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Non-C? Lie Bracket Averaging for
Nonsmooth Extremum Seekers

A drawback of extremum seeking-based control is the introduction of a high frequency
oscillation into a system’s dynamics, which prevents even stable systems from settling at
their equilibrium points. In this paper, we develop extremum seeking-based controllers
whose control efforts, unlike that of traditional extremum seeking-based schemes, vanish
as the system approaches equilibrium. Because the controllers that we develop are not
differentiable at the origin, in proving a form of stability of our control scheme we start
with a more general problem and extend the semiglobal practical stability result of Mor-
eau and Aeyels to develop a relationship between systems and their averages even for
systems which are nondifferentiable at a point. More specifically, in order to apply the
practical stability results to our control scheme, we extend the Lie bracket averaging
result of Kurzweil, Jarnik, Sussmann, Liu, Gurvits, and Li to non-C? functions. We then
improve on our previous results on model-independent semiglobal exponential practical
stabilization for linear time-varying single-input systems under the assumption that the
time-varying input vector, which is otherwise unknown, satisfies a persistency of excita-

tion condition over a sufficiently short window. [DOI: 10.1115/1.4025457]

1 Introduction

1.1 Motivation. The extremum seeking (ES) method, a real-
time non-model-based optimization approach, has seen significant
theoretical advances during the past decade, including the proof
of local convergence [1], with extension to semiglobal conver-
gence [2]. The method has also been extended to state constrained
systems [3], decentralized control systems [4], and gradient climb-
ing in formation [5]. Recent work by Diirr et al. [6], where an
innovative combination of certain Lie bracket-based averaging
results of Gurvits and Li [7-9] was combined with results of
Moreau and Aeyels [10], provided a technique for Lyapunov func-
tion based ES analysis. By employing a modified ES scheme for
minimization of a known Lyapunov function for an unknown sys-
tem, the problem of model-independent semiglobal exponential
practical stabilization as well as ultimately bounded trajectory
tracking for any linear time-varying single-input system was
solved [11-13].

Extremum seeking has been used in diverse applications with
unknown/uncertain systems [14—18], such as steering vehicles
toward a source in GPS-denied environments [19-21], active flow
control [22,23], aeropropulsion [24], cooling systems [25,26],
wind energy [27], photovoltaics [28,29], electromagnetic valve
actuation [30], human exercise machines [31], controlling Toka-
mak plasmas [32], PID gain tuning [33], enhancing mixing in
magnetohydrodynamic channel flows [34], beam matching [35],
axial flow compression [36], and laser pulse shaping [37].

One of the main limitations faced by all extremum seeking
schemes is the presence of a persistent controller-induced pertur-
bation term which prevents even stable systems from settling at
their equilibrium points. In this work, by introducing a nonsmooth
ES scheme we are able to reduce the introduced perturbations as
the system settles toward equilibrium.

1.2 Results of the Paper. We start by extending the semiglo-
bal practical stability result of Moreau and Aeyels [10], to develop
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a relationship between systems and their averages even for sys-
tems which are nondifferentiable at a point. Next, we consider the
general Lie bracket averaging result of Kurzweil, Jarnik,
Sussmann, and Liu [38-40], which unlike the results of Gurvits
and Li, are not artificially constrained to periodic systems. We
extend these averaging results to non-C* vector fields. We then
develop non-C? ES-based controllers which achieve the same sta-
bility results for the same family of systems as in Refs. [11-13].
Our newly developed controllers allow a system to settle at its
equilibrium point if it is ever reached, removing the always pres-
ent perturbation of typical ES schemes.

In extending the results of Moreau and Aeyels [10], in Theorem
1 we consider systems of the form

X =f(x1) M
X =f"(x,1) @

where the original system f*(x,7) : R" x R — R”", for a fixed
time s is only assumed to satisfy f*(x,s) € C*(R"\B), for some
subset B C R", while the averaged system satisfies f(x,s)
€ C*(R"), where C?(X) has the usual meaning of being twice
continuously differentiable over the domain X. We first establish a
practical stability result relating the stability of the averaged sys-
tem (1) to that of system (2). Our stability result is based on the
two systems satisfying a closeness of trajectories property, that is
the property that, if for any given distance A and time length T
there exists some & such that, for all ¢ € (0, &), whenever the tra-
jectory of system (2) is outside of the set B, this trajectory is
within A of the trajectory of the averaged system (1). We show
that if the two systems (1) and (2) satisfy such a closeness prop-
erty then the convergence of (1) to the set B implies the practical
convergence of (2) to the same set.

Having extended practical stability results for nondifferentiable
systems we consider, for r € [0, 1), systems and controllers of the
form

x=A(t)x+B(f)u 3
u = o/ cos(wt)||x||” — % Vo sin(or)|x]|* “4)
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which give us the same C* Lie bracket averaged systems as in
Refs. [11-13]

¥ =A% — kaB(1)BT (1)%, %(to) = x(to) 5)
for which we have proven practical stability results for r=0 in
Ref. [11].

