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We consider the stabilisation of discrete-time nonlinear systems that are actuated
through a pair of transport partial difference equation (PdE) systems that convect in
the opposite directions from one another. An explicit feedback law that compensates
the discrete PdE dynamics is designed. Global asymptotic stability of the closed-
loop system is proved with the aid of a Lyapunov function. The feedback design is
illustrated through an example. The proposed design in this paper allows the delay
to be arbitrarily long and time-varying. Furthermore, our predictor feedback law in
discrete time is explicit as the predictor state is computed by an algebraic equation.
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1. Introduction

A common type of instability in oil drilling is stick-slip oscillation (Jansen, 1993),
which can severely damage the drilling facilities. The torsional dynamics of a drill
string are modelled as a wave partial differential equation (PDE) that governs the
dynamics of the angular displacement of the drill string. The drill string PDE is cou-
pled with a nonlinear ordinary differential equation (ODE) that describes the dynamics
of the angular velocity of the drill bit at the bottom of the drill string (Saldivar,
Mondie, Loiseau, & Rasvan, 2011). Based on the linearisation of its dynamics, a con-
trol design is given for the stabilisation of the drilling instability in (Sagert, Di Meglio,
Krstic, & Rouchon, 2013). Furthermore, to address the fact that the friction force is
nonlinear, a general result for the compensation of wave PDE dynamics at the input of
a general nonlinear ODE was presented in (Bekiaris-Liberis & Krstic, under review).
However, in the drilling application, the drill bit progresses through the rock —
penetration into the rock is the purpose of drilling. As a result, the length of the drill
string increases with time. Hence, the domain over which the wave equation models
the torsional dynamics of the drill string changes with time. Motivated by this applica-
tion, it is of interest to study the design for cascaded systems of a wave PDE and a
nonlinear ODE with the domain length of the wave PDE depending on time. We pres-
ent such a design in Cai and Krstic (2013). Our design method is based on a prelimin-
ary transformation that converts the wave PDE dynamics into a system of first-order
transport PDEs that convect in opposite directions. Stability analysis is conducted with
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infinite-dimensional backstepping transformations for the two transport PDE states and
by constructing a Lyapunov functional.

In continuous time, over the last ten years, many innovations have been made on
developing control designs and stability analysis to compensate input delays in linear
systems (Artstein, 1982; Bresch-Pietri & Krstic, 2009, 2010, 2011; Jankovic, 2010;
Krstic, 2008, 2010a; Manitius & Olbrot, 1979; Mondie & Michiels, 2003) and nonlin-
ear systems (Cai, Han, & Zhang, 2011; Krstic, 2009a, 2010b; Mazenc & Bliman, 2006;
Mazenc, Mondie, & Francisco, 2004; Teel, 1998).

The boundary stabilisation of the first-order hyperbolic PDEs and application to
systems with delays are presented in (Krstic & Smyshlyaev, 2008). Stabilising control
design for a broad class of nonlinear PDEs is in (Vazquez & Krstic, 2008a). The
stability analysis of the closed-loop system in (Vazquez & Krstic, 2008a) is established
in (Vazquez & Krstic, 2008b). Predictor-based control for nonlinear systems with arbi-
trarily large input delays is presented in (Krstic, 2010b), with a Lyapunov functional
provided for the stability analysis. Stabilisation design for nonlinear systems with con-
stant input delay by means of approximate predictors can be founded in (Karafyllis,
2010). The predictor-based control scheme is extended to nonlinear systems under sam-
pled and constantly delayed measurements in (Karafyllis & Krstic, 2012).

Although there are many results for systems with constant input delays, the predic-
tor-based control for long time-varying input delays, even for linear systems, is tackled
in only a few (Krstic, 2010a, 2009a; Nihtila, 1989, 1991), and for nonlinear systems
only in (Bekiaris-Liberis & Krstic, 2012). An explicit feedback law that compensates
the wave PDE dynamics at the input of a linear time-invariant (LTI) system and
stabilises the overall system is in (Krstic, 2009b). The result of (Krstic, 2009b) is
extended to general nonlinear ODEs given in (Bekiaris-Liberis & Krstic, under review).

In discrete time, predictor feedback schemes have been rarely studied. Predictor
feedback controller for discrete-time LTI systems with constant input delays is
developed based on the d-step ahead state prediction in (Goodwin & Sin, 1984;
Lozano, Castillo, Garcia, & Dzul, 2004). In (Gonzalez, Sala, & Albertos, 2012), the
predictor feedback controller is employed to compensate the time-varying input delay
of LTI system. Yet, there are no available results for predictor-based feedback design
for discrete-time nonlinear systems under complex actuator dynamics.

In this paper, we consider the stabilisation of nonlinear ordinary difference equation
(OdE) systems with actuator dynamics modelled by transport PdEs which convect in
opposite directions, namely, the discrete case of (Cai & Krstic, 2013). Then, a predic-
tor-based design for the transport PdE convecting towards the OdE is employed, com-
pensating the PdE dynamics. A global result is conducted with backstepping
transformations for the two transport PdE states and by constructing a Lyapunov func-
tion. The proposed design in this paper allows that the delay is arbitrarily long and
time-varying. Furthermore, our predictor feedback law in discrete time is explicit as the
predictor state is computed by an algebraic equation.

