
Control of discrete-time nonlinear systems actuated through
counter-convecting transport dynamics

Xiushan Caia* and Miroslav Krsticb

aCollege of Mathematics, Physics, and Information Engineering, Zhejiang Normal University,
Jinhua, China; bDepartment of Mechanical Aerospace Engineering, University of California,

San Diego, CA, USA

(Received 6 December 2013; accepted 6 January 2014)

We consider the stabilisation of discrete-time nonlinear systems that are actuated
through a pair of transport partial difference equation (PdE) systems that convect in
the opposite directions from one another. An explicit feedback law that compensates
the discrete PdE dynamics is designed. Global asymptotic stability of the closed-
loop system is proved with the aid of a Lyapunov function. The feedback design is
illustrated through an example. The proposed design in this paper allows the delay
to be arbitrarily long and time-varying. Furthermore, our predictor feedback law in
discrete time is explicit as the predictor state is computed by an algebraic equation.
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1. Introduction

A common type of instability in oil drilling is stick-slip oscillation (Jansen, 1993),
which can severely damage the drilling facilities. The torsional dynamics of a drill
string are modelled as a wave partial differential equation (PDE) that governs the
dynamics of the angular displacement of the drill string. The drill string PDE is cou-
pled with a nonlinear ordinary differential equation (ODE) that describes the dynamics
of the angular velocity of the drill bit at the bottom of the drill string (Saldivar,
Mondie, Loiseau, & Rasvan, 2011). Based on the linearisation of its dynamics, a con-
trol design is given for the stabilisation of the drilling instability in (Sagert, Di Meglio,
Krstic, & Rouchon, 2013). Furthermore, to address the fact that the friction force is
nonlinear, a general result for the compensation of wave PDE dynamics at the input of
a general nonlinear ODE was presented in (Bekiaris-Liberis & Krstic, under review).

However, in the drilling application, the drill bit progresses through the rock –
penetration into the rock is the purpose of drilling. As a result, the length of the drill
string increases with time. Hence, the domain over which the wave equation models
the torsional dynamics of the drill string changes with time. Motivated by this applica-
tion, it is of interest to study the design for cascaded systems of a wave PDE and a
nonlinear ODE with the domain length of the wave PDE depending on time. We pres-
ent such a design in Cai and Krstic (2013). Our design method is based on a prelimin-
ary transformation that converts the wave PDE dynamics into a system of first-order
transport PDEs that convect in opposite directions. Stability analysis is conducted with
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infinite-dimensional backstepping transformations for the two transport PDE states and
by constructing a Lyapunov functional.

In continuous time, over the last ten years, many innovations have been made on
developing control designs and stability analysis to compensate input delays in linear
systems (Artstein, 1982; Bresch-Pietri & Krstic, 2009, 2010, 2011; Jankovic, 2010;
Krstic, 2008, 2010a; Manitius & Olbrot, 1979; Mondie & Michiels, 2003) and nonlin-
ear systems (Cai, Han, & Zhang, 2011; Krstic, 2009a, 2010b; Mazenc & Bliman, 2006;
Mazenc, Mondie, & Francisco, 2004; Teel, 1998).

The boundary stabilisation of the first-order hyperbolic PDEs and application to
systems with delays are presented in (Krstic & Smyshlyaev, 2008). Stabilising control
design for a broad class of nonlinear PDEs is in (Vazquez & Krstic, 2008a). The
stability analysis of the closed-loop system in (Vazquez & Krstic, 2008a) is established
in (Vazquez & Krstic, 2008b). Predictor-based control for nonlinear systems with arbi-
trarily large input delays is presented in (Krstic, 2010b), with a Lyapunov functional
provided for the stability analysis. Stabilisation design for nonlinear systems with con-
stant input delay by means of approximate predictors can be founded in (Karafyllis,
2010). The predictor-based control scheme is extended to nonlinear systems under sam-
pled and constantly delayed measurements in (Karafyllis & Krstic, 2012).

Although there are many results for systems with constant input delays, the predic-
tor-based control for long time-varying input delays, even for linear systems, is tackled
in only a few (Krstic, 2010a, 2009a; Nihtila, 1989, 1991), and for nonlinear systems
only in (Bekiaris-Liberis & Krstic, 2012). An explicit feedback law that compensates
the wave PDE dynamics at the input of a linear time-invariant (LTI) system and
stabilises the overall system is in (Krstic, 2009b). The result of (Krstic, 2009b) is
extended to general nonlinear ODEs given in (Bekiaris-Liberis & Krstic, under review).

In discrete time, predictor feedback schemes have been rarely studied. Predictor
feedback controller for discrete-time LTI systems with constant input delays is
developed based on the d-step ahead state prediction in (Goodwin & Sin, 1984;
Lozano, Castillo, Garcia, & Dzul, 2004). In (Gonzalez, Sala, & Albertos, 2012), the
predictor feedback controller is employed to compensate the time-varying input delay
of LTI system. Yet, there are no available results for predictor-based feedback design
for discrete-time nonlinear systems under complex actuator dynamics.

In this paper, we consider the stabilisation of nonlinear ordinary difference equation
(OdE) systems with actuator dynamics modelled by transport PdEs which convect in
opposite directions, namely, the discrete case of (Cai & Krstic, 2013). Then, a predic-
tor-based design for the transport PdE convecting towards the OdE is employed, com-
pensating the PdE dynamics. A global result is conducted with backstepping
transformations for the two transport PdE states and by constructing a Lyapunov func-
tion. The proposed design in this paper allows that the delay is arbitrarily long and
time-varying. Furthermore, our predictor feedback law in discrete time is explicit as the
predictor state is computed by an algebraic equation.

