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Boundary Backstepping Control
of Flow-Induced Vibrations
of a Membrane at High
Mach Numbers
We design a controller for flow-induced vibrations of an infinite-band membrane, with
flow running across the band and only above it, and with actuation only on the trailing
edge of the membrane. Due to the infinite length of the membrane, the dynamics of the
membrane in the spanwise direction are neglected, namely, we employ a one-dimensional
(1D) model that focuses on streamwise vibrations. This framework is inspired by a flow
along an airplane wing with actuation on the trailing edge. The model of the flow-
induced vibration is given by a wave partial differential equation (PDE) with an anti-
damping term throughout the 1D domain. Such a model is based on linear aeroelastic
theory for Mach numbers above 0.8. To design a controller, we introduce a three-stage
backstepping transformation. The first stage gets the system to a critically antidamped
wave equation, changing the stiffness coefficient’s value but not its sign. The second stage
changes the system from a critically antidamped to a critically damped equation with an
arbitrary damping coefficient. The third stage adjusts stiffness arbitrarily. The controller
and backstepping transformation map the original system into a target system given by a
wave equation with arbitrary positive damping and stiffness. [DOI: 10.1115/1.4029468]

1 Introduction

Flow-induced vibrations arise in flight and other applications.
Many approaches exist in the literature for modeling using aeroe-
lastic theory. Most models are very complicated, with the poten-
tial function of the fluid governed by a PDE and coupled, through
fluid pressure, with a PDE for the membrane vibrations. This
modeling approach is examined in Ref. [1]. It is difficult to design
a controller for such a model. Modeling of fluid–structure interac-
tion systems for flutter analysis is pursued in Refs. [2–4]. Most of
these studies are geared toward the design of materials’ properties
for applications.

Flow-induced vibrations can be controlled using actuation
either on the boundary of a membrane/plate or in its domain. In
Ref. [5], in-domain force actuation is used to control flow-induced
vibrations of an elastic plate. Reference [6] studies an energy har-
vesting system by modifying instead of suppressing vibrations. In
Ref. [7], a proportional-integral-derivative controller is employed
for an aeroelastic system with a plate.

At large Mach numbers (above 0.8), piston theory can be used
instead of Bernoulli’s equation to define pressure. This approach
is widely used in literature [7–11]. When applied to a rectangular
membrane with fluid passing over it, this modeling approach
results in a flow–structure interaction model given by a wave
equation with an antidamping term.

Stability analysis for wave PDE systems has been conducted in
many references in the literature, including Refs. [12–16]. How-
ever, the flow-induced vibrations at high Mach number, despite
being modeled by the wave equation, cannot be approached by
such analysis techniques because of the presence of the additional
antidamping effect.

Control of unstable wave equations has been recently made
possible by the development of the backstepping control techni-
ques for boundary control of PDEs [17–21]. Wave PDEs with

antidamping have specifically been tackled in Ref. [17] by using
adaptive boundary control.

Using the basic idea in Ref. [17], we stabilize the flow-induced
vibrations in a 1D model of an infinitely long rectangular mem-
brane with flow running above it and actuation on its trailing
edge. Our control design employs a three-stage backstepping
transformation. The first stage gets the system to a critically anti-
damped wave equation, changing the stiffness coefficient’s value
but not its sign. The second stage changes the system from a crit-
ically antidamped to a critically damped equation with an arbi-
trary damping coefficient. The third stage adjusts stiffness
arbitrarily. The controller and backstepping transformation map
the original system into a target system given by a wave equation
with arbitrary positive damping and stiffness.

This paper is organized as follows: In Sec. 2, we derive a model
for our study by using Piston theory [8], the PDE of the membrane
vibrations, and two changes of variables. In Sec. 3, we provide a
pedagogical exposition of our three-stage backstepping transfor-
mation that modifies the systems’ damping and stiffness coeffi-
cients to desired values, using only boundary control, which is
given in Sec. 4. The stability result is given by a theorem in Sec.
5. In Sec. 6, a summary of the three-stage backstepping design is
provided along with the composition of the transformations using
operators. Simulation results of the system in open and closed-
loop are given in Sec. 7.

