Automatica 50 (2014) 952-961

journal homepage: www.elsevier.com/locate/automatica

Contents lists available at ScienceDirect

Automatica

automatica

Brief paper

Newton-based stochastic extremum seeking”

Shu-Jun Liu?, Miroslav Krstic !

@ Department of Mathematics, Southeast University, Nanjing 210096, China

CrossMark

@

b Department of Mechanical and Aerospace Engineering, University of California, San Diego, La Jolla, CA 92093-0411, USA

ARTICLE INFO ABSTRACT

Article history:

Received 20 May 2012
Received in revised form

9July 2013

Accepted 3 December 2013
Available online 9 January 2014

In this paper, we introduce a Newton-based approach to stochastic extremum seeking and prove local
stability of Newton-based stochastic extremum seeking algorithm in the sense of both almost sure
convergence and convergence in probability. The convergence of the Newton algorithm is proved to
be independent of the Hessian matrix and can be arbitrarily assigned, which is an advantage over the
standard gradient-based stochastic extremum seeking. Simulation shows the effectiveness and advantage

of the proposed algorithm over gradient-based stochastic extremum seeking.

Keywords:
Extremum seeking
Newton algorithm
Stochastic averaging

© 2013 Elsevier Ltd. All rights reserved.

1. Introduction

Extremum seeking is a non-model based real-time optimization
approach for dynamic problems where only limited knowledge
of a system is available, such as, that the system has a nonlinear
equilibrium map which has a local minimum or maximum. Since
the emergence of a proof of its stability (Krstic & Wang, 2000),
dramatic advances have occurred over the past decade both in the
theory (Ariyur & Krstic, 2003, Choi, Krstic, Ariyur, & Lee, 2002, Tan,
Nesi¢, & Mareels, 2006, and reference therein) and in applications
(Becker, King, Petz, & Nitsche, 2007, Guay, Perrier, & Dochain, 2005,
Luo & Schuster, 2009, Zhang, Arnold, Ghods, Siranosian, & Krstic,
2007 and reference therein) for the deterministic case.

In the stochastic case, the first results were achieved in
the discrete-time case (Manzie & Krstic, 2009). Source seeking
results employing deterministic perturbations in the presence of
stochastic noise have been reported in Stankovi¢ and Stipanovi¢
(2009, 2010), also in discrete time. In Liu and Krstic (2010a,b),
and Liu and Krstic (2011), we propose continuous-time stochastic
extremum seeking algorithms, in which persistency of excitation
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(PE) in a stochastic average sense, achieved by using random
perturbations, replaces the period-averaged PE effect of sinusoidal
perturbations in deterministic extremum seeking. The stochastic
extremum seeking algorithms presented in the previous work
are based on the gradient algorithm. In this paper, we present a
Newton-based stochastic extremum seeking algorithm. The key
advantage of the more complicated Newton algorithm relative
to the gradient algorithm is that, while the convergence of the
gradient algorithm is dictated by the second derivative (Hessian
matrix) of the map, which is unknown, rendering the convergence
rate unknown to the user, the convergence of the Newton
algorithm is independent of the Hessian matrix and can be
arbitrarily assigned.

A Newton-based extremum seeking algorithm was introduced
in Moase, Manzie, and Brear (2010) where, for the single-input
case, an estimate of the second derivative of the map was employed
in a Newton-like continuous-time algorithm. A generalization,
employing a different approach than in Moase et al. (2010), was
presented in Nesic, Tan, Moase, and Manzie (2010), where a
methodology for generating estimates of higher-order derivatives
of the unknown single-input map was introduced, for emulating
more general continuous-time optimization algorithms, with a
Newton algorithm being a special case.

The power of the Newton algorithm is particularly evident in
multi-input optimization problems. With the Hessian being a ma-
trix, and with it being typically very different from the identity
matrix, the gradient algorithm typically results in different ele-
ments of the input vector converging at vastly different speeds. The
Newton algorithm, when equipped with a convergent estimator of
the Hessian matrix, achieves convergence of all the elements of the
input vector at the same, or at arbitrarily assignable, rates.
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In this paper we generate the estimate of the Hessian matrix
by generalizing the idea proposed in Nesic et al. (2010) for the
scalar sinusoid-perturbed case to the multivariable stochastically-
perturbed case. The stochastic continuous-time Newton algorithm
that we propose is novel, to our knowledge, even in the case when
the cost function being optimized is known. The state-of-the-art
continuous-time Newton algorithm in Airapetyan (1999) employs
a Lyapunov differential equation for estimating the inverse of the
Hessian matrix—see (3.2) in Airapetyan (1999). The convergence
of this estimator is actually governed by the Hessian matrix itself.
This means that the algorithm in Airapetyan (1999) removes the
difficulty with inverting the estimate of the Hessian, but does not
achieve independence of the convergence rate from the Hessian.
In contrast, our algorithm’s convergence rate is independent
from the Hessian and is user-assignable. This paper parallels the
deterministic Newton-based extremum seeking development in
Ghaffari, Krstic, and NeSi¢ (2012).

