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Solutions exist for the problem of canceling sinusoidal disturbances by the measurement of the state or
by the measurement of an output for linear and nonlinear systems. In this paper, an adaptive backstep-
ping controller is designed to cancel sinusoidal disturbances forcing an unknown linear time-invariant
system in controllable canonical form which is augmented by a linear input subsystem with unknown
system parameters. The state-derivatives of the original subsystem and the state of the input subsys-
tem are the only measurements that are used in the design of the controller. The design is based on four
steps, (1) parametrization of the sinusoidal disturbance as the output of a known feedback system with
an unknown output vector that depends on unknown disturbance parameters, (2) design of an adaptive
disturbance observer for both disturbance and its derivative, (3) design of an adaptive controller for the
virtual control input, and (4) design of the final adaptive controller by using the backstepping procedure. It
is proven that the equilibrium of the closed-loop adaptive system is stable and the state of the considered
original subsystem converges to zero as t — oo with perfect disturbance estimation. The effectiveness

of the controller is illustrated with a simulation example of a third order system.

© 2014 Elsevier Ltd. All rights reserved.

1. Introduction

The problem of canceling sinusoidal disturbances in dynami-
cal systems is a fundamental control problem, with many appli-
cations such as vibrating structures (Ariyur & Krstic, 1999), active
noise control (Bodson, Jensen, & Douglas, 2001) and rotating mech-
anisms control (Gentili & Marconi, 2003). The common method to
approach this problem is the internal model principle for which a
general solution is given in Francis and Wonham (1975) and John-
son (1971) in the case of linear systems. In the internal model
approach, the disturbance is modeled as the output of a linear
dynamic system which is called an exosystem. Then the effect of
the disturbance on the plant response can be completely compen-
sated by adding a replica of the exosystem model in the feedback
loop.
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The output regulation problem for minimum phase, uncertain
nonlinear systems is solved in Serrani and Isidori (2000) and Ser-
rani, Isidori, and Marconi (2001), and extended for non-minimum
phase plants in Marconi, Isidori, and Serrani (2004). Moreover, the
designs for nonlinear systems are proposed in Ding (2003), Marino
and Santosuosso (2005), Marino and Tomei (2005) and Nikiforov
(2001). The solutions of disturbance cancellation and output reg-
ulation also exist for continuous-time LTI systems (Bobtsov &
Pyrkin, 2009; Bodson & Douglas, 1997; Marino & Santosuosso,
2007; Marino & Tomei, 2011, 2013; Serrani, 2006; Zhang & Ser-
rani, 2006) and discrete-time LTI systems (Guo & Bodson, 2009).
In all of these references, the controllers are designed by using the
measurement of the state or an output.

In the last decade, the state derivative feedback control has
been considered by many researchers (Abdelaziz, 2008; Abdelaziz
& Valasek, 2004; Kwak, Washington, & Yedavalli, 2002; Michiels,
Vyhlidal, Huijberts, & Nijmeijer, 2009) due to its various advan-
tages in applications. In most practical systems, using accelerom-
eters as sensors is easier, cheaper and more reliable than using
position sensors.

An application that motivates the model considered in this
paper is the heave dynamics of a surface effect ship (SES) (Sorensen
& Egeland, 1995) with an air cushion chamber underneath the
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deck, which consist of a second order mass-spring-damper system
driven by sinusoidal wave disturbances and a pressure state of the
air cushion chamber. Considering the heave acceleration, the heave
rate and the pressure of the air cushion as the measured outputs,
the authors propose an adaptive controller for ramp connected
air cushion-actuated surface effect ships to compensate the wave
disturbance in Basturk and Krstic (2013b).

