. This proves that Dom3.�/ D ;. �

Lemma 2 implies that there are finite number of time steps where the controller (21) cannot assign
the desired predictor feedback input to the plant (1) because of the input delay increasing over a
finite interval. On the other hand, from Lemma 3, it is obvious that the controller (21) generates
always good inputs for the non-increasing delay.

Example 4 (continued from Example 3)
In Table I and (25)–(28), we obtain that Dom1.�/ D ¹1; 3; 5; 9; 10; 11; 12; � � � º;

S
k2 Supp.U / � .k/ D

¹1; 3; 4; 5; 6; 8; 9; 10; 11; 12; � � � º;Dom2.�/ D
�S

k2 Supp.U / � .k/
�
n Dom1.�/ D ¹4; 6; 8º;Dom3

.�/ D ¹7º, and Dom4.�/ D ¹0; 2º.

4.2. Partial difference equation model and backstepping transformation

In order to develop Lyapunov-based tools for studying stability of nonlinear predictor feedback, we
choose the state of a first-order PdE as a model for the time-varying input delay:

ui .k/ D U.�.k C i// D U.k C i � d.k C i// for i 2 ZŒ0;D�; (31)

which yields boundary values u0.k/ D U.�.k// D U.k � d.k// and uD.k/ D U.�.k CD// D
U.kCD�d.kCD//. With this choice of the state of delay model, the system (1) is represented as

X.k C 1/ D f .X.k/; u0.k// (32)

ui .k C 1/ D uiC1.k/ for i 2 ZŒ0;D�1� (33)

uD.k/ D U.�.k CD//; (34)

which forms an Ordinary Difference Equation (OdE)–PdE cascade that is driven by the input
U.�.k C D// from the boundary of the PdE. Because �.k C D/ > k in (34), the system
(32)–(34) appears to be possibly non-causal, but in fact is causal, with a non-constant dimension of
the subsystem (33).

Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2016; 26:1755–1776
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Consider the discrete-time backstepping transformation in a similar form to the continuous-time
one in [26]:

wi .k/ D ui .k/ � �.pi .k// for i 2 ZŒ0;D�; (35)

where pi .k/ is the predictor variable for the plant-predictor system:

piC1.k/ D f .pi .k/; ui .k// for i 2 ZŒ0;D�1�; (36)

where p0.k/ D X.k/ and pi .k/ is the i-step ahead prediction of X.k/ in the original system (32),
such that pi .k/ D X.kC i/. Under the discrete-time backstepping transformation (35), the original
system (32)–(34) is mapped into the target system

X.k C 1/ D f .X.k/; �.X.k//C w0.k// (37)

wi .k C 1/ D wiC1.k/ for i 2 ZŒ0;D�1� (38)

wD.k/ D uD.k/ � �.pD.k//: (39)

In addition, we define the inverse backstepping transformation of (35) as

ui .k/ D wi .k/C �.	i .k// for i 2 ZŒ0;D�; (40)

where 	i .k/ is the predictor variable for the target-predictor system:

	iC1.k/ D f .	i .k/; �.	i .k//C wi .k// for i 2 ZŒ0;D�1�; (41)

where 	0.k/ D X.k/ and 	i .k/ is the i-step ahead prediction of X.k/ in the target system (37),
such that 	i .k/ D X.k C i/.

Lemma 4
The functions .X.k/; ui .k// satisfy (32) and (33) if and only if the functions .X.k/; wi .k// satisfy
(37) and (38), where the three functions X.k/; ui .k/, and wi .k/ are related through (35), (36), (40),
and (41).

Proof
We obtain from (36) and (41) that pi .kC 1/ D piC1.k/ and 	i .kC 1/ D 	iC1.k/. Applying these
identities to (35) and (40), we obtain that wi .k C 1/ � wiC1.k/ D ui .k C 1/ � �.pi .k C 1// �
.uiC1.k/� �.piC1.k/// D 0 and ui .kC 1/�uiC1.k/ D wi .kC 1/C �.	i .kC 1//� .wiC1.k/C
�.	iC1.k/// D 0, which completes the proof. �

For further analysis of the target system (37)–(39), we need to represent the boundary condition
wD.k/ in terms of pD.k/, which requires the following property of the increasing input delay.

Lemma 5
Under Assumption 2, if there are two time steps k1 C D and k2 C D such that k1 < k2 and
�.k1CD/ D �.k2CD/, then the time step k1CD occurs only within .D � 1/-step behind from
the step k2 CD � 1, namely, k1 should be in ZŒk2�D;k2�1�.