We use the common definition of Class IC, K., KL functions from (Krstic,
2009a). For an n-vector, the norm | - | denotes the usual Euclidean norm. A set of inte-
gers is denoted by Z;={i,i+1,i+2,---} An integer interval is denoted by
Zij=2i/ 2 for i<j and Z;; =0 for i>. The state of a PdE is denoted by a
two variable function u;(k), where k € Z, is the discrete-time step and i € 2y 1) is
the spatial variable, and L(k) is a nonnegative integer-valued sequence, namely, a map-
ping from Zy to Z,. The norm || u(k) ||, jo, zt)—11= MaX;czo, L(k)—1] |ui(k)| denotes
the spatial /oo norm, which is written more compactly as llu(k)ll-. For a vector-valued
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function of two  variables, p;(k) = [p!(k),---,p/ (k)] € R", the norm

1

Il p(k) N1 j0.006)= MaXiefo, (k)] \/p} (k)2 + .- +p§’(k)2 denotes the spatial /oo norm. []
is not more than y of the largest integer.

2. System description and control design

Consider the cascade of transport PdEs which convect in opposite directions and a non-
linear OdE system given by

Z(k+1) = @(Z(k), (o (k) (1)
Glk+ 1) = (k) @
ni(k +1) = —niy (k) ©)
nolk) = Lo(k) )
Coy (k) = 2U (k) + np (k) &)

where
Z(K+1) = {)é((]filﬂ (6)

And

o2 = [/ )

and X(k) € R" is the state vector and U(k) is the scalar input to the entire system, and

fiR" x R—R" is locally Lipschitz with f{0, 0)=0, and (j(k), (k) are the states of the

actuator governed by transport PdEs equation, and &(k+ 1) = (k).
The feedback design that compensates the PdEs actuator dynamics is based on a
nominal feedback law y: R""' — R that stabilises the following system

X(k+1) =f(X(k),<(k)) ®)

Ek+1) = p ©)
If there exists a locally Lipschitz control law « that stabilises the system X(k+ 1) = A X(k),
U(k)), that is, X(k+ 1) =f(X(k), x(X(k))) is globally asymptotically stable, then a feedback
law u for system (8), (9) can be constructed as

pX (k), (k) = ci(&(k) — k(X (k))) + (£ (X (k), <(k))) (10)
with —1 <c < 1.
Now, we turn to control design. Noting that the input to the Z system is the delayed

signal {7(k)=2U(k) + @ (k), we have to employ the prediction of Z. The control law
compensating the transport PdE dynamics is given by

U(k) = _%”L(k) (k) +%(PL(k) (k) — k(P (k))) +%K(f(PL(k)(k)v prw(k)) (1D

where —1<¢; <1 is arbitrary, Pi(k) € R" and p,(k) € R are i — step ahead prediction of
X(k) and &(k), respectively, given by
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P,’(k) :f(Pl;l(k),pl;l(k)), for all i€ Z[I,L(k)] (12)
pilk) = &(k+1i), forall ie Zy 1py- (13)
The initial condition of Equations (12), (13) is given as
Po(k) = X(k), po(k) = (k). (14)
Lemma 1 (State Predictor). The following holds
Z(k+L(k)) = [Pﬂk) k), pru (k)" (15)

forall k € Z,.
Proof. Since

_ [fX(k+L(k) = 1),k + L(k) — 1))
Z(k+L(k)) = Gk + L(K) — 1) (16)
for all k € 2, in view that Pi(k) € R” and p,(k) € R, are i — step ahead prediction of X
(k) and &(k), that is, P(k)=X(i+k), p{k)=~(i+k), and by (12), (13), and noting that
E(k+ L(k))={o(k+ L(k) — 1), we have (15). O

3. Stability analysis

Thorough this paper, we make the following assumptions.

Assumption 1. The system X(k+1)=fX(k), x(X(k))+w(k)) satisfies input-to-state stability
property with respect to v and the function x: R" R is locally Lipschitz with x(0)= 0.
Assumption 2. For all k € 2, the mapping L(k) is nonincreasing.

Remark 1. In continuous case, —1<L(t)<1 is such that the transport velocities have the
correct sign, if not, the boundary conditions are not in the correct side of the equation. It
ensure that the system is well posed. For discrete-time systems an analogous restriction would
be that L(k) be nonincreasing.

In this section, we prove the following result:

Theorem 1. Consider system (1)—(5) together with the control law (11)—(13). Under Assumptions
1=2, for any initial condition (i(0) € R, n(0) € R, i € Zy (), the closed-loop system has a
unique solution

X(k)eRrR', keZ,, (17)
Cl(k)vi/’z(k) € R7k € Z+7 i€ Z[O,L(k)]7 (18)

and there exists a class ICL function E such that

LX)+ 1EGR) + | EGk) oo + [l (R lloo < BUX(0)] + E0)] + [ £(0) [loe + | 7(0) 1)

(19)
for all k € Z,.
We prove the theorem using a series of lemmas.
Lemma 2 (Property of Extend State Predictor). Let
giv1(k) = @(qi(k), {i(k)), forall i€ Z )1, (20)

qo(k) = Z(k), 1)
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rin (k) = (=) o((=1)'ri(k), (=1)'n,(k)), forall i€ Zg g1,  (22)

ro(k) = Z(k). (23)

Then, the following holds
gii(k) = qik+ 1), forall i€ Zp 11, @4)
rig1(k) = —ri(k+1), forall i€ Zj 1p)-1)- (25)

Proof. For the case of i=0, by (21), yields go(k+1)=Z(k+1). By (20), implies ¢;(k)=¢
(qo(k), {o(k)), and in view of (1), (21), we have q,(k)=Z(k+ 1), so g (k)=qo(k+1). When i=
1, by (1), (2), and (20), it can be deduced that g,(k+ 1)=@(qo(k+ 1), {o(k+1))=p(Z(k+
1),( k@(/{; 1)=2(k+2), and g0 = p(g1(K), &)= p(Z(k+ 1), &k +1). So, we get ga(k) =
qi(k+1).

