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Compensation of State-Dependent
Input Delay for Nonlinear Systems

Nikolaos Bekiaris-Liberis and Miroslav Krstic

Abstract—We introduce and solve stabilization problems for
linear and nonlinear systems with state-dependent input delay.
Since the state dependence of the delay makes the prediction
horizon dependent on the future value of the state, which means
that it is impossible to know a priori how far in the future the pre-
diction is needed, the key design challenge is how to determine the
predictor state. We resolve this challenge and establish closed-loop
stability of the resulting infinite-dimensional nonlinear system for
general non-negative-valued delay functions of the state. Due to
an inherent limitation on the allowable delay rate in stabilization
of systems with time-varying input delays, in the case of state-de-
pendent delay, where the delay rate becomes dependent on the
gradient of the delay function and on the state and control input,
only regional stability results are achievable. For forward-com-
plete systems, we establish an estimate of the region of attraction
in the state space of the infinite-dimensional closed-loop nonlinear
system and for linear systems we prove exponential stability.
Global stability is established under a restrictive Lyapunov-like
condition, which has to be a priori verified, that the delay rate be
bounded by unity, irrespective of the values of the state and input.
We also establish local asymptotic stability for locally stabilizable
systems in the absence of the delay. Several illustrative examples
are provided, including unicycle stabilization subject to input
delay that grows with the distance from the reference position.

Index Terms—Delay systems, feedback, nonlinear control
systems.

I. INTRODUCTION
A. Motivation

TATE-DEPENDENT delays are ubiquitous. For example,
S in control over networks, it makes sense to send control sig-
nals less frequently when the state is small and more frequently
when the state is large [11]. Network congestion control typi-
cally ignores the dependency of the round-trip time (RTT) from
the queue length, which can lead to the instability of the under-
lying network [28]. In the control of mobile robots, the mag-
nitude of the delay depends on the distance of the robot from
the operator interface [42]. A priori known functions of time
are employed to model state-dependent delays in transmission
channels of communication networks, which are used for the re-
mote stabilization of unstable systems [57]. In supply networks,
state-dependent delays appear due to the transportation of ma-
terials [51], [52], [55]. In milling processes, speed-dependent
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delays arise due to the deformation of the cutting tool [1]. The
reaction time of a driver is often modeled as a pure [46] or dis-
tributed [53] delay. However, the delay depends on the intensity
of the disturbance, the size of the tracking error to which the
driver is reacting, the speed of the vehicle, the physical situation
of the driver, etc. [10]. In irrigation channels, the dynamics of a
reach are accurately represented by a time-varying delayed-inte-
grator model [27]. In population dynamics, the time required for
the maturation level of a cell to achieve a certain threshold can
be modeled as a state-dependent delay [29]. In engine cooling
systems, the delay in the distribution of the coolant among the
consumers depends on the coolant flow [9]. Finally, models of
constant delays can be used to approximate state-dependent de-
lays in chemical process control [22], [39].

B. Literature

Compensation of constant input delays in unstable linear
plants is achieved using predictor-based (finite spectrum as-
signment) techniques [4], [23], [30], [36], [38], [40], [50],
[59], [60]. Recent extensions of these designs to linear systems
with simultaneous input and state delay are found in [6], [13],
and [15]. Predictor-based techniques are developed for linear
systems with unknown plant parameters [41], [58] and with
unknown delays [5], [7], [8]. Control schemes for nonlinear
systems with input delay are developed in [20], [24], [26],
[32]-[35], whereas nonlinear systems with state delays are
considered in [12], [14], [17]-[19], [31], [47], [48], and [56].

Although there are numerous results for plants with constant
input delays, the problem of compensation of long time-varying
input delays, even for linear systems, is tackled in only a few [4],
[25], [43], [44]. Even more rare are papers that deal with the
compensation of time-varying input delay in nonlinear systems
[17]. No results exist for the compensation of a state-dependent
input delay, even for linear plants.