Recognizing that these new controllers, (4), for almost all val-
ues of r, are not differentiable at the origin, we are motivated to
extend the result of Kurzweil, Jarnik, Sussmann, and Liu [38—40]
to non-C* functions in order to prove a closeness of trajectories
property, with which we establish the extended practical stability
results of Moreau and Aeyels [10].

In what follows we consider, for open sets B C R", systems of
the form

x=f(x1)+ zn:ﬁ(x, Nuir(t), x(0) =xo 6)

where the functions f(x,7): R" x R — R", fi(x,r): R" x R - R",
u; (1) : R— IR,k €N are continuous, continuously differentiable,
and bounded over compact sets D = R"\B. Furthermore, all func-
tions are bounded relative to #, that is, for any such compact set D,
all functions are bounded over the set (x, ) € D x [0, o). Further-
more, the integrals of the functions u; () satisfy, for all ¢,

fo+t
uir(t)dt — 0 uniformly as k — oo

Uir(t) = J

fo

and for any 7 >0, there exists measurable functions /;;(r) :
[0, 70 + T] — R such that for all z € [to, o + 7]

t

t
lim J ujp(t)Ujp(1)dt = J /ij(t)dt, uniformly

k—o0 fo fo

We show, as in Refs. [38—40], that the two systems satisfy the
property that for any #y, T > 0 and J > 0, there exists &* such that
for all k > k*,Vt € [to, to + T for all x(r) € D, the sequence of
solutions of (6) satisfies a closeness of trajectories property with
the trajectory of

)%:f(f, l) — Z/lw‘(l‘) 6]‘;(‘(;; t) j()f7 l‘)7 )Z(O) = Xo (7)
ij=1
namely
max _[lx() — ¥0)]| < 0 ®)

(x,r)eDx[tg,t90+T)

In Theorem 4, by utilizing the condition (8), we apply Theorem
1 to relate the stability of the origin of system (7) to the practical
stability of system (6). In Proposition 1 and Theorem 5, we utilize
Theorem 4 in order to establish practical stability results of scalar
and vector LTV systems respectively, utilizing the nonsmooth
controllers.

We consider systems which are not assumed to be globally C?,
but only in C?(D), for some D C R". We show that even if a sys-
tem’s trajectory leaves D at some time ¢ € [to,fp + T] at which
time it may no longer be well defined, and therefore, we can
no longer associate with it an averaged system, the averaging
relationship is re-established with the same choice of ¢* once the
system’s trajectory re-enters D. This allows us to develop non-C>
controllers which achieve the same stability results as in Refs.
[11,12], but have the advantage that control effort settles to zero
when the system reaches equilibrium.

In the case that the average system (7) is approaching a single
point, B = {p} we extend the averaging result of Moreau and
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Aeyels, [10, Theorem 1] which state that if p is an asymptotically
stable equilibrium point of (7) then in a sense p is also an equilib-
rium point of (6).

1.3 Organization. In Sec. 2, we define forms of semiglobal
practical boundedness inspired by the definitions of Moreau and
Aeyels [10] which will be utilized in Sec. 5 for stability results. In
Sec. 3, we prove our main averaging results for systems which are
not differentiable at a point. In Sec. 4, we prove our main Lie
bracket averaging results and apply them, together with the results
of Sec. 3 to prove practical stability results for a class of Lie
bracket averaged systems which are not differentiable at a
point. In Sec. 5, we apply our results to a family of linear time
varying systems and in Sec. 6 demonstrate, through simulation,
the superiority of the non-C? controller over typical C* ES-based
controllers.

2 Background on Semiglobal Practical Uniform
Ultimate Boundedness

We start by making the following definitions similarly to
Moreau and Aeyels [10]. In what follows, given a system

X :f(xv [) (9)

W(t,t0,x0) denotes the solution of Eq. (9) which passes through
the point x, at time .

DEerNITION 1. Global uniform asymptotic stability (GUAS): An
equilibrium point of Eq. (9) is said to be GUAS if it satisfies the
following three conditions:

Uniform  Stability: For every ¢, € (0,00) there exists

¢1 € (0,00) such that for all ty € R and for all xo € R" with

ol <1

(1,10, x0)|] < c2 Vi€ [t9,00)

Uniform Boundedness: For every ¢ € (0,00) there exists
¢z € (0,00) such that for all ty € R and for all xo € R" with
ol < e

(2,10, x0)|| <2 V1 € [t0,00)
Global Uniform Attractivity: For all c1, ¢y € (0,00) there exists
T € (0,00) such that for all ty € R and for all xo € R" with
ol < 1,

(2,10, x0)|| < c2 Vi€ [tg+T,00)
In conjunction with Eq. (9), we consider systems of the form

x=ft(x,1) (10
whose trajectories are denoted as y° (7, 7, o).

We then define the following forms of stability for system (10).