Suppose that i=, it holds g;.1(k) = g;(k+ 1). Next, we prove gi2(k)=q;1(k+1).

Since gj2(k) = @(gj+1(k), {+1(k)), and in view of (2), we get gj2(k) = (g (k+ 1), {(k+1)).
On the other hand, by (20), we have g, (k+ 1) = @(g{k+ 1), {(k+ 1)). So, we obtain g;.,(k)
=g;+1(k+ 1). In conclusion, we have proved (24).

The following we prove (25).

For the case of i=0, by (22), (23) and (4), we have ri(k) =—@@ro(k), 110(k)) = —p(Z(k), {o(k))
=—Z(k+1). In view of (23), we have ro(k+1)=Z(k+ 1), so ri(k)=—ro(k+1). When i=1, it
can be deduced that ri(k+1)=—@@ok+1), nolk+1)=—@Zk+1), {ok+1)=—Z(k+2),
and (k)= @(—r1(K),—m(k) = p(rotk + 1), no(k+ 1)) = @(Z(k+1), Go(k+1)=Z(k+2). So, we
get rz(k) = _}"l(k"" 1)

Suppose that i=j, it holds k,H(k):—Q(kJr 1). Next, we prove 7,(k)=—r;1(k+1). By
22), o) = (1Y 20((=1) i (B, <1y 0 (K) and in view of (3), we get r(k)=
(1Y 2@((=1Y?rik+1), (=1Y"*,(k+1)). On the other hand, by (22), we have r, (k+1)=
1Y @((=1Yrik+1), (=1Ynk+1)). So, we obtain rj2(k)=—r;1(k+1). In conclusion, we
have proved (25). O

Lemma 3 (Backstepping Transform). The backstepping transformations of { and n defined as

(k) = k) — ulaik)), 26)
@;(k) = n,(k) — (=1)'n((=1)'ri(k)), 27
where q(k) with qo(k)=Z(k) and r{k) with ro(k)=Z(k), for all i € Zy, 1) are given by

(20) and (22), respectively, and u is defined in (10), and the control law (11)—(13)
transform system (1)—(5) to the target system given by

Z(k+1) = o(Z(k), p(Z(k)) + wo(k)) (28)
wi(k+1) = w1 (k) (29)

@ik +1) = —wi1 (k) (30)

@ (k) = wo(k) €29)

o) (k) = 0. (32)

Proof. Noting that go(k) = Z(k), by setting i =0 into (26), and by (1), we have (28). Setting i=0
into (26), (27), and in view of qo(k)=Z(k), ro(k)=Z(k) and (4) we obtain (31). Next, we
prove (29). By (2), (24) and (26), we have
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wilk+1) =Gk + 1) — p(gi(k + 1))
= (i1 (k) — w(giv1(k))
= w1 (k) (33)

so we have (29). With (3), (25) and (27), we get

@ik +1) = 0k + 1) = (=1)'u((=1)'ri(k + 1))
i1 (k) = (=1 p((= 1) risa (k)
= (=D (11 () = (=D u((=1)rig1 (K))).- (34)
On the other hand, by (27), we have
@i 1 (k) = 0 (k) = (=1 (=1 rig (k). (35)

So we get (30). Last, we prove (32). Noting that gy(k) = Z(k), and with (24), we have
qarw (k) = qr-1(k +1) = - = qo(k + L(k)) = Z(k + L(k)), (36)

that is, it is L(k) ahead prediction of Z. It is equal to [(PL(k)(k))T, pL(k)(k)]T. With the
control law (11), and relation (5), (10), we have (32). O

Remark 2. The target system is obtained by finite-dimensional backstepping transformations.

Lemma 4 (Inverse Backstepping Transform). The inverse backstepping transformations of @
and @ are defined as

(i(k) = wi(k) + u(Ai(k)), for all i€ Zy ), 37

ni(k) = oi(k) + (=1 p((=1)"u(k)), for all i€ Zo, 1, (38)

where Tt (K) = @Ua(h), (k) + (s (R))), (39)
Jo(k) = Z(k), (40)

() = (<1 (=10, (=)o) + (=11 (k)), @n

lo(k) = Z(k) (42)

Jor all i € Zjy, px)-1], and p is defined in (10), and the control law (11)~(13) transforms
the target system (28)—(32) to system (1)—(5).

