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Solutions already exist for the problem of canceling sinusoidal
disturbances by measurement of state or an output for linear and
nonlinear systems. In this paper, we design an adaptive controller
to cancel matched sinusoidal disturbances forcing a linear time-
invariant system by using only measurement of state-derivatives.
Our design is based on three steps; (1) parametrization of the si-
nusoidal disturbance as the output of a known feedback system
with an unknown output vector, (2) design of an adaptive disturb-
ance observer and, (3) design of an adaptive controller. We prove
that the equilibrium of the closed-loop adaptive system is globally
uniformly asymptotically stable and locally exponentially stable.
The effectiveness of the controller is illustrated with a simulation
example of a second-order system. [DOI: 10.1115/1.4007708]

1 Introduction

The problem of canceling sinusoidal disturbances in dynamical
systems is a fundamental control problem, with many applications
such as vibrating structures [1], active noise control [2] and rotat-
ing mechanisms control [3]. The common method to approach
this problem is the internal model principle for which a general
solution is given in Refs. [4,5] in the case of linear systems. In the
internal model approach, the disturbance is modeled as the output
of a linear dynamic system which is called an exosystem. Then,
the effect of the disturbance on the plant response can be com-
pletely compensated by adding a replica of the exosystem model
in the feedback loop.

The output regulation problem for minimum phase, uncertain
nonlinear systems is solved in Refs. [6,7], and extended for non-
minimum phase plants in Ref. [8]. The regulation of a linear time-
varying (LTV) system is considered in Ref. [9], and the regulation
problem for time-varying known exosystem is studied in Refs.
[10,11]. On the other hand, disturbance cancelation designs also
exist for continuous-time linear systems [12—18], and discrete-
time linear systems [19]. Moreover, designs for nonlinear systems
are proposed in Refs. [20-23]. In all of these references, the con-
trollers are designed by using measurement of state or an output.

In the last decade, the state derivative feedback control has
drawn the attention of many researchers [24-29] due to its various
advantages in applications. In most practical problems, especially
disturbance cancelation problems, using accelerometers as sensors
is easier, cheaper and more reliable than using position sensors. In
this case, from the signals of the accelerometers it is possible to
establish the velocities with a sufficient precision but not the dis-
placements. Then, the system can be modeled by considering
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position and velocity as states and the state-derivatives are avail-
able for control design.

To the best of the authors’ knowledge, despite the fact that
many papers deal with disturbance cancelation, the control design
by using only measurement of state derivatives has not been con-
sidered. Employing an approach inspired by Ref. [30], we design
an adaptive controller by state derivative feedback to cancel
matched unknown sinusoidal disturbances forcing linear time-
invariant systems. We prove global uniform asymptotic stability
for the resulting plant-filter-estimator dynamics.

In Sec. 2, we introduce the problem and state our main stability
theorem. In Sec. 3, we prove the theorem. A simulation example
is presented in Sec. 4.

2 Problem Statement and Adaptive Controller Design

We consider the multi-input LTI system

x(1) = Ax(r) + Bu(t) + Dv(t) (1)

with the state x(¢) € R", input u(7) € R"™, and sinusoidal disturb-
ance v(t) € R given by

q
(1) = Z B; sin(w;t + ¢;) @)
=1

where i # j = w; # wj, 0 € Q, f;, ¢; € R.
The sinusoidal disturbance v can be represented as the output
of a linear exosystem

w(r) = Sw(r) 3)
v(t) = h'w(t) “)

where w € R? and the choice of § € R?*** and h € R* is not
unique.

We make the following assumptions regarding the plant (1) and
the exosystem (3) and (4):

Assumption 1. A is invertible.

Assumption 2. There exists a matrix R € R" such that BR =D.

Assumption 3. The pair (A, B) is controllable.

Assumption 4. x and v are not measured but X is measured.

Assumption 5. The pair (hT,S) is observable.