2 Aeroelastic Model at High Mach Number

We consider an aeroelastic system shown in Fig. 1, with
the band 0< x*< 1, –1< y*<1, z*¼ 0 representing a mem-
brane. Due to the flow being in the x direction and the mem-
brane being infinite in the y direction, it is assumed that the
membrane’s vibrations do not depend on y (the vibrations are
uniform in y). For the system shown in Fig. 1, by using
aeroelastic theory, the PDE of the membrane vibrations is
given by

wttðx�; tÞ ¼ c2wx�x� ðx�; tÞ þ pðx�; z; tÞkz�¼0 (1)
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where w(x*, t) is the displacement of the membrane in the z*
direction

c ¼ s
qm

(2)

where s is tension and qm is density of the membrane, and
pðx; z�; tÞkz�¼0 is the fluid pressure acting on the membrane.

The pressure is given by

pðx�; z�; tÞkz�¼0 ¼
qU

M

@wðx�; tÞ
@t

þ U
@wðx�; tÞ
@x�

� �
(3)

where q is free-stream density of the fluid, U is velocity, and M is
Mach number [8]. Substituting Eq. (3) into Eq. (1), we get

@2w

@t2
ðx�; tÞ ¼ c2 @

2w

@x�2
ðx�; tÞ þ l

@w

@t
ðx�; tÞ þ � @w

@x�
ðx�; tÞ (4)

wð0; tÞ ¼ 0 (5)

wð1; tÞ ¼ WðtÞ ¼ Control (6)

where

l ¼ qU

M
(7)

� ¼ Ul ¼ qU2

M
(8)

Before giving the three-stage backstepping transformation, the
system (4)–(6) is transformed to a simpler form by using two
changes of variables. First, defining

vðx�; tÞ ¼ wðx�; tÞe
�

2c2x�
(9)

we eliminate wx* from the PDE.
Then by using the transformation x*! cx, we obtain

@2v

@t2
ðx; tÞ ¼ @

2v

@x2
ðx; tÞ þ 2k

@v

@t
ðx; tÞ � bvðx; tÞ (10)

vð0; tÞ ¼ 0 (11)

v
1

c
; t

� �
¼ VðtÞ (12)

where

k ¼ qU

2M
(13)

b ¼ k
U

c

� �2

¼ q2U4

4M2c2
(14)

and the input is VðtÞ ¼ WðtÞe �=2c2ð Þ.

3 A Three-Stage Backstepping Transformation

The system (4)–(6) is unstable with positive stiffness and anti-
damping. In order to get a stable system, we develop the following
three-stage backstepping transformation:

wðx�; tÞ 7! vðx; tÞ 7!xðx; tÞ 7! uðx; tÞ 7! fðx; tÞ

with two intermediate target systems and one final target system,
as follows:

vtt ¼ vxx þ 2kvt � bv anti-damped

xtt ¼ xxx þ 2kxt � k2x critically anti-damped

utt ¼ uxx � 2dut � d2u critically damped

ftt ¼ fxx � 2dft � rf arbitrary damping and stiffness

The states involved in the transformation chain are as follows:
w(x*, t) is the membrane displacement state of the original sys-
tem; v(x, t) is the exponentially scaled displacement state, x(x, t)
is the state of the critically antidamped intermediate system after
the first backstepping transformation; u(x, t) is the state of the crit-
ically damped intermediate system after the second backstepping
transformation; and f(x, t) is the state of the stable target system
with arbitrary damping and stiffness after the third backstepping
transformation.

3.1 The Three Target Systems

3.1.1 First Target Systems. The first intermediate target sys-
tem is given by

xttðx; tÞ ¼ xxxðx; tÞ þ 2kxtðx; tÞ � k2xðx; tÞ (15)

xð0; tÞ ¼ 0 (16)

x
1

c
; t

� �
¼ XðtÞ (17)

which is a critically antidamped wave equation, with a damping
constant 2k and with a stiffness constant k2 instead of b. All
eigenvalues of this plant lie on the vertical line [17].

3.1.2 Second Target Systems. The second intermediate target
system is given by

uttðx; tÞ ¼ uxxðx; tÞ � 2dutðx; tÞ � d2uðx; tÞ (18)

uð0; tÞ ¼ 0 (19)

u
1

c
; t

� �
¼ UðtÞ (20)

which is a critically damped system with a stiffness constant d2

and a damping constant 2d. The differences between first and sec-
ond target systems are the potentially different positive constants
k and d and the sign of the damping coefficient. (Damping is
changed from �2k to 2d and stiffness is changed from k2 to d2.)