C. Results

We present a methodology for compensating state-dependent
input delays for both linear and nonlinear systems. For non-
linear systems with state-dependent input delay which are, in
the absence of the input delay, either forward complete and
globally stabilizable or just locally stablilizable (by a possible
time-varying control law), we design a predictor-based com-
pensator (Section II). Our controller uses predictions of future
values of the state on appropriate prediction horizons that de-
pend on the current values of the state. Due to a fundamental
restriction on the allowable magnitude of the delay function’s
gradient (the control signal never reaches the plant if the delay
rate is larger than one), we obtain only a regional stability result,
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even for the case of forward-complete systems. We give an esti-
mate of the region of attraction for our control scheme based on
the construction of a strict, time-varying Lyapunov functional
(Section III). We present a global result for forward-complete
systems under a restrictive Lyapunov-like condition, which has
to be a priori verified, that the delay rate be bounded by unity
irrespective of the values of the state and input (Section V). We
also deal with linear systems, treating them as a special case of
the design for nonlinear systems, for which we prove exponen-
tial stability. We present several examples, including a linear
example in Section II, illustrating the impossibility of a global
result in general, and stabilization of the nonholonomic unicycle
subject to distance-dependent input delay in Section I'V.

Notation

We use the common definition of class I, K., and XL func-
tions from [21]. For an n-vector, the norm | - | denotes the usual
Euclidean norm. We say that a function p : Ry x (0,1) — R4
belongs to class KC if it is of class K with respect to its first
argument for each value of its second argument and continuous
with respect to its second argument. It belongs to class XC . if
it is in KC and in K, with respect to its first argument.

II. PROBLEM FORMULATION AND CONTROLLER DESIGN

We consider the following system:

X(1) = f(X(6),U (t = D(X(1)))) (1)
where X € Rn’ U [to - D(X(l‘o)),oc) — R,t > to > 0,
D e CH(R™";R.), f : R* x R — R™ is locally Lipschitz with
£(0,0) = 0 and the following holds:

[f (X, w)| < e (IX| + |w]), )
for a class K, function «;.

Let P(#) denote the value of the state X at the time when
the control U applied at time  reaches the plant. We refer to
P as the “predictor” state. For systems with constant delays,
D = const, it simply holds that P(#) = X (¢ + D). For sys-
tems with state-dependent delays, it is trickier. The time when U
reaches the system depends on the value of the state at that time,
namely, the following implicit relationship holds P(#) = X (t+
D(P(t))) (and X(t) = P(t — D(X(%)))). Nevertheless, even
for state-dependent delays, P(#) is simply the “predictor” of the
future state, at the time when the current control will have an
effect on the state. Since P(#) is related to X (#) through an im-
plicit relationship, it is evident that a predictor-based compensa-
tion of a state-dependent input delay faces a challenge, which is
absent in the case where the delay is merely time-varying. We
resolve this challenge by performing our design and analysis
using transformations of the time variable t — ¢ + D(P(t))
and £ — ¢ — D(X(¢)). The difficulty with these transforma-
tions, besides not being available explicitly, is that the “predic-
tion horizon” D{P(t)) is, in general, different from the delay
D(X(1)).

We design a predictor-based controller for the plant (1) as

U(t) = w(a(t), P(1)) 3)
where forallt — D (X (1)) < 8 <t
_ ‘ [ (P(),U(s)) ds
PO=XO [ DG T
“
a(f) =0+ D (P(9)) (5)
for t > t¢. The initial predictor P(8), 8 € [to — D (X (t0)) . to]

is given by (4) for ¢ = .

It is somewhat of a challenge to comprehend the mathemat-
ical meaning of the relationship (4), where P(#) appears on both
sides of the equation. It is helpful to start from the linear case,

X(t)= AX(t) + BU(t — D) with a constant delay D. In that
case, the predictor is given explicitly using the variation of con-
stants formula, with the initial condition P(t — D) = X (), as
P(l) = exp(AD)X(t) + ff pexp(A(t — 0))BU(8)df. For
systems that are nonlinear and even for linear systems with a
state-dependent delay, P(t) cannot be written explicitly, for the
same reason as a nonlinear ODE cannot be solved explicitly.
So we represent P () implicitly using the nonlinear integral (4).
(An additional mathematical explanation of the role that P plays
in the analysis, and how it is related to the vector state X and
the functional input state (), is forthcoming in Fig. 3.)