We use the common definition of Class K, K1, KL functions from (Krstic,
2009a). For an n-vector, the norm | ⋅ | denotes the usual Euclidean norm. A set of inte-
gers is denoted by Zi ¼ fi; iþ 1; iþ 2; # # #g An integer interval is denoted by
Z½i;j% ¼ Zi=Zjþ1 for i ≤ j and Z½i;j% ¼ 0 for i > j. The state of a PdE is denoted by a
two variable function ui(k), where k 2 Z0 is the discrete-time step and i 2 Z½0;LðkÞ% is
the spatial variable, and L(k) is a nonnegative integer-valued sequence, namely, a map-
ping from Z0 to Z0. The norm k uðkÞ kl1½0; LðkÞ(1%¼ maxi2Z½0; LðkÞ(1% juiðkÞj denotes
the spatial l∞ norm, which is written more compactly as ∥u(k)∥∞. For a vector-valued
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function of two variables, piðkÞ ¼ ½p1i ðkÞ; # # # ; pni ðkÞ%
T 2 Rn, the norm

k pðkÞ kl1½0;LðkÞ%¼ maxi2½0; LðkÞ%
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p1i ðkÞ

2 þ # # # þ pni ðkÞ
2

q
denotes the spatial l∞ norm. [χ]

is not more than χ of the largest integer.

2. System description and control design

Consider the cascade of transport PdEs which convect in opposite directions and a non-
linear OdE system given by

Zðk þ 1Þ ¼ uðZðkÞ; f0ðkÞÞ (1)

fiðk þ 1Þ ¼ fiþ1ðkÞ (2)

giðk þ 1Þ ¼ (giþ1ðkÞ (3)

g0ðkÞ ¼ f0ðkÞ (4)

fLðkÞðkÞ ¼ 2UðkÞ þ gLðkÞðkÞ (5)

where

ZðK þ 1Þ ¼ X ðk þ 1Þ
nðk þ 1Þ

" #
(6)

And

uðZðkÞ; vðkÞÞ ¼ f ðX ðkÞ; nðkÞÞ
vðkÞ

" #
(7)

and X(k) ∊ Rn is the state vector and U(k) is the scalar input to the entire system, and
f:Rn × R→Rn is locally Lipschitz with f(0, 0) = 0, and ζi(k), ηi(k) are the states of the
actuator governed by transport PdEs equation, and ξ(k + 1) = ζ0(k).

The feedback design that compensates the PdEs actuator dynamics is based on a
nominal feedback law μ : Rn+1→ R that stabilises the following system

X ðk þ 1Þ ¼ f ðX ðkÞ; nðkÞÞ (8)

nðk þ 1Þ ¼ l (9)

If there exists a locally Lipschitz control law κ that stabilises the system X(k + 1) = f(X(k),
U(k)), that is, X(k + 1) = f(X(k), κ(X(k))) is globally asymptotically stable, then a feedback
law μ for system (8), (9) can be constructed as

lðX ðkÞ; nðkÞÞ ¼ c1ðnðkÞ ( jðX ðkÞÞÞ þ jðf ðX ðkÞ; nðkÞÞÞ (10)

with −1 < c1 < 1.
Now, we turn to control design. Noting that the input to the Z system is the delayed

signal ζL(k)(k) = 2U(k) + ηL(k)(k), we have to employ the prediction of Z. The control law
compensating the transport PdE dynamics is given by

UðkÞ ¼ ( 1
2
gLðkÞðkÞ þ

c1
2
ðpLðkÞðkÞ ( jðPLðkÞðkÞÞÞ þ

1
2
jðf ðPLðkÞðkÞ; pLðkÞðkÞÞÞ (11)

where −1 < c1 < 1 is arbitrary, Pi(k) ∊ Rn and pi(k) ∊ R are i – step ahead prediction of
X(k) and ξ(k), respectively, given by

36 X. Cai and M. Krstic
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PiðkÞ ¼ f ðPi(1ðkÞ; pi(1ðkÞÞ; for all i 2 Z½1; LðkÞ% (12)

piðkÞ ¼ nðk þ iÞ; for all i 2 Z½1; LðkÞ%: (13)

The initial condition of Equations (12), (13) is given as

P0ðkÞ ¼ X ðkÞ; p0ðkÞ ¼ nðkÞ: (14)

Lemma 1 (State Predictor). The following holds

Zðk þ LðkÞÞ ¼ ½PT
LðkÞðkÞ; pLðkÞðkÞ%T (15)

for all k 2 Z0.

Proof. Since

Zðk þ LðkÞÞ ¼ f ðX ðk þ LðkÞ ( 1Þ; nðk þ LðkÞ ( 1ÞÞ
f0ðk þ LðkÞ ( 1Þ

" #
(16)

for all k 2 Z0, in view that Pi(k) ∊ Rn and pi(k) ∊ R, are i – step ahead prediction of X
(k) and ξ(k), that is, Pi(k) = X(i + k), pi(k) = ξ(i + k), and by (12), (13), and noting that
ξ(k + L(k)) = ζ0(k + L(k) − 1), we have (15). □

3. Stability analysis

Thorough this paper, we make the following assumptions.
Assumption 1. The system X(k + 1) = f(X(k), κ(X(k)) + v(k)) satisfies input-to-state stability
property with respect to v and the function κ : Rn→R is locally Lipschitz with κ(0) = 0.
Assumption 2. For all k 2 Z0, the mapping L(k) is nonincreasing.
Remark 1. In continuous case, (1\ _LðtÞ\1 is such that the transport velocities have the
correct sign; if not, the boundary conditions are not in the correct side of the equation. It
ensure that the system is well posed. For discrete-time systems an analogous restriction would
be that L(k) be nonincreasing.

