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Abstract

While the current robust nonlinear control toolbox includes a number of methods for systems affine in deterministic
bounded disturbances, the problem when the disturbance is unbounded stochastic noise has hardly been considered. We
present a control design which achieves global asymptotic (Lyapunov) stability in probability for a class of strict-feedback
nonlinear continuous-time systems driven by white noise. In a companion paper, we develop inverse optimal control laws
for general stochastic systems affine in the noise input, and for strict-feedback systems. A reader of this paper needs no
prior familiarity with techniques of stochastic control. €) 1997 Published by Elsevier Science B.V.
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1. Introduction

Despite major advances in robust stabilization of deterministic nonlinear systems achieved over the last
few years and reported in [6, 10] and references therein, the stabilization problem for stochastic systems is
yet to be addressed. While not as refined as their deterministic counterparts in [8], Lyapunov techniques for
stability analysis of stochastic systems do exist, see, for example, the classical book of Khas’'minskii [9] (see
also [11]). Efforts toward (global) stabilization of stochastic nonlinear systems have been initiated in the
work of Florchinger [3—5] who, among other things, extended the concept of control Lyapunov functions and
Sontag’s stabilization formula [16] to the stochastic setting. A breakthrough towards atriving at constructive
methods for stabilization of broader classes of stochastic nonlinear systems came with the result of Pan and
Basar [14], who derived a backstepping design for strict-feedback systems motivated by a risk-sensitive cost
criterion [1,7, 12, 15].

In this paper we design a backstepping control law which guarantees global asymptotic stability in proba-
bility. In contrast to the design of Pan and Basar [14], our design is fully systematic and its algorithm given
in Table 1 can be directly coded in symbolic software.

In a companion paper [2], we develop inverse optimal control laws for general stochastic systems affine in
the noise input, and for strict-feedback systems.

Before we start, we point out that we deal with nonlinear systems in which the equilibrium at the origin is
preserved even in the presence of noise because the noise vector field is vanishing at the origin. This means
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that we exclude linear systems with additive noise, that is, the reader should not expect to see LQG controllers
as a special case of our controllers. Clearly, in the presence of additive noise, which perturbs the equilibrium
at the origin, one cannot set Lyapunov-type stabilization as a goal but, instead, some form of input/output
stabilization (for example, achieving a bounded or minimal #> norm with respect to the noise as the input).
Control of stochastic nonlinear systems where the noise vector field does not vanish at the origin is the topic
of our future study.

Another preparatory comment of potential interest to the reader with technical expertise in backstepping
designs is that the Lyapunov function that we construct is not of the form ¥ =" z2 but of the form V' =3 z¢.
The quartic form is employed in order to handle some special terms in the Lyapunov analysis which arise
due to the It differentiation rule.

2. Preliminaries on stability in probability

Consider the nonlinear stochastic system
dx= f(x)dt + g(x)dw, (2.1)

where x € R" is the state, w is an r-dimensional independent standard Wiener process, and f:R" — R" and
g:®R"— R"™" are locally Lipschitz and satisfy

f(0)=0, g(0)=0. (2.2)

Definition 2.1. The equilibrium x=0 of the system (2.1) is said to be globally asymptotically stable in
probability if for any £ >0 and ¢>0,

lim P{sup |x(t)|>£}:0, (2.3)
x(tg)—0

t=1y

and for any initial condition x(¢),

P{[Ergcx(t)zo}zl. (2.4)

Theorem 2.1 (Khas’minskii [9]). Consider system (2.1) and suppose there exists a positive definite, radially
unbounded, twice continuously differentiable function V(x) such that the infinitesimal generator

v o1 Fei%
LVE)=5-f+3Tr {ngg} (2.5)

is negative definite. Then the equilibrium x =0 of (2.1) is globally asymptotically stable in probability.