The remainder of the paper is organized as follows. Section 2
presents the single-parameter stochastic extremum seeking al-
gorithm based on the Newton optimization method. Section 3
presents the multi-parameter Newton algorithm for static maps.
Section 4 presents the stochastic extremum seeking Newton algo-
rithm for dynamic systems.

2. Single-parameter Newton algorithm for static maps

We consider the following nonlinear static map
y=f(@©), 0¢€R, (1)

where f(-) is not known, but it is known that f(-) has a local
maximum y* = f(6*) at 6 = 6*.
We make the following assumption:

Assumption 2.1. f(-) is twice continuously differentiable and

there exists a constant * € R, such that %‘ = 0,
0=0*
421 (©)

0 £H<O.

6=6*

If f(-) is known, the following Newton optimization algorithm
can be used to find 0*:

o (de(e))‘1 df )
e do? do -

(2)
Iff (-) is unknown, then an estimator is needed to approximate @)

dé
2 L . .
and % The purpose of this section is to combine the continuous

Newton optimization algorithm (2) with estimators of the first
and second derivatives to achieve stochastic extremum seeking in
such a way that the closed-loop system approximates the behavior
of (2).

Let 6 denote the estimate of 6 and let I" be the estimate of

H'= ( dz’;(f) 979*)71. We introduce the algorithm
do
% — kI OM0O). 3)
dr
dt“) — IO — M ONG©).  T0) <0, (@)

where k, hy > 0 are design parameters, M(-) and N(-) are any
bounded and odd continuous functions, and 7n(t) is an ergodic
stochastic process with an invariant distribution. In the stochastic
extremum seeking algorithm (3), we use M(n)y to estimate the
first-order derivative of f. For the estimate I" of the inverse of the
second-order derivative of f, an algebraic division in the form 1 /ﬁ

A~ 2
would create difficulties when the estimate H of % is close
g=6%

to zero. To deal with this problem, we employ a dynamic estimator
to calculate the inverse of H using a Riccati equation. Consider the
following filter

d= N

— — —hE +hAH, 5
m 1 1 (5)
ie, Z(t) = e M E(0) + H(1 — e"M"), which guarantees that the
state & of the stable filter (5) converges to H. Denote I' = 51,

Then ‘Z—I; =—57? ‘Z—f. Thus by (5) we get the following differential
Riccati equation

dr N

— =TI —hIH, 6
m 1 1 (6)
which has two equilibria: I'* = 0,1:1*1. Since hy > 0, the

equilibrium I'* = 0 is unstable, whereas the equilibrium I'* =
A 'is exponentially stable. This shows that after a transient, the
Riccati equation (6) converges to the actual value of the inverse
of Hif H is a good estimate of H. Comparing (4) and (6), we use
the stochastic excitation signal N(n) to generate the estimate A=
N(n)y of H.

Now we perform an illustrative analysis of stability of algorithm
(3), (4). Denote the estimate error® =0 —0*, ' = —H 'and

0 =6 + asin(n), (7)

where a > 0 is perturbation amplitude. Then we have the error
system

o

= —k (' +H™ ") M()f (0" + 6 + asin(y)), (8)
dr - g
o = M (FHHT) —h (T H™) N(p)

x f(6* + 6 + asin(n)). (9)
For simplicity and clarity, we consider a quadratic map

* f/,(e*) * * H *
fe)="+ > © -6 =Ff +5(9—9)2- (10)
Then the error system is
dé . H ~
= —k(I"+H "YM(n) <f*+5(9+asin(n))2>, (11)
dr ~ 1 ~ 12
i (F+H")—h (F+H )" N@)

x (f* + g(é + asin(n))2> ) (12)

To obtain an exponentially stable average error system, we choose
M(n), N(n) such that

Ave(M(n)y) = f M(x) <f* + g(é + asin(x))2> w(dx)
R
= HO (13)
Ave(N(n)y) = / N(x) (f* + g(é + asin(x))2> w(dx)
R
= H, (14)

where Ave(p(n)) = fR @ (x)u(dx) for a measurable function ¢(-)
and u is the invariant distribution of the ergodic process n(t). We
choose the ergodic process as an Ornstein-Uhlenbeck (OU) process
satisfying edn = —ndt + /eqdW, where ¢ > 0,& € (0, &)
for fixed ¢g > 0, and W(t) is a standard Wiener process on
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some complete probability space. It is known that (OU) process has
2

invariant distribution p(dx) = ﬁ{? dx. To satisfy (13)and (14),
we choose M(n) and N(n) that satisfy