In this section, we prove the following result:
Theorem 1. Consider system (1)–(5) together with the control law (11)–(13). Under Assumptions
1–2, for any initial condition ζi(0) ∊ R, ηi(0) ∊ R, i 2 Z½0;Lð0Þ%, the closed-loop system has a
unique solution

X ðkÞ 2 Rn; k 2 Zþ; (17)

fiðkÞ; giðkÞ 2 R; k 2 Zþ; i 2 Z½0;LðkÞ%; (18)

and there exists a class KL function eb such that

jX ðkÞjþ jnðkÞjþ k fðkÞ k1 þ k gðkÞ k1 ) ebðjX ð0Þjþ jnð0Þjþ k fð0Þ k1 þ k gð0Þ k1Þ
(19)

for all k 2 Z0:

We prove the theorem using a series of lemmas.
Lemma 2 (Property of Extend State Predictor). Let

qiþ1ðkÞ ¼ uðqiðkÞ; fiðkÞÞ; for all i 2 Z½0; LðkÞ(1%; (20)

q0ðkÞ ¼ ZðkÞ; (21)
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riþ1ðkÞ ¼ ð(1Þiþ1uðð(1ÞiriðkÞ; ð(1ÞigiðkÞÞ; for all i 2 Z½0; LðkÞ(1%; (22)

r0ðkÞ ¼ ZðkÞ: (23)
Then, the following holds

qiþ1ðkÞ ¼ qiðk þ 1Þ; for all i 2 Z½0; LðkÞ(1%; (24)

riþ1ðkÞ ¼ (riðk þ 1Þ; for all i 2 Z½0; LðkÞ(1%: (25)

Proof. For the case of i = 0, by (21), yields q0(k + 1) = Z(k + 1). By (20), implies q1(k) =u
(q0(k), ζ0(k)), and in view of (1), (21), we have q1(k) = Z(k + 1), so q1(k) = q0(k + 1). When i =
1, by (1), (2), and (20), it can be deduced that q1(k + 1) =u(q0(k + 1), ζ0(k + 1)) =u(Z(k +
1), ζ0(k + 1)) = Z(k + 2), and q2(k) = u(q1(k), ζ1(k)) = u(Z(k + 1), ζ0(k + 1)). So, we get q2(k) =
q1(k + 1).

Suppose that i = j, it holds qj+1(k) = qj(k + 1). Next, we prove qj+2(k) = qj+1(k + 1).
Since qj+2(k) =u(qj+1(k), ζj+1(k)), and in view of (2), we get qj+2(k) =u(qj(k + 1), ζj(k + 1)).
On the other hand, by (20), we have qj+1(k + 1) =u(qj(k + 1), ζj(k + 1)). So, we obtain qj+2(k)
= qj+1(k + 1). In conclusion, we have proved (24).

The following we prove (25).
For the case of i = 0, by (22), (23) and (4), we have r1(k) =−u(r0(k), η0(k)) =−u(Z(k), ζ0(k))

= −Z(k + 1). In view of (23), we have r0(k + 1) = Z(k + 1), so r1(k) = −r0(k + 1). When i = 1, it
can be deduced that r1(k + 1) = −u(r0(k + 1), η0(k + 1)) = −u(Z(k + 1), ζ0(k + 1)) = −Z(k + 2),
and r2(k) = u(−r1(k),−η1(k)) =u(r0(k + 1), η0(k + 1)) = u(Z(k + 1), ζ0(k + 1)) = Z(k + 2). So, we
get r2(k) = −r1(k + 1).

Suppose that i = j, it holds rj+1(k) = −rj(k + 1). Next, we prove rj+2(k) = −rj+1(k + 1). By
(22), rj+2(k) = (−1)j+2u((−1)j+1rj+1(k), (−1)j+1ηj+1(k)) and in view of (3), we get rj+2(k) =
(−1)j+2u((−1)j+2rj(k + 1), (−1)j+2ηj(k + 1)). On the other hand, by (22), we have rj+1(k + 1) =
(−1)j+1u((−1)jrj(k + 1), (−1)jηj(k + 1)). So, we obtain rj+2(k) = −rj+1(k + 1). In conclusion, we
have proved (25). □

Lemma 3 (Backstepping Transform). The backstepping transformations of ζ and η defined as

xiðkÞ ¼ fiðkÞ ( lðqiðkÞÞ; (26)

-iðkÞ ¼ giðkÞ ( ð(1Þilðð(1ÞiriðkÞÞ; (27)

where qi(k) with q0(k) = Z(k) and ri(k) with r0(k) = Z(k), for all i 2 Z½0; LðkÞ% are given by
(20) and (22), respectively, and μ is defined in (10), and the control law (11)–(13)
transform system (1)–(5) to the target system given by

Zðk þ 1Þ ¼ uðZðkÞ; lðZðkÞÞ þ x0ðkÞÞ (28)

xiðk þ 1Þ ¼ xiþ1ðkÞ (29)

-iðk þ 1Þ ¼ (-iþ1ðkÞ (30)

-0ðkÞ ¼ x0ðkÞ (31)

xLðkÞðkÞ ¼ 0: (32)

Proof. Noting that q0(k) = Z(k), by setting i = 0 into (26), and by (1), we have (28). Setting i = 0
into (26), (27), and in view of q0(k) = Z(k), r0(k) = Z(k) and (4) we obtain (31). Next, we
prove (29). By (2), (24) and (26), we have