Assumption 6. The eigenvalues of S are imaginary, distinct and
rational.

Assumption 7. g is known.

Assumption 8. S and h are unknown.

Assumption 9. ; # 0 foralli € {1, ..., q}.

Under Assumptions 1 and 3, there exists a control gain
K € R"" such that (A~ + A~'BK) is Hurwitz [24].

We state now our adaptive controller with a disturbance ob-
server. In Sec. 3, we analyze the stability properties of the closed-
loop system.

The adaptive controller for the systems (1), (3), and (4) is given
by

u=—Kxi—RO"E )
the update law for 0(7) is given by
0=—&A"'D)'Pi, y>0 (©6)

with the positive definite matrix P which is a solution of the ma-
trix equation

(A" +A'BK)'P+P(A™' + A7'BK) = —21 (7)

The disturbance observer is given by

i = G(n+ N (i — Bu)) — NAx ®)

/AT

=9+ N(i — Bu) )
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where G is a 2¢g X 2g Hurwitz matrix with distinct poles and con-
stitutes a controllable pair with a chosen vector / € R* and N is a
2g x n matrix which is given by

1
N =——IDT

DTD 10

where the given N is one of the many solutions of the following
equation:

ND =1 an
Since the matrices G and S have disjoint spectra, the pair (h7,S) is
observable, and the pair (G, /) is controllable, the Sylvester equation

MS — GM = IhT (12)

has a unique solution [31,32]. This fact is exploited in the proof of
our stability result (Lemma 1).

We first state a theorem describing our main stability result and
then we prove it using a series of technical lemmas in Sec. 3.

Theorem 1. Consider the closed-loop system consisting of the
plant (1) forced by the unknown sinusoidal disturbance (2), the
disturbance observers (8),(9) and the adaptive controllers (5),(6).
Under Assumptions 1-8, the system’s solution x(t) =0,0(r)
= (MS) "h,n(t) = GMw(t) is globally uniformly asymptotically
stable and locally exponentially stable. Furthermore, 0" (£)&(t)
—v(t) — 0 exponentially as t — oo, namely, perfect estimation of
the disturbance is achieved.

3 Stability Proof

The following lemma enables us to represent the unknown sinu-
soidal disturbance as the output of a linear system whose input is
the disturbance itself, whose state and input matrices are known,
and whose output matrix is unknown.

Lemma 1. Ler G € R*>** be a Hurwitz matrix with distinct
eigenvalues and let (G, 1) be a controllable pair. Then, v can be
represented as the output of the model

i=Gz+1lv (13)
v=0"z (14)
0" = n'(ms)™! (15)

Proof. This result and its proof are inspired by Ref. [30]. To estab-
lish Eq. (13) from Eq. (3), consider

z=Mw (16)
Differentiating Eq. (16), we obtain
Z = MSw 17)
Using Eq. (12), we have
= MSw=GMw+Ih"w (18)

Substituting Eqgs. g4) and (16) into Eq. (18) yields Eq. (13). Substi-
tuting w = (MS) ™z into Eq. (4), we obtain Egs. (14) and (15). W

The previous lemma enables us to write the unknown external dis-
turbance v as the product of an unknown constant 0 and the vector z.
However, 7 is not accessible, since the signal v can not be measured.
To overcome this problem, we design the observers (8) and (9).