H N2
(f* + 59 ) x Ave(M()) = 0, (15)
Hfa x Ave(M(n) sin(n)) = HO, (16)
ﬂa2 x Ave(M(n) sin’ =
2 n) sin“(n)) =0, (17)
H N2
(f* + 59 ) x Ave(N(n)) =0, (18)
Haf x Ave(N(n)sin(n)) = 0, (19)
ﬂa2 x Ave(N () sin? =
2 n)sin“(n)) = H, (20)

ie,Ave(M(n)) = 0, Ave(M(n) sin(n)) = 1, Ave(M () sin®()) =
02, Ave(N(n)) = 0, Ave(N(n)sin(n)) = 0, Ave(N(n)sin’(n)) =

a’
2

. s k41 _ [too L 2k+1 1 - —
Since [, sin®*(x)u(dx) = [~ sin (x)ﬁe ?dx = 0,

fasi®u(dx) = 3(1— ™) 2 Go(@), fy sin* () = 3 —
%efqz + ée"‘qz 2 G4(q), we choose

M) = sin(7), (21)

1
aGo(q)

N(n) = (sin®(n) — Go(q)) (22)

4
a2G2(+/2q)

where G2(v/2q) = 2 (G1(q) — G2(q)). Thus we obtain the average
error system

déave B B B

S = kB —kIOHE™, (23)
dfave B _

o — _hlrave _ hl(Fave)ZH, (24)

which has a locally exponentially stable equilibrium at (62", ['2¢)
= (0, 0), as well as an unstable equilibrium at (0, —1/H). Thus,
according to the averaging theorem in Liu and Krstic (2010a), we
have the following result:

Theorem 2.1. Consider the quadratic map (10) under the parameter
update law (3)-(4). Then there exist constantsr > 0,c > 0, y > 0
and a function T(¢) : (0, &9) — N such that for any initial condition
|A%(0)| < randany § > 0,

lirr(l)inf{t >0:[A°(D)] > c|A®(0)|e " + 8} =00, as. (25)
e—>

and

lim P {|A*(0)] < c|A*(0)le™"" +3, ¥t € [0, T(e)]} =1,

£—>

with lirr(l) T(e) = oo, (26)

where A%(t) 2 (O(t), I'(t)T.

Remark 2.1. Even though we are claiming only local exponential
stability, the equilibrium (0, 0) of the average error system
(23)-(24) is actually asymptotically stable with the entire set R x
(=1/H, +00) as the region of attraction of the origin. This is
proved using the Lyapunov function V = % In (1 + 92) +HI —

In (14 HI"), which is positive definite and radially unbounded

VO] g

Sn(®) A
N

>

M@ ®)

K6
S

Fig. 1. Gradient-based stochastic extremum seeking scheme for a static map.

on R x (—1/H, 400). Regrettably, such a “global” result can be
established only for the scalar parameter case.

Remark 2.2. The average equilibrium (0, —1/H) is unstable.
When H is very large, this equilibrium is very close to the stable
equilibrium at the origin. This however should not be interpreted
as arestriction to the region of attraction, as the initial condition for
the gain, I"(0), can still have any positive value, except that I"(t)
converges to a small value 1/H.

3. Multi-parameter Newton algorithm for static maps

3.1. Gradient-based stochastic ES

Consider the static map

y=f(),

We make the following assumption:

0 €R". (27)

Assumption 3.1. f(-) is twice continuously differentiable and

there exists a constant vector 6* € R" such that %’ =0,

, 6=0*

971 (6)

20 |g_ge < 0.
Assumption 3.1 means that the map (27) has a local maximum
at 0*. The cost function is not known in (27), but, as usual, we
assume that we can measure y and manipulate 6. The gradient-
based extremum seeking scheme for this multivariable static map
is (shown in Fig. 1):

do(t) .

- KM(n(t))y,  0(t) =0(t) +S(n(t)), (28)

where K = diag(ky, ..., k,) with design parameter k; > 0, a; > 0,

S(m() = [ay sin(n1(1)), . . ., ay sin(na()]", (29)
1 . !

M(n(t)) = |:G1G0(Q1) sin(n1(t)), ..., m sm(nn(t))] (30)

are perturbation signals, and the independent processes n;(t), i =
1,..., nsatisfy &;dn; = —n;dt+,/€;q;dW;, where q; > 0 are design
parameter, &; € (0, &) for fixed e > 0,and Wj(t), i=1,...,n
are independent standard Wiener processes on some complete
probability space.

In the parameter error variable & = 6 — 6*, the closed-loop
system in Fig. 1 is given by

dé(t) i <
TR KM (n(e)f (0" +S(n(t)) +6). (31)

For the case of a quadratic static map, f (6) = f*+ % O—6")TH(@O —
6*), the average system of (31) is given by
doave (t)

= KHO™(t), 32
5 (3] (32)
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AQ

S@(0)

M (5(1))

N (@)

Fig. 2. Newton-based stochastic extremum seeking scheme for a static map.

where H is the Hessian matrix of the static map, and it is negative
definite. This observation reveals two things: (i) the gradient-based
extremum seeking algorithm is locally convergent, and (ii) the
convergence rate is governed by the unknown Hessian matrix H.
In the next section, we give a stochastic ES algorithm based on the
Newton optimization method, which eliminates the dependence
of the convergence rate on the unknown H.