38 X. Cai and M. Krstic
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xiðk þ 1Þ ¼ fiðk þ 1Þ ( lðqiðk þ 1ÞÞ
¼ fiþ1ðkÞ ( lðqiþ1ðkÞÞ
¼ xiþ1ðkÞ ð33Þ

so we have (29). With (3), (25) and (27), we get

-iðk þ 1Þ ¼ giðk þ 1Þ ( ð(1Þilðð(1Þiriðk þ 1ÞÞ
¼ (giþ1ðkÞ ( ð(1Þilðð(1Þiþ1riþ1ðkÞÞ
¼ ð(1Þðgiþ1ðkÞ ( ð(1Þiþ1lðð(1Þiþ1riþ1ðkÞÞÞ: ð34Þ

On the other hand, by (27), we have

-iþ1ðkÞ ¼ giþ1ðkÞ ( ð(1Þiþ1lðð(1Þiþ1riþ1ðkÞÞ: (35)

So we get (30). Last, we prove (32). Noting that q0(k) = Z(k), and with (24), we have

qLðkÞðkÞ ¼ qLðkÞ(1ðk þ 1Þ ¼ # # # ¼ q0ðk þ LðkÞÞ ¼ Zðk þ LðkÞÞ; (36)

that is, it is L(k) ahead prediction of Z. It is equal to [(PL(k)(k))
T, pL(k)(k)]

T. With the
control law (11), and relation (5), (10), we have (32). □

Remark 2. The target system is obtained by finite-dimensional backstepping transformations.
Lemma 4 (Inverse Backstepping Transform). The inverse backstepping transformations of ω
and ϖ are defined as

fiðkÞ ¼ xiðkÞ þ lðkiðkÞÞ; for all i 2 Z½0; LðkÞ%; (37)

giðkÞ ¼ -iðkÞ þ ð(1Þilðð(1ÞiiiðkÞÞ; for all i 2 Z½0; LðkÞ%; (38)
where

kiþ1ðkÞ ¼ uðkiðkÞ;xiðkÞ þ lðkiðkÞÞÞ; (39)

k0ðkÞ ¼ ZðkÞ; (40)

iiþ1ðkÞ ¼ ð(1Þiþ1uðð(1ÞiiiðkÞ; ð(1Þi-iðkÞ þ lðð(1ÞiiiðkÞÞÞ; (41)

i0ðkÞ ¼ ZðkÞ (42)

for all i 2 Z½0; LðkÞ(1%, and μ is defined in (10), and the control law (11)–(13) transforms
the target system (28)–(32) to system (1)–(5).

Proof. Using the arguments as in Lemma 2, it can be deduced that

kiðk þ 1Þ ¼ kiþ1ðkÞ; for all i 2 Z½0; LðkÞ(1%; (43)

iiðk þ 1Þ ¼ (iiþ1ðkÞ; for all i 2 Z½0; LðkÞ(1%: (44)

Noting that k0ðkÞ ¼ ZðkÞ; by setting i = 0 into (37), and by (28), we have (1). Setting i
= 0 into (37), (38) and in view of relation (31), we obtain (4). Next, we prove (2). By
(37), (29) and (43), we have
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fiðk þ 1Þ ¼ xiðk þ 1Þ þ lðkiðk þ 1ÞÞ
¼ xiþ1ðkÞ þ lðkiþ1ðkÞÞ
¼ fiþ1ðkÞ ð45Þ

so we have (2). With (30), (38) and (44), we get

giðk þ 1Þ ¼ -iðk þ 1Þ þ ð(1Þilðð(1Þiiiðk þ 1ÞÞ
¼ (-iþ1ðkÞ þ ð(1Þilðð(1Þiþ1iiþ1ðkÞÞ
¼ ð(1Þð-iþ1ðkÞ þ ð(1Þiþ1lðð(1Þiþ1iiþ1ðkÞÞÞ: ð46Þ

On the other hand, by (38), we have

giþ1ðkÞ ¼ -iþ1ðkÞ þ ð(1Þiþ1lðð(1Þiþ1iiþ1ðkÞÞ: (47)

So we get (3). Last, we prove (5). Setting i = L(k) in (37), and noting that ωL(k)(k) = 0,
we have fLðkÞðkÞ ¼ lðkLðkÞðkÞÞ: By (43) and noting that k0ðkÞ ¼ ZðkÞ, we have

kLðkÞðkÞ ¼ kLðkÞ(1ðk þ 1Þ ¼ # # # ¼ k0ðk þ LðkÞÞ ¼ Zðk þ LðkÞÞ; (48)

that is, it is L(k) step ahead prediction of Z. It is equal to [(PL(k)(k))
T, pL(k)(k)]

T. With
the control law (11), and relation (10), it yields fLðkÞðkÞ ¼ lðkLðkÞðkÞÞ ¼
2UðkÞ þ gLðkÞðkÞ; so we have (5). □

Lemma 5 (Extended Closed-loop System Is ISS to Input Perturbation). Under Assumption 1,
the control law μ given in (10) is such that the following system

Zðk þ 1Þ ¼ uðZðkÞ; lðZðkÞÞ þ vðkÞÞ ¼ f ðxðkÞ; nðkÞÞ
lðZðkÞÞ þ vðkÞ

" #
(49)

with Z(k) = [xT(k), ξ(k)]T is input-to-state stable with respect to v.