Proof
Recall from Assumption 2 that 0 6 d.k/ 6 D for all k 2 Z0. From the condition that �.k1CD/ D
�.k2 C D/ for k1 < k2, it follows that k1 � d.k1 C D/ D k2 � d.k2 C D/, which yields that
1 6 k2 � k1 D d.k2 CD/ � d.k1 CD/ 6 d.k2 CD/ 6 D and k2 �D 6 k1 6 k2 � 1. �

With the help of Lemma 5, the boundary condition uD.k/ of the original system is represented
in terms of pD.k/ as follows.
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Lemma 6
Under Assumption 2, the boundary condition uD.k/ in (34) is represented as

uD.k/ D

8<
:

�.pD.k// for k CD 2 Dom1.�/

�.pD.k � n.k/// for k CD 2 Dom2.�/

0 for k CD 2 Dom3.�/
; (42)

where n.k/ 2 ZŒ1;D� and pD.k/;Dom1.�/;Dom2.�/, and Dom3.�/ are defined in (36), (25), (26),
and (27), respectively.

Proof
In view of (36), we have that pi .k/ D X.k C i/ for i 2 ZŒ0;D�. From (24), it holds for k C D 2
Dom1.�/ thatU.�.kCD// D �.X.kCD//, which results in uD.k/ D U.�.kCD// D �.pD.k//.
From (26), it holds for kCD 2 Dom2.�/ that �.� .�.kCD/// D �.kCD/, but � .�.kCD// <
k C D. Defining n.k/ as n.k/ , k C D � � .�.k C D//, Lemma 5 yields that n.k/ depends on
k, but n.k/ 2 ZŒ1;D�. From this definition, it follows that U.�.k CD// D �.X.� .�.k CD//// D
�.X.k CD � n.k///, which results in uD.k/ D U.�.k CD// D �.pD.k � n.k///. From (24), it
holds for kCD 2 Dom3.�/ that U.�.kCD// D 0, which results in uD.k/ D U.�.kCD// D 0.

�

Based on (39) and Lemma 6, we finally obtain the boundary condition wD.k/ in terms of
pD.k/ as

wD.k/ D

8<
:

0 for k CD 2 Dom1.�/

�.pD.k � n.k/// � �.pD.k// for k CD 2 Dom2.�/

��.pD.k// for k CD 2 Dom3.�/
: (43)

We close this subsection by clarifying the ultimate purpose of the predictor variable pi .k/ that
is generated by the plant-predictor system (36). The predictor variable pi .k/ is employed for the
construction of the backstepping transformation (35), which results in the target system with the
boundary condition WD.k/ D 0 for k CD 2 Dom1.�/ as shown in (43). This boundary condition
plays a key role in proving GAS of the whole closed-loop system, which will be rigorously shown
in the following analysis.

4.3. Bounds on system variables

In this subsection, we establish the relations among the norms of X.k/ in (32) and (37), ui .k/
in (40), and wi .k/ in (35). We begin with presenting a bound on the norm of the plant-predictor
system (36).

Lemma 7
For the plant-predictor system (36), there exists a function 
1 2 K1 such that

kp.k/kl1Œ0;D� 6 
1 .jX.k/j C ku.k/k1/ ; 8k 2 Z0: (44)

Proof
From the plant-predictor system (36), it is obvious that p0.k/ D X.k/ and that pi .k/ for i 2 ZŒ1;D�
is the function of X.k/ and uj .k/ with j 2 ZŒ0;i�1�. Moreover, because the function f .�; �/
in (36) is continuous, there exists a function 
1 2 K1 such that, for i 2 ZŒ1;D�; jpi .k/j 6

1
�
jX.k/j Cmaxj2ZŒ0;i�1� juj .k/j

	
with jp0.k/j 6 
1.jX.k/j/. Taking the maximum of both sides

in i over ZŒ1;D�, we get the result of the lemma. �

The next two lemmas relate the norms of the original and target system variables.

Lemma 8
For the plant-predictor system (36), consider (35) as its output map. Then there exists a function

2 2 K1 such that
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jX.k/j C kw.k/k1 6 
2 .jX.k/j C ku.k/k1/ ; 8k 2 Z0: (45)

Proof
Because of the continuity of �.�/ in (35), there exists a function O
 2 K1 such that j�.pi .k//j 6
O
.jpi .k/j/, which yields along with (33) that jwi .k/j 6 jui .k/j C O
.jpi .k/j/. Taking the maximum
of both sides in i over ZŒ0;D�1�, we have kw.k/k1 6 ku.k/k1 C O
.kp.k/k1/. Then, applying
Lemma 7, we get the result of the lemma. �

Lemma 9
For the target-predictor system (41), consider (40) as its output map. Then there exists a function

3 2 K1 such that

jX.k/j C ku.k/k1 6 
3 .jX.k/j C kw.k/k1/ ; 8k 2 Z0: (46)

Proof
This lemma can be easily proved in the same way as in the proof of Lemmas 7 and 8. �

In the following lemma, we estimate a bound of wD.k/ in (43) in terms of X.k/ and wi .k/ for
i 2 ZŒ0;D�1�.