3.2. Newton algorithm design and stability analysis

The Newton-based stochastic extremum seeking algorithm for
a static map is shown in Fig. 2, where h is a positive real number.
There are two vital parts in the Newton-based algorithm: the
perturbation matrix N(7(t)), which generates an estimate A=
N(n)y of the Hessian matrix, and the Riccati equation, which
generates an estimate of the inverse of Hessian matrix, even when
the estimate of the Hessian matrix is singular.

The detailed algorithm is as follows:

6; = 6 4 a; sin(ny), (33)
dé
— = —KI'M s 34
- My (34)
dr

— =hI = h['N(n)yT,
” (my

where K = diag(kq, ..., k,) and h > 0 are design parameters,
M(-) € R"is given by (30), N(-) € R™" is to be determined,

o (020!
- 902 ’

) <o, (35)

2 -1
I' € R™" is used to approximate ( 9 f(e))

362
6=0*
and n;(t), i =1, ..., nare independent ergodic processes.
~ 2 * -1
Denote the estimate error variables I’ = I' — (%) ,

6 = 6 — 0*. Then we have the estimate error system

o _ —KI'M(n)y — K (azf(e*)>1 M(n)y, (36)
t 362
CZTI: = hl'+h (azgg*)>_1 — hI'N(p)yI" — hI'N(n)y
) (3218“2*))_] —h (azg*)>_l NGyl
() ()

For the general map case, the stability analysis is conducted in
Section 4. Here we first give the stability analysis of a quadratic
static map.

Consider the multi-parameter quadratic static map,

fO)=f"+ %(9 —60")TH@O —6%), (38)

where & € R" and H is negative definite. Then the error system
(36)-(37) becomes

PO _ iy [f 4+ 1@+ asing)H
dt 2
x (6 + asin(n)) | — KH 'M(n)
y {f* + %(é + asin(n) H@ + asin(n»}, (39)
d’;g” = hI"+hH™ ' —hI'N(n) [f* + %(é + asin(n))'H

x (6 + asin(n)):| I —hI’'N(@p)
* 1~ : T N : -1
x| f*+ 5(0 + asin(n)) H(® + asin(n)) |H
-1 * 1~ : T
—hH™"N(n) [f + 5(9 + asin(n))
x H(@ + asin(n)) |I" — hH™'N(n)
1 - -
X [f* + 5(0 +asin(n))TH(O + asin(n))] H™'. (40)
Similar to the single parameter case, to make the average system

of the error system (39)-(40) exponentially stable, we choose the
matrix function N as

Ny = —2 (sin2(mp) — Go(q) . (a1)
a?G2(v/2qy)
sin(#;) sin(n;) .
Ny = ——2 2 7 . 42
Ny a;a;Go(q:)Go(q;) S (42)

Thus we obtain the average system of the error system (39)-(40)

déave

= —KO™ — K[ H/™®, (43)
di—vave B . .
dt — _hI—vave _ hFaveHFave, (44)

where I<1~“£“’€’I-!§""’e is quadratic in ("', 63e), and hi"®eH ["2ve is
quadratic in "¢, The linearization of this system has all of its
eigenvalues at —K and —h. Hence, unlike the gradient algorithm,
whose convergence is governed by the unknown Hessian matrix
H, the convergence rate of the Newton algorithm can be arbitrar-
ily assigned by the designer with an appropriate choice of K and
h. Since we use sine function of stochastic perturbation, Assump-
tion A.1 can be easily verified to hold. OU process is ergodic with in-
variant distribution, i.e., Assumption A.2 holds. By the multi-input
stochastic averaging theorem given in Theorem A.1, we arrive at
the following theorem:

Theorem 3.1. Consider the static map (38) under the parameter
update law (34)-(35). Then there exist constantsr > 0,¢c > 0, y >
0 and a function T(e1) : (0,&) — N such that for any initial
condition | A7 (0)| < rand any § > 0,

lim inf{t > 0: AT (D) > c|AT'(0)|e™"" + 8} =00, as. (45)

e1—0
and

limOP {1AT (D] < c|AT(O)|e™"" + 68, Ve € [0, T(e)]} =1,
£1—>

with lim T(g;) = o0, (46)

e1—0
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Fig. 3. Gradient-based stochastic extremum seeking scheme.

where A} (t) 2 (07 (t), eol(I"(t)T, Eol(A) 2 (AT, .. ,Al), and
A, i= ] , L denote the column vectors of any matrle € R”X”

4. Newton algorithm for dynamic systems

Consider a general multi-input single-output (MISO) nonlinear
model

x=f(x,u), (47)

y=2g®), (48)
where x € R™ is the state, u € R" is the input, y € R is the output,
and f : R™ x R" - R™and g : R™ — R are smooth. Suppose
that we know a smooth control law u = «(x, 6) parameterized by
a vector parameter 6 € R". Then the closed-loop system

x=f(x ak,0)) (49)
has equilibria parameterized by 6. As in the deterministic case

Ariyur and Krstic (2003), we make the following assumptions
about the closed-loop system.