3.1.3 Third Target Systems. The final stable target system that
has general stiffness and damping is given by

fttðx; tÞ ¼ fxxðx; tÞ � 2dftðx; tÞ � rfðx; tÞ (21)

fð0; tÞ ¼ 0 (22)

f
1

c
; t

� �
¼ 0 (23)

The damping constant is not changed but the stiffness is changed
from d2 to r. The intermediate control inputs X(t) and U(t) are
defined in Sec. 4.

Fig. 1 Infinite rectangular membrane with flow across and
above the membrane
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3.2 Three Backstepping Transformations

3.2.1 First Transformation. In order to transform the system
(10)–(12) into Eqs. (15)–(17), we use the following transformation:

xðx; tÞ ¼ vðx; tÞ �
ðx

0

rðx; yÞvðy; tÞdy (24)

This transformation is only related to displacement.

3.2.2 Second Transformation. The aim of this stage is trans-
forming the critically antidamped system (15)–(17) into the crit-
ically damped system (18)–(20) by using the following
transformation:

uðx; tÞ ¼ hðxÞxðx; tÞ �
ðx

0

kðx; yÞxðy; tÞdy

�
ðx

0

sðx; yÞxtðy; tÞdy (25)

This transformation is related to both the displacement and the
velocity.

3.2.3 Third Transformation. The last transformation is similar
to the first one. It is related only to displacement. It takes Eqs.
(18)–(20) into Eqs. (21)–(23) with the transformation

fðx; tÞ ¼ uðx; tÞ �
ðx

0

qðx; yÞuðy; tÞdy (26)

3.3 Kernels of the Backstepping Transformations

3.3.1 Kernel Function of First Transformation. By using the
transformation (24) and the Eqs. (10) and (15), the PDE for r(x, y)
is obtained as follows:

rxxðx; yÞ ¼ ryyðx; yÞ þ ðk2 � bÞrðx; yÞ (27)

rðx; xÞ ¼ � 1

2
ðk2 � bÞx (28)

rðx; 0Þ ¼ 0 (29)

where k2 � b ¼ q2U2=4Mc2ðc2 � U2Þ. Noting that k2 – b> 0 if
and only if c2>U2 and noting the properties of the Bessel
Functions which are given by [22]

InðxÞ ¼ i�nJnðixÞ (30)

InðixÞ ¼ inJnðxÞ (31)

the solution of the PDE (27) is given for c<U by

rðx; yÞ ¼ �ðk2 � bÞy
I1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk2 � bÞðx2 � y2Þ

q� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk2 � bÞðx2 � y2Þ

q (32)

where In(x) is the Modified Bessel Function of nth order, and for
c<U by

rðx; yÞ ¼ ðb� k2Þy
J1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb� k2Þðx2 � y2Þ

q� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb� k2Þðx2 � y2Þ

q (33)

where Jn(x) is the Bessel Function of nth order.

3.3.2 Kernel Functions of Second Transformation. Using the
transformation (25) with the Eqs. (15) and (18), by making

necessary calculations the PDEs for the functions k(x, y), s(x, y)
and the function h(x) are given by

hðxÞ ¼ coshððkþ dÞxÞ (34)

kxxðx; yÞ ¼ kyyðx; yÞ þ 2ðkþ dÞsyyðx; yÞ
þ ðd2 � kÞkðx; yÞ � 2k2ðkþ dÞsðx; yÞ (35)

kðx; 0Þ ¼ 0 (36)

kðx; xÞ ¼ ð2kþ dÞ sinhððkþ dÞxÞ (37)

sxxðx; yÞ ¼ syyðx; yÞ þ 2ðkþ dÞkðx; yÞ
þ ð3k2 þ 2kd þ d2Þsðx; yÞ (38)

sðx; 0Þ ¼ 0 (39)

sðx; xÞ ¼ � sinhððkþ dÞxÞ (40)

From Ref. [17], the functions k(x, y) and s(x, y) are given by

kðx; yÞ ¼ ð2kþ dÞ sinhððkþ dÞyÞ (41)

sðx; yÞ ¼ � sinhððkþ dÞyÞ (42)

3.3.3 Kernel Function of Third Transformation. Making simi-
lar calculations for Eqs. (26), (18), and (21), the PDE for the ker-
nel function is given by

qxxðx; yÞ ¼ qyyðx; yÞ þ ðr� d2Þqðx; yÞ (43)

qðx; 0Þ ¼ 0 (44)

qðx; xÞ ¼ � 1

2
ðr� d2Þx (45)

which has the solution

qðx; yÞ ¼ �ðr� d2Þy
I1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr� d2Þðx2 � y2Þ

p� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr� d2Þðx2 � y2Þ

p (46)

for r> d2 and

qðx; yÞ ¼ ðd2 � rÞy
J1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðd2 � rÞðx2 � y2Þ

p� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðd2 � rÞðx2 � y2Þ

p (47)

for r< d2.