In this note, an adaptive controller is designed to estimate and
cancel the unmatched unknown sinusoidal disturbances forcing
general LTI systems in the controllable canonical form with un-
known system parameters by using measurement of the state-
derivative of the system and the state of the input dynamics. It is
proven that the equilibrium of the closed loop system is stable and
the state converges to zero as t — oo with perfect disturbance es-
timation. The solution for the case where the system parameters
are known and the disturbance is required to match the input is
given in Basturk and Krstic (2013a). The dimensions of the system,
the number of the distinct frequencies of the disturbance and the
model of the input dynamics are the main differences between the
current note and Basturk and Krstic (2013b). A general solution is
given here for n-dimensional LTI systems driven by the output of a
linearly parameterized scalar input system and the unknown sinu-
soidal disturbance with g distinct frequencies, whereas in Basturk
and Krstic (2013b) nand q are restricted to 2 and 1, respectively and
the input (pressure) dynamics contain nonlinearly parameterized
terms with additional unknown disturbances due to some specific
properties of the air cushion.

In Section 2, the problem statement is given. In Section 3, the
steps of the design are carried out and the adaptive controller is
given with the stability theorem. The proof of the stability theo-
rem is given in Section 4. A simulation example is presented in Sec-
tion 5.

2. Problem statement

Consider the single-input LTI system

X = Aox + B(71x + v + byp), (1)
b =7V3x+bip + bu, (2)
where
On—l In—l
Ag = 3
’ [ 0 05_1] )
_ On—l
=
¥, = lan, 12, g3, - .., A1nl’s (5)
Y, = [az1, Gz, G23, . . ., G2n]", (6)

with 0,7 = [0,...,0]" € R" ! thestatesx € R*andp € R,
input u € R and sinusoidal disturbance v € R given by

q
V(D) = ) gisin(@it + ). (7)
i=1
wherei # j = w; # wj, v; € Q4, &, ¢; € R.In this problem,
the disturbance v(t) and the control input u(t) are not matched
(i.e., they are unmatched) because they do not appear in the same
equation. The state p(t) is considered as the virtual input of system
(1). The values of by, by, by, ¥, and 7, are unknown. The state x(t)
and the disturbance v(t) are not measured but x(t) and p(t) are
measured.
The sinusoidal disturbance v can be represented as the output
of a linear exosystem,

w=Sw (8)
v=hTw (9)

where w € R?9. The matrix S depends on the unknown and ratio-
nal distinct frequencies of the sinusoidal disturbance v, while the

uncertainty of amplitude and phase is related to the unknown ini-
tial condition of (8). Since v(t) is unknown, S is also unknown but
without loss of generality, the output vector h' can be chosen (and
is thus known) with the property that the pair (h”, S) is observable.

The following assumptions are made regarding the plant (1)-(2)
and the exosystem (8)-(9):

Assumption 1. The sign of a;;, b, and b, are known and |b,| >
¢ > 0 where ¢ is known.

Assumption 2. The spectrum of the matrix S is {+jw;, i =1, ...,
q} where w; is the distinct, rational frequency of v(t) and the pair
(hT, S) is observable.

Assumption 3. q is known.

Assumption4. g; # Oforalli € {1,..., q} (ie, w(0) # 0).

3. Main result—design and stability statement

The design procedure consists of two main parts. Firstly, the dis-
turbance is represented as a constant unknown vector multiplied
by a known regressor, plus an unknown exponentially decaying
disturbance. Based on the obtained representation the problem is
reformulated as an adaptive control problem. In the second part,
an adaptive controller is developed by representing the system in
the reciprocal state space (RSS) form which depends on switching
the state vector with its derivative (Kwak et al., 2002).

3.1. Disturbance representation

The disturbance is parameterized by following Nikiforov
(2004a,b). Let G € R?9*29 be a Hurwitz matrix with distinct eigen-
values and let (G, I) be a controllable pair. Since (h”, S) is observ-
able and the spectra of S and G are disjoint the unique solution
M e R?7%%4 of the Sylvester equation

MS — GM = InT (10)

is invertible (Chen, 1984). The change of coordinates z = Mw
transform the exosystem (8)-(9) into the form

=Gz + v, (11)
v =0, (12)
0%, = h"(Ms)~". (13)

The unknown external disturbance v is represented as the product
of an unknown constant 6yq and the vector z in (12). However, z
cannot be used in a control design, since it cannot be measured.
To overcome this problem, a linearly parameterized concep-
tual observer is designed. It uses multiple filters and over-
parametrization.