Assumption 4.1. There exists a smooth function! : R" — R™ such
that

f(x,a(x,0)) =0 ifandonlyifx =1(9). (50)
Assumption 4.2. For each 8 € R", the equilibrium x = [(6) of
system (49) is exponentially stable uniformly in 6.

Assumption 4.3. g o I(-) is twice continuously differentiable and

there exists a constant vector 6* € R" such that "(g"l) ’ =0,
0=0*

82 (gol)

— _yT
st|  =H<O0H=H"

Our objective is to develop a feedback mechanism which maxi-
mizes the steady-state value of y but without requiring the knowl-
edge of either 8* or the functions g and I. In Liu and Krstic (2010a),
the gradient-based extremum seeking design in the single param-
eter case achieves this objective. The multi-parameter gradient-
based algorithm is shown schematically in Fig. 3, whereas the
Newton-based algorithm is shown in Fig. 4.

For Newton-based stochastic extremum seeking scheme in
Fig. 4, we give our analysis step by step.

Step 1. Find error system.

We introduce error variables

6=0-0%*  0=0+Sht)), (51)
{=¢—gol®*), T'=r-H7", (52)
H:H—H, (53)

where S(n) is given in (29). Then we can summarize the system in
Fig. 4 as

fx, ax 0% +0 +SuH(D))),
—K(I" +H ™G,
—hiG + hi(y —g 0 [(6%) — HM(y (1)), (54)
ho(I' + H (I — (H+H)( +H™)),
—hiH — hiH + hi(y — g o 1(0%) — DN (n (1)),
—hal +ha(y — g o 1(6™)"
where hg, hy, h, > 0 are design parameters.

d
dt

W I Q) D=

i=[f(xa(x,0)

s
M (1)) s+h

z=y-¢

S(n(1)
A )
N(n@®)

Fig. 4. Newton-based stochastic extremum seeking scheme. The initial condition
I'(0) should be chosen negative definite and symmetric.

Step 2. Find reduced system

Denote x;(g;it) = ni(t) and x(t) = [x1(t), ..., xo(t)]". Then
we change the system (54) as
" = f(a(x, 0" +8+S(c(E/e))). (55)

de
d -~ o - - T
E[Q G I H ]
) —K(" +H™HG

—hiG + I (y — g 0 1(8") — HM(x (t/#))
=|  h(+HOHI-H+IT +H") |, (56)

—hiH — hiH + hi(y — g 0 1(0™) — N (x (t/¢))

—hat +hy(y — g o 1(6))

where S(x(t/e)) = [aisin(xi(t/€1)), ..., an Siﬂ(Xn(f/Sn))]T
M(X (f/é‘)) [GIGO(QI) Sln(X](t/S])) ERX] anGO(QH) Sln(Xn(t/Sn))]
(N(x (t/e))ii = agcg(ﬁqi) (sin® (xi(t /&) — Go(@)), (N(x(t/)))

= W i # j. Now, treating ¢ as large compared
to the size of parameters in (55), we “freeze” x in (55) at its quasi-
steady-state equilibrium value x = 1(6* +6 +S(x(t/e))) and sub-
stitute it into (56), getting the reduced system
d ~ ~ < ~ T
a [er Gr Fr Hr {r]
—K(I + HYG,
—hiGr + hi(V(@; + S(x(t/€))) — LM (x (t/€))

= ho(I3 +H™ DU — (H, + H)(I; + H™)

—hiHy — iH + hi(v(@; + S(x (t/€))) — &IN(x (t/€))

—hag: + hav(6; + S(x (t/€)))

where v(z) = g ol(6* +z) — g o (0*). In view of Assumption 4.3,
v(0) =0, 2(0) = 0,and £¢(0) = H < 0.

Step 3. Find average system of the reduced system.

Denote ¢; = gl for some constants c;. Then we get the average
system of the reduced system (57) as

. (57)

Sl & oA e

- —K(I"% 4+ H™ )G .
4y /R ol + S )M(0)pdo)

_ | ho(5+HHU = (H +H)(T +H™) (58)

e~ it 4y [ 0+ S@)IN©@)(do)
Rn

—hZ0 + by / 0@, +S@)p(do)
Rn

where p(do) 2 py(doy) X -+ - X pup(doy).
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Step 4. Find equilibrium of average system.
We can calculate the equilibrium (6%¢, G¢, I'*¢, H®¢, ) of
the average system as

Z cia? +0(a®), (59)
G2 = O, (60)
—ZZH W'H™"¢fa’ + [0(al*)Tnxn, (61)
i=1 j=
e = ZZw'c;jaﬂ [0(al) Inxn, (62)
i=1 j=
. 1<
Ge = 2 ) HialGo(gi) + 0(lal*, (63)
i=1

where 67 is the ith element of §%¢. The detailed process is in
Appendix B.