Proof. Let y(k) = ξ(k) − κ(X(k)). Noting that ξ(k + 1) = μ(Z(k)) + v(k), we get

X ðk þ 1Þ ¼ f ðX ðkÞ; jðX ðkÞÞ þ yðkÞÞ (50)

yðk þ 1Þ ¼ c1yðkÞ þ vðkÞ: (51)

Under Assumption 1, the X(k) – subsystem satisfies input-to-state stability property
with respect to y(k). In addition, y(k) – subsystem is input-to-state stable with respect to
v(k), by Lemma C.2 in (Krstic, 2009a), we know that system (50), (51) is input-to-state
stable with respect to v(k). Thus, there exists a class KL function b, and a class K
function c such that

jX ðkÞjþ jyðkÞj ) bðjX ð0Þjþ jyð0Þj; kÞ þ c max
0 ) j) k(1

jvðjÞj
$ %

: (52)

Since the function κ is continuous with κ(0) = 0, there exists a class K1 function γ
such that |κ(X(k))| ≤ γ(|X(k)|) for all X(k) ∊ Rn, it can be deduced that

40 X. Cai and M. Krstic
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jX ðkÞjþ jnðkÞj) jX ðkÞjþ jyðkÞjþ jjðX ðkÞÞj
) jX ðkÞjþ jyðkÞjþ cðjX ðkÞjÞ
) eaðjX ðkÞjþ jyðkÞjÞ ð53Þ

where eaðsÞ ¼ sþ cðsÞ. Further, we get

jX ðkÞjþ jnðkÞj ) eaðjX ðkÞjþ jyðkÞjÞ

) ea bðjX ð0Þjþ jyð0Þj; kÞ þ c max
0) j ) k(1

jvðjÞj
$ %$ %

) eað2ðbðjX ð0Þjþ jyð0Þj; kÞÞÞ þ ea 2c max
0) j ) k(1

jvðjÞj
$ %$ %

) eað2ðbðjX ð0Þjþ cðjX ð0ÞjÞ þ jnð0Þj; kÞÞÞ þ ea 2c max
0) j ) k(1

jvðjÞj
$ %$ %

) eað2ðbðeaðjX ð0Þjþ jnð0ÞjÞ; kÞÞÞ þ ea 2c max
0) j ) k(1

jvðjÞj
$ %$ %

: ð54Þ

It yields

jZðkÞj) jX ðkÞjþ jnðkÞj) eað2ðbðeað
ffiffiffi
2

p
jZð0ÞjÞ; kÞÞÞ þ ea 2c max

0) j) k(1
jvðjÞj

$ %$ %
: (55)

Thus, there exists a class KL function

bbðs; kÞ ¼ eað2ðbðeað
ffiffiffi
2

p
sÞ; kÞÞÞ (56)

and a class K1 function

bcðsÞ ¼ eað2cðsÞÞ (57)

such that jZðkÞj) bbðjZð0Þj; kÞ þ bcðmax0) j ) k(1jvðjÞjÞ: □

Lemma 6 (Stability Estimate for Target System). Let system (28)–(32) satisfy Assumption 1
and Assumption 2. Then there exists a class KL function β such that the following holds

jZðkÞjþ kxðkÞk1 þ k-ðkÞk1 ) bðjZð0Þjþ kxð0Þk1 þ k-ð0Þk1; kÞ; (58)
for all k 2 Z0.

Proof. Under Assumption 1, from Lemma 5, then there exists a smooth function S(Z):Rn+1 → R+

and class K1 functions α1, α2, α3 and α4 such that

a1ðjZðkÞjÞ) SðZðkÞÞ ) a2ðjZðkÞjÞ; (59)

SðuðZðkÞ; lðZðkÞÞ þ x0ðkÞÞÞ ( SðZðkÞÞ) ( a3ðjZðkÞjÞ þ a4ðjx0ðkÞjÞ (60)

for all Z ∊ Rn+1 and for all ω0 ∊ R.
Suppose that α4 is appropriated majored so that it holds

a4ðqrÞ\qa4ðrÞ (61)
for all r > 0 and 0 < ρ < 1. The new variable viðkÞ; i 2 Z½(LðkÞ; LðkÞ% is defined as

viðkÞ ¼
xiðkÞ; for all i 2 Z½0; LðkÞ%;

ð(1Þi-(iðkÞ; for all i 2 Z½(LðkÞ; 0%:

&
(62)

First, we will prove
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v(LðkÞðkÞ ¼ 0: (63)
By (25), (27), it yields

v(LðkÞðkÞ ¼ ð(1Þ(LðkÞ-LðkÞðkÞ

¼ ð(1Þ(LðkÞðgLðkÞðkÞ ( ð(1ÞLðkÞlðð(1ÞLðkÞrLðkÞðkÞÞÞ

¼ ð(1Þ(LðkÞgLðkÞðkÞ ( lðZðk þ LðkÞÞÞ: ð64Þ

With (5), we have

gLðkÞðkÞ ¼ ð(1ÞLðkÞg0ðk þ LðkÞÞ

¼ ð(1ÞLðkÞf0ðk þ LðkÞÞ

¼ ð(1ÞLðkÞfLðkÞðkÞ

¼ ð(1ÞLðkÞð2UðkÞ þ gLðkÞðkÞÞ: ð65Þ

By (10), (11), (64) and (65), it can be deduced

v(LðkÞðkÞ ¼ 2UðkÞ þ gLðkÞðkÞ ( lðZðk þ LðkÞÞÞ ¼ 0: (66)

From (62), we have that vi(k + 1) =ωi(k + 1) =ωi+1(k) = vi+1(k) if i 2 Z½0; Lðkþ1Þ(1%; and
vL(k+1)(k + 1) =ωL(k+1)(k + 1) = 0. In the case of i 2 Z½(Lðkþ1Þþ1; 0%;, we have
vi(k + 1) = (−1)iϖ-i(k + 1) = (−1)i+1ϖ−i+1(k) = (−1)i-1ϖ−(i−1)(k) = vi−1(k), and v0(k + 1) =
ϖ0(k + 1) =ω0(k + 1), and v−L(k+1)(k + 1) = 0.