Lemma 10
For the boundary condition wD.k/ in (43), there exists a function 
4 2 K1 such that

jwD.k/j 6 q.k/
4 .jX.k/j C kw.k/k1/ ; 8k 2 Z0; (47)

where

q.k/ D

²
1 for k 2 ZŒ0;kI�1�
0 otherwise

: (48)

Proof
Because n.k/ in pD.k � n.k// of (43) satisfies n.k/ 2 ZŒ1;D� by Lemma 5, pD.k � n.k// can
be expressed as pD.k � n.k// D pD�n.k/.k/, where D � n.k/ 2 ZŒ0;D�1�. Then, we obtain that
jwD.k/j 6 2kp.k/kl1ZŒ0;D� , and applying Lemmas 7 and 9, we can find a function 
4 2 K1 such
that jwD.k/j 6 
4 .jX.k/j C kw.k/k1/. Moreover, it holds from Lemma 2 that wD.k/ D 0 for
k 2 ZkI , which completes the proof. �

4.4. Global asymptotic stability

In order to make this subsection readily understandable, we rewrite the original system (32), (33),
(42) as

X.k C 1/ D f .X.k/; u0.k// (49)

ui .k C 1/ D uiC1.k/ for i 2 ZŒ0;D�1� (50)

uD.k/ D

8<
:

�.pD.k// for k CD 2 Dom1.�/

�.pD.k � n.k/// for k CD 2 Dom2.�/

0 for k CD 2 Dom3.�/
; (51)

and the target system (37), (38), (43) as

X.k C 1/ D f .X.k/; �.X.k//C w0.k// (52)

wi .k C 1/ D wiC1.k/ for i 2 ZŒ0;D�1� (53)
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wD.k/ D

8<
:

0 for k CD 2 Dom1.�/

�.pD.k � n.k/// � �.pD.k// for k CD 2 Dom2.�/

��.pD.k// for k CD 2 Dom3.�/
: (54)

We first focus on the target system’s PdE subsystem, consisting of (53) and (54), and take a
Lyapunov function for the PdE subsystem:

L.k/ D kw.k/kc;1 , max
j2ZŒ0;D�1�

ˇ̌
cjwj .k/

ˇ̌
; (55)

where kw.k/kc;1 denotes the spatially weighted norm, wj .k/ is the solution of the PdE subsystem
(53), (54), and c > 1 is any constant. Then, L.k C 1/ is derived as

L.k C 1/ D max
j2ZŒ0;D�1�

ˇ̌
cjwj .k C 1/

ˇ̌
D max
j2ZŒ0;D�1�

ˇ̌
cjwjC1.k/

ˇ̌
D
1

c
max

j2ZŒ0;D�1�

ˇ̌
cjC1wjC1.k/

ˇ̌
�
1

c
max

²
max

j2ZŒ�1;D�2�

ˇ̌
cjC1wjC1.k/

ˇ̌
;
ˇ̌
cDwD.k/

ˇ̌³

D
1

c
max

®
kw.k/kc;1;

ˇ̌
cDwD.k/

ˇ̌¯
D
1

c
max

®
L.k/;

ˇ̌
cDwD.k/

ˇ̌¯
:

(56)

Now we turn our attention to the full target system (52)–(54). The ISS in Assumption 1 guarantees
that there exists a smooth function S W Rn ! R1 and class K1 functions ˛1; ˛2; ˛3; ˛4 such that

˛1.jX.k/j/ 6 S.X.k// 6 ˛2.jX.k/j/ (57)

S.f .X.k/; �.X.k//C w0.k/// � S.X.k// 6 �˛3.jX.k/j/C ˛4.jw0.k/j/ (58)

for all X 2 Rn and all w0 2 R [25, 27]. Suppose that ˛4.r/=r is a class K1 function, or ˛4 has
been appropriately majorized so that this is true (with no generality lost). Then, we have the property
that, for all r > 0 and c1 > 1,

˛4

�
r

c1

�
<
1

c1
˛4.r/: (59)

For the full target system, we take a Lyapunov function

V.k/ D S.X.k//C
2c

c � 1
˛4.L.k// D S.X.k//C

2c

c � 1
˛4.kw.k/kc;1/; (60)

where L.k/ is defined in (55) and c > 1. With the help of this Lyapunov function, we obtain the
following result on stability in terms of the norm of the full target system (52)–(54).