The computation of P(¢) from (4) is straightforward with
a discretized implementation where P(6) is assigned values
based on the right-hand side of (4), which involves earlier values
of P and the values of the input U. At each time step, the integral
in (4) can be computed using a method of numerical integration
(e.g., the trapezoidal rule) with a total number of discrete points
N, given by N(t) = |D(X(t))/h], where h is the time-de-
scretization step and || denotes the integer part of . The im-
plementation of the predictor in (4) might be unsafe when the
discretization method of the predictor in (4) is not appropriately
chosen [38], whereas a careful discretization yields a safe im-
plementation [37].

To see that P(¢) given in (4) isthe o(¢) — ¢t = D (P(t)) time
units ahead predictor of X (¢), differentiate (4) with respect to
g, set & = ¢ and perform a change of variables 7 = o(t) in
the ODE for X (7) given in (1) (where ¢ is replaced by 7), to
observe that P(¢) satisfies the same ODE in¢ as X (c(#)). Since
from (4) fort = t; and 8 = ¢, — D (X (L)), it follows that

P (t() - D (X(t(]))) = (t()) by deﬁmng
¢(t) =t — D(X(t), = to, (6)
a(@)=¢ '(0), t-D(X(H)<o<t (7)
we have P(tq) = X(o(to)). Hence, indeed P(t) = X (o(t))
for all ¢+ > ;.
Noting from (6) and (7) that D (X (¢ ())) o(t)—t, dlffer-
entiates this equation, we get for all t — D (X (t)) < 6
do(8) _ 1 . ®)

a6~ 1-VD(P(6)) f (P(6),U(9))



BEKIARIS-LIBERIS AND KRSTIC: COMPENSATION OF STATE-DEPENDENT INPUT DELAY FOR NONLINEAR SYSTEMS 271

dD(P(9))/dt
infinite
/ v
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7 o)
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Fig. 1. Functions o(t) (dashed line) and ¢(t) (solid line) in the undesirable
case where the infinite slope of D (I°(t)) causes their noninvertibility.

The possible division by zero in (8) indicates that ¢(¢) is not
a priori guaranteed to be invertible. Another way to see this
challenge is to note that the prediction horizon is governed by

AD(P(t)) _ VD(P(1)) [ (P(1),U(1))
it 1-VD(P(1) [ (P().0(1)

which, in case of division by zero, can result in the reversal
in the direction of the control signal reaching the plant at time
t 4+ D (P(t)), as displayed in Fig. 1.

Motivated by the need to keep the denominator in (4) and (8)
positive, throughout this paper, we consider the condition on the
solutions which is given by

£ VD (PO)) [ (PO),U()) <
for all # >to— D(X(to)) (9)

for ¢ € (0, 1]. We refer to F as the feasibility condition of the
controller (3)—(5).

1) Example 1: We consider a scalar unstable system with a
Lyapunov-like delay

X=X +U (- X(t)?). (10)

The delay-compensating controller is
U{t) = —-2P() 11

where for all § > —X(0)?
-6
(P(s)+U(s))ds
POy=X({ .

(6) = X(1)+ /tm)z 1= 2P(s) (P(s5) + U(s)) 2

In Fig. 2, we show the response of the system and the function
$(t) = t— X (¢)? for four different initial conditions of the state
and with the initial conditions for the input chosen as U(f) =
0, —X(0)2 < # < 0. We choose X(0) = 0.15, 0.25, 0.35, X*.
With X*, we denote the critical value of X (0) for the given

Fig. 2. Response of system (10) with the controller (11)—(12) with initial con-
ditions U(8) = 0, —X(0)*? < & < 0 and four different initial conditions for
the state X (0) = 0.15, 0.25, 0.35, 0.43.

T€ [-D(X),0]

Fig. 3. Interconnections between the predictor states I” and II with the trans-
formations W and U in (21) and (24). The direct backstepping transformation
is defined as (X (1), U (6)) — (X (t), W (9)) and is given in (21), where I’(¢)
is given as a function of X (¢) and U/ (8) through relations (4)—(5). Analogously,
the inverse transformation is defined as (X (), W (8)) — (X(t),U(#)) and
is given in (24), where I1{8) is given as a function of X () and W (&) through
relation (25).