Let Γ(k) = ∥v(k)∥c,∞ denote the following norm

k vðkÞ kc;1¼ max
i2Z½(LðkÞþ1; 0%

je(civiðkÞjþ max
i2Z½0; LðkÞ(1%

jeciviðkÞj (67)

where c > 0. With the Assumption 2, and noting that vL(k)(k) = 0, v−L(k)(k) = 0, we get

k vðk þ 1Þ kc;1 ¼ max
i2Z½(Lðkþ1Þþ1; 0%

je(civiðk þ 1Þjþ max
i2Z½0; Lðkþ1Þ(1%

jeciviðk þ 1Þj

¼ e(c max
i2Z½(Lðkþ1Þþ1; 0%

je(cði(1Þvi(1ðkÞjþ e(c max
i2Z½0; Lðkþ1Þ(1%

jecðiþ1Þviþ1ðkÞj

) e(c max
i2Z½(LðkÞþ1; 0%

je(cði(1Þvi(1ðkÞjþ e(c max
i2Z½0; LðkÞ(1%

jecðiþ1Þviþ1ðkÞj

) e(c maxf max
i2Z½(LðkÞþ2; 0%

je(cði(1Þvi(1ðkÞj; jecLðkÞv(LðkÞðkÞjg

þmaxfe(c f max
i2Z½0; LðkÞ(2%

jecðiþ1Þviþ1ðkÞj; jecLðkÞvLðkÞðkÞjg

¼ e(c max
i2Z½(LðkÞþ1; (1%

je(civiðkÞjþ e(c max
i2Z½1; LðkÞ(1%

jeciviðkÞj

) e(c k vðkÞ kc;1: ð68Þ

It yields
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Cðk þ 1Þ) e(cCðkÞ: (69)
Take a Lyapunov function as

V ðkÞ ¼ SðZðkÞÞ þ 2
1( e(c a4ðCðkÞÞ (70)

where c > 0 is given by (67).
The forward difference of V(k) is

DV ðkÞ ¼ V ðk þ 1Þ ( V ðkÞ

) ( a3ðjZðkÞjÞ þ a4ðjx0ðkÞjÞ þ
2

1( e(c ða4ðCðk þ 1ÞÞ ( a4ðCðkÞÞÞ: ð71Þ

By (61), (67) and (69), we have

DV ðkÞ ¼ V ðk þ 1Þ ( V ðkÞ

) ( a3ðjZðkÞjÞ þ a4ðjx0ðkÞjÞ þ
2

1( e(c ða4ðe
(cCðkÞÞ ( a4ðCðkÞÞÞ

) ( a3ðjZðkÞjÞ þ a4ðjx0ðkÞjÞ þ
2

1( e(c ðe
(ca4ðCðkÞÞ ( a4ðCðkÞÞÞ

¼ (a3ðjZðkÞjÞ þ a4ðjx0ðkÞjÞ ( 2a4ðCðkÞÞ
¼ (a3ðjZðkÞjÞ þ a4ðjv0ðkÞjÞ ( 2a4ðCðkÞÞ

) ( a3ðjZðkÞjÞ þ a4 max
i2Z½(LðkÞþ1; 0%

je(civiðkÞjþ max
i2Z½0; LðkÞ(1%

jeciviðkÞj
$ %

( 2a4ðCðkÞÞ

) ( a3ðjZðkÞjÞ ( a4ðCðkÞÞ: ð72Þ

By (59), there exists a class K function !1 such that ΔV(k)≤ −!1(V(k)). Using the
comparison principle, there exists a class KL function β1 such that V(k) ≤ β1(V(0), k)
for all k 2 Z0. With additional routine class K calculation, using the definition (70),
one can show that there exists a class KL function β2 such that

jZðkÞjþ k vðkÞ kc; 1 ) b2ðjZð0Þjþ k vð0Þ kc; 1; kÞ: (73)

It is easy to know that

0:5ðk xðkÞ k1 þ k -ðkÞ k1Þ) k vðkÞ k1 ) k vðkÞ kc; 1
) ecðLðkÞ(1Þðk xðkÞ k1 þ k -ðkÞ k1Þ; ð74Þ

so

jZðkÞjþ k xðkÞ k1 þ k -ðkÞ k1
) jZðkÞjþ 2 k vðkÞ kc;1
) 2b2ðjZð0Þjþ k vð0Þ kc; 1; kÞ
) 2b2ðecðLð0Þ(1ÞðjZð0Þjþ k xð0Þ k1 þ k -ð0Þ k1Þ; kÞ: ð75Þ
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Let bðs; kÞ ¼ 2b2ðecðLð0Þ(1Þs; kÞ, we have jZðkÞjþ k xðkÞ k1 þ k -ðkÞ k1 ) bðjZð0Þj
þ k xð0Þ k1 þ k -ð0Þ k1; kÞ; for all k 2 Z0. □

Remark 3. Stability analysis of the target system is conducted by constructing a Lyapunov
function, especially, (67) and (70) play key roles in the proof.
Lemma 7 (Bound on Extended State Predictor in Terms of Transport PdE States). For the
extended state predictor systems (20), (22) there exists class K1 functions γ1, γ2 such that

k qðkÞ kl1½0; LðkÞ% ) c1ðjZðkÞjþ k fðkÞ k1Þ; (76)

k rðkÞ kl1½0; LðkÞ% ) c2ðjZðkÞjþ k gðkÞ k1Þ: (77)

Proof. From the extended state predictor system (20), (21) and in view of (7), it can be deduced
that the extended state predictor qi(k) is the function of Z(k) and ζi(k) for i 2 Z½0; LðkÞ(1%:
Moreover, since the function u( ⋅ , ⋅ ) in (20) is continuous, there exists a function γ1 such
that

jqiðkÞj) c1ðjZðkÞjþ max
j2Z½0; i(1%

jfjðkÞjÞ: (78)