DErINITION 2. e-Semiglobal practical uniform ultimate bounded-
ness with ultimate bound 6 ((&,0)-SPUUB): The origin of Eq. (10)
is said to be (&,0)-SPUUB if there exists 6 > 0 such that the fol-
lowing three conditions are satisfied:

(&,0)—Uniform Stability: For every ¢, € (0,00) there exists

¢ € (0,00) and & € (0,00) such that for all ty € R and for all

xo € R" with ||xo|| < ¢1 and for all ¢ € (0,8),

W (t,10,x0) || < ca Vit € [t0,00)

(&, 0)—Uniform Ultimate Boundedness: For every c, € (0, 00)
there exists ¢; € (0,00) and & € (0,00) such that for all ty € R
and for all xo € R" with ||xo|| < ¢1 and for all ¢ € (0,)

HW(E [07x0)H < Yt S [lo,OO)
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(&,0)—Global Uniform Attractivity: For all c¢y,c; € (0,00)
there exists T € (0,00) and & € (0,00) such that for all 1y € R
and for all xo € R" with ||xo|| < ¢1 and for all ¢ € (0,)
W8 (t, 10, x0)|| <2 Vt€tg+T,00)

DEerINITION 3. ¢-Semiglobal Practical Uniform Asymptotic Stability
(e-SPUAS): The origin of Eq. (10) is said to be e-SPUAS if it is
(&,0)-SPUUB for all 6 > 0, in which case all of the conditions
of Definition 2 are replaced with a lower bound of 0 on ¢, instead

of 0.

3 Averaging for Systems not Differentiable at a Point

Throughout the paper, we use the standard notation for a ball
or radius O centered at a point y € R":Bs(y) =B(y,9)
={xeR":|x—y| <8} Foraset S C R", by § we denote the
closure of S, such that every convergent sequence of points
{s} €S has a limit point in S, in particular: Bs(y)
—B(,0) = {xe R": [x—y| < 6}.

We start with a definition relating the trajectory of a system
with the trajectory of its average system on a given set. The moti-
vation for this definition is to perform analysis of a system which
is only C? on a subset of R”. We want to prove stability results
about the original system by relating it to the averaged system,
which is C? on all of R".

DerFINITION 4. A-Convergence of Trajectories on a set Q (A-CT
on Q): For any A>0 and any set Q C R", the trajectory
V(t to,x0) of system (9) is A-CT relative to the trajectory
W (t, 19, x0) of system (10) on Q if for any xo € Q,1y € R* and
any T >0 there exists & such that for all ¢ € (0,¢"), for all
1 € [to, 1o + T for which *(t, g, x0) € Q

([ (2, 20, x0) = ¥* (2,0, %0) || < A (1n
uniformly with respect to t.

Remark I. The order of terms is important in Definition 4. Say-
ing that the trajectory of system S; is A-CT relative to the trajec-
tory of system S, on some set Q places an emphasis on the second
system, S, relative to which S| must satisfy the said property (11)
only when the trajectory of S, is within Q. At times when the tra-
jectory of S5 is not contained in Q the definition does not guaran-
tee any relationship between the trajectories of S; and S,.

THeEOREM 1. Consider the systems

X =f(x1) (12)

*=f(x,1) (13)
whose trajectories, passing through the common point x, at
time ty are denoted, respectively, as (t,ty,x0) and (1,19, xo).
Consider functions f and f* such that for every fixed s € R,
flx,s) € CHR") and f*(x,s) € C2(R"\{0}). If, for all § >0,
v(t) is A-CT vrelative to Y°(t) on D =R"\B(0,0)
={x € R":|x| > 0}, then if the origin is a GUAS equilibrium
point of system (12), it is also a ¢-SPUAS equilibrium point of
system (13).

Remark 2. The following proof is similar to the approach of
Moreau and Aeyels in their proof of [10,Theorem 1].

3.1 Proof of (g 4)-Uniform Stability. For the given J > 0,
for any ¢, € (6,00), choose A € (0,c;). Because the origin of
system (12) is Uniformly Stable, there exists ¢; € (0,00) such
that V7o € R and |/(1p)] < ¢

W (2 t0,x0)|| < c2— A, Vre [ty,00) (14)
(note that by Eq. (14), ¢; < ¢2). Because the origin of system (12)
is Globally Uniformly Attractive there exists 7 € (0, c0) such that
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(2, 10,x0)|| <c1—A, Vi€ ltg+T,00) (15)
We choose A; € (0,min{A,c;}), because the trajectory y(r) is
Ay-CT relative to y*(r) on D, for T > T there exists & such that
for all & € (0, ), for all ¢ € [ty, 70+ T] for which |[y*(1)|| > 0,
() —*(r)|| <Ay  Therefore, for all |[y“(n)] < ci,
Vi € [to,to + T), for which [[/*(¢)|| > &, by Eq. (14)

WO < W@ =y @O+ VO <A+ 2 -A< e

When (1) is not in D
t=ty+T <ty+T,byEq.(15)

then [[Y'(7)]] <0 <ca. At

[ (o + T)|| < [ (to +T) = (to +T)|| + [[Y(t0 + T)||
<M +c—A<c <o

and therefore, by Eq. (14) we can repeat the above argument,
extending the time interval indefinitely. Therefore, for all
2 € (0,00) there exists & and ¢; such that for all ¢ € (0,%,), for
W (20)|| < c1,Vt € [to,00), [[Y*(2)]| < c2, which proves that the
origin of Eq. (13) is (&, 0)-uniformly stable.