Proof. Using the arguments as in Lemma 2, it can be deduced that
},(k +1)= l,url(k), for all i€ Z[O, L(k)—1]5 (43)
li(k + 1) = —1li+1 (k), for all i€ Z[O, L(k)—1]+ (44)
Noting that 1y(k) = Z(k), by setting i=0 into (37), and by (28), we have (1). Setting i

=0 into (37), (38) and in view of relation (31), we obtain (4). Next, we prove (2). By
(37), (29) and (43), we have
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Gk +1) = ok + 1) + p(4i(k + 1))
= w1 (k) + u(Aiv1 (k)

= CHI (k) (45)
so we have (2). With (30), (38) and (44), we get

Nk +1) = ok + 1) + (=1 p((=1) 'tk + 1)
= w1 (k) + (=) (=1 11 (k)
= (=D(@i1 (k) + (=) w((=1)" 1111 (K))) (46)
On the other hand, by (38), we have
Ni1 (k) = @iea (k) + (= 1) (1)1 (K)). (47)

So we get (3). Last, we prove (5). Setting i=L(k) in (37), and noting that o, (k) =0,
we have {; (k) = u(Zru)(k)). By (43) and noting that Jo(k) = Z(k), we have

Ay (k) = Apgy—1(k+1) = -+ = do(k + L(k)) = Z(k + L(k)), (48)

that is, it is L(k) step ahead prediction of Z. It is equal to [(PLu(k))’, pra(k)]”. With
the control law (11), and relation (10), it yields (k) = (i (k) =
2U(k) + nyp (k), so we have (5). O

Lemma 5 (Extended Closed-loop System Is ISS to Input Perturbation). Under Assumption 1,
the control law u given in (10) is such that the following system

20+ 1) = @020+ ) = | Jo S )

with Z(k) = [x"(k), &k)]" is input-to-state stable with respect to v.
Proof. Let y(k)=&(k) — x(X(k)). Noting that &(k + 1) = u(Z(k)) + v(k), we get
X(k+1) =f(X(k), k(X (k)) +y(k)) (50)

y(k+ 1) = ciy(k) + v(k). (51)

Under Assumption 1, the X(k) — subsystem satisfies input-to-state stability property
with respect to y(k). In addition, y(k) — subsystem is input-to-state stable with respect to
v(k), by Lemma C.2 in (Krstic, 2009a), we know that system (50), (51) is input-to-state
stable with respect to w(k). Thus, there exists a class CL function f5, and a class K
function y such that

X+ b < O+ bR +7(, max bl 62

Since the function x is continuous with x(0)=0, there exists a class K., function y
such that |x(X(k))| < y(|X(k)|) for all X(k) € R", it can be deduced that
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IX(k)|+|f(k)|<\X( )|+ ()] + (X (k)]
< X(E)] + ()] + (X (%))
< a(|X ()] + (k)] (53)

where o(s) = s + y(s). Further, we get

X))+ 10 <FXE)]+ b))
sa(ﬁ<|x<o>+|y<o>|,k>+v( max vo>|))

<FREIXO)] + b (O)] 1)) + ’&(zv( max 1)) )
F(BIX(0)] + (X O)) + E0), k) + az(zv( max b)) )

0< ) <k-1

<EQEX O]+ 10D 0) +3(25(_may b)) (59

It yields =
20)| < X ()] + |zs<k>|sa'<2<ﬁ<a'<fz|2<o>|>,k>>>+a(z ( max |vo>|)>. (55)

Thus, there exists a class }CL function

Bls, k) = a(2(B(&(V2s), k) (56)

and a class IC,, function
7(s) = x(2%(s)) (57)
such that |Z(k)| < B(|Z(0)], k) + 7(maxo < i <k PG))- .

Lemma 6 (Stability Estimate for Target System). Let system (28)—(32) satisfy Assumption 1
and Assumption 2. Then there exists a class ICL function f§ such that the following holds

1Z(k)| + | (k) [[oo + [[@(B)lloc < BUIZO0)]+ [[(0) [[oc + [[@(0) I, &), (58)
forall k € 2.

Proof. Under Assumption 1, from Lemma 5, then there exists a smooth function S(Z):R""' — R*

and class IC,, functions a,, a,, a3 and a4 such that
i (|Z(k)[) <S(Z(k)) <oa(|Z(K)]), (59)
S(p(Z(k), (Z(k)) + wo(k))) = S(Z(k)) < — 03(|Z(k)]) + ou(lwo(K)])  (60)

for all Z € R and for all w, € R.
Suppose that a4 is appropriated majored so that it holds

2a(pr) < pas(r) (61)
for all »>0 and 0 <p <1. The new variable v;(k),i € Z_;x), 1) is defined as

Vl-(k) _ {w,(k), for all i€ Z[O, L(K)]»

(—l)iw,i(k), for all i€ Z[fL(k), 0] (62)

First, we will prove



Downloaded by [Zhejiang Normal University], [xiushan cai] at 07:02 19 March 2014

42 X. Cai and M. Krstic

v_1 (k) = 0. (63)
By (25), (27), it yields

By (10), (11), (64) and (65), it can be deduced
Vo) (k) = 2U (k) + ny (k) — w(Z(k + L(k))) = 0. (66)
From (62), we have that vi(k+1)=wik+1)= wu1(k) = v (k) if i € Z)o pk41)-1), and
vigerny(kt D)= opgeny(k+1)=0. In the case of i€ Z [py1)41, o, We have
vilk+1)= (Do k+ 1) =" o ()= (D)o 1yk)=vi1(k), and vo(k+1)=
wo(k+ 1) = a)o(k+ 1), and V—L(k+])(k+ 1) =0.
Let I(k)=llv(k)ll. oo denote the following norm

|| v(k) |lcoo=  max le™vi(k)| + max |e“v;(k)| (67)