The following lemma establishes the properties of the observer:

Lemma 2. The inaccessible disturbance v can be represented in
the form

v=0"¢+0"5 (19)
where 6 € RY obeys the equation
6=Gd (20)
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Proof. By defining
z=¢

and differentiating Eq. (13) with respect to time, we obtain

E=Ge+w @1
By defining the estimation error, we get
s=¢-¢ (22)

Differentiating J with respect to time and in view of Egs. (21),
(8), and (9), we get

6= GE+ 1y — G(n + N(& — Bu)) + NAx — NAx — NDi  (23)

Substituting Eq. (9) into Eq. (23), using Eq. (22) and the fact that
ND =1, we get Eq. (20). Using Egs. (14), (22), and the fact that
¢ = z, we obtain Eq. (19). |
Lemmas 1 and 2 convert the problem from cancelation of an
unknown sinusoidal disturbance to an adaptive control problem.
The following lemma is used in the proof of the main theorem.
Lemma 3. There exists p > 0 such that for all 7o > 0, the fol-
lowing holds

10+p

fo+p 1 [fotr N
J E(t)dr > 0

Q,,(p,mzj EOE (1ydr -1 é(t)dtJ

fo P Ji fo

(24)

Proof. By differentiating Eq. (22) with respect to time and using
Eqgs. (20) and (21), the estimate £ can be represented as the solu-
tion of

E—Gét+v 25)
where
U= zﬁ: B; cos(wt + ¢;) (26)
=1
with f§; = f.w;.
By solving Eq. (25), we get
E(x) = €97E(0) + L N de @7

Since G has distinct eigenvalues and is Hurwitz, it is diagonaliz-
able. Using a Jordan decomposition of the matrix G, we can write

G=LAL™! (28)

where L is the square 2¢g x 2¢g matrix whose ith column is the ith
eigenvector of G and A is the diagonal matrix whose diagonal ele-
ments are the corresponding eigenvalues of G.

Defining L~!/ = [, substituting Eq. (28) into Eq. (27) and using
the property e-- "= LeML!, we get

E(x) = LeML7'E(0) + Le JO e MIvde (29)
By computing the integral in Eq. (29), we obtain
Ex) = L(eMCe + ¥ (0) (30)
where W € R is the vector whose jth row is
i jjﬁ" (—sjcos(wit + ¢;) + o sin(wT+ ;) (1)
=1 }7 + wlz
and
Ce = L7E(0) — (0) (32)
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Since v is a sufficiently rich signal order of 2¢ and (G, /) is a con-
trollable pair, ¢ is persistently exciting [33]. Therefore, there exist
positive p* and ¢ such that for all p > p* and 79 > 0 the follow-
ing holds

J’W EE (1)dt > paol 33)

to

Under Assumption 6, the frequencies of © can be represented as

num(w;)

; :m, num(w;), den(w;) €Z", i=1..q
Then, p that given by
p = Ylem(num(w,), ...,num(w,)) x lem(den(wy), ..., den(w,))
2n > p* (34)

where lcm is the abbreviation of the least common multiple, satis-
fies Eq. (33) if ¥ € Z* is chosen sufficiently large for given p*
and wy, ..., w,. Since ¥(r) defined by Eq. (31) has a period p and
incorporates only zero-mean functions, it follows that

to+p
J Y(1)dt =0 (35)
fo
Substituting Egs. (30)-(35) into Eq. (24), we get
0,(p,t9) > LOL" (36)
where
7 1
© = paol — ;r(p)FT<p) 37
&y > 0 satisfies gl — aoLLT > 0
cretn (e)‘”’ — 1)
L(p) = (38)

Coge™l0 (e@f" -1)

and ¢; denotes the ith row of the vector C../4;.
Since L is full rank, Q, satisfies the inequality (24) if wWeu>0
for all nonzero u € R Using Eq. (37), we have

,/1)(# cre |Io( P _ 1) + ..