Step 5. Examine stability of average system.

The Jacobian of the average system (58) at the equilibrium is

]ra,e — |:BA2n><2n C02n><(2n+l) ] , (64)
(2n+1)x2n 2n+1)x(2n+1)
i On><n _K(H7] + F;é’e)
A= 9 , (65)
h1/ — (vM(0))u(do) —hilyxn
L rn 00
B 0Tl><l1 0n><n
i [ LoN@)E) 0
— (vN(o o
B=|"Ju 20 H e | (66)
0
h — (v)u(do) 01
i 2/}1;” 89( m( 1xn
[—holuxn + 01 —hoH™2+ 05 Opsy
C= On><r1 _hllnxn Onx] P (67)
O1xn O1xn —hy
n n
01 =hy Yy Y H'Wicia@ +[0(Ia]*)]nxn, (68)
i=1 j=1
0, = hOZZH 'WHT = H'WHH cla?
i=1 j=1
+10(a®)lnxn- (69)
Since J¢ is block-lower-triangular, it is Hurwitz if and only if
0 na.e
Ay =hy M(a)ﬁv(@’ + S(o))u(do) < 0. (70)
JR"

With a Taylor expansion we get that A,; = h{H + [0(|a|)]nxn-
Hence we have

det(klznxzn - A)

- det(k(k  h)len + K(H' + fr“'e)A21>

= det(((:2 + hiA) e + hiK +[0(aD]nn ). (71)
which, in view of H < 0, proves that J*¢ is Hurwitz for a that

is sufficiently small in norm. This implies that the equilibrium
(59)-(63) of the average system (58) is exponentially stable if all

elements of vector a are sufficiently small. Similar to the case of
multi-parameter static maps, Assumptions A.1 and A.2 hold. Then
according to the multi-input stochastic average theorem given in
Theorem A.1, we have the following result.

Theorem 4.1. Consider the reduced system (57). Then there exist
a* > Osuch that forall |a| € (0, a*), there exist constantsr > 0, ¢ >
0, y > Oand afunctionT(¢1) : (0, &g) — Nsuch that for any initial
condition | A5'(0)| < randany § > 0,

lim inf{t > 0: [A5' ()] > c|A5'(0)]e”"" + 8 + 0(la*)}

e1—0

=00, as. (72)
and

limOP{IAE1 (O] < c|AS(0)]e™" + 5+ 0(la’),
£1—>

Vee[0.T(en]) = 1. with lim T(e1) = oo (73)
&1—>

where A5'(t) 2 (B](t), G (t), Col(T3()), Col(H, (1)), & (1) —
(271111’060[( Yl Xjn HT'WHT giaf), €ol(3, 30,
Wigar). 3 2 HiiGO(Qi)aiz) .

Remark 4.1. In this work, we obtain the local stability of Newton-
based stochastic extremum seeking. To obtain non-local stability
result of stochastic ES, some theoretical analysis tools need to
develop, such as averaging and singular perturbation theory. In
our work Liu and Krstic (2010c), we have developed averaging
theory for global stability, but it is not applicable to stochastic ES,
because the kind of stochastic perturbation signal is not applicable
in extremum seeking problems. To develop proper averaging and
singular perturbation theory is our future work.

5. Simulation

To illustrate the results, we consider the static quadratic
input-output map:y = f(6) = f* + %(9 —6")TH(® — 6*).Fig. 5
displays the simulation results with f* = 1,6* = [0,1]T,H =

[; i] in the static map (38) and a; = 0.1,a;, = 0.1,k; = 1,

k2 = 1h0=01h] —008h2 —008q1 —q2—40
g1 = 0.25, &, = 0.01 in the parameter update law (34)- (35) and
initial condition 6;(0) = 1,6,(0) = —1,6;(0) = —1,6,(0) =

2, I'11(0) = 1/100, I’(0) = 1/200, I'3(0) = I;(0) = 0.

Comparing Fig. 5 with Fig. 4 in Liu and Krstic (2011), we see that
Newton-based stochastic extremum seeking converges faster than
gradient-based stochastic extremum seeking by choosing proper
design parameters. Note that it was necessary, for the gradient-
based simulation in Fig. 4 of Liu and Krstic (2011), to use gains that
are different for the different components of the 0 vector (with a
gain ratio k;/k, = 3/4) to achieve balanced convergence between
él and éz. In Fig. 5 the Newton algorithm achieves balanced
convergence automatically.

In the simulation, we find that the greater the condition number
of Hessian matrix is, the poorer the performance is. It may be
possible to view the reason for this in two ways. One, the average
equilibria of the Hessian inverter dynamics get closer, in a relative
sense, as the condition number increases. Second, the quadratic
perturbations in the average system (44) get more prominent and
distort the region of attraction of the stable equilibrium.