€21 1(k)+1, 0] €200, L(k)-1]

where ¢>0. With the Assumption 2, and noting that v, (k) =0, v_; (k) =0, we get

| vik+1) |leoo = _max |e “vi(k+ 1)+ max [|e“vi(k+1)]
I€EZ[ [(k+1)+1, 0] €200, L(kr1)-1]
—e max e Uy ()] 4o max (e, (8)]
€21 L(ks1)11, 0] €20, L(kr1)-1)

<e© max |e v (k)] +e max [y, (k)
162[71‘(k)+l. 0] IEZ[O‘ L1

<e*max{ max |e "Vy,_ (k)] \eCL<k)v,L(k) ()|}
€21 ()42, 0)

+max{e { max [y (K)], e M (k)]}

€2, (1))
=e ¢ max |e “vi(k)|+e© max |e“vi(k)|
€21 [(ty+1, -1 €20, L)1)
< V(D) e o)

It yields
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[(k+1)<e “I'(k). (69)
Take a Lyapunov function as

ag(T(k)) (70)

where ¢>0 is given by (67).
The forward difference of V(k) is

AV(k) = V(k+1) = V(k)

< — a3 (|Z(k)|) + oo (k)]) +

[ o (@a(l(k + 1)) —aa(T'(K))). (71)

By (61), (67) and (69), we have
AV(k) =V(k+1)—V(k)

< — a3 (|Z(k)|) + oo (k)]) +

(e T () — o (T(R)

< —o3(|1Z(k)|) + au(|wo(k)]) +

= —u3(|Z(k)
= —as(\z(k)

I —e
) + 2 (|wo(k)]) — 204(T'(k))
) + a(|vo(k)[) — 204(T (k)
< —o3(|Z(k)|) + oc4< max  |e”“v;(k)| + max |eCivi(k)> — 204(T"(k))

€2 1(k)+1,0 €2, 1(k)-1)

< —o3(|Z(k)]) — ou(T(k)). (72)

By (59), there exists a class /C function Y; such that AV(k)<— Y;(V(k)). Using the
comparison principle, there exists a class KL function B, such that V(k) < £,(V(0), k)
for all k£ € Zy. With additional routine class /C calculation, using the definition (70),
one can show that there exists a class KL function S, such that

[ZR) A+ 11 v(E) e, oo < B2(IZ(0) |+ [ v(0) lle, oo, K)- (73)

It is easy to know that

0.5([] (k) lloo + | (k) lloo) < ([ v(K) [loc < [ V(K) lle. 0

<O (| k) (oo + | (k) o), (74)

[Z(k) + [| (k) [loo + || @(k) [l
<[ZM)[ +2 | v(K) Jleoo
<2B,(1Z(0)] + [ v(0) lle, oo, k)
<25, (O (Z0)]+ || @(0) [loe + || @(0) [loc), 4). (75)
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Let f(s, k) = 28,(e“ @ Vs, k), we have |Z(k)|+ || o(k) | + || @(k) |l < B(1Z(0)]
+ [ @(0) lloo + [ @(0) [|loo, k), for all k € Z,. ]

Remark 3. Stability analysis of the target system is conducted by constructing a Lyapunov
function, especially, (67) and (70) play key roles in the proof.

Lemma 7 (Bound on Extended State Predictor in Terms of Transport PdE States). For the
extended state predictor systems (20), (22) there exists class IC, functions y,, y, such that

I (k) [lij0, Loty <mUZE) |+ || LK) lloo), (76)

[ 7(8) o, oy < 02(1Z(R)[ =+ [ 1K) [loo)- (77)

Proof. From the extended state predictor system (20), (21) and in view of (7), it can be deduced
that the extended state predictor g,(k) is the function of Z(k) and (k) for i € 2 rx)-1)-
Moreover, since the function ¢( -, - ) in (20) is continuous, there exists a function y; such
that

@) < (26 + max [5(6)), 79)

Taking the maximum of both sides in i over Zjy ), we have (76). Using the same
arguments as above, we have (77). O

Lemma 8 (Bound on Forward Predictor in Terms of Target PAE States). Under Assumption

1, for the forward predictor system (39) and (40), there exists a class Ko function ys such
that

Il 2(K) M0, Lty < v3(IZ()+ || (k) [|oo)- (79

Proof. Under Assumption 1, from Lemma 5, we get
1< B2 + 7, max o)), (50)

where E, 7 are given by (56) and (57), respectively. Taking the maximum of both sides
in i over 24 in (80), we have

1 2(6) Nlito, oy < BUZ(K)],0) + 7 (Il (k) [loc)- (81)

Denote
1(s) = Bls,0) +7(s) (82)
where /[}, 7 are given by (56) and (57), respectively, we get (79). O

Lemma 9 (Bound on Backward Predictor in Terms of Target PAdE States). Under Assumption
1, for the backward predictor system (41) and (42), the K function y; given by (82) is such
that

11(6) o, oy < v3(1Z(R)|+ || w(k) lloo)- (83)