1))

By using Cauchy-Schwarz’s inequality and by noting that
Ji <0,](e”” —1)| < 1, we have

1O = pay (u? ot ui,)

+ fp C2ge™ (PP — (39)

1
—;(uf—i—...—l-u%q)
x ((cre (10 = 1)) oo+ (cage™0 (20~ 1))
> (i + . +i8,) (oo —% ((ereh™) .4 (eage™)) )

1O > pay <M? + . +M§q)

(40)
Since pd, is. monotonically increasing and %((clem’)z
+.. + (cqe'lq’ﬂ) ) is monotonically decreasing with respect to p

for all fixed #y, one can find a p using Eq. (34) such that for all
to > 0, Eq. (24) holds. |

Proof of Theorem 1: We represent the closed-loop system as a
LTV system which is given by

(=E@+F(t)o (41)
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where
T
E0 = { Sy eA, DY PQET} @
DoT
{ A D) PD@T] “3)
=[x, 0] (44)
0=0-0 (45)
with

Ag=(A"+A7'BK)! (46)
D =A4A"'D 47)

We first show that the equilibrium { = 0 of the homogenous part
of the LTV system (41) is exponentially stable. Toward that end,
we choose the following Lyapunov function

1
v:ECTPCC (48)
where
P 0
P. = 0 1 / (49)
Y

Taking the derivative of V, we get
v 1. ALP + PAy

=56 | »

27 Lepr(apagt +p)"

(ATPAS' + P)DE"
D" (AGTP + PAG")DE
(50)
By pre and postmultiplying Eq. (7) by AZI and A and using the

fact that Aq = (A~' + A~'BK) ™", we obtain
AP + PAy = —2AlAg 51)
Premultiplying Eq. (7) by AL, we get
ALPAY +P = —2A] (52)
Postmultiplying Eq. (7) by A, we get
P+ATPAg = —2Aq (53)
Substituting Egs. (7) and (51)—(53) into Eq. (50), we get
. AT A, ATDE"
V=] 1 249 (54)
¢D"Aq EDTDE
Defining
() =[Aa DE] (55
we get
o1
V=_(E" ()P +PE@) = -{"C(c@)'c  (56)

2

Therefore, it follows that P., as defined in Eq. (49), satisfies the
following inequality:

ET(t)P. + P.E(t) + aCT()C(1) <0 (57)
for some o > 0.

The equilibrium { = 0 of the homogenous part of Eq. (41) is
exponentially stable if (C(¢),E(z)) is a uniformly completely
observable (UCO) pair [34]. For a bounded H(?), the pairs (C(?),
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E(®) and (C(1), E(t) + H(/)C(r)") have the same UCO property
[34]. Choosing
—1

H® = —EA'D)'P

(58)

we write the system corresponding to the pair (C,E + HCT) as

Y=0 (59)

y=C Y (60)
The state transition matrix of Eq. (59) is ® = 1. Therefore,
(C,E+HCT) is a UCO pair if there exist positive constants
oy, o2, p such that the observability Gramian satisfies

t0+p
062] Z J

fo

c(t)CT(t)dt > oyl (61)

for all #, > 0. Since ¢ is bounded, recalling Eq. (55), the upper
bound of Eq. (61) is satisfied. We now prove the lower bound in
Eq. (61). Calculating the integral in Eq. (61), we get

fo+p

Let S, be the Schur complement of AL A p in X, where

tot+p
Edr

e 1 o+
si= | ernda- |
to fo
fot+p 1 fot+p fot+p
- Q@(J ar— [ éTdt>
P iy fo

fo

EdiD" AgAL'AZTATD J

fo

(63)

Since AT Aqp is positive definite, X is positive definite if and only
if S, is positive definite. Since DD is a positive scalar, according
to Lemma 3 there exists a positive p such that for all
to > 0,5, > 0. Hence, (C,E + HCT) is UCO, which implies that
(C, E) is UCO. Therefore, the state transition matrix ®(¢,#) corre-
sponding to E(¢) in Eq. (41) satisfies

| ®(t,20) || < Kpe 70l (64)

for some positive constants Ko, y,. Since G is Hurwitz, we have
that

|eG(tfto)5(0)| < Kle*"h(?*fo)‘é(o”

[o(r)] = (65)