3.4 Inverse Backstepping Transformations

3.4.1 Inverse Kernel Function of First Transformation. We
can also write the inverse transformation of Eq. (24) as given in
Ref. [22] with making similar calculations.

vðx; tÞ ¼ xðx; tÞ þ
ðx

0

riðx; yÞxðy; tÞdy (48)

riðx; yÞ ¼ �ðk2 � bÞy
J1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk2 � bÞðx2 � y2Þ

q� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk2 � bÞðx2 � y2Þ

q (49)

3.4.2 Inverse Kernel Functions of Second Transformation. The
inverse transformation between the systems (15) and (10) is given
in Ref. [17] as follows:

xðx; tÞ ¼ hiðxÞuðx; tÞ �
ðx

0

kiðx; yÞuðy; tÞdy

�
ðx

0

siðx; yÞutðy; tÞdy (50)
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where the functions hi(x), ki(x, y) and si(x, y) are solved with simi-
lar method using Ref. [17] as

hiðxÞ ¼ coshððkþ dÞxÞ (51)

kiðx; yÞ ¼ ð2d þ kÞ sinhððkþ dÞyÞ (52)

siðx; yÞ ¼ sinhððkþ dÞyÞ (53)

3.4.3 Inverse Kernel Function of Third Transformation. The
inverse transformation of Eq. (46) for the case r> d2 is given

uðx; tÞ ¼ fðx; tÞ þ
ðx

0

qiðx; yÞfðy; tÞdy (54)

qiðx; yÞ ¼ �ðr� d2Þy
J1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr� d2Þðx2 � y2Þ

p� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr� d2Þðx2 � y2Þ

p (55)

in Ref. [22].

4 Control Law

The controllers for target systems and the main systems (4)–(6)
are given by using defined functions in this section. Substituting
Eq. (32) into Eq. (24), we have the relationships between the

WðtÞ ¼ 1

coshððkþ dÞ=cÞeðqU2=2Mc2Þ

�
�

coshððkþ dÞ=cÞ
ð1

c

0

r
1

c
; y

� �
wðy; tÞeðqU2=2Mc2Þydy

þ
ð1

c

0

�k
1

c
; y

� �
wðy; tÞeðqU2=2Mc2Þydy

þ
ð1

c

0

�s
1

c
; y

� �
wtðy; tÞeðqU2=2Mc2Þydy

þ
ð1

c

0

�ð1
c

y

�k
1

c
; n

� �
rðn; yÞdn

�
wðy; tÞeðqU2=2Mc2Þydy

þ
ð1

c

0

ð1
c

y

�s
1

c
; n

� �
rðn; yÞdn

�
wtðy; tÞeðqU2=2Mc2Þydy

� 

(56)

controllers (17) and (12) as follows:

XðtÞ ¼ VðtÞ �
ð1

c

0

r
1

c
; y

� �
vðy; tÞdy (57)

We define the relationship between the controller of the systems
(18)–(20) and (15)–(17) as

UðtÞ ¼ h
1

c

� �
XðtÞ �

ð1
c

0

k
1

c
; y

� �
xðy; tÞdy

�
ð1

c

0

s
1

c
; y

� �
xtðy; tÞdy (58)

Using the transformation (26) and the boundary conditions (20)
and (23), the controller for the system (18)–(20) is given by

UðtÞ ¼
ð1

c

0

q
1

c
; y

� �
uðy; tÞdy (59)

Substituting Eq. (59) into Eq. (58), we get

XðtÞ ¼ 1

h
1

c

� �
� ð1

c

0

q
1

c
; t

� �
hðyÞxðy; tÞdy

�
ð1

c

0

q
1

c
; t

� �ðy

0

kðy; nÞxðn; tÞdn

�
ð1

c

0

q
1

c
; t

� �ðy

0

sðy; nÞxtðn; tÞdn

þ
ð1

c

0

k
1

c
; y

� �
xðy; tÞdy

þ
ð1

c

0

s
1

c
; y

� �
xtðy; tÞdy

�
(60)