From (33),0 = 0 — 0%, (45) and (46), we know that parameters

a;, i = 1,...,n decide the converge radius, and thus they are
better to be sufficiently small, but by (30), (41) and (42), a;, i =
1,...,n are relevant to the amplitude of stochastic excitation
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Fig. 5. Newton-based stochastic extremum seeking. Top: output and extremum values. Others: estimate values.

signal, and it cannot be too great for implementation. Thus there
is a tradeoff.

6. Conclusions
In this paper, we introduce a Newton-based approach to

stochastic extremum seeking for both static maps and dynamic
systems. Compared with the gradient-based stochastic extremum

seeking, the advantage of the Newton approach is that, while
the convergence of the gradient algorithm is dictated by the
second derivative (Hessian matrix) of the map, which is unknown,
rendering the convergence rate unknown to the user, the
convergence of the Newton algorithm is proved to be independent
of the Hessian matrix and can be arbitrarily assigned. In our future
work, we will consider non-local stability of stochastic ES and
stochastic ES for non-convex maps.
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Appendix A. Multi-input stochastic averaging

Consider the following system

dx(t)

g = AX(®), Yi(t/e1), Yo(t/e2), .

X(0) =x,

Yi(t/en). A1)

where X(t) € R", Y;(t) € R™, 1 < i < | are time homogeneous
continuous Markov processes defined on a complete probability
space (£2, F, P), where £2 is the sample space, F is the o-field,
and P is the probability measure. The initial condition X(0) = x
is deterministic. &, i = 1,2,...,1[, are some small parameters
in (0, &) with fixed &g > 0. Let Sy, C R™ be the living space of
the perturbation process (Y;(t), t > 0) and note that Sy, may be a
proper (e.g. compact) subset of R™.

Assume that & = S‘ for some positive real constants c;’s.
Denote Z(t) = Yi(t), Zz(t) = Yy(ct), ..., Zi(t) = Yi(qt). Then
(A.1) becomes

dx(t)

T a(X(t), Z1(t/e1), Za(t/e1), - - -, Zi(t/€1)), (A2)
X(0) =x.
We obtain the average system of system (A.2) as follows:
dX(t) _ -
aX®), Xo=x, (A3)
dt
where

a(x) = / Q06 21, o 2 (dze) X oo X u(dz). (Ad)
Sy1>< XSyl

To obtain multi-input stochastic averaging theorem, we con-
sider the following assumptions:

Assumption A.1. The vector field a(x, y1, y>, ..., y;) is a contin-
uous function of (x, y1,y2,...,y:), and for any x € R", it is a
bounded function of y = [y!, y1, ..., yl1". Further it satisfies the
locally Lipschitz condition in x € R" uniformly iny € Sy, x Sy, x

-+ X Sy, i.e., for any compact subset D C R", there is a constant kp
such thatforallxq, x, € Dandally € Sy, XSy, x- - - xSy, |a(x1,y)—
a(x2, Y)| =< kp X1 — Xa|.

Assumption A.2. The perturbation processes (Yi(t), t > 0), i =
1,...,1, are ergodic with invariant distribution u;, respectively,
and independent.

We obtain the following multi-input averaging theorem:

Theorem A.1 (Liu and Krstic (2011, Theorem A.3)). Consider sys-
tem (A.1) under Assumptions A.1 and A.2. If the equilibrium X (t) = 0
of the average system (A.3) is locally exponentially stable, then

(i) the solution of system (A.1) is weakly stochastic exponentially
stable under random perturbation, i.e., there exist constants r >
0,c¢ > Oand y > 0 such that for any initial condition x € {X €
R" : |X| < r},andany § > 0, the solution of system (A.1) satisfies

lim inf{t >0:|X(0)| > clxle™"" + 8} = 400, as.

S]—)

(A5)

(ii) Moreover, there exists a function T (1) : (0, &g) — N such that

lim P{ sup

£1—>0 0<t<T(eq)

{IX@©)] —clxle™"} > 5} =0

with lim T(g;) = 00
e1—0

Furthermore, (A.6) is equivalent to
lim P{IX(0)] < clxle™" +3, Vt € [0, T(en)]} =
&1—>

with lim T(g1) = 00 (A7)
e1—0

Appendix B. Find equilibrium of average systems (58)

Let the right hand side of (58) be zero. Then the equilibrium
61, Gre, I, H¢, ¢*°) of the average reduced system satisfies

ég’e = Oux1, (Bl)
[ v@ + seME@RE) = 0, (82)
Rn
e = [ v@ + sputo, (83)
Rn
H*® +H= / V(B¢ 4 S(0))N(o) u(do), (B4)
Rll
(H™ +H)([** +H ) =1. (B5)
By (B.2),foranyp=1,...,n
v(6%¢ + S(0)) ———— sin(o,) u(do) = 0. (B.6)
/IR“ ' apGO(Qp) P
By postulating the ith element ér“, ¢ of §%-¢ in the form
n . n n )
=Y bjg+Y > ¢ aa+0(aP), (B.7)
j=1 j=1 k>j
where b': and ¢! 1 are real numbers, defining
v(z) = Z Z 92032 )z
i=1 j=1
(B.8)