3. Stabilization in probability via backstepping

In this section we will deal with strict-feedback systems driven by white noise. This class of systems is
given by the following nonlinear stochastic differential equations:

dx;=xip dt +;(F) T dw, i=1,...,n—1, (3.1)
dx, = udt + @u(%,)" dw, (32)

where X; = [x1,...,%]7, @:(X;) are r-vector-valued smooth functions with ¢;(0)=0, and w is an independent
r-dimensional standard Wiener process.

Remark 3.1. Even though the technique we present here is applicable to more general classes of systems
dealt with in [10] and other references (block-strict feedback systems with zero dynamics, output-feedback
systems, MIMO systems, systems with additional deterministic uncertainties, both static and dynamic, etc.),
we restrict our attention to (3.1) and (3.2) for clarity.
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In the standard backstepping method for deterministic systems [6] (where dw/d¢ would be a bounded deter-
ministic disturbance), a sequence of stabilizing functions «;(X;) is constructed recursively to build a Lyapunov
function of the form

n
1
v=>_ 3 (33)
7=l

where the error variables z; are given by z; =x; — o;—1(¥;—1). The Lyapunov design for stochastic systems is
much more difficult because of the term ;Tr{g"(3*¥/dx?)g} in (2.5). Pan and Basar [14] developed a design
based on quadratic Lyapunov functions which they modified by state-dependent weighting on the z;-variables,
where the choice of the weighting functions is left to the designer. The synthesis we present here is more
systematic and results in a simple design algorithm which can be coded in symbolic software. Our approach
in dealing with the inadequacy of quadratic Lyapunov functions is not to introduce weighting, but to employ
quartic Lyapunov functions

n
1
v=>" e (3.4)
i=1

The quartic form will allow us to handle the term 3Tr{g"(6*¥/6x?)g} more easily than in [14].

Our presentation of the backstepping procedure here is very concise: instead of introducing the stabilizing
functions «; in a step-by-step fashion, we derive them simultaneously. A reader who is a novice to the
technique of backstepping is referred to [10].

We start by several important preparatory comments. Since ¢;(0) =0, the o;’s will vanish at x; =0, as well
as at z; =0, where z; = [zl,...,zi]T. Thus, by the mean value theorem, o;(X;) can be expressed as

w(EF) =Y zi(%r), (3.5)

=1
where o;(x;) are smooth functions. We can now write ¢;(x;) as

i

Pi(X;) = Zkaik(fi) = Z 2k + 0 )Pa(F) = Dz (o), (3.6)

k=1 k=1 k=1

where @;(X;) and ¥y (X;) are smooth functions. Then the system (3.1), (3.2) can be written as

dx; =x; 1 det+ l[szl//,-k(fi)T> dw, i=1,...,n—1, 3.7)

k=1

dx, :udz+<zzk¢nk(f,,f> dw. (3.8)
k=1

Now, we are ready to start the backstepping design procedure. According to Itd’s differentiation rule [13],
we have

i—1 '
Oty 1 e
dz; = d(x; — o) = | Xig1 — e YTy o (P,T;% de
=1 ! p.q=1 P
2 o
+<<p,~T—Z a;“ll<p,T>dw, i=1,...n, (3.9)
I=1

where x,,; =u. As we announced previously, we employ a Lyapunov function of the form

V)= %Z?, (3.10)
i=1
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and engage in the process of selecting the functions o;(%;) to make £V (x) negative definite. Along the
solutions of (3.9), we have

n—1 n—1

LV =z u—

=1 I=1

n i—1 T i—1
3 2 6 l i aai—'l
+25 2 o - : 11
2 2 Zi (@z ax; (P1> ((P ox; ¢ (3.11)

where the second equality comes from substituting x; =z, + o;_;. The first and the third term can be handled
by choosing u and «; which cancel the summations. To handle the second and the fourth terms, we need
Young’s inequality [10, Eq. (2.253)]

<= le”+ ﬁlyl" (3.12)

where >0, the constants p>1 and g>1 satisfy (p— 1)(g—1)=1, and (x, y) € R?. Applying (3.12) to the
second term in (3.11), using p= ‘31, g=4 and ¢ >0 for each i, we have

n—1
Zzz,+l %Za“z‘* Z —z. (3.13)
i=1 i=1

28’