After straightforward calculations, we obtain Eq. (60) as follows:

XðtÞ ¼ 1

h
1

c

� �
ð1

c

0

�
q

1

c
; t

� �
hðyÞ þ k

1

c
; t

� �

�
ð1

c

y

q
1

c
; n

� �
kðn; yÞdn

�
xðy; tÞdy

þ 1

h
1

c

� �
ð1

c

0

�
s

1

c
; y

� �
�
ð1

c

y

q
1

c
; n

� �
sðn; yÞdn

�
xtðy; tÞdy

(61)

by making necessary integral calculations in Eq. (61), the same
function is defined as

XðtÞ ¼ 1

h 1
c

	 

ð1

c

0

�k
1

c
; y

� �
xðy; tÞdy

þ 1

h
1

c

� �
ð1

c

0

�s
1

c
; y

� �
xtðy; tÞdy (62)

where the functions �kðx; yÞ and �sðx; yÞ are given by

�kðx; yÞ ¼ ð2kþ dÞI0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr� d2Þðx2 � y2Þ

ph i

� sinhððkþ dÞyÞ � ðr� d2Þy I1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr� d2Þðx2 � y2Þ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr� d2Þðx2 � y2Þ

p
� coshððkþ dÞyÞ (63)

�sðx; yÞ ¼ I0½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr� d2Þðx2 � y2Þ

p
� sinhððkþ dÞyÞ (64)

Substituting Eq. (62) into Eq. (57), we get

VðtÞ ¼
ð1

c

0

r
1

c
; y

� �
vðy; tÞdyþ 1

h
1

c

� �
� ð1

c

0

�k
1

c
; y

� �
xðy; tÞdy

þ
ð1

c

0

�s
1

c
; y

� �
xtðy; tÞdy

�
(65)

Using Eq. (65) together with Eq. (24), we obtain the controller for
the systems (10)–(12) as follows:
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VðtÞ ¼
ð1

c

0

�
r

1

c
;y

� �
þ

�k
1

c
;y

� �

cosh ðkþ dÞ=cð Þ

�
ð1

c

y

�k
1

c
;n

� �

cosh ðkþ dÞ=cð Þrðn;yÞdn

�
vðy; tÞdy

ð1
c

0

�
�s 1

c ;y
	 


cosh ðkþ dÞ=cð Þ

�
ð1

c

y

�s
1

c
;n

� �

cosh ðkþ dÞ=cð Þrðn;yÞdn

�
vtðy; tÞdy (66)

Finally, the relationship between the original system w(x*, t) and
the system obtained with changing of variables v(x, t) is used to
define controller, W(t), for the original system (4)–(6). The
controller for original systems (4)–(6) is given in Eq. (56) at the
bottom of the page. The compact form of Eq. (56) is given by

WðtÞ ¼
ð1

c

0

KPðyÞwðy; tÞ þ KDðyÞwtðy; tÞ½ �dy (67)

where

KPðyÞ ¼
1

coshððkþ dÞ=cÞeðqU2=2Mc2Þ eðqU2=2Mc2Þy

�
�

coshððkþ dÞ=cÞr
�

1

c
; y

�
þ �k

�
1

c
; y

�

þ
ð1

c

y

�k

�
1

c
; n

�
rðn; yÞdn

�
(68)

KDðyÞ ¼
1

coshððkþ dÞ=cÞeðqU2=2Mc2Þ eðqU2=2Mc2Þy

�
�
�s

�
1

c
; y

�
þ
ð1

c

y

�s

�
1

c
; n

�
rðn; yÞdn

�
(69)

5 Stability Result

Let H1
Lð0; 1Þ denote the space

H1
Lð0; 1Þ :¼ w 2 H1ð0; 1Þ; wð0Þ ¼ 0

THEOREM 1. For any initial condition ðwð�; 0Þ;wtð�; 0ÞÞ
2 H1

Lð0; 1Þ � L2ð0; 1Þ that is compatible with the feedback law
(56), there exists a unique solution of the closed-loop system
(4)–(6) and (56) in the space Cð½0;1Þ; H1

Lð0; 1ÞÞ \ C1

ð½0;1Þ; L2ð0; 1ÞÞ. Moreover, there exist positive constants C and
c independent of the initial data such that the solutions satisfy

kðwð�; tÞ;wtð�; tÞÞkH1ð0;1Þ�L2ð0;1Þ

� Ce�ctkðwð�; 0Þ;wtð�; 0ÞÞkH1ð0;1Þ�L2ð0;1Þ (70)

6 Summary: Composition of the Three Backstepping

Transformations

In this section, the three-stage backstepping transformation is
presented in an alternative fashion, using matrix transformations.
This section should shed more insight into the transformation pro-
cess for a more mathematically inclined reader who wants to see
clearly the sequence of three transformations of the full state of
the wave equation system, which consists of both displacement
and velocity at each of the three stages.