The following lemma establishes the properties of the observer.

Lemma 1. The inaccessible disturbance v and v can be represented
in the form

n
v =00 (o +NX) + Y aublyni + b,0% (np — Ip) + 655, (14)
i=1

. 1 T : . T
b= T <esdc (no + N%) + ; 10 Gn;

5,656 (1 — ) + egdca), (15)
where 1 — QSle > 0. The observer filters are given by
ni=Gn—1l 1<i<n, (16)
o =G (no + Nx), (17)

i]p ZG(VIp—lP), (18)
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with N € R?1*" which is given by N = —LIB", where the given N is
one of the many solutions of the equation NB = | and the estimation
error § € R obeys the equation

5 = Gs. (19)

Proof. Post-multiplying (10) by (MS)~! and using (13), the equa-
tion matrix I — 161, = GMS™'M ™! is obtained. Using the Sylvester’s
determmant theorem (Salem & Said, 2008), the fact thatdet M~ =

det -7 and noting that G and S have 2q poles on the left half plane and

on the imaginary axis, respectively, it is shown that 1 — OSTdI > 0.
Define an estimation error

n
§=7— (no + Nx+ Zanni + by (n, — lp)) . (20)

i=1

The Eq. (19) is obtained by differentiating § with respect to time
and using the fact that B(Vﬁx + v) = X — Bp — ApX, NAgx = 0 and
NB = [. Substitution of (20) into (12) yields (14). Substltutmg Z(t)

into the derivative of (12), it is shown that v = 9r IGSdGz and

using (20), the representation (15) is obtained. l

The representations (14) and (15) established with Lemma 1 al-
low to represent a time-varying unknown sinusoidal disturbance
v(t) and its derivative v(t) as a constant unknown vector multi-
plied by a known regressor, plus an unknown exponentially de-
caying disturbance. Thus the problem is converted to an adaptive
control problem

3.2. Reciprocal state-space representation

The reciprocal state space representation is a beneficial plat-
form for a state derivative feedback control design (Kwak et al.,
2002). Substituting (14) into (1), the RSS form of system (1) is writ-
ten as

o1
sz(T,x—i-BE(bpxn—y] 6 n — By — 616 —p) (1)

where
1
=—AoV., 22
12! B, (1 _esle) oY1 (22)
1
=— 0 23
,Blp (1 _QSle) sd>» ( )
RS T 17 _ a _ 1 _ 1
v = [ oale = Sy =0t = S
Osa, 0 = [0, an16], ..., al,ﬂ]T]T andne = [nf, 0], ..., nZ]T.Sub_

stituting (21) into (2), the input dynamics (2) is written as

.7 o1

p:yp<p—028+b—u, (24)
2

a T
[y27bl_A —01, —an0], ...,

21 — 21012
A, and y, = [-22 4

by’
Oyp, — BB gy, — R4y 2;1011” +aan, 02] (1 - QSle)]
In order to handle the unmatched uncertainty, a backsteppmg
procedure is applied (Krstic, Kanellakopoulos, & Kokotovic, 1995).
The procedure has three main steps. Firstly, a control law is de-
signed for the virtual input p(t). The desired value of p(t) is given

by
pa(6) = =Ry x + Bp"‘n OKxX — 6; ’7t ﬁ]p’?p (25)
where R = diag{l;_1)xm_1), 0} and the control gain K € R " is

chosen so that (A} + BK) is Hurwitz with the positive definite ma-
trix P which is the solution of the matrix equation

(A5 + BK)'P + P(A} + BK) = —4l. (26)