Proof. Denote mi(i)=(—1)1,(k), px(i)=(—1)w (k). Noting that (41) and (42) can be expressed as
follow

m (i 4+ 1) = @(mi (D), pr(d) + (i (D)), (84)
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m:(0) = Z(k). (85)

Under Assumption 1, from Lemma 5, we get

0<j <i-1

Ime(i)] < B(m(0)], D) w( mix |pk<i>|) (86)

where B, 7 are given by (56) and (57), respectively. So we have

1< Bz 0+ 7w fo 0] ). )
<Jj <i-l1
Taking the maximum of both sides in i over Zjg () in (87), we have
11(8) Nicfo, ey < BUZ(K)],0) + 5 (1] w(k) [l0)- (88)
Noting that y5(s) = f(s,0) + 7(s) is given by (82), it yields (83). m|

Lemma 10 (Transport PdE States Bounded by Target PdE State). Consider systems (39),
(40), and (41), (42), and the output maps (37), (38). Suppose that Assumption 1 holds, then
there exists a class IC, function y, such that

[Z)+ 1l Ck) lloo + [ 1(8) lloo <74(IZCO) |+ [ (k) floc + | (k) [loo). — (89)

Proof. Under Assumption 1, we have that x is continuous with £(0,0)=0, and there exists a
class IC, function a* such that

lu(Z)| <o*(]Z]). (90)

With (37) and (90), we get
ma (k)< ma w; (k)| + o ma (k)] ). 91
e (GRS e (@] o (g 1206 ) o1

Analogously by (38) and (90), we have

max |n;(k)|<  max |w,~(k)|—|—oc*< max |1i(k)|>. (92)
] ] -1

€2, (k)1 €2, (k)1 €2 1k

Using (79), (83), (91) and (92), we have

[ZE)| =+ 11 €k lloo + 1] n(K) Nloe <1Z(R)| + (| @(K) [0 + o7 (23 (|Z(K) [+ [| (k) [l0))
+ o) [lo + o (13 (1Z(K)| + [| @(k) [loo))- (93)

Let y4(s) =5+ 2a (y3(s)), we have (89). O

Lemma 11 (Target PdE State Bounded by Transport PAE State). Consider systems (20), (21),
and (22), (23), and the output maps (26), (27). Suppose that Assumption 1 holds, then there
exists a class IC function ys such that

1ZU) 4 1| 0(k) [loo + | @(k) [l <75(1Z(R)| 4[| LK) Nl + [ 1K) [loc)- (94
Proof. With (26) and (90), we get
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o (ob)]< o (G010 (_max jah] ). ©5)
With (76), it yields
(k) e < 1) o +2° G0 (Z66) + 1) € 1))- 96)
Analogously, with (27), (77) and (90), we have
| 00) lle < 1 1E) e+ Ga0Z00)] + 1| 18) ) ©7)

By (96) and (97), we have

[Z)| + (| (k) lloo + | @(k) floo <IZ(K)[+ [ C(K) [loo + o (i (1Z(R)] + [| £(k) [l0))

+ [ nk) lloo + o7 (2 (|Z(K)] 4 | n(k) [loc))-
Let ys(s)=s+a (y1(s)) + a (y2(s)), we have (94). O

Proof of Theorem 1. Using Lemma 6, Lemma 10 and Lemma 11, we get

1Z()| A+ 11 L) Moo + 1| n(K) Nloa < 94(1Z(K)] + [} @0(k) [loo + || @(k) [loc)
<74(BUIZO)[ + | @(0) [loo + I @(0) [loc, K))

<74(B(rs(1Z(0)] + | £(0) [loo + [ 1(0) [loc), 4))- (99)
Since Z(k)=[X"(k), &k)]7, we have

X )]+ 1€+ [ LK) oo + 1 (k) oo
<V22,(BOs1Z(0)] + 11 £(0) oo + [ 1(0) llsc) 4))

N <V2p,(Brs (X (O)] + EO)] + [ £(0) oo + [ 1(0) [lc), k) (100)
Let f = vV20,(B(y5(s), k)), we get (19).

For any initial condition {(0) € R, i € Z|y(q), using the OdE (20), (21) and the
Lipschitzness of ¢, we have the existence and uniqueness of ¢(0) € R, i€ 2 0)-
By (26), we know w(0) € R, i € 2y (0)-

With (29) and (32), we have

_ Jwo(i+k), 0<i+k<L(k)

wi(k) = { 0, i+ k> L(k). (101)

where the initial condition is w{0) € R, i € 2y ;(q). Using (28) and the Lipschitz con-

dition ¢ and u, we have the existence and uniqueness of X(k) € R", &(k) € R, k € Z,.

The existence of wik) € R, k € 2y, i € Zjy 1)) comes from w(0) € R, i € Z 10,

and (101), and the uniqueness follows from the uniqueness of the solution to (29) and
(32). Using (30) and (31), we have

(—D'mo(i+k), 0<k< —i
@i(k) = ¢ (=1)'wo(i + k), 0<i+k<L(k) (102)
0, i+k>L(k).
With the similar arguments, for any initial condition #70) € R, i € Zo 1(q), by the OdE
(22) and (23), we get the existence and uniqueness of @i(k) € R, k € 2y, i € Zo (1)
From the inverse backstepping transformation (37) and (38), we have the existence and
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uniqueness of (i(k), n(k) € R, k € 29, i € Z|g ), and hence, there exists a unique
solution (18). O

Remark 4. A global stability of the closed-loop system is proved. The proposed design allows
that the delay L(k) is arbitrarily long and time-varying, and the predictor feedback law is
computed by an algebraic equation.