32 Proof of (g4)-Uniform Ultimate Boundedness.
Because the origin of system (12) is uniformly bounded, for every
c1 € (0,00) there exists ¢, € (0,00) such that V¢ € R and
[lx(to) | < e

W ()| < ¢, Yt e [ty,00) (16)
Choose A; > 0 and define ¢, as ¢; = ¢; + A. Again, because the
origin of system (12) is globally uniformly attractive there exists
T € (0, 00) such that

W@ <ci—A Vtetg+T,o0) 17
We choose A, € (0,min{Ay,cy,c2}),¥(t) is Ay-CT relative to
¥ (t) on D, and therefore for any T > T there exists & such that
for all & € (0,&), for all ¢ € [ty, 19+ T] for which |[y*()|| > 0,
Wi (t) — y(1)]] < Ar.  Therefore, for all |[[y(to)] < c1,Vt

€ [to,to + T), by Eq. (16)
WO < 10 =N + WO < Ax+ 6 < e
Atr=1ty+T < 1o+ T, by Eq. (17)

W (o + T < (00 +T) — (b0 + T)|| + Y10 + T)]|
<A2+Cl *A] < <

and therefore, by Eq. (16) we can repeat the above argument,
extending the time interval indefinitely. Therefore, for all
W (t0)|| < ci, there exists & and c¢p, such that for all
e € (0,&),Vr € [ty,00)

WOl < e2

which proves that the origin of Eq. (13) is (&, d)-uniformly ulti-
mately bounded.

3.3 Proof of (g d)-Global Uniform Attractivity. Choose
any ¢; € (0,00),¢; € (6,00), and Ay € (0, ¢). Because the origin
of system (12) is uniformly stable, there exists ¢; € (0,00) such
that V7o € R and ||y (1)]| < ¢1,

W ()| < co— Ay, Vet 00) (18)
Because the origin of system (12) is globally uniformly attractive
there exists T € (0, 00) such that for all #p € R and |{/(19)| < ¢,
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— A}V € [to+ T, 00)

[l < min{c; — Ay, ¢ (19)

We choose A, € (0,min{Ay,c1,¢é1}),¥(t) is Ax-CT relative to
W*(t) on D, and therefore for any 7 > T there exists & such that
for all & € (0,2), for all ¢ € [ty,to + T] for which |[y*(r)]| > 9,

W (0) = (D) < A
Therefore, for all ||/*(to)|| < c1, V1 € [0, +T) by Eq. (18)
e < (o) —

Att=1y+T < to+T, by Eq. (19)

YOI+ IOI <M+ — A <

1W*(t0 + DI < (1o +T) = (i + Dl + Y(10 + T)]|
< Ay +min{c; — A, ¢, — A} <min{cy, ¢}

and therefore, by Eq. (19) we can repeat the above argument,
extending the time interval indefinitely. Therefore, for all
e (t0) || < c1, Ve € (0,8),Vt € 1y, 00)

WO < 150 =N + WO < A+ 2 = Ay <3

which proves that the origin of Eq. (13) is (g, d)-Globally
Uniformly Attractive. By choosing & = min{¢,, &, &} the origin
of Eq. (13) is (e, 0)-SPUUB. Because, the choice of 6 > 0 was
arbitrary, by definition, the origin of Eq. (13) is e-SPUAS.

Remark 3.Theorem 1 extends to a nondifferentiable point the
results of Moreau and Aeyels, [10, Theorem 1] which state that
if p is a GUAS equilibrium point of Eq. (13) then p is also an
&-SPUAS equilibrium point of Eq. (12).

4 Lie Bracket Averaging for Systems Not
Differentiable at a Point

We have established in Theorem 1 a stability relationship
(GUAS— ¢-SPUAS) between two general systems (12) and (13).
We now apply this result to a more specific class of systems. We
start by recalling the Lie bracket averaging results of Kurzweil,
Jarnik, Sussmann, and Liu.

4.1 Averaging Results of Kurzweil, Jarnik, Sussmann, and
Liu. Theorem 2. For T € [0,00), and a compact set K C R",
consider the differential equation (without loss of generality, we
assume that ty = 0, the result holds uniformly with respect to
o € RY)[38-40]

E=f0) + > filx Dui(t),  x(0) =xo (20)
i=1

where the functions f(x,t) : R" x R — R",  fi(x,r) : R"
xR — R"ur(1) : R - R,k € N are continuous and Lip-
schitz, of bounded variation with respect to t, and Df;, D*f;,
(0f:/0), (0 0t)Df;, (3/0f)D?f;, are continuous and bounded,
where D = (9/0x).