. T
wherego =[x p.al.n)] v
—ay,0 2, —b, QT] b, = 1,6, =

Since the controllability matrix of the pair (A}, B), Co = [ BA}B....
(A" 'B] = Iyxn, it is possible to find a control gain K so that
(A% + BK) is Hurwitz and solve (26) for a positive definite matrix P.
The symbol”denotes the estimate of an unknown plant parameter
throughout the paper. It is straightforward to justify the design
of (25) by considering the certainty equivalence principal. The
controller is firstly designed as if all the plant parameters were
known then they are replaced with their estimates. Secondly, an
error term is defined to represent the difference between actual
p(t) and its desired value p4(t). The error term is given by

e(t) = p(t) — pa(t). (27)
The system (x, p) is converted to the system (x, e) which is given
by
- 1/~ e~

v = (85 + 05+ B (B — /-l

— Bl — 078 —e), (28)
e=v0-vs (Bp - @kn) ¢ -6l (1 — by + @k,1> 5

A A~ 2T 5 . A, A
+ ()’1TA0 + 0KAg + YR+ QK> X — bpky + 0, n

1— by 4 Oky

; 29
b, u (29)

AT AT AT
+ 017+ Biymp + Biyip +

where y3 = [?€ +byyy + (1- 9T ) (0LGN), 61, a1161, ..., aib5,
sd

T
B0 | with 650 = ( ; L 3 G" — 2115, )6.a. The symbol ™
denotes the estimation error Sl:(;etween the actual value of a plant
parameter and its estimate throughout the paper. Lastly, using the
certainty equivalence principal, an adaptive controller is designed
for input u(t).

In the next section, the main result and the stability statement
are given.

3.3. Main controller and stability statement

The adaptive controller for system (1), (2), (8), (9) is given by
by _

U= ——5———"— " u, (30)

1 — by(by — 0ky)
where kj, is the nth element of the control gain K,
@ = 9] (By — 0kn) @ = 7@ + byka — (7 + 6K) Aok

T X =T \ . AT AT .
— (y]R—i—QK—QB P)x—@tnt—ét Nt

AT AT . N R 2
— By — BTy — ((bp - an) + c) e, (31)

with ¢ > 0. Under Assumption 1, the projection operator is
employed to avoid singularity in (30). The update laws are given by

Py = —k, sen(bpa)iB Px, K, > 0, (32)
)5p = Kky,pe, Ky, >0, (33)
Py = —Kpo (Bp — @kn) e, Ky, >0, (34)
32 = —kp,sgn(by)ue, «p, > 0, (35)

D>e

— .
¢ = —Kp,sgn(byai1)nB PX, kg > 0, (36)
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A - =T .
Bip = —Kkpy,sgn(bpar)npB Px, kg, >0, (37)
0= —KEeETP)'( kg > 0, (38)
A rf,ﬁ n(bp) > < or 1t sgn(b,) >0
b, = | ig() S 5,580(bp) (39)
0, bpsgn(bpy) <¢ and T, sgn(bp) <0,
. 1
Thpor  SEN(bp)(by — Oky) > % or
B J’T‘L’bp,g <0
Pl= PPT (40)
0 I— F{PTFJ’ .05 sgn(bp) (b, — 0kn)
1
== and 2’1, >0
where
G, = —/cgpsgn(Ez) (Bp - @kn) ue, kg, >0, (41)
R
sgn(o)x,B Px
Thyo = Kbyo | O (©)%B Px | Koo > 0, (42)
—sgn(o)KxB Px
- — 9T
P =[-sgn(by) kasgn(by)] . (43)

with I" that belongs to the set of all positive definite symmetric
2 x 2 matrices.
In order to state the stability theorem, define the signal

Tp(t) = bpnp(t) + no — T, (1), (44)
where 77, (t) = fot e®=IGly(7)dr and the vector
O1(t) = [x'(6), 7/ (1), %, (£), 73 (D), by(6), 1l (1), 87 (0),