+3‘ ZZRZ az,a o (0)ziziz + O(z|*)

i=1 j=1
and substituting (B.8) into (B.6), we have

o= [ 225

- 1
Qae
x O+ sm(q))—i—ZZZ 3! az,az 9zk ©

i=1 j=1 k=1

-(0)(6)'f + a;sin(oy))

x (0% + aisin(o7) (B + aysin(0)) (B + ay sin(o1))

1
+0(|a]*) | ——— sin(oy) u(do). (B.9)
a,Go(qp) ~ *
By calculating the average of each term, we have
1 ~ae2
efﬁﬁ(OHZ@u 92,02 (2(95,’5
Gl(Qp)
a —(0)+6%¢) §%f
+3! PG( ) ()+ PZ ”3232]
. (9“’-‘3)2+a-260(q-) v
D T 82«»
i# %07
ae ae
Z Zerl fka v (0) + 0(lal). (B.10)

J#p.k>j k#p
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Substituting (B.7) in (B.10) and matching first order powers of g;
gives
0 b}
: : (B.11)
0 b?
which implies that b} = 0 for all i, j since H is negative definite
(thus nonsingular). Similarly, matching the second order term

ajar(j > k) and aj2 of a;, and substituting b; to simplify the resulting
expressions, yields

0 Cit
S|l =H| |, j=1 n,j>k (B.12)
0 Ci
and
@0 ]
270 821821.2
1 .831)
—Gn(g)) ——— (0
1 3 O(q’)azj 182()
0 G
A= fu]:|+] L@, (B.13)
LT : 6 Go(q)) 02 ‘
0 ch
1] 1 831)
—Go(g))——(0
2 O(q]) aZ].zaZj+l( )
2o Vo v ©).
[ 270 220z,
Thus ck = Oforalli,j, k whenj # k, andc.ls given by
- 1 9%v -
S Go@) 20 ———(0)
- 1 = .
% 1 93
: —Go(g)) —— (0
3 2@ 532
c-
i 1G a°v
C!, _ —H71 1(%)7( ) i
N 6 Go(qj) az
Ci:
4 8311
: fGo(q')i(O)
C'H 2 ! aijaZH_l
- S - .
o) 2V o)
) Cola; azj 0z, -
vi,je{1,2,...,n}. (B.14)
Thus
n .
= cia’ +0(laP). (B.15)
j=1
By (B.3) and (B.8), we have

e = / V(67 + S(0)) u(do)
IRH

N Z Z ; aii;zj( ) (Qra'eeraje + aizGO(qi))

i=1 j=1

n n noq 3

a v na.enpa.ena,e
+ Z: Z Z 3! 32132}34 (O)Gr,i er,j 9r,l<

193
+ZZ*_ - (O)fo @Go(g) +0(lal").  (B.16)

This together with (B.15) gives

~ 1<

£ = 3 ) HiatGo(@) + Olal). (B.17)
i=1

By (B.4) and (B.8), we have

(H*)pp = / V(@5 + S(0))(N(0))ppit(da) — (H)pp,
R"

—[ 197 (O)a sin(op) ————— 4
w20 ’ ZG%(«/iqp)

—Go(qp)) / Z 5 ﬁ(O)fo 5 sin®(a,)

(sin(a)

(Sinz(ap) - GO(Qp)) - (H)ppa

) aZGZ(ﬁ p)

a,e
<H>pp+Z = 322 O —
n

3
=3 e
92022 Ori

(H)pp

and
(H*)pm = / V(0% + S(0))(N(0))pmpr(do) — (H)pm,
Rl‘l
_ 3%v
B /Rn 02,0z
sin(op) sin(om)
apamGO(qp)GO(Qm)

noq 33y )
" T35 a5 (067 anap sin
/R” ; 3! 321‘32,,82,,,( )0, i Amap Sin(om)
sin(oy) sin(om)

apamGO (qp) GO (Qm)
3

(H)pm+z3 . )67 — (H)pm

(0)apan, sin(op) sin(oy,)

u(do)

x sin(op) u(do) — (H)pm

n PE N
= % ()b,
i=

; 02;02,0z

This together with (B.15) gives

ZZW’ cla? + [0(a/*) xn,

i=1 j=1

(B.18)

where Wi is an x n matrix defined by

Wik = 83—”(0)

ik 8zi0zjdz
By (B.5), we have I'%¢ = (H%® 4 H)™!
n)~! — H1
(H711:1f‘e)2—
that

Vi,j, andk € {1,2,...,n}. (B.19)

] —H™' = (HH'HP +
= (H'HM* + D7' = DH™! = (=H7'H* +
(H7'H*®)3+ .. )H~ 1. This together with (B.18) gives

n n
=3 > H'WHcia? + [0(|a*)Tna.

i=1 j=1

(B.20)
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Thus by (B.15), (B.2), (B.20), (B.18) and (B.17), we obtain the
equilibrium of the average system as (59)-(63).
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