initial condition of the input, such that for any X (0) > X*,
the control inputs produced by the feedback law (11), (12)
for positive ¢ never reach the plant. We calculate this time
as follows: The function ¢(t) = + — X(0)%e* has a

maximum at ¢* if log (1/\/2)((0)2) = t* > 0. Since

o(t*) = log (1/\/2X(0)2) — 1/2 has to be positive for the
control to reach the plant, it follows X* = 1/ V2e = 0.43.
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III. STABILITY ANALYSIS FOR FORWARD-COMPLETE
NONLINEAR SYSTEMS

Assumption 1: D € CY(R";R.) and VD is locally
Lipschitz.! _

Assumption 2: The plant X = f (X, w) is strongly forward
complete, that is, there exists a smooth positive definite function
R and class K. functions a5, @3 and a4 such that

s (X)<R(X)<as (X)) (13)

IR (X)
1504 (14)
forall X € R™ and forallw € R.

This property differs from the standard forward completeness
[2] in that we assume that f(0,0) = 0 and, hence, R(-) is posi-
tive definite. Assumption 2 guarantees that system (1) does not
exhibit finite escape time, that is, for every initial condition and
every locally bounded input signal, the corresponding solution
is defined for all £ > %g.

Assumption 3: The plant

f(Xow) SR(X) + ay(|w])

X(t) = F(X(8),m (4. X (1) + (1))

satisfies the uniform in the time input-to-state stability property
with respect to w, and the function  is locally Lipschitz in both
arguments and uniformly bounded with respect to its first argu-
ment, that is, there exists a class K., function ¢ such that

|k (8, )] < a([€]),

Theorem 1: Consider the plant (1) together with the control
law (3)—(5). Under Assumptions 1, 2, and 3, there exists a class
K function tr,a, a class KC,, functions p, and a class KL
function  such that for all initial conditions for which U is
locally Lipschitz on the interval [tg — D (X (¢9)) , tp) and which
satisfy

for all ¢ Z t(]. (15)

Bo(c) : Q(to) < Proa (¢) (16)
for some 0 < ¢ < 1, where
Q@) = X+ sup \U(6)] (17)

t— DX (£))<0<t

there exists a unique solution to the closed-loop system with X
Lipschitz on [¢g, oc), U Lipschitz on (g, oc), and

for all £ > #3. Furthermore, there exists a class K function §*
such that for all ¢ > ¢,

(19)

D(X(t)) <D0)+ ¢ (¢)
’ < (20)

D(XW)
We prove Theorem 1 using Lemmas 1 — 8, which are pre-
sented next.

ITo ensure uniqueness of solutions.

Lemma 1 (Backstepping Transform of Actuator State): The
infinite-dimensional backstepping transformation of the actu-
ator state defined for allt — D (X (1)) < 8 <t by

W(#) = U(0) — x (a(0), P(6)) 21
together with the predictor-based control law given in relations
(3)—(5) transform the system (1) to the “target system” given by

X(t) = f(X(t),m (6, X () + W (1= D(X(1)))) (22)
W(t) =0, Vt> i (23)

Proof: Using (3) and the facts that P (¢t — D (X(t))) =
X(t)and o (t — D (X(%))) = t, which are immediate conse-
quences of (4)—(5), we get the statement of the lemma. |

The role of P(¢) in our analysis is as an output of a mapping
of the state X (¢) and input history U(#),8 € [t — D, t]. For in-
stance, in the linear case with a constant delay, this mapping is
given explicitly as P(t) = exp(AD)X (¢) + j:‘;D exp(A(t —
6))BU(6)d#. In the nonlinear case, the mapping (X,U) — P
is given implicitly by (4). The mapping (X.U) — P is an in-
termediate step in transforming the original system (X, U) into
the target system (X, W), as displayed in Fig. 3. The transfor-
mation (X,U) — (X,W) is important because the stability
analysis can be conducted in the variables (X, W), but not in
the original variables (X, U).