Lemma 11
Let the system (52)–(54) satisfies Assumptions 1 and 2. Then, there exists a function ˇ1 2 K L
such that

jX.k/j C kw.k/k1 6 ˇ1 .jX.0/j C kw.0/k1; k/ ;8k 2 Z0: (61)
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Proof
Sequentially applying (58), (56), (59), and ˛4.jw0.k/j/ 6 ˛4.kw.k/kc;1/, the forward difference
of V.k/ in (60) is derived as

�V.k/ D V.k C 1/ � V.k/

6 �˛3.jX.k/j/C ˛4.jw0.k/j/C
2c

c � 1
.˛4.L.k C 1// � ˛4.L.k///

6 �˛3.jX.k/j/C ˛4.jw0.k/j/C
2c

c � 1
˛4

�
1

c
max

®
kw.k/kc;1;

ˇ̌
cDwD.k/

ˇ̌¯�

�
2c

c � 1
˛4.kw.k/kc;1/

6 �˛3.jX.k/j/C ˛4.kw.k/kc;1/C
2

c � 1
˛4
�
max

®
kw.k/kc;1;

ˇ̌
cDwD.k/

ˇ̌¯	
�

2c

c � 1
˛4.kw.k/kc;1/

D �˛3.jX.k/j/ �
c C 1

c � 1
˛4.kw.k/kc;1/C

2

c � 1
˛4
�
max

®
kw.k/kc;1;

ˇ̌
cDwD.k/

ˇ̌¯	
:

(62)

(i) Case when kw.k/kc;1 >
ˇ̌
cDwD.k/

ˇ̌
In this case, because max

®
kw.k/kc;1;

ˇ̌
cDwD.k/

ˇ̌¯
D kw.k/kc;1, the forward difference

(62) is simplified as

�V.k/ 6 �˛3.jX.k/j/ � ˛4.kw.k/kc;1/: (63)

Then, it follows from (57) that there exists a function ˛5 2 K1, such that �V.k/ 6
�˛5.V .k//, and there exists a function ˇ2 2 K L , such that V.k/ 6 ˇ2.V .0/; k/ for
all k 2 Z0 [28]. From (57) and (60), we obtain that there exist functions ˛; ˛ 2 K1
such that ˛ .jX.k/j C kw.k/kc;1/ 6 V.k/ 6 ˛ .jX.k/j C kw.k/kc;1/, which guaran-
tees along with V.k/ 6 ˇ2.V .0/; k/ that there exists a function ˇ3 2 K L such that
jX.k/j C kw.k/kc;1 6 ˇ3 .jX.0/j C kw.0/kc;1; k/. Besides, we have that kw.k/k1 6
kw.k/kc;1 and kw.0/kc;1 6 cD�1kw.0/k1. Hence, it holds that jX.k/j C kw.k/k1 6
ˇ3.jX.0/j C c

D�1kw.0/k1; k/, from which it follows that there exists a class K L function
satisfying (61).

(ii) Case when kw.k/kc;1 <
ˇ̌
cDwD.k/

ˇ̌
In this case, because max

®
kw.k/kc;1;

ˇ̌
cDwD.k/

ˇ̌¯
D
ˇ̌
cDwD.k/

ˇ̌
, the forward difference

(62) is simplified as

�V.k/ 6 �˛3.jX.k/j/ �
c C 1

c � 1
˛4.kw.k/kc;1/C

2

c � 1
˛4
�ˇ̌
cDwD.k/

ˇ̌	
: (64)

With the help of (57), we can find a function ˛6 2 K1 such that �˛3.jX.k/j/ �
cC1
c�1

˛4 .kw.k/kc;1/ 6 �˛6.V .k//; with the help of Lemma 10, we can find a function
˛7 2 K1 such that 2

c�1
˛4
�
jcDwD.k/j

	
6 q.k/˛7.V .k//. Hence, (64) is rewritten as

�V.k/ 6 �˛6.V .k//C q.k/˛7.V .k//; (65)

where q.k/ D 1 for k 2 ZŒ0;kI�1� and q.k/ D 0 for k 2 ZkI as defined in (48). From (65),
it follows that there exists a function ˛8 2 K1 such that V.k C 1/ 6 V.k/ C ˛7.V .k//
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6 ˛8.V .k//, which yields that V.k/ 6 ˛k8 .V .0//, where ˛k8 ,
k-times‚ …„ ƒ

˛8 ı ˛8 ı � � � ı ˛8. Taking the
summation of both sides in (65) and applying V.k/ 6 ˛k8 .V .0// yield that

V.k/ 6 V.0/ �
k�1X
jD0

˛6.V .j //C

kI�1X
jD0

˛7.V .j //

6 V.0/ �
k�1X
jD0

˛6.V .j //C

kI�1X
jD0

˛7

�
˛
j
8 .V .0//

�
:

(66)

Because kI is a finite integer defined in Assumption 2, we can find a function ˛9 2 K1 such

that V.0/C
kI�1P
jD0

˛7

�
˛
j
8 .V .0//

�
6 ˛9.V .0//, which simplifies (66) as

V.k/ 6 ˛9.V .0// �
k�1X
jD0

˛6.V .j //: (67)