4. Example

Consider the cascade of transport PdEs which convect in opposite directions and a non-
linear OdE system given by

X(k+1) =X%(k) + &(k) (103)
itk +1) = (i (k) (104)
mi(k+1) = —n;, (k) (105)
no(k) = o(k) (106)

Loy (k) = 2U (k) + 11 (k) (107)

where X(k) € R is the state vector and U is the scalar input to the entire system, and
{{k), ni{k) are the states of the PdE dynamics of the actuator governed by transport
PdEs. Assume now

L(0)=9,L(1)=8,L(2) =7,L(3) =6,L(4) =5,L(5) =4, (108)
and L(k) =4, for all k= 6.The nominal control law (that is, in the case where uy(k) = U(k))
U(k) = —0.5X (k) — X*(k). (109)

The control law that compensates the first-order transport PdEs is

U(k) = =0.50, (k) + 0.25(pra (k) + Py (k) + 0.5P s (k) — 0.5(P7py + priw)’
- 0~25(Pi(k) +Prik))

(110)

where
Pryy = Pyt +PLi-1 (111)
priy = E(k + L(k)). (112)

In Figure 1, the response of the states of system (103)—(107) for the case of the pro-
posed control law (110)—(112) and the case of the uncompensated nominal control law
(109) is shown. One can observe, in the former case, the stabilisation is achieved,
whereas in the latter case, the state grows unbounded. The response of the proposed
control law (110)—(112) is shown. One can observe that the control law converges to
zero and L(k) is long and time-varying and nonincreasing.
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U(k)

Figure 1. The response of the states of system (103)~(107) (left) with the control law
(110)—(112) (solid line) and with the nominal control law (109) (dashdot line) and the control
law (110)—(112) (right) for initial conditions as X(0)=0.3 and {;(0) = 0.35, #,(0) = 0.35 for all
i€ Z[OAL(O)]-

5. Conclusion

We introduce and solve stabilisation problems for nonlinear OdE systems under trans-
port PdEs which convect in opposite directions. Global stability of the closed-loop sys-
tem is proved using a Lyapunov function. The proposed predictor feedback law is
explicit as the predictor state is computed by an algebraic equation. The feedback
design is illustrated by an example. The proposed design in this paper allows that the
delay is arbitrarily long and time-varying.

Acknowledgements

This work has been conducted during the first author’s sabbatical year in University of California
at San Diego.



Downloaded by [Zhejiang Normal University], [xiushan cai] at 07:02 19 March 2014

Journal of Control and Decision 49

Funding

This work is supported by the National Natural Science Foundation of China [grant numbers
61074011 and 61374077].

References

Artstein, Z. (1982). Linear systems with delayed controls: A reduction. IEEE Transactions on
Automatic Control, 27, 869-879.

Bekiaris-Liberis, N., & Krstic, M. (2012). Compensation of time-varying input and state delays
for nonlinear systems. Journal of Dynamic Systems, Measurement, and Control, 134,
011009-1-011009-14.

Bekiaris-Liberis, N., & Krstic, M. (under review). Compensation of wave actuator dynamics for
nonlinear systems. /[EEE Transactions on Automatic Control.

Bresch-Pietri, D., & Krstic, M. (2009). Adaptive trajectory tracking despite unknown input delay
and plant parameters. Automatica, 45, 2074-2081.

Bresch-Pietri, D., & Kistic, M. (2010). Delay-adaptive predictor feedback for systems with
unknown long actuator delay. /[EEE Transactions on Automatic Control, 55, 2106-2112.

Bresch-Pietri, D., & Krstic, M. (2011). Lyapunov stability of linear predictor feedback for distrib-
uted input delay. /EEE Transactions on Automatic Control, 56, 655-660.

Cai, X., Han, Z., & Zhang, W. (2011). Globally uniformly asymptotical stabilisation of time-
delay nonlinear systems. International Journal of Systems Science, 42, 1175-1183.

Cai, X., & Kistic, M. (2013). Nonlinear control under wave actuator dynamics with time- and
state-dependent moving boundary. International Journal of Robust and Nonlinear Control.
doi:10.1002/rnc.3083.

Gonzalez, A., Sala, A., & Albertos, P. (2012). Predictor-based stabilization of discrete time-vary-
ing input-delay systems. Automatica, 48, 454-457.

Goodwin, G., & Sin, K. (1984). Adaptive filtering prediction and control. In Information and sys-
tem science series. Englewood Cliffs, NJ: Prentice Hall.

Jankovic, M. (2010). Recursive predictor design for state and output feedback controllers for lin-
ear time delay systems. Automatica, 46, 510-517.

Jansen, J. D. (1993). Nonlinear dynamics of oilwell drillstrings (PhD thesis). Delfh: Delth Uni-
versity of Technology.

Karafyllis, 1. (2010). Stabilization by means of approximate predictors for systems with delayed
input. SIAM Journal on Control and Optimization, 49, 1100-1123.

Karafyllis, 1., & Krstic, M. (2012). Nonlinear stabilization under sampled and delayed measure-
ments, and with inputs subject to delay and zero-order hold. IEEE Transactions on Automatic
Control, 57, 1141-1154.