Substituting (3.13) into (3.11), and incorporating into the first and the third terms, the terms originated in
(3.13) are easily cancelled by # and «;.
However, the last term in (3.11) remains difficult to handle. We try to arrange it in the form

n

> ), v=3, (3.14)

i=1

so that it also can be combined into the first and the third terms in (3.11), and be cancelled by o; and u.
Substituting (3.6) into the last term in (3.11) yields

i—1 T i-1
Py Z ( 0ai1 <P1> <<P' - 01 <P1>
=1 axl - 0x1

" i i1 ! T/ i1 i
=2 AT Qi Sau ) | D zvu—) Ot >z
25 k=1 el k=1 e v
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n i i—1 i—1 i—1 i—1
3 ooy Ou;
=3 Ziz(zzkwik— Zr—— llﬁlk> <szl%k Zp—— l‘fﬁk)
i=1 k=1 k=1 I=k k=1 I=k
n i P Tr P
3 . o o
2y [ . (w 3 w)} [za (w 3 w)}
i=1 k=1 I=k k=1 I=k
3 i T/
=32 z,?( zkﬂik> <szﬁik>, (3.15)
i=1 k=1 k=1
where do;_/0x; =0 and
il o
BulE) = = 3 s k=10 (3.16)
=k

The second equality in (3.15) comes from changing the order of summations. It is obvious that S; depend
only on %;. The next major step is to separate different z; from each other, so every term can be handled by
the proper «;. Hence, we rearrange (3.15) as

% ng (kz:zkﬁ,»k)T (gzkﬁik>
PO

i—1

Z iy +223B1U Z

k=1

w

[\)

i—1 2
2k + 2} ( > zkﬁikj)
k=1
<z

where fi; is the jth component of the vector f. The first three terms in (3.17) are already in the desired
form. Now we concentrate on the last term in (3.17):

(o] 255

i—1 i—1 i—1

ZZ ﬂlkjﬂl!}zkzl <— Z Z i i:

i—-1

: ;ﬁ,-,»+zz?ﬁzzzkmk)

k=1

n—1

szﬂnk + = Z

n
3B Bt 35 Y

r i—1 2
2
Z; E Zkﬁikj s
k=1

i=1 j=I
(3.17)

i—1

i—1
Z Zkﬁikj) ( Zzlﬁilj)
=1

k=1

3 n r
=32 2.7

i=1 j=1

Iy

i=1 j=1
roi—

DS

4
( ﬁ:kj i Sz )

(3.18)
k

i=1 j=1 k=1 I=1 11,1k11:1
roi—1 i—1 r
4
llkjl]] Zg Slkl
zl/lklll’k 11/lkl
r n—1n—1 n—1 roi—1 i—1
34 3 4
) Zy E 2 ﬁnkjﬂnl] +Z§ :Zi E 2 ﬂzk/ ilj
1k 1o Skl i=1 j=1 k=1 I=1
n
=i+1 I=

3 n—1 k—1
sy
i=1 I=1
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The inequalities above are obtained by applying Young’s inequalities:

1 &2

2 402 p2 ki 2.2

Zj ﬁikjﬁiljzkzl<282 z; BBy + 12 2Kz (3.19)
ik

z} (3.20)

B —

z,fz,2 < %z,f +
where &y = ¢;;. The final expression in (3.18) is obtained by separating the z, from the other z;’s in the first

term and changing the order of summations in the second term.
Now, substituting (3.13), (3.17) and (3.18) into (3.11), we get