Suppose that limk!1 V.k/ ¤ 0, then we obtain that ˛9.V .0// �
Pk�1
jD0 ˛6.V .j // < 0 for

all sufficiently large k, which is a contradiction to (67) because of V.k/ > 0 for all k 2 Z0.
Thus, we obtain that limk!1 V.k/ D 0, which yields along with V.k/ 6 ˛9.V .0// for all
k 2 Z0 that the full target system is globally asymptotically stable by the definition of GAS
in [14]. GAS of the full target system guarantees the existence of a function ˇ4 2 K L such
that jX.k/j C kw.k/kc;1 6 ˇ4 .jX.0/j C kw.0/kc;1; k/. Then, in the same way as in Case
(i), it follows that there exists a class K L function satisfying (61). �

Combining Lemmas 8, 9 and 11 yields that jX.k/j C ku.k/k1 6 
3 .ˇ1 .
2 .jX.0/jC
ku.0/k1/ ; k//, from which we obtain the following result on stability in terms of the norm of the

original system (49)–(51).

Theorem 1
Let the system (49)–(51) satisfies Assumptions 1 and 2. Then, there exists a function ˇ5 2 K L
such that

jX.k/j C ku.k/k1 6 ˇ5 .jX.0/j C ku.0/k1; k/ ;8k 2 Z0: (68)

While the result (68) on stability is given in terms of the delay state ui .k/, we also present
the following main result on GAS of the closed-loop system with the predictor feedback (21) in
the sense of the system norm of the original plant (1),

�
jX.k/j Cmaxj2ZŒk�D;k�1� jU.j /j

	
, where

maxj2ZŒk�D;k�1� jU.j /j accounts for the time-varying input delay.

Theorem 2
Let the system (49)–(51) satisfies Assumptions 1 and 2. Then, there exists a function ˇ6 2 K L
such that

jX.k/j C max
j2ZŒk�D;k�1�

jU.j /j 6 ˇ6
�
jX.0/j C max

j2ZŒ�D;�1�
jU.j /j; k

�
; 8k 2 Z0: (69)

Proof
Because the control input U.k/ in (21) is causal and d.k/ 6 D, there exist functions ˛X

k
2 K1 and

˛U
k
2 K1 for all k 2 Z0 such that

jX.k/j 6 ˛Xk
�
jX.0/j C max

j2ZŒ�D;�1�
jU.j /j

�
(70)
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jU.k/j 6 ˛Uk
�
jX.0/j C max

j2ZŒ�D;�1�
jU.j /j

�
: (71)

Moreover, using the definitions of ui .k/ and ku.k/k1, (68) is rewritten as

jX.k/j C max
j2ZŒ0;D�1�

jU.k C j � d.k C j //j 6 ˇ5
�
jX.0/j C max

j2ZŒ0;D�1�
jU.j � d.j //j; k

�
: (72)

In view of (70), (71), and (72), we obtain that (69) holds with a function ˇ6 2 K L that is different
from ˇ5 2 K L . �

5. PREDICTOR FEEDBACK CONTROLLER FOR LTI SYSTEMS

For linear systems, we can prove the exponential stability and provide an explicit estimate of the
decay rate.

5.1. Design of predictor feedback controller

We consider the LTI system

X.k C 1/ D AX.k/C BU.k � d.k//; (73)

where .A;B/ is a controllable pair. Suppose that a static state feedback control with a gain vector
K has been designed for the system (73) with no delay such that U.k/ D KX.k/ is a stabilizing
controller, that is, the matrix A C BK is Schur stable. The linear predictor feedback controller is
designed as

U.k/ D

´
KPL.k/; 8k 2 Supp.U /

0; 8k 2 NC.� / ; (74)

where PL.k/ is the .� .k/ � k/-step ahead predictor state of X.k/ such that

PL.k/ D X.� .k// D A
� .k/�kX.k/C

� .k/�1X
jDk

A� .k/�j�1BU.�.j //: (75)

5.2. Partial difference equation model and backstepping transformation

Choosing the state (31) of a first-order PdE to model the time-varying input delay, the system (73)
is represented as

X.k C 1/ D AX.k/C Bu0.k/ (76)

ui .k C 1/ D uiC1.k/ for i 2 ZŒ0;D�1� (77)

uD.k/ D U.�.k CD//; (78)

which also forms an OdE–PdE cascade. Consider a discrete-time backstepping transformation

wi .k/ D ui .k/ �Kri .k/; (79)

where ri .k/ D AiX.k/ C
Pi�1
jD0A

i�j�1Buj .k/ and ri .k/ is the i-step ahead prediction of X.k/
such that ri .k/ D X.k C i/. Through the transformation (79), the original system (76)–(78) is
mapped into the target system
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X.k C 1/ D .AC BK/X.k/C Bw0.k/ (80)

wi .k C 1/ D wiC1.k/ for i 2 ZŒ0;D�1� (81)

wD.k/ D

8<
:

0 for k CD 2 Dom1.�/

K ŒrD.k � n.k// � rD.k/� for k CD 2 Dom2.�/

�KrD.k/ for k CD 2 Dom3.�/

; (82)

where we note from Lemma 5 that n.k/ 2 ZŒ1;D�. The inverse backstepping transformation of (79)
is defined as

ui .k/ D wi .k/CK

2
4.AC BK/iX.k/C i�1X

jD0

.AC BK/i�j�1Bwj .k/

3
5 : (83)

In the following lemma, we show the relations among the spatial l2 norms of ui .k/; wi .k/ and the
2-norm of X.k/.