(1= 65a) b,
a

x 07 (1), B, —om1". (45)

Theorem 1. Consider the closed-loop system consisting of the
plant (1), (2) forced by the unknown sinusoidal disturbance (8), the
disturbance observer (16), (17), (18) and the adaptive controller (30),
(32)-(40). Under Assumptions 1-3, the following holds:

(a) The equilibrium ®; = 0,7, = 0,3 = b, = b, = e = Oisstable,
(b) for all initial conditions sgn(Bp)gp(O) > g, (BP(O) — 0(0)ky)
sgn(bp) > 2,0(0), p(0) € R, ©4(0) € RUHEIM160H4 1, (0) €
R* and all w(0) € R such that Assumption 4 holds, the signals

(1), X(0). 70, 7e(0). Bp(0). 42 — BL, (0 (1), 8(2). T (2) con-
verge tozeroast — oQ.

Theorem 1 consists of two parts. Part (a) states the stability of the
equilibrium of the closed loop system and Assumption 4 is not re-
quired for this result. In other words over-parametrization of the
disturbance does not affect the stability. However the condition of
persistence of excitation is required to show that the state x con-
verges to zero with perfect estimation of the disturbance by state
derivative feedback. Therefore it is assumed that all modes of the
exosystem and the internal model are excited by Assumptions 3
and 4 for the proof of part (b). As it is shown in Marino and San-
tosuosso (2007), Marino and Tomei (2011) and Marino and Tomei
(2013), these assumptions are not required for an output regula-
tion problem or for the case where the state is measured instead of
the state-derivative.

4. Stability proof

The following lemma is used in the proof of part (b) of Theo-
rem 1.

Lemma 2. Let x1(t) € R be a bounded signal and x;(t) € R be
square integrable, fooo x% dt < My, forsome M; > 0. Then there exists
p > 0 such that for all ty > O, the following holds

to+p

Q(p. to) = / E(DE (D dt
to
1 fot+p to+p T
- —/ &(t) dt/ & (t)dt >0, (46)
Y to to
where
_ 1.
§=mnp+ =§&(0), (47)
bp
with
En) = <n0+zanm + Iby(1 — I)V1X+5> (48)
i=1

The proof of Lemma 2 is given in the Appendix.

Proof of Theorem 1. The stability of the equilibrium of the closed-
loop system is established with the use of Lyapunov function

1 T 1 ~2 2 1
V= xPx4-—— —( +B) + —7
2 2|Q| bpg y1

1 ~mo 1 ~ ~ 1 1 e
+ —GtTQt + K,31Tp,31p> iez + 7VpTVp

th ﬁlp ZVP

- ~

1 1 o 1 [ b} b,

+—0 +—VsV3st+t o | — +—

Kg Kys 2|by| \ Kb, Kg,

&s
+o— (nopcno + Z n; Pcn,> + 5 8Pgs, (49)
i=1
where the positive definite matrix P; which is the solution of the
matrix equation G' Pc+PcG = —2[and g5 = Qizxmax{efppﬁef 1+
a2

Céi Amax{ sd9 }+Amax{939 },and e, = ITPcP¢l. Using the property

of the projection operator, —bpbp < —byt;,, sgn(b)b, > S > 0

and —(B,. by, &1 < ~[By. G17s,.0. 581(Bp) By — kn) = L > 0
(Krstic et al., 1995, Appendix E) and Young’s inequality for the cross
terms, the bound of the time derivative of V is given by

Z == (50)

. 1
V<—%x—ce®—
2 & 2o

From (50), it follows that

V(t) < V(0). (51)
Defining @ (t) = [@){(t), Bp(t),gp(t), 2(t), e(t)]" and using (49)
and (51), it is obtained that