If the functions u;;(t) are continuous, they each converge
weakly to 0, and their integrals satisfy

!
Uii(t) = J u;r(t)dt — 0 uniformly as k — oo
0

@n

and there exists measurable functions 2A;;(t) : [0,T) — R such
that for all s,t € [0, T)

t rt
lim J uj k(1)U (t)de :J Zij(t)dt, uniformly  (22)
0

k—o0 Jo

S 1
\Uik(t) = Uir(s)| < Lolt —s|°, 0<d< 5 (23)
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[ @ [viate) -

0

Ui(s)]dt| < Lyl —s| (24)

where 1 — 6 <y < 1. Then, for all t € [0,T] such that solutions
exist, and x € K, the sequence of solutions of Eq. (20)

X (1) = x0 + J; (f(xk, 7) + Zn:f,-(x/<7 r)u,-,k(r)>dr (25)
=1

converges uniformly with respect to &, over (x,¢) € K x [0,7] to
the solution X(¢) satisfying

Zﬂ,, (Dfi(x

><|

(26)

0% 1), X(0) = x0

COrOLLARY 1. For T € [0,00), and any compact set K C R" such
that the functions f(x,t),fi(x,t) satisfy the assumptions of Theo-
rem 2, for any v, 0 > 0, there exists M such that for all k > M, the
trajectory x(t) of the system

— flx,1) + Z il 1) (ki) cos (ki) )
— zn: gi(x, 1) (kk;)” sin ((kk;)z"t>
i=1

and the trajectory X(t) of the system

@7

F= £ - 23 [0, 550

i#

(28)

satisfy the convergent trajectories property

max () —

®0)] <o (29)

where k € IN, k; € R such that k; #* lgj, and

5f

[fi(x, 1), g;(x,1)] = 8g’f - (30

Proof. All of the conditions of Theorem 2 are satisfied with

wig = (kk;)” cos((kkf)z"t), Uii(t) = sin((kk:)?1),

(kk)
iy = —(kk,-)”sin((kk,-)z”z), Uin(r) = z k @ cos((kk;)>1)
with
1 . . ..
E : mixed terms M,‘_’kUj‘k, Lt,*‘kUj#k st.1=
4/ =9 0: mixed terms uirUjg, ligUjp st i #j G
0: all non-mixed terms u; Uy, ﬁf,kUj,k

4.2 Extended Lie Bracket Averaging. We start by establish-
ing the convergent trajectories property between a system that
may not be everywhere differentiable and its Lie bracket averaged
version.

TueoreMm 3. Given functions b;i(x,1) € C*(R" x R") and
bi(x,1) € C? (R"\{0} x RT), consider for x # 0 the collection of
systems

X = i bi(x, 1)i; () + i: bi(x, 1)iii (1, 0) (32)
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where the functions {I/Aliﬂk (1) } ren Satisfy the conditions of Theorem
2. Consider also the Lie bracket averaged system

)._C = Z bi(/ﬁ t)l/_li(t) + Z [Bhb}] (X, l‘)/l,‘J(l‘),)?(to) = x(to) (33)

i#]
where
DT e 81;_,'()?, t) oy 78[51’()?, I) e
[b,, /} (¥,1) = 0% bi(x,1) % /(X:t)

and the functions 2;j(t) are as in Eq. (22), such that the average
system is twice differentiable, with [b;, bj](x) € C*(R" x R").
Forany R >r > 0and A > 0, the trajectory of system (33) is A-
CT relative to the trajectory of system (32) on the closed annulus
Br(0)\B,(0) = {x € R": r < |x|| <R}.

Proof. For given values of r and R let D = Bz(0)\B,(0). For
x(t9) € D, we define the Lie bracket averaged system

X = Zb,-()?l,l)ﬁ,-(t) + Z [bi bj) 2ij(t),  Xi(to) = x(to) (34)

and exit time 7, = infte(m‘mﬂa] {x(¢) or x,(r) ¢ D}. By Theorem 2,

there exists £*, which depends only on R and r, such that for all
k > k*, we get the bound

() — 1 ()] < A, Vi€ f,te,) (35)
If the trajectory x(¢) of the system stays outside of D for all
te [zel Jto + ﬂ we can say nothing else and we are done. If on the
other hand, the trajectory of x(f) re-enters D at time fg,
€ (fe”l‘o +T], then there exists a second exit time,
te, = infre(tml,rwf] {x(¢) or x(r) ¢ D} and a second Lie bracket

averaged system X, (¢) such that %, (t, ) = x(f, ) and

%o = Dbl a(0) + 3 [bi ) (1)

i

(36)

We note that the existence of k£* above is independent of #.,, as it
depends on the supremum over the entire compact set to which
our analysis is confined, D X [to,to + T}, and therefore, for all
k> k*

|x(t) = % (1) < A, ViE [tre,ste,) 37
Therefore, there exists a possibly infinite set of times {t, , f, }, at
which either one of x(¢) or X, ,(f) exit and then x(r) possibly
re-enters the set D as

te, = inf {x(t) or X, (¢t) & D}
1€ (’wmq Am+TA]