The composition of the three transformations, v 7! x 7! u 7! f
is given by

fðx; tÞ ¼ coshððkþ dÞxÞvðx; tÞ

� coshððkþ dÞxÞ
ðx

0

rðx; yÞvðy; tÞdy

�
ðx

0

�kðx; yÞvðy; tÞdy�
ðx

0

�sðx; yÞvtðy; tÞdy

�
ðx

0

ðx

y

�kðx; nÞrðn; yÞdn

� �
vðy; tÞdy

�
ðx

0

ðx

y

�sðx; nÞrðn; yÞdn

� �
vtðy; tÞdy (71)

However, since the full state of a wave equation is composed of
both the displacement and velocity, the sequence of transforma-
tions that accounts for the full PDE states at each stage should be
viewed as

vðx; tÞ
vtðx; tÞ

� �
�!T1 xðx; tÞ

xtðx; tÞ

� �
�!T2 uðx; tÞ

utðx; tÞ

� �
�!T3 fðx; tÞ

ftðx; tÞ

� �
(72)

The following figure shows these transformations and the relation-
ships among the target systems:

The definitions of the functions xt(x, t) and ut(x, t) are needed to
derive the relations between the functions shown above. Recall
the transformation (25) to find an alternative form of it. Subtract-
ing Eq. (15) from the differentiated version of Eq. (25) in time,
the alternative form is obtained after two integrations by parts as
follows:

utðx; tÞ ¼ hðxÞxtðx; tÞ � sðx; xÞxxðx; tÞ þ syðx; xÞxðx; tÞ

�
ðx

0

½kðx; yÞ þ 2ksðx; yÞ�xtðy; tÞdy

�
ðx

0

½syyðx; yÞ � k2sðx; yÞ�xðy; tÞdy

(73)

By using the defined functions, this equation is also given by

utðx; tÞ ¼ coshððkþ d2ÞxÞxtðx; tÞ
þ sinhððkþ d2ÞxÞxxðx; tÞ
� ðkþ d2Þ sinhðkþ d2ÞxÞxðx; tÞ

�
ðx

0

d2 sinhððkþ d2ÞyÞxtðy; tÞdy

þ
ðx

0

½ðkþ d2Þ2 þ k2� sinhððkþ d2ÞyÞxðy; tÞdy

(74)

Similarly, after differentiating in time Eq. (50), by using Eq. (18)
and performing integration by parts two times, xt is given by

xtðx; tÞ ¼ hiðxÞutðx; tÞ � siðx; xÞuxðx; tÞ
þ siyðx; xÞuðx; tÞ

�
ðx

0

½kiðx; yÞ � 2d2siðx; yÞ�utðy; tÞdy

�
ðx

0

½siyyðx; yÞ � d2
2siðx; yÞ�uðy; tÞdy

(75)

Next, we define the 2� 2 matrix transformations T1;T2, and T3.
The first one among them is given by
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xðx; tÞ
xtðx; tÞ

� �
¼ T1

vðx; tÞ
vtðx; tÞ

� �
(76)

T1 ¼
Id� ðKr�ÞðxÞ 0

0 Id� ðKr�ÞðxÞ

� �
(77)

where by using the Hilbert–Schmidt notation ðKr�ÞðxÞ
¼
Ð x

0
rðx; yÞ � ðyÞdy. The second transformation matrix T2 is given

by

uðx; tÞ
utðx; tÞ

� �
¼ T2

xðx; tÞ
xtðx; tÞ

� �
(78)

T2 ¼

hðxÞ � ðKk�ÞðxÞ �ðKs�ÞðxÞ

�sðx; xÞ@x hðxÞ
þsyðx; xÞ � ðKss�ÞðxÞ �ðKks�ÞðxÞ

2
664

3
775 (79)

where the operators

ðKk�ÞðxÞ ¼
ðx

0

kðx; yÞ � ðyÞdy (80)