OO < M| 0), (52)

for some M, > 0. Taking the derivative of(44) and using (17) and
the fact that X, —b,p = ¥ x+v, the system ny(t) = Gilp+Gly'x, is
obtained. Since G is Hurwitz 1, (t) satisfies the inequality |7,(t)] <
Mse=*11]77,(0)| 4+ My sup, o ¢ [X(7)| for some Ms, My, oy > O.
From (52), it follows that

litp (D] < Ms]iip(0)] + May/Ma2|©(0)]. (53)
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By defining Z(t) = [©7(t), #!(t)]" and using (52) and (53), it
is shown that |Z(t)| < Ms |Z(0)|, for some Ms > 0. This proves
part (a) of Theorem 1.

The closed-loop system is written in the following form

x=Ax+A 139(9§m+ =BT, (iip — 110 + )

+e+9{5), (54)

where A = AT—|—B( (v + b,BT —|—KQ)).F1‘01‘I1(3), (4), (22) and

by noting that B = |1, On,1] , the determinant of A is given by

det(d) = (—1)™"! (; (; — (b, — @kn>)> . (55)
14

From (55) it follows that, for all Z such that sgn(Ep)(Bp — oky) >
% > 0, the right-hand side of (54) is continuous in & and t, which
implies that the right-hand side of (50) is continuous in & and t.
Furthermore, the right-hand side of (50) is zero at & = 0. By the
LaSalle-Yoshizawa theorem, (50) ensures that X, e, 1, . . ., 7, and
§ converge to zero as t — oo. From (25) and (27), it is concluded
that p(t) converges to its desired value py(t).

By adding :I:Mé(t)B Px and £ Bﬂlpg‘(t) to (37) and

(54) respectively, the closed-loop of (x, ﬁlp) system is represented
as a linear-time varying (LTV) system which is given by

¢ =E@¢ +F(t)d, (56)
where

| Aq 1@?
E(t) = (57)

Ky SEN(Q)EB' PAG |" TsB PBE'

- 1

i L f —B

F(t) = o (58)

_fofl fof2  fofs | ]| SB PB
d=[&, ol &€ (59)
¢ = [XT’ ElTp]T (60)

with fy € R2*" f; € RV, f, € R0+ £ ¢ R"™24 are given
by

fo= —tv_gg' (61)
sgn(o)
1 ~ _

fi = JE <91< + 7 +b,B" — = ﬁ{plbpu — 9?1);4) , (62)

p

1 AT 1 2T 2T 2T

f=-B(0] — =B, auuBi,.....aup] | . (63)
e by,
1 1~

=—B|6F - =—p8T ], 64
f3 Q( 1 bpﬂw) (64)

with Ag = (A} + BK)~! and B = A¢B.
Firstly, it is shown that the equilibrium ¢ = 0 of the homoge-
neous part of the LTV system (56) is exponentially stable. Towards

that end, consider the following Lyapunov function

1
= ¢'Pes, (65)
where P, = diag{P, IQIK,s ————Igx2q}. The derivative of V. yields
V. ==2cTc)c(o)e, (66)
where
1 _—
c'(t) = [Ad Bs’} . (67)
Q

Therefore, it follows that P, satisfies the following inequality

ET(t)P. + P.E(t) + aCT()C(t) <0, (68)

for some @ > 0. The equilibrium ¢ = 0 of the homogeneous part
of (56) is exponentially stable if (C(t), E(t)) is a uniformly com-
pletely observable (UCO) pair (loannou & Sun, 1996). For a bounded
H(t), the pairs (C(t), E(t)) and (C(t), E(t) + H(t)C(t)T) have the
same UCO property (loannou & Sun, 1996). Choosing H(t) =

T
[—1, —Kpy, sgn(g)PET] , the system corresponding to the pair
(C, E 4+ HCT) is written as

Y=0 (69)
y=Cr(@©y. (70)