Lemma 12
ui .k/; wi .k/; X.k/ in (79) and (83) satisfy that

kw.k/k2 6 �1ku.k/k2 C �2jX.k/j2 (84)

ku.k/k2 6  1kw.k/k2 C  2 jX.k/j2 ; (85)

where �1 D 3
�
1CD

PD�1
jD0

ˇ̌
KAjB

ˇ̌2�
;�2 D 3

PD�1
jD0

ˇ̌
KAj

ˇ̌2
;  1 D 3

�
1CD

PD�1
jD0 j

K.AC BK/jBj2
�

, and  2 D 3
PD�1
jD0

ˇ̌
K.AC BK/j

ˇ̌2
.

Proof
From (79), kw.k/k2 is written as

kw.k/k2 D

D�1X
jD0

ˇ̌
wj .k/

ˇ̌2
D

D�1X
jD0

ˇ̌̌
ˇ̌uj .k/ �KAjX.k/ � j�1X

lD0

KAj�l�1Bul.k/

ˇ̌̌
ˇ̌
2

;

to which we apply the Cauchy–Schwarz inequality multiple times. Then, we obtain

kw.k/k2 6 3

0
@1CD D�1X

jD0

ˇ̌
KAjB

ˇ̌21A ku.k/k2 C 3D�1X
jD0

ˇ̌
KAj

ˇ̌2
jX.k/j2;

which is (84). In the same way, (85) is also proved by applying the Cauchy–Schwarz inequality
multiple times to ku.k/k2 of (83). �

In the following lemma, we estimate a bound of wD.k/ in (82) in terms of X.k/ and wi .k/ for
i 2 ZŒ0;D�1�.

Lemma 13
For the boundary condition wD.k/ in (82), there exists a positive constant � such that

jwD.k/j
2 6 �q.k/

�
jX.k/j2 C kw.k/k2

	
; (86)
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where

q.k/ D

²
1 for k 2 ZŒ0;kI�1�
0 otherwise

: (87)

Proof
Using the Cauchy–Schwarz inequality, jKri .k/j in (79) is developed as

jKri .k/j
2 D

ˇ̌̌
ˇ̌̌KAiX.k/C i�1X

jD0

KAi�j�1Buj .k/

ˇ̌̌
ˇ̌̌2

6 2jKAi j2jX.k/j2 C 2
D�1X
jD0

jKAjBj2ku.k/k2:

(88)

Because n.k/ in rD.k � n.k// of (82) satisfies n.k/ 2 ZŒ1;D� by Lemma 5, it holds that rD.k �
n.k// D rD�n.k/.k/, where D � n.k/ 2 ZŒ0;D�1�. Hence, wD.k/ in (82) is bounded as

w2D.k/ 6 2.jKrD.k � n.k//j2 C jKrD.k/j2/
D 2.jKrD�n.k/.k/j

2 C jKrD.k/j
2/;

(89)

which is more developed from (88) and (82) as

w2D.k/ 6 8

0
@ max
j2ZŒ0;D�

jKAj j2jX.k/j2 C

D�1X
jD0

jKAjBj2ku.k/k2

1
A

6 8

0
@ max
j2ZŒ0;D�

jKAj j2 C  2

D�1X
jD0

jKAjBj2

1
A jX.k/j2 C 8 1 D�1X

jD0

jKAjBj2kw.k/k2

6 �
�
jX.k/j2 C kw.k/k2

	
;

(90)

where

� D 8max

8<
: max
j2ZŒ0;D�

jKAj j2 C  2

D�1X
jD0

jKAjBj2;  1

D�1X
jD0

jKAjBj2

9=
; : (91)

Moreover, we obtain from Lemma 2 that wD.k/ D 0 for k 2 ZkI , which completes the proof. �

5.3. Global exponential stability

We take the Lyapunov function for the target system (80)–(82) as

W.k/ D XT .k/PX.k/C
aC b

2

D�1X
jD0

�jC1w2j .k/; (92)

where P D P T > 0 is the solution to the Lyapunov equation

.AC BK/TP.AC BK/ � P D �Q (93)

for some Q D QT > 0; � > 1, and the parameters a > 0; b > 0 are to be chosen later. Based on
(92), we achieve the global exponential stability of the closed-loop system.
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Theorem 3
Under Assumption 2, the closed-loop system consisting of the plant (76)–(78) with the controller
(74) is globally exponentially stable at the origin in the sense of the norm