{x(t) € D}

te, = Mmin
ey .
1€ (tep t0+T]

and at each such re-entrant time, f., , there exists a Lie bracket
averaged system X, (¢) such that X, (tre, ,) = X(tre,, ,) and

S = Y bi(%n) (1) + Y b, by (B )i (1) (38)
i i#
which satisfies that for all £k > k*
[x(1) = Xn(0)] <A, VtE [te, ,te,) (39

Therefore, by definition, for any ¢ € [to, fo + T] such that x(r) € D
there is some m such that 7 € [, ,,%,) and there is an average
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system X, (7) such that |x(f) — X, (f)| < A. Therefore, for each
1 € [to,to + T such that x(r) € D, the function

X(1) = Xp(t), st t € [tre, |, le,) (40)
satisfies the dynamics
X =Y bi®m om0+ [bibi]2ig(0), x(to) = x(r0) (A1)

i#j

and furthermore, for all ¢ € (0,¢*), for every 7 € [1‘0, to + ﬂ s.t.
x(1),x(r) e D

Ix(#) = (D) = [Ix(1) = (D)l <A 42)

and therefore, the trajectory of system (32) is A-CT relative to the
trajectory of Eq. (33) on the compact set Bz(0)\B,(0).

Having established the convergent trajectories property we now
present our main result regarding Lie bracket averaged systems.
_ Tueorem 4. Given functions b;(x,t) € C*(R" x R") and
bi(x,1) € C*(R"\{0} x R™), consider for x # O the system

ny

=3 bt (o) + % S b, )i (1 3)
i=1 i=1

where each ii;(t) and all {ﬁfsk(t)}keN are bounded as functions of
t and there exist function 4;j(t) satisfying the conditions of Theo-
rem 2. Consider also the Lie bracket averaged system

X= sz’(f> N (t) + Z [};i»];j] (x,1)2i(1), ¥(t0) = x(t0) (44

i)

Assume that [l;,-,l;j] (x,1) € C*(R" x RY), namely, assume that
the average system (44) is smooth despite b;(x,t) being possibly
nondifferentiable at the origin. If the origin of Eq. (44) is GUAS
then the origin of system (43) is e-SPUAS, where ¢ = (1/k).

Proof. Due to the origin of Eq. (44) being GUAS, for any
R >0, there exists R, such that for all x(0) =x(0) € Bg(0),
X(r) € Bg,(0) for all t. By Theorem 3, we have that for any such
R, and any ¢ > 0 the trajectory of system (44) is A-CT relative to
the trajectory of Eq. (43) on Bg,.5(0)\Bs(0) = {xe R":
0 < ||x|| £ R, + 6}. Therefore, for any such 6 > 0, and for any 7,
there exists & such that for all &€ (0,¢) and any
x(0) € Bg(0)\B;(0), for all ¢ such that x(r) € Bg,+5(0)\Bs(0)

max
te [m ,m+f]

Ix(#) = x(5)l| < &

In particular, for all x(0) € Bg(0)\Bs(0)

max |lx(r)[| = max _|[lx(r) —x(z) + x(1)||
ze[rg,rOJrT} l€[lg,lg+T]
< max x(t) —x(@)|| + max [Ix(1)[| (45)
fe[tn,tn+T] tE[[n,t()+T]
<0+R;

where the last inequality holds due to the origin of Eq. (44) being
GUAS. Therefore, trajectories x(f) starting in Bz (0)\Bs(0) can
only leave the set Bg,.5(0)\Bs(0) through the inner boundary
|lx|| = 0. Because the value of R may be chosen arbitrarily large,
by Theorem 1, applied to Bg,s5(0)\Bs(0) the origin of system
(43) is (&,0)-SPUUB. Because the choice of § may be made arbi-
trarily small, the origin of system (43) is e-SPUAS.
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5 Application for Stabilization

5.1 Non-C> Control for Scalar Linear Time-Varying
Systems. Before, we state our n-dimensional linear results we
introduce the notation

s+A
(Z)(s5) 2 ﬂ Z(x)de 46)

for Z:R — R, and note that, for any column vector
B,BB” < ||B|’I.
ProposITION 1. For r € [0, 1), consider the system
x=a(t)x+ b(t)u (47)
-k L,
u = ay/w cos(wt)|x|” — 1\/6 sin(awr)|x[*™ (48)

—r

and let there exist A > 0,y > 0,a, > 0, and T > 0 such that a(t)
and b(t) satisfy

1 s+A
KJ P (t)dt > By, Vs >T (49)

s

(laha(s) < aw, ¥s>T (50)

If koo > (a./Py), then the origin of Eq. (47), Eq. (48) is (1/w)-
SPUAS with a lower bound on the average decay rate given by

Y, = kofy—a. >0 (5D

Proof. System (47), (48) in closed loop form is

(Dkv/a@

% = a(t)x + b(t)a/w cos wt|x|” — b ] sin(wn)|[x*" (52)
—r

which is C* on R"\{0} and has a Lie bracket average

¥ = [a(t) — kab*(t)]x (53)
which in [11, Proposition 1] was shown to exponentially converge
to the origin. Therefore, by Theorem 4 and Corollary 1 we con-
clude that the origin of Eq. (47), Eq. (48) is (1/®)-SPUAS. The
decay rate is calculated as in Ref. [11].