= o 1 % 3 1
3 Ap—1 n—1 4/3 4 4
LV £z, M—Z ax; Xi41 — 8x o, (Pp q ZZ 84_121-
I=1 p,q i=1 i=2 4
ol — Oa; 1 — %
3 i— 1 i1 T
+ZZ’ Z (?x 0x
i=1 pq*
n—1 i—1
+ Z ﬁ ﬁnn+3z ﬁnn X:Zkﬁnk+ 22(1 iﬁii+2zz‘3ﬁgzzkﬁik>
k=1
r n—1n-—1 1 rooi—-1i—1 1 37‘ n
ZZZFZ ﬁnkjﬁnlj Z "2 ﬁlkl 11.1 ZZ Z ng’l
j=1 k=1 [=1 “nkl i=1 =1 k=1 [=1 ik i=1  k=i+l I=1
da 1 & o, 1 3
3 n—1 n—1 T
= (M7 T T 2 Ty, 0 gt b
I=1 p.q=1
r n—1n—1

+3pL szﬁnk+ Z"ZZZ &2 ﬁnk/ nlj

j1k111"1fl

3 n k—I1
+Z (1]+Z£l Zy+ = Z]ﬂ11ﬁ11+ lezekll

k=2 I=1
i—1 i—1
&xi_l 1 OZOCI 1 T 3 43 1
+Z Z Ox XIH—EZ 0x,0x PpPat 4i Zl+4s4 &
I=1 ! pg=1 q i—1
3 roi—1 i—1 1 3r n k—1
+ 5 2B + 367 szﬁ,k+ 2z BB+ T D D e |- (3.21)
j=1 k=1 I=1 “ikl k=i+1 I=1

At this point, all the terms can be cancelled by # and «;. If we choose them as

3
o = —cC1z] — 28‘1‘ z] — Z]ﬁuﬁll 8,%1,, (3.22)

S0t 1 0o 3 1 3
—ciZi + Z —— X141+ — <P1T7(/’q - _3"‘/321' — g Zi Ezi };ﬁii
pOxq -
p.q=

roi—1i—1 n

k—~1
3ﬁu szﬁlk - izl Z Z Z 2 ﬁzk] ity T 4 Z Zglfil’ (3.23)

111(111’ k=i+1 I=1
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Table 1
Backstepping design for system (3.1), (3.2)

Zi =X — %1 (3.26)
i
Yie =D kP, k=10 (3.27)
I=k
=t ol Oli—1
B = Y —Z l//1k, k=1,...,i (3.28)
I=k
1 i—1 i— 162“1— T
B == DU D Zz,l,//qj ap — 3B Bu, k=1,...,i—1 (3.29)
2.5 | Oxp0x, I=k—1
p q=
3 43 1 T i roi=li—1 1 (»)1_71
g = — (ci+ze, +4£ + /3,,/3,,+— > Zak,,+ > a — BB ax’_ (3.30)
i k=i+1 =1 ,1k|11, i-1
% i1 =1 (3.31)
i
=Y zag i=1,...,n (3.32)
k=1

Control law:

u=u, (3.33)

nkjﬁnl/’ (324)
where ¢; >0, then the infinitesimal generator of the system (3.9) is negative definite:
LV<-) aif. (3.25)

At the beginning of this section we stated that we will derive a systematic design procedure which can be
coded using symbolic software. By collecting expressions (3.5), (3.6), (3.16), (3.22), (3.23), and (3.24), and
by performing necessary rearrangements, we get the algorithm given in Table 1. The only input the user needs
to provide at the start of the algorithm are functions ¢y for the factorization of the system nonlinearities,
@Y= Z;:l Xk Dik -

With (3.25), we have the following stability result for the design procedure in Table 1.

Theorem 3.1. The equilibrium at the origin of the closed-loop stochastic system (3.1), (3.2), (3.33) is

globally asymptotically stable in probability. Furthermore, the following estimate of the fourth-moment
exponential stability is guaranteed.

E{|z(0)[3} <|z(0)f3e ™, (3.34)

where |z|s=(>_;z)V* and c =min, c;.
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Proof. The first part of the theorem follows from (3.25) by Theorem 2.1. As to the second part, we just give
the main point of the proof. According to [9, Lemma 3.1, p. 82], we have

E{% BZZ;‘H:EWV}, (3.35)

and then achieve the differential inequality

%E{sz} <—4cE {324}, (3.36)

which gives (3.34). O
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