X — C(I)CT(I) dt for some positive constants «;, ;. The solution of Eq. (41) is writ-
0 ten as
i fot+p ot
ATAup ALQJ Er 62) (1) = (1,0)2(0) + J o1, )F()s(x)dr  (66)
to 0
JIOH édtDTAd Jtﬁp éDTDdet Using Egs. (64)-(66), we get
L7t o fo T |
!
[£(0)] < woe™[¢(0)] +J Koe I F(2) e 7|6(0)]dT
0
! 1 .
< ke [E(0)] + K1 r0e!|5(0)| sup lF(T)'J elo—3min{70, 71 )7 40
0<r<t 0
Kiko sup  |F(7)]
[ \
= ke W[E(0)] 4 —LETEL \5(0)|e-"»'of(e<“fr gmin{yo.71})i 1)
<Vo - Emin{ym N })
(67)

K1Ko sup
0<t<t

= KOe*”/o’K(O)' +

(o)l

(“/0 - Emm{”/o? 71
K1Kg sup

< K0€7770[ O<zw=<¢

(o) +

) (o) (e BminGro-n )t — o)

F(o)]

‘5(0)|e*%min{7’0771}f

Using the fact that z = é and substituting Eq. (17) into Eq. (22),
we get

<(1) = MSw(r) = 6(1) (68)

Substituting Eq. (68) into Eq. (9) and using Eq. (12) and the fact
that X — Bu = Ax + Dv and ND =/, we obtain

n(t) — GMw(t) = —NAx(t) — 6(1) (69)
By virtue of (44)
0(t) — GMw(r) = —[NA, 0, 1] [g} (70)

Since {(0) = [x7(0),0(0) — h"(MS)™']" and (0) = —NAx(0)
—n(0) + GMw(0), following Egs. (65) and (67), we get that the
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1.
(“/0 - zmm{”/m 71 })

solution x(r) = 0, 0(¢) = (MS) " h, 5(f) = GMw(t) is globally uni-
formly asymptotically stable and locally exponentially stable.
Furthermore, according to Lemma 2, 67 (1)é(r) — v(t) — 0 expo-
nentially as t — oo, namely, perfect estimation of the disturbance
is achieved.

The reason why we are not claiming global exponential stabil-
ity is that the quantities supy.., |F(7)|, k0,79, while bounded,
actually depend on the initial conditions x(0), 6(0), 1(0), as can be
observed by tracing the derivation of these quantities throughout
the paper and in the quoted sources. |

4 Simulation Results
We illustrate the performance of our controller with a second-

order system with A = 01 B = {O 1}, D= Ll)} the

1 3y 1 1
unknown disturbance v(r) = 3sin(s + n/5) and initial condition
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Fig.1 System’s response for the simulation example
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Fig. 2 Disturbance estimation for the simulation example

x=1[5 0]". The control gain K is chosen such that the eigenval-
ues of (A~ +A"'BK) are —2 and —1. For the update law, we
choose y = 1. Finally, the controllable pair (G, /) is chosen as

0 1 0 -1 00
G*{—ms —2.8}’3*{1}”{'*{1]’andN*L 0}'

From Figs. 1 and 2, one can observe that x(f) exponentially con-
verges to zero and the unknown disturbance is perfectly estimated,
as Theorem 1 predicts.

The placement of the poles of (A~! + A~!BK) as well as the
update gain y affect the convergence of the states and the estima-
tion. Increasing the absolute value of the real part of the poles pro-
vides high control gain. The update gain y should be chosen
proportionally high or low with respect to control gain to provide
an optimum convergence rate.

5 Conclusions

In the present work we design an adaptive controller by
state derivative feedback to cancel matched unknown sinusoidal

Journal of Dynamic Systems, Measurement, and Control

disturbances forcing a linear time-invariant systems. We prove
that the closed-loop system’s  solution x(7) = 0,0(z)
= (MS) "h,n(t) = GMw() is globally uniformly asymptotically
stable and locally exponentially stable. The effectiveness of our
controller is demonstrated with a numerical example.
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