The state transition matrix of (69)is @ = I. Therefore, (C, E4+HCT)
is a UCO pair if there exist positive constants o, a3, po such that the
observability Gramian satisfies

to+p
azzz/ cHCT () dt > asl, (71)
to

forall to > 0.Since & is bounded, recalling (67), the upper bound of
(71)is satisfied. The lower bound in (71) is now proven. Calculating

the integral in (71), define
. 1 . fotr
AgAap *ACIB/ & dt

Q to
X=| 1 s S (72)
[ Eaa [ e
Q to Q to

BTB to+p 1 fot+p to+p T
5h=2</ 33 ar—f/ gdt/ £ dt) (73)
o to o to to

Aqp in X. From (50) and (51), it is

be the Schur complement of A]|
shown that

/OO K0 dt <2 (V(0) —V(00) < M, (74)
0

for some M; > 0. Since AzlAd,o is positive definite, X is positive
definite if and only if Sy, is positive definite. Since EQT—ZB is a positive
scalar, using boundedness of Z (t) and (74), according to Lemma 2
there exists a positive p such that for all t > 0, S, > 0. Hence,
(C, E4-HCT) is UCO, which implies that (C, E) is UCO. Therefore, the
state transition matrix @ (t, tg) corresponding to E(t) in (56) sat-
isfies || @ (t, to) || < koe~ 70~ for some positive constants kg, o.
From the boundedness of Z(t) and 7, it follows from (54) that
x(t) is bounded. From (59), d(t) is bounded and, from (58), F(t)
is bounded. Recalling that it has already been established that d(t)
converges to zero, from (56) and the property of @ (t, ty), it follows
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Fig. 1. System’s response for the simulation example.

—u(t)/by
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Fig. 2. Disturbance estimation for the simulation example.

that ¢ is bounded and ¢ = [xT, E]TP]T — 0ast — oo. The fact
that G is Hurwitz and x(t) converges to zero yield that 7,(t) con-
verges to zero as t — oo. Furthermore, using (27), (23), (13), (14)

and by noting that d(t) — 0, Brp(t) — %Osd, it shown that

(ejd + 2 QT le;) M(©) = Lv(e). Recalling Bip(6) — .

and QSle is scalar, it is proven that ﬂlpnp(t) — E—v(t). This proves
P

part (b) of Theorem 1. ®

‘95d

5. Simulation results

The performance of the controller is illustrated with a third-
order system with ¥ = [1 3],7} = [1 2].b, = by = 2,
b, = 1, the unknown disturbance v(t) = 1.2 sin(0.8t 47 /4) —0.5
sin(t+ /2) and initial conditions x(0) = [2 —2.5]T,p(0) =0.5.
The control gain K is chosen such that the eigenvalues of A, are
—0.5, —0.25 and ¢ = 10. All update gains are set to 1 except
ky, = 3. Finally, the controllable pair (G, I) is chosen as | = [0, 0,

01]T,c=[03 %]+1[—4.37 —-12.12 —12.60 —5.80].

0
From Figs. 1 and 2, one can observe that x(t) and Eiv(t) - BlTpnp(t)
p

converge to zero as Theorem 1 predicts.

6. Conclusions

The problem of disturbance cancellation for linear systems by
state-derivative feedback is considered. The problem is converted
to an adaptive control problem by representing the disturbance as
a constant unknown vector multiplied by a known regressor plus
an exponentially decaying disturbance. Using the certainty equiv-
alence principle and the backstepping procedure, an adaptive con-
troller is designed and it is shown that the equilibrium of the closed
loop system is stable. Moreover, assuming that all the modes of the

exosystem are excited, it is proven that the state x(t) converges to
zero as t — oo with perfect disturbance estimation. The effective-
ness of the controller is demonstrated with a numerical example.