5.2 Non-C? Control for Vector Valued Linear Time-Varying
Systems
THEOREM 5. For 1 € [0, 1), consider the system

&= A()x + B(Hu (54)
4 = an/a cos(d)|x|] — ’1“/5 sin() x> (55)

—r

where x € R"Ac R™ BecR" ucR, and let there exist
A>0,b,>fy>0,a, >0, and T >0 such that A(t) and B(t)
satisfy

1 s+A

ZJ B(1)BT(t)dt > Bol, Vs>T (56)
(IBI?) (s) <b., V¥s=0 57
<|IAH2>A(S) <a, Ys>0 (58)

The origin of system (54), Eq. (55) is 1/w-SPUAS with a lower
bound on the average decay rate given by
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1 1
R=—|In{-) —79,| — a,
A {n(y) /2} a, >0 (59)
where
kaAB,

=1-— > 60
! 1 + 2k202A%b2 ©0)

4kaA’b,
7 = 1)

1 + 2k262A%h2

under either of the two conditions

@) Given ko > 0 and A > 0,a, is in the interval (0,a,),

where
1
ln (T)
a, = i (62)

/ 1
A+ Az—i—yzln(;)

(ii) For a given a,, the window A satisfies A € (0,A),

where
Al min{A, A, } (63)
=——mi
N 1,82
where
" 2v/2b,
2 \2v2b, - By
AN=————~ (64)
1+ VA
b,
2+/2b,
S PR T (el
_ 2\/5[7* - ﬁo
A, = 65
2 7 (65)
and ko > 1 is selected such that
ko € ( ! ! +M(a,, by, f A)) (66)
2V2Ab, 2/2Ab, nemn
where
\/ﬁé — 8h2 [1 - e*ZAW‘W—i)] ’
M= >0 (67)
8AD? [1 - e—ZA(W‘TT)}
Proof. The closed-loop system (54), (55) is given by
% = A(f)x + B(t)a/o cos(wt) ||| — w Vo sin(awr)||x|]*"
_r
(68)
which is C* on R"\ {0} and has a Lie bracket average
¥ = A(1)X — kaB(r)BT (1)% (69)

In [11, Theorem 2], the exponential convergence of Eq. (69) to
the origin was proven. Therefore, by Theorem 1 and Corollary 1,
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Fig. 1 In application of both r =0.5 and r= 0 controls, initially

the trajectories of (70) are very similar and so are the control
efforts. The advantage of the r = 0.5 controller is evident as the
trajectories approach the origin. For r=0, the «,/® cos(wt) term
persists, which shows up in both a persistent control effort and
in the system’s inability to settle at the origin, which for
|x(t)] < 1 settles to a steady state of x(t) ~ («/\/o) sin(wt), in
the r = 0.5 case both |x(t)| and control effort settle to zero.

the origin of Eq. (54), Eq. (55) is (1/w)-SPUAS. The decay rate is
calculated as in Ref. [11].

6 Comparison With C> Controllers

6.1 Scalar Linear Time Varying System. We simulate and
compare the performance of the system

x = sin(107)x + cos(10f)u, x(0) =1 (70)
r k . 2—r
u = an/o cos(wt)|x|" — 1= Vosin(of)|x| (71)
with r = (1/2), in which case the control is given by
U = av/w cos(or) |xF — 2kv/o sin(or) |x[} (72)

with the performance of the same system in which =0, in which
case the control is given by
u = a/w cos(wr) — ky/w sin(wt)|x|* (73)
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Fig. 2 As the trajectory of system (70) with the r = (1/2) control-
ler approaches the origin the control effort also approaches zero

In both cases, we choose control parameters k£ = 10,0 = 0.5,
o = 100.

The first 3s of the simulation results are shown in Fig. 1. In
Fig. 2, the last second of simulation is shown where both the state
and control effort for system (70) with the » = 0.5 controller have
converged toward zero, while the trajectory of the same system
with =0 control experiences persistent oscillations.

Remark 4. For the simulations shown here, in the » = 0.5 case,
a zero forcing condition {If x| < 1078, x = 0} was implemented
to force the trajectory x(#) to reach the origin, without which nu-
merical limitations of the simulation never let x(#) actually reach
zero, it will always jump through zero, causing a discontinuous
jump of the derivative (z). This was confirmed by the zero forc-
ing condition {if |x| < 1073°,x = 0}, in which case the system
never settled at the origin.