Taking the maximum of both sides in i over Z½0;LðkÞ%, we have (76). Using the same
arguments as above, we have (77). □

Lemma 8 (Bound on Forward Predictor in Terms of Target PdE States). Under Assumption
1, for the forward predictor system (39) and (40), there exists a class K1 function γ3 such
that

k kðkÞ kl1½0; LðkÞ% ) c3ðjZðkÞjþ k xðkÞ k1Þ: (79)

Proof. Under Assumption 1, from Lemma 5, we get

jkiðkÞj) bbðjZðkÞj; iÞ þ bc max
0) j) i(1

jxjðkÞj
$ %

; (80)

where bb, bc are given by (56) and (57), respectively. Taking the maximum of both sides
in i over Z½0;LðkÞ% in (80), we have

k kðkÞ kl1½0; LðkÞ% ) bbðjZðkÞj; 0Þ þ bcðk xðkÞ k1Þ: (81)
Denote

c3ðsÞ ¼ bbðs; 0Þ þ bcðsÞ (82)

where bb, bc are given by (56) and (57), respectively, we get (79). □

Lemma 9 (Bound on Backward Predictor in Terms of Target PdE States). Under Assumption
1, for the backward predictor system (41) and (42), the K1 function γ3 given by (82) is such
that

k iðkÞ kl1½0; LðkÞ% ) c3ðjZðkÞjþ k -ðkÞ k1Þ: (83)

Proof. Denote πk(i) = (−1)iιi(k), ρk(i) = (−1)iϖi(k). Noting that (41) and (42) can be expressed as
follow

pkðiþ 1Þ ¼ uðpkðiÞ; qkðiÞ þ lðpkðiÞÞÞ; (84)
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pkð0Þ ¼ ZðkÞ: (85)

Under Assumption 1, from Lemma 5, we get

jpkðiÞj) bbðjpkð0Þj; iÞ þ bc max
0) j ) i(1

jqkðjÞj
$ %

(86)

where bb, bc are given by (56) and (57), respectively. So we have

jiiðkÞj) bbðjZðkÞj; iÞ þ bc max
0) j ) i(1

j-jðkÞj
$ %

: (87)

Taking the maximum of both sides in i over Z½0;LðkÞ% in (87), we have

k iðkÞ kl1½0; LðkÞ% ) bbðjZðkÞj; 0Þ þ bcðk -ðkÞ k1Þ: (88)

Noting that c3ðsÞ ¼ bbðs; 0Þ þ bcðsÞ is given by (82), it yields (83). □

Lemma 10 (Transport PdE States Bounded by Target PdE State). Consider systems (39),
(40), and (41), (42), and the output maps (37), (38). Suppose that Assumption 1 holds, then
there exists a class K1 function γ4 such that

jZðkÞjþ k fðkÞ k1 þ k gðkÞ k1 ) c4ðjZðkÞjþ k xðkÞ k1 þ k -ðkÞ k1Þ: (89)

Proof. Under Assumption 1, we have that μ is continuous with μ(0,0) = 0, and there exists a
class K1 function α* such that

jlðZÞj) a*ðjZjÞ: (90)
With (37) and (90), we get

max
i2Z½0; LðkÞ(1%

jfiðkÞj) max
i2Z½0; LðkÞ(1%

jxiðkÞjþ a* max
i2Z½0; LðkÞ(1%

jkiðkÞj
$ %

: (91)

Analogously by (38) and (90), we have

max
i2Z½0; LðkÞ(1%

jgiðkÞj) max
i2Z½0; LðkÞ(1%

j-iðkÞjþ a* max
i2Z½0; LðkÞ(1%

jiiðkÞj
$ %

: (92)

Using (79), (83), (91) and (92), we have

jZðkÞjþ k fðkÞ k1 þ k gðkÞ k1 ) jZðkÞjþ k xðkÞ k1 þ a*ðc3ðjZðkÞjþ k xðkÞ k1ÞÞ
þ k -ðkÞ k1 þ a*ðc3ðjZðkÞjþ k -ðkÞ k1ÞÞ: ð93Þ

Let γ4(s) = s + 2α*(γ3(s)), we have (89). □

Lemma 11 (Target PdE State Bounded by Transport PdE State). Consider systems (20), (21),
and (22), (23), and the output maps (26), (27). Suppose that Assumption 1 holds, then there
exists a class K1 function γ5 such that

jZðkÞjþ k xðkÞ k1 þ k -ðkÞ k1 ) c5ðjZðkÞjþ k fðkÞ k1 þ k gðkÞ k1Þ: (94)

Proof. With (26) and (90), we get
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max
i2Z½0; LðkÞ(1%

jxiðkÞj) max
i2Z½0; LðkÞ(1%

jfiðkÞjþ a* max
i2Z½0; LðkÞ(1%

jqiðkÞj
$ %

: (95)

With (76), it yields

k xðkÞ k1 ) k fðkÞ k1 þ a*ðc1ðjZðkÞjþ k fðkÞ k1ÞÞ: (96)

Analogously, with (27), (77) and (90), we have

k -ðkÞ k1 ) k gðkÞ k1 þ a*ðc2ðjZðkÞjþ k gðkÞ k1ÞÞ: (97)

By (96) and (97), we have

jZðkÞjþ k xðkÞ k1 þ k -ðkÞ k1 ) jZðkÞjþ k fðkÞ k1 þ a*ðc1ðjZðkÞjþ k fðkÞ k1ÞÞ
þ k gðkÞ k1 þ a*ðc2ðjZðkÞjþ k gðkÞ k1ÞÞ:

Let γ5(s) = s + α*(γ1(s)) + α*(γ2(s)), we have (94). □

Proof of Theorem 1. Using Lemma 6, Lemma 10 and Lemma 11, we get

jZðkÞjþ k fðkÞ k1 þ k gðkÞ k1 ) c4ðjZðkÞjþ k xðkÞ k1 þ k -ðkÞ k1Þ
) c4ðbðjZð0Þjþ k xð0Þ k1 þ k -ð0Þ k1; kÞÞ
) c4ðbðc5ðjZð0Þjþ k fð0Þ k1 þ k gð0Þ k1Þ; kÞÞ: ð99Þ

Since Z(k) = [XT(k), ξ(k)]T, we have

jX ðkÞjþ jnðkÞjþ k fðkÞ k1 þ k gðkÞ k1
)

ffiffiffi
2

p
c4ðbðc5ðjZð0Þjþ k fð0Þ k1 þ k gð0Þ k1Þ; kÞÞ

)
ffiffiffi
2

p
c4ðbðc5ðjX ð0Þjþ jnð0Þjþ k fð0Þ k1 þ k gð0Þ k1Þ; kÞÞ ð100Þ

Let eb ¼
ffiffiffi
2

p
c4ðbðc5ðsÞ; kÞÞ; we get (19).

For any initial condition ζi(0) ∊ R, i 2 Z½0;Lð0Þ%, using the OdE (20), (21) and the
Lipschitzness of u, we have the existence and uniqueness of qi(0) ∊ R, i 2 Z½0;Lð0Þ%.
By (26), we know ωi(0) ∊ R, i 2 Z½0;Lð0Þ%.

With (29) and (32), we have

xiðkÞ ¼
x0ðiþ kÞ; 0) iþ k\LðkÞ
0; iþ k+ LðkÞ:

&
(101)

where the initial condition is ωi(0) ∊ R, i 2 Z½0;Lð0Þ%. Using (28) and the Lipschitz con-
dition u and μ, we have the existence and uniqueness of X(k) ∊ Rn, ξ(k) ∊ R, k 2 Z0.
The existence of ωi(k) ∊ R, k 2 Z0, i 2 Z½0;LðkÞ% comes from ωi(0) ∊ R, i 2 Z½0;Lð0Þ%,
and (101), and the uniqueness follows from the uniqueness of the solution to (29) and
(32). Using (30) and (31), we have

-iðkÞ ¼
ð(1Þi-0ðiþ kÞ; 0) k\( i
ð(1Þix0ðiþ kÞ; 0) iþ k\LðkÞ
0; iþ k+ LðkÞ:

8
<

: (102)

With the similar arguments, for any initial condition ηi(0) ∊ R, i 2 Z½0;Lð0Þ%, by the OdE
(22) and (23), we get the existence and uniqueness of ϖi(k) ∊ R, k 2 Z0, i 2 Z½0;LðkÞ%:
From the inverse backstepping transformation (37) and (38), we have the existence and
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uniqueness of ζi(k), ηi(k) ∊ R, k 2 Z0, i 2 Z½0;LðkÞ%, and hence, there exists a unique
solution (18). □

Remark 4. A global stability of the closed-loop system is proved. The proposed design allows
that the delay L(k) is arbitrarily long and time-varying, and the predictor feedback law is
computed by an algebraic equation.

4. Example

Consider the cascade of transport PdEs which convect in opposite directions and a non-
linear OdE system given by

X ðk þ 1Þ ¼ X 2ðkÞ þ nðkÞ (103)

fiðk þ 1Þ ¼ fiþ1ðkÞ (104)

giðk þ 1Þ ¼ (giþ1ðkÞ (105)

g0ðkÞ ¼ f0ðkÞ (106)

fLðkÞðkÞ ¼ 2UðkÞ þ gLðkÞðkÞ (107)

where X(k) ∊ R is the state vector and U is the scalar input to the entire system, and
ζi(k), ηi(k) are the states of the PdE dynamics of the actuator governed by transport
PdEs. Assume now

Lð0Þ ¼ 9; Lð1Þ ¼ 8; Lð2Þ ¼ 7; Lð3Þ ¼ 6; Lð4Þ ¼ 5; Lð5Þ ¼ 4; (108)

and L(k) = 4, for all k ≥ 6.The nominal control law (that is, in the case where u0(k) =U(k))

UðkÞ ¼ (0:5X ðkÞ ( X 2ðkÞ: (109)

The control law that compensates the first-order transport PdEs is

UðkÞ ¼ (0:5gLðkÞðkÞ þ 0:25ðpLðkÞðkÞ þ P2
LðkÞðkÞ þ 0:5PLðkÞðkÞÞ ( 0:5ðP2

LðkÞ þ pLðkÞÞ2

( 0:25ðP2
LðkÞ þ pLðkÞÞ

(110)

where

PLðkÞ ¼ P2
LðkÞ(1 þ pLðkÞ(1 (111)

pLðkÞ ¼ nðk þ LðkÞÞ: (112)

In Figure 1, the response of the states of system (103)–(107) for the case of the pro-
posed control law (110)–(112) and the case of the uncompensated nominal control law
(109) is shown. One can observe, in the former case, the stabilisation is achieved,
whereas in the latter case, the state grows unbounded. The response of the proposed
control law (110)–(112) is shown. One can observe that the control law converges to
zero and L(k) is long and time-varying and nonincreasing.
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5. Conclusion

We introduce and solve stabilisation problems for nonlinear OdE systems under trans-
port PdEs which convect in opposite directions. Global stability of the closed-loop sys-
tem is proved using a Lyapunov function. The proposed predictor feedback law is
explicit as the predictor state is computed by an algebraic equation. The feedback
design is illustrated by an example. The proposed design in this paper allows that the
delay is arbitrarily long and time-varying.
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