�
jX.k/j2 C ku.k/k2

	1=2
,

that is, for any " 2 Œ"�; 1/ with "� D 1� �min.Q/
2�max.P /

2
�
1
2
; 1
	
, there exists a continuous function M."/

such that

jX.k/j2 C ku.k/k2 6M."/"k
�
jX.0/j2 C ku.0/k2

	
; 8k 2 Z0: (94)

Proof
Applying the Young’s inequality, the forward difference of W.k/ in (92) is derived as

�W.k/ DW.kC 1/�W.k/

D XT .k/
�
.ACBK/TP.ACBK/�P

�
X.k/CBTPBw20 .k/C 2X

T .k/.ACBK/TPBw0.k/

�
aC b

2
w20 .k/�

aC b

2

�� 1

�

D�1X
jD0

�jC1w2
j
.k/C

aC b

2
�Dw2D.k/

6 �XT .k/QX.k/C jP jjBj2w20 .k/C
2

b
jXT .k/.ACBK/TPBj2 �

a

2
w20 .k/

�
aC b

2

�� 1

�

D�1X
jD0

�jC1w2
j
.k/C

aC b

2
�Dw2D.k/;

(95)

where we choose a D 2jP jjBj2 and b D 4�max..AC BK/
TPBBTP.AC BK//=�min.Q/. Then

(95) is developed as

W.k C 1/ 6 W.k/ � �min.Q/

2
jX.k/j2 �

aC b

2

� � 1

�

D�1X
jD0

�jC1w2j .k/C
aC b

2
�Dw2D.k/

6 W.k/ �min

²
�min.Q/

2�max.P /
;
� � 1

�

³
W.k/C

aC b

2
�Dw2D.k/

D max

²
1 �

�min.Q/

2�max.P /
;
1

�

³
W.k/C

aC b

2
�Dw2D.k/

D max

²
"�;

1

�

³
W.k/C

aC b

2
�Dw2D.k/

D "W.k/C
aC b

2
�Dw2D.k/;

(96)

where

" , max

²
"�;

1

�

³
and "� , 1 � �min.Q/

2�max.P /
: (97)

Applying Weyl’s theorem [29] to (93), we obtain that �min.Q/ < �max.P /, which yields that 1
2
<

"� < 1. Along with the condition 0 < 1
�
< 1, it is guaranteed that " 2

�
1
2
; 1
	
, which can be tightened

as " 2 Œ"�; 1/ because "� D min
�>1

®
max

®
"�; 1

�

¯¯
. Besides, in view of (97), � in (92) can be expressed

in terms of " as �."/ D 1
"

for " 2 Œ"�; 1/, which yields with the help of Lemma 13 that

W.k C 1/ 6 "W.k/C aC b

2"D
�q.k/

�
jX.k/j2 C kw.k/k2

	
6 "W.k/C �1q.k/W.k/;

(98)
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where �1 D
�.aCb/

2"D min
°
�min.P /;

aCb
2

± . Then, we can solve (98) as

W.k/ 6 "kW.0/C �1
k�1X
jD0

"k�j�1q.j /W.j /: (99)

Applying discrete Gronwall lemma [30] to (99), we obtain W.k/ 6 "kW.0/
�
1C �1

"

	kI , which
yields that

W.k/ 6 �2"k
�
jX.0/j2 C kw.0/k2

	
; (100)

where �2 , max
°
�max.P /;

aCb
2"D

± �
1C �1

"

	kI . On the other hand, we obtain from (84) that

�
jX.0/j2 C kw.0/k2

	
6 max ¹�1;�2 C 1º

�
jX.0/j2 C ku.0/k2

	
; (101)

and from (85) that

min
°
�min.P /;

aCb
2
�
±

max ¹ 1;  2 C 1º

�
jX.k/j2 C ku.k/k2

	
6 W.k/: (102)

Finally, applying these two inequalities to (100), we complete the proof as

jX.k/j2 C ku.k/k2 6M."/"k
�
jX.0/j2 C ku.0/k2

	
;

where

M."/ D
max

°
�max.P /;

aCb
2"D

±
min

°
�min.P /;

aCb
2"

± max ¹�1;�2 C 1ºmax ¹ 1;  2 C 1º

�

0
@1C �.aC b/

2"DC1 min
°
�min.P /;

aCb
2

±
1
AkI :

(103)

�

6. EXAMPLES

First, we consider a first-order system with high-growth nonlinearity and time-varying input delay:

X.k C 1/ D X2.k/C U.�.k//; (104)

where �.k/ is given in Table I and the delay and delay increase are bounded by D D 4 as in
Assumption 2. A feedback controller that makes the closed-loop system ISS for no input delay
is designed as �.X.k// D �X2.k/ � 0:5X.k/, which satisfies Assumption 1. Using NC.� /
from Example 2 and Supp.U / from Example 3, the predictor feedback controller (21) is given
by U.k/ D �.P.k// for k 2 ¹0; 2; 4; 8; 9; 11; � � � º and U.k/ D 0 for k 2 ¹3º, where P.k/
is generated by (19) and � .k/ is given in Table I. The initial conditions are set as X.0/ D 1:2

and U.j / D 0 for j 2 Œ�4;�1�. For example, in view of (23), U.0/ and U.4/ are computed
as U.0/ D �.f .X.0/; U.�.0//// D �.f .X.0/; U.�4/// D �X4.0/ � 0:5X2.0/ � 2:79 and
U.4/ D �.f .X.4/; U.�.4//// D �.f .X.4/; U.0/// D �.X2.4/C U.0//2 � 0:5.X2.4/C U.0//.
Figure 3(a) illustrates that the time-varying input delay is appropriately compensated and that the
closed-loop system is asymptotically stable.

Second, we consider a second-order system with high-growth nonlinearity and time-varying
input delay:
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Figure 3. Control inputs and responses.

X1.k C 1/ D X
2
1 .k/CX2.k/

X2.k C 1/ D X2.k/C U.�.k//;
(105)

where �.k/ is selected with the same as in the first example. Accordingly, the bound D of
delay and delay increase, NC.� /, and Supp.U / are identical to those for the system (104). A
feedback controller that makes the closed-loop system ISS for no input delay is designed as
�.X.k// D 0:5X1.k/ � X2.k/ �

�
X21 .k/CX2.k/

	2
, which satisfies Assumption 1. The ini-

tial conditions are set as X1.0/ D 1:2;X2.0/ D �0:6 and U.j / D 0 for j 2 Œ�4;�1�. For
example, in view of (23), U.0/ and U.4/ are computed as U.0/ D �.f .X.0/; U.�.0//// D

�.f .X.0/; U.�4/// D 0:5
�
X21 .0/ �X2.0/

	
�
��
X21 .0/CX2.0/

	2
CX2.0/

�2
� 1:01 and

U.4/ D �.f .X.4/; U.�.4//// D �.f .X.4/; U.0/// D 0:5
�
X21 .4/ �X2.4/

	
� U.0/ ���

X21 .4/CX2.4/
	2
CX2.4/C U.0/

�2
. Figure 3(b) illustrates that the time-varying input delay is

appropriately compensated and that the closed-loop system is asymptotically stable.

7. CONCLUSIONS

We have designed a nonlinear predictor feedback controller for general discrete-time nonlinear sys-
tems with time-varying input delays and explicitly constructed a Lyapunov function by modeling
the input delay with a first-order PdE and using the backstepping transformation. Based on the
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Lyapunov function, we have proved GAS of the closed-loop system with the nonlinear predictor
feedback. In addition, we have designed a linear predictor feedback controller for discrete-time LTI
systems with time-varying input delays and proved the global exponential stability with an explicit
estimate of the decay rate.

One might argue that allowing the delay to be increasing on only a finite time interval is a signif-
icant restriction. Indeed, even if the controller is selected as U.k/ D 0 for k up until kI , the result
of Theorem 2 would still hold (qualitatively, for some ˇ6). This motivates the question whether
stability can be achieved, under some conditions, when the delay is allowed to have intervals of
increasing behavior for all time. We believe that if the delay is restricted to increase no more than
it decreases, in a specific mathematical sense (for example, if the increase of the delay is small in
a suitable ‘moving average’ sense), then a feedback law can be designed to achieve GAS for plants
that have globally Lipschitz right-hand sides, or local stabilization in the absence of the global
Lipschitz restriction. The intuition for this conjecture is somewhat based on the continuous-time
delay-robustness papers for predictor feedback [31, 32]. The actual development of such results is
far from trivial and beyond the scope of this paper.

In order to implement the designed controller, the delay function d.k/ needs to be known for
most D-time steps in advance at each time step k, which is inherent in the design of the predictor
feedback controllers for systems with time-varying input delays [18]. Practically, because of this
condition for implementation, the designed controller is allowed to be applied only to a restrictive
class of systems with time-varying input delays. This consideration motivates an important and
challenging future study to alleviate or overcome the strong condition. Two possible approaches
to the future study can be proposed as the robustness enhancement of predictor feedback to delay
mismatch and the estimation of unknown time-varying input delay. On the other hand, because of the
inherent property of discrete-time systems, the proposed discrete-time predictor feedback controller
can tolerate the errors in the knowledge of d.k/ as long as the errors occur at some time steps over
a finite interval, which is proved by the fact that the result of Theorem 2 still holds even if d.k/ is
unknown for some time steps over a finite interval.
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