ðKs�ÞðxÞ ¼
ðx

0

sðx; yÞ � ðyÞdy (81)

ðKks�ÞðxÞ ¼
ðx

0

½kðx; yÞ þ 2ksðx; yÞ� � ðyÞdy (82)

ðKss�ÞðxÞ ¼
ðx

0

½syyðx; yÞ � k2sðx; yÞ� � ðyÞdy (83)

The third matrix transformation is given by

fðx; tÞ
ftðx; tÞ

� �
¼ T3

uðx; tÞ
utðx; tÞ

� �
(84)

T3 ¼
Id� ðKq�ÞðxÞ 0

0 Id� ðKq�ÞðxÞ

� �
(85)

where ðKq�ÞðxÞ ¼
Ð x

0
qðx; yÞ � ðyÞdy. The relationship of the last

target systems (21)–(23) and the systems (10)–(12) is given by

fðx; tÞ
ftðx; tÞ

� �
¼ T3T2T1

vðx; tÞ
vtðx; tÞ

� �
(86)

T3T2T1 ¼

hðxÞ � ðKk�ÞðxÞ
�ðKqðhðxÞ�ÞÞðxÞ � ðKqðKk�ÞðxÞÞðxÞ �ðKs�ÞðxÞ � ðKqððKs�ÞðxÞÞÞðxÞ
�hðxÞðKr�ÞðxÞ þ ðKkððKr�ÞðxÞÞÞðxÞ þðKsððKr�ÞðxÞÞÞðxÞ

þðKqðhðxÞðKr�ÞðxÞÞÞðxÞ þðKqðKsðKr � ðxÞÞðxÞÞÞðxÞ
þðKqðKkðKr�ÞðxÞÞðxÞÞðxÞ

sðx; xÞ@x � syðx; xÞ � ðKss�ÞðxÞ
þðKqðsðx; xÞ@x�ÞÞðxÞ þ ðKqðKss�ÞðxÞÞðxÞ

þðKssððKr�ÞðxÞÞÞðxÞ � ðKqðsyyðx; xÞðKr�ÞðxÞÞðxÞ
þsðx; xÞ@xðKr�ÞðxÞ � ðKqðsðx; xÞ@xððKr�ÞðxÞÞÞÞðxÞ
þsyyðx; xÞðKr�ÞðxÞ � ðKqðKssðKr�ÞðxÞÞÞðxÞÞðxÞ

hðxÞ � ðKks�ÞðxÞ � ðKqðhðxÞ�ÞðxÞ
þðKqððKks�ÞðxÞÞÞðxÞ � hðxÞðKr�ÞðxÞ
þðKksððKr�ÞðxÞÞÞðxÞ
þðKqðhðxÞðKr�ÞðxÞÞðxÞ
�ðKqðKksðKr�ÞðxÞÞðxÞÞðxÞ

2
6666666666666666666664

3
7777777777777777777775

(87)

where the detailed form is given by Eq. (71) and by

ftðx; tÞ ¼ coshððkþ dÞxÞvtðx; tÞ

� coshððkþ dÞxÞ
ðx

0

rðx; yÞvtðy; tÞdy

�
ðx

0

�kðx; yÞvtðy; tÞdy�
ðx

0

2k�sðx; yÞvtðy; tÞdy

þ
ðx

0

b�sðx; yÞvðy; tÞdyþ �syðx; xÞvðx; tÞ

�
ðx

0

�syyðx; yÞvðy; tÞdy� �sðx; xÞvxðx; tÞ

�
ðx

0

ðx

y

�kðx; nÞrðn; yÞdn

� �
vtðy; tÞdy

�
ðx

0

2k
ðx

y

�sðx; nÞrðn; yÞdn

� �
vtðy; tÞdy

þ
ðx

0

b
ðx

y

�sðx; nÞrðn; yÞdn

� �
vðy; tÞdy

�
ðx

0

ðx

y

�sðx; nÞryyðn; yÞdn

� �
vðy; tÞdy

(88)