Appendix
Proof of Lemma 2. Using (11), (13), (20), (22) and by noting that
= IB" and X, —byp = 71X+, the equation n, = -Gz —151x; —
P P
- la—ﬁxh
where E == Gz Since G has distinct eigenvalues and is Hurw1tz

itis dlagonallzable A Jordan decomposition of the matrix G yields
G = LAL™'. By solving (11) for z(t) as given in Basturk and Krstic
(2013a), & is written as

E(r)=L(eMC+w(1), (75)

where C, = L71£(0) —
whose jth row is

q

ligin;
> o (sin@rT + ¢ -+ cos(T + ) ). (76)
i=1 )‘j +w1 }‘J

lé is obtained. Substitution of 1, into (47) yields & = &

w(0),] = Lflclgi and ¥ € R¥ is a vector
P

Since v is a sufficiently rich signal order of 2q and (G, ) is a
controllable pair, G is full rank and b, # 0, £ is persistently exciting
(Narendra & Annaswamy, 1989). Therefore, there exist positive p*
and o such that for all p > p* and ty > 0 the following holds

to+p
/ E(DET(t) dt > pagl. (77)
to

Under Assumption 2, the frequencies of v can be represented as
num(ew;) L

wj = —, num(w;), den(w;) € Z7, i=1...q.
den(w;)

Then p that is given by

p = dlem (num(w,), .. ., num(ewy))
x lem (den(wy), . ..., den(wy)) 27 > p*, (78)

where Icm is the abbreviation of the least common multiple, sat-
isfies (77) if ® € Z* is chosen sufficiently large for given p* and
w1, ..., wq. Since ¥ (t) defined by (76) has a period p and incorpo-
rates only zero-mean functions, it follows that

to+p
/ w(t)dt =0. (79)
to
Substitution of £ = £ — 1,(75)-(79) into (46) and an integra-
tion by parts yield
Q(p, to) = LML, (80)
where

1 - to+p
1T = pol - ;(mp)ﬂ(p) I / x1(0) dt

to

5 to+p » ~
+lFT(p)/ x1(t) dt) — ' (to, p) — W (to, p)
to

to+p 1 to+p 2
+TF/ X3 (t)dt — =TI (/ X1(t)dt) , (81)
to o to
with@o = ao/Amax{LL'}, 1= L7,
P
FT(,O) = [Clehto (e*”’ — 1) - Czquzth (ekqu —_ 1)] 5 (82)
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T (to, p) = Alto + p)x1(to + p) — A(to)x1(to)
te

oto _
— / A(O)x(t) de T (83)
to
where A(ty) = A~1eAWC. + ¥(ty) and ¥ (t) € R is the vector
whose jth row is

q

Z jgz
k

i=1

(% cos(wit + ¢;) + sin(wit + ¢i)> ’ (84)

and ¢; denotes the ith row of the vector C./A;.

Since L is full rank, Q, satisfies the inequality (46) ifu'ITu >0
for all nonzero ;1 € R?9. Using (81), the Cauchy-Schwarz inequality
and by noting that A; < 0, | (¢* — 1) | < 1, x;(t) is bounded and
fooo X3 dt < My, it is shown that

1
w' M = ﬁ((fao e )(/ﬁ+~~~+u§q)—2lﬁul

xy/M; [ sup (t)) — [T (85)
fp<t<oo
where
T = sup [x1(0)] (Ju1ci]e* + -+ - + |puaqcrqle*2a0)
fp<t<oo

2 (|ﬁ(f0)xl(f0)| + sup Iﬁ(t)xl(t)|> , (86)

to<t<oo

with (t) = u' (A7'eC. + ¥ (1)) and Cc = cZe?*1fo + ... +
C2 ez)»zqfo
2q .

Since /pao (3 + - -

is positive and increasing for p > 4

7 N -2
+ M%q) = 2|I" | /My SUPg<t<co M7 (1)
I 1112 M7 supgy <t <0 182 () 1
g and W

2
B @3 (1344,
i+ + ng) C. is monotonically decreasing with respect to p

and I is constant for all fixed t, one can find a p using (78) such
that for all t > 0, (46) holds. ®
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