6.2 Two-Dimensional Linear Time Varying System. We
compare the C? and non-C? controllers’ performances for a 2-
dimensional system. Consider a velocity actuated mobile robot
attempting to reach the position (x,y) = (0,0), which is the top of
a hill with height z(x,y). The robot’s dynamics are described by
the following system of differential equations:

0z(x,y)

mi = —mg—gr=— bx + cos(0)u(r) (74)
my = —mg%);y) — by + sin(@)u(t) (75)
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0= u (1) (76)

where m is the mass of the robot, g is gravitational acceleration
near the earth’s surface, 9.8(m/s?), and b is the coefficient of fric-
tion. We consider a case of a vehicle that is light compared to the
friction coefficient (in a nondimensional sense), i.e., m < b and
the hill is steep. We rewrite the vehicle dynamics as

. m. mgdz(x,y) cos(0)

TV o p 0 an

. m. mgdz(x,y) sin(0)

e S S L) (78)
0 = u(1) (79)

we consider a situation in which the angular velocity actuator
up(r) has failed and is stuck at an oscillation frequency of
27 x 10(radians/second), namely, 10 Hz, and therefore, the vehi-
cle has to be stabilized to the origin using the forward velocity
input u(¢) only. We consider an example where the height of the
unknown terrain is given by

10 (3 3
Z(x,y)=157ﬁ<f 2+2+4y>

(all position dimensions in meters), as shown in Fig. 3. If, the
vehicle mass and friction coefficient are given by m = (1/10) kg,
b =10 (kg/s), the robot’s dynamics (77), (78) are given by (with
¢=10~9.8)

.1 . 10z(x,y)  cos(0)
R T LTI P TR 80)
——
d
.1 . 109z(x,y)  sin(0)
Y= 71000 710 oy 0 "0 1)
d
2

The terms d; and d, are small, therefore, a good approximation of
system Eq. (80), Eq. (81) is given by the nonholonomic system

Mt | M e e

0 =20n

(82)

Fig. 3 The trajectory (x(t

), y(t)) |s shown superimposed on a
hill with height given by z(x,y) =1

5-B@x+7+ir)
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As expected, due to the robot’s position on the side of a hill, the
system is open loop unstable, which is confirmed by the position-
dependent perturbation given by % { (1)2 (1)2} [ﬂ , the eigenval-
ues of which are 0.2 and 0.1.

Remark 5. The system considered in this example is a general-
ization of the type of system considered in Ref. [21] for nonholo-
nomic source seeking, w1th the cost function being minimized
given by J(x,y) = || (x,y)||* and with the addition of the destabi-
lizing term Ax. Furthermore, in this case the control effort
decreases as the system approaches the origin.

Remark 6. We emphasize that this system is facing two uncer-
tainties, the first is an unknown terrain, z(x, y). The second uncer-
tainty is due to the velocity actuator’s failure. The vehicle is
unaware of its own orientation, which can be seen in the control-
ler’s lack of use of the value 0.

To cope with the described instability and uncertainties we
apply, to system Egs. (80) and (81), the ES controller

kv

u = o/ cos(wn)]|(x, )" — 37— sin(an)|(x, y)l|

2—-r

with r = 3, in which case the controller is

z,

u = /o cos(or)|(x,y)||F — 2kv/e sin(er) | (x, )|
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Fig. 4 |Initially, the trajectories are similar for both r=0 and
r=0.5.0nce (x(t),y(t)) is near the origin the steady state oscil-
lations due to the r = 0.5 controller’s input are greatly reduced
relative to those due to the r= 0 controller.
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Fig. 5 This figure shows the parametric view of the simulation
of system (82) under both control laws. A zoom in on the last
half second of the simulation clearly shows the benefit of the
new controller with r = % Even with the nonsmooth controllers,
the system may never settle to equilibrium at the origin, this
would only be achieved if x(f) and y(f) reached the origin
simultaneously.

and =0, in which case the controller is

u = a/ cos(wr) — kyv/asin(wr) || (x, )|

In both cases, we choose k=35a=20,0=100
(radians/second) ~ 16 Hz. In both cases, the system has initial
conditions x(0) = 1,y(0) = —1. Figure 4 compares the systems’
behavior over 5 s. Figure 5 shows vehicle position (trajectory) and
zooms in on the last half second, where the systems’ dynamics are
drastically different, due to the nonsmooth controller’s reduced
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Fig. 6 The initial effort of controller u is greater than that of u
due to the 2 k term, which dominates for large values of |(x, y)|.
The advantages of controller u are seen in the great reduction
of control effort once the system has reached a neighborhood
of the origin as seen here in the last 3 s of simulation.

dither near the origin. Figure 6 compares the systems’ control
efforts.

7 Conclusions

Our analysis extends the averaging techniques of Kurzweil, Jar-
nik, Sussmann, and Liu [38-40] to non-C? systems which allows
us to design non-C? extremum-seeking based controllers. The
advantage of these non-C> controllers is that their efforts settle to
zero if the system ever reaches its equilibrium and when the sys-
tem does not reach, but is within some small neighborhood of
equilibrium the control effort is reduced. We are able to stabilize
unknown, unstable, control direction-varying systems using time-
varying nonlinear high-gain feedback whose persistent oscilla-
tions are decreased relative to those present in typical ES control
schemes.
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