The composition of the matrix transformations T3T2T1 is shown
in the full 2� 2 form in Eq. (87). The inverse matrix transforma-
tion are given by

vðx; tÞ
vtðx; tÞ

� �
¼ T

�1
1

xðx; tÞ
xtðx; tÞ

� �
(89)

xðx; tÞ
xtðx; tÞ

� �
¼ T

�1
2

uðx; tÞ
utðx; tÞ

� �
(90)

uðx; tÞ
utðx; tÞ

� �
¼ T

�1
3

fðx; tÞ
ftðx; tÞ

� �
(91)

vðx; tÞ
vtðx; tÞ

� �
¼ T

�1
1 T

�1
2 T

�1
3

fðx; tÞ
ftðx; tÞ

� �
(92)

where

T
�1
1 ¼

Idþ ðKri�ÞðxÞ 0

0 Idþ ðKri�ÞðxÞ

� �
(93)

T
�1
2 ¼

hiðxÞ � ðKki�ÞðxÞ �ðKsi�ÞðxÞ

�siðx; xÞ@x hiðxÞ
þsiyðx; xÞ � ðKssi�ÞðxÞ �ðKksi�ÞðxÞ

2
664

3
775 (94)
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T
�1
3 ¼

Idþ ðKqi�ÞðxÞ 0

0 Idþ ðKqi�ÞðxÞ

� �
(95)

and

ðKri�ÞðxÞ ¼
ðx

0

riðx; yÞ � ðyÞdy (96)

ðKki�ÞðxÞ ¼
ðx

0

kiðx; yÞ � ðyÞdy (97)

ðKsi�ÞðxÞ ¼
ðx

0

siðx; yÞ � ðyÞdy (98)

ðKksi�ÞðxÞ ¼
ðx

0

½kiðx; yÞ � 2d2siðx; yÞ� � ðyÞdy (99)

ðKssi�ÞðxÞ ¼
ðx

0

½siyyðx; yÞ � d2
2sðx; yÞ� � ðyÞdy (100)

ðKqi�ÞðxÞ ¼
ðx

0

qiðx; yÞ � ðyÞdy (101)

The composition of the matrix transformations T
�1
3 T

�1
2 T

�1
1 is

shown in the full 2� 2 form in Eq. (103). The relationship
between the boundary conditions (12) and (23) is given by

f
ft

� �
1

c
; t

� �
¼ T3T2T1

v
vt

� �
1

c
; t

� �
(102)

T
�1
1 T

�1
2 T

�1
3 ¼

hiðxÞ � ðKki�ÞðxÞ þ ðKriðhiðxÞ�ÞÞðxÞ �ðKsi�ÞðxÞ � ðKriðKsi�ÞðxÞÞðxÞ
�ðKriðKki�ÞðxÞÞðxÞ þ hiðxÞðKqi�ÞðxÞ �ðKsiðKqi�ÞðxÞÞðxÞ

�ðKkiðKqi�ÞðxÞÞðxÞ þ ðKkihiðxÞðKqi�ÞðxÞÞðxÞ �ðKriðKkiðKqi�ÞðxÞÞðxÞÞðxÞ
�ðKriðKsiðKqi�ÞðxÞÞðxÞÞðxÞ

�siðx; xÞ@x þ siyðx; xÞ � ðKssi�ÞðxÞ hiðxÞ � ðKksi�ÞðxÞ þ ðKriðhiðxÞ�ÞÞðxÞ
þðKriðsiðx; xÞ@x�ÞÞðxÞ þ ðKriðsiyðx; xÞ�ÞÞðxÞ �ðKriðKksi�ÞðxÞÞðxÞ
�ðKriðKssi�ÞðxÞÞðxÞ � siðx; xÞ@xðKqi�ÞðxÞ hiðxÞðKqi�ÞðxÞ � ðKksiðKqi�ÞðxÞÞðxÞ
þsiyðx; xÞðKqi�ÞðxÞ � ðKssiðKqi�ÞðxÞÞðxÞ þðKriðhiðxÞðKqi�ÞðxÞÞÞðxÞ
þðKriðsiðx; xÞ@xðKqi�ÞðxÞÞÞðxÞ �ðKriðKksiðKqi�ÞðxÞÞðxÞÞðxÞ
þðKriðsiyðx; xÞðKqi�ÞðxÞÞÞðxÞ
�ðKriðKssiðKqi�ÞðxÞÞðxÞÞðxÞ

2
6666666666666666666666666664

3
7777777777777777777777777775

(103)

Fig. 2 System response for the systems (10)–(12) without control
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7 Simulation

Figure 2 shows that open-loop system is unstable, whereas Fig.
3 demonstrates that the closed-loop systems (10)–(12) is stabilized
by our boundary controller. The parameters used in the system are
k¼ 0.5, b¼ k2, r¼ 5, and d¼ 1.
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