Krstic, M. (2008). Lyapunov tools for predictor feedbacks for delay systems: Inverse optimality
and robustness to delay mismatch. Automatica, 44, 2930-2935.

Krstic, M. (2009a). Delay compensation for nonlinear, adaptive, and PDE systems. Boston, MA:
Birkhauser.

Krstic, M. (2009b). Compensating a string PDE in the actuation or sensing path of an unstable
ODE. IEEE Transactions on Automatic Control, 54, 1362—-1368.

Krstic, M. (2010a). Lyapunov stability of linear predictor feedback for time-varying input delay.
IEEE Transactions on Automatic Control, 55, 554-559.

Krstic, M. (2010b). Input delay compensation for forward complete and feed forward nonlinear
systems. IEEE Transactions on Automatic Control, 55, 287-303.

Krstic, M., & Smyshlyaev, A. (2008). Backstepping boundary control for first order hyperbolic
PDEs and application to systems with actuator and sensor delays. Systems and Control
Letters, 57, 750-758.

Lozano, R., Castillo, P., Garcia, P., & Dzul, A. (2004). Robust prediction-based control for unsta-
ble delay systems: Application to the yaw control of a mini-helicopter. Automatica, 40,
603-612.

Manitius, A. Z., & Olbrot, A. W. (1979). Finite spectrum assignment for systems with delays.
IEEE Transactions on Automatic Control, 24, 541-553.

Mazenc, F., & Bliman, P. A. (2006). Backstepping design for time-delay nonlinear systems. /EEE
Transactions on Automatic Control, 51, 149-154.


http://dx.doi.org/10.1002/rnc.3083

Downloaded by [Zhejiang Normal University], [xiushan cai] at 07:02 19 March 2014

50 X Cai and M. Krstic

Mazenc, F., Mondie, S., & Francisco, R. (2004). Global asymptotic stabilization of feedforward
systems with delay at the input. /[EEE Transactions on Automatic Control, 49, 844-850.

Mondie, S., & Michiels, W. (2003). Finite spectrum assignment of unstable time-delay systems
with a safe implementation. /[EEE Transactions on Automatic Control, 48, 2207-2212.

Nihtila, M. (1989). Adaptive control of a continuous-time system with time-varying input delay.
Systems and Control Letters, 12, 357-364.

Nihtila, M. (1991). Finite pole assignment for systems with time-varying input delays. Proceed-
ings of IEEE Conference on Decision and Control, Brighton, England (pp. 927-928).

Sagert, C., Di Meglio, F, Krstic, M., & Rouchon, P. (2013). Backstepping and flatness
approaches for stabilization of the stick-slip phenomenon for drilling. IFAC Sympositium on
System Structure and Control, France (pp. 779-784).

Saldivar, M. B., Mondie, S., Loiseau, J. J., & Rasvan, V. (2011). Stick-Slip oscillations in oilwell
drillstrings: Distributed parameter and neutral type retarded model approaches. Proceedin-
gings of the 18th IFAC World Congress, Milan, Italy (pp. 284-289).

Teel, A. R. (1998). Connections between Razumikhin-type theorems and the ISS nonlinear small
gain theorem. IEEE Transactions on Automatic Control, 43, 960-964.

Vazquez, R., & Krstic, M. (2008a). Control of 1-D parabolic PDEs with Volterra nonlinearities-
Part I: Design. Automatica, 44, 2778-2790.

Vazquez, R., & Krstic, M. (2008b). Control of 1-D parabolic PDEs with Volterra nonlinearities-
Part II: Analysis. Automatica, 44, 2791-2803.

Notes on contributors

Xiushan Cai received her PhD degree in control theory and control engineer-
ing from Shanghai Jiao Tong University, China, in 2005. She was a visiting
scholar in the department of Mechanical & Aerospace Engineering, Univer-
sity of California, San Diego from September 2012 to September 2013. She
is currently a professor in Zhejiang Normal University. Her research interests
include nonlinear systems theory, control of PDE systems and delay systems.

Miroslav Krstic holds the Daniel L. Alspach endowed chair and is the
founding director of the Cymer Center for Control Systems and Dynamics at
UC San Diego. He also serves as Associate Vice Chancellor for Research at
UCSD. Kirstic is a Fellow of IEEE and IFAC, a recipient of the PECASE,
NSF Career and ONR Young Investigator Awards, the Axelby and Schuck
Paper Prizes, and was the first recipient of the UCSD Research Award from
engineering. Krstic has held the Russell Severance Springer Distinguished
Visiting Professorship at UC Berkeley and the Royal Academy of Engineer-
ing Distinguished Visiting Professorship. He serves as Senior Editor in IEEE
Transactions on Automatic Control and Automatica, as editor of two Springer
book series, and has served as Vice President for Technical Activities of the IEEE Control Sys-
tems Society and as chair of the IEEE CSS Fellow Committee. Krstic has coauthored ten books
on adaptive, nonlinear, and stochastic control, extremum seeking, control of PDE systems includ-
ing turbulent flows and control of delay systems.



	Abstract
	1. Introduction
	2. System description and control design
	3. Stability analysis
	4. Example
	5. Conclusion
	Acknowledgements
	 Funding
	References
	Notes on contributors