Lemma 2 (Inverse Backstepping Transform).: The inverse of
the infinite-dimensional backstepping transformation defined in
(21) is given forall t — D (X(#)) < 8 < t by

U6y =W(0) + «(a(8),11(8)), (24)
where forallt — D (X)) < 6 <t
_ [ f(U(s), % (a(s), L(s) +W(s))
1= -/tD<X<t>> 1= G(s) dst X (0)
(25)
G(s) =VD (II(s)) f (TU(s),k{ca(s),II{s)) + W(s)). (26)

Proof: By direct verification, noting also that TI(¢) = P(#)
forall t — D(X(t)) < 6 < t, where II(#) is driven by the
transformed input W (), whereas P(#) is driven by the input
U(6). (See Fig. 3.) |

It may be slightly puzzling why we present two versions of
the predictor P and II which are, in fact, the same. The reason
why we use two distinct symbols for the same quantity is that,
in one case, P is expressed in terms of X and U, for the di-
rect backstepping transformation, while, in the other case, II is
expressed in terms of X and W for the inverse backstepping
transformation. Since the actual system operates in the (X, U)
variables and the analysis is conducted in the (X, W) variables,
the direct and backstepping transformations are important.

Lemma 3 (Stability Estimate for Target System): For any pos-
itive constant g, there exist a class K, function #; and a class
KL function 5 such that for all solutions of the system satis-
fying (9) for 0 < ¢ < 1, the following holds:

(t) < ,82 (P* (E(tO)v C) = tO)
(1) = [X()] +

27
(28)

(11 [11

sip|W(H)]

t—D(X(1))<6<t
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for all # > ty, where

e9/(1—¢)

/)*(S,C = 9/ (L= (DO)+81(5)) ¢ (29)

1—c¢

Proof: Based on Assumption 3 and [16] (Remark 3.2),
there exists a smooth function S (¢, X (¢)) : [to, 00) x R™ — Ry
and class K, functions a5, ag, @7, and ag such that

oz (X)) < St X (1)) < a6 (X ()]) (30)

S(t, X(1) < —ar (X)) +as (W (E-D (X)) G
X (X (), k(5 X () + W (- D(X(H)

(32)

Consider now the following Lyapunov functional for the “target
system” given in (22) and (23)

L1

Vi) = S (L X (1)) + k/

0

@iy, @y

where

L(t)= sup

- D(X (1) <o<t

vt 1/2n
= ljln (/ 82719(1+U(H)t)W(9)2nd9>

t=D(X ()
with ¢ > 0. We now upperbound and lowerbound L(#) in
terms of sup, _p(x())<a<¢ |W(#)|. From (9) for 0 < ¢ < 1
we get that 5(0) < 1/(1 — ¢). Integrating the relation &(8) <
1/(1 —¢) fromt—D (X (t)) tof and since o (t — D (X (¢))) =
t, we have forallt — D (X (#)) <8 <t

eg<1+a(s>—t)w(9)’

(34)

L—c+D(X(t)

1 —t <
+o(8) < =

(35)

Since D € C* (R"; R, ) there exists a function 1 € Ko, N C?
such that

D(X) < D(0) + 61 (]X]) . (36)
Therefore
elg/(1=e)(1+D(O)+86,.(IX(#)]))
Lt) < sup (8]
I-e t-D(X())<6<t
37

Similarly, using the fact thato (t — D (X (¢)))—¢ = 0 and since
o(8) is increasing we obtain

1<1+a()—t, t—D(X#)<6<t  (38)
Therefore, with the help of (38), we have
Ly>et s (W) (39)

t-D(X())<o<t

Taking the time derivative of L(#), with (23) we obtain

1 + 1/2n-1
L(t) = lim — / 62"‘g(1+”(9)7t>W(0)2nd9
e In\Ji-p(x)

x (- (1 _4D2) gj“”) e2MIW (- D (X ()"
— 2ng / / 6217'9(1+ﬂ(9)t)W(H)QndH). (40)
Ji-pex

Using (9), we have dD (X (#))/dt < 1 and, hence, L(t) <
—gL(t). With this inequality and (31), taking the derivative of
(33) weobtain V() < —ar (| X ()| )+as (|W (=D (X (#))))—
kgag (L(t)). With the help of (39) and choosing k = 2/g, we
getV(t) < —ar (| X (#)|) — as (L(#)). Using (30), the definition
of L(t) in (34) and (33), we conclude that there exists a class
K function 7, such that V(#) < —~; (V(#)). Using the com-
parison principle and [21, Lemma 4.4], there exists a class KL
function /31 such that V() < 81 (V(#5),t — t0). Using (30),
the definition of V'(#) in (33) and the properties of class X func-
tions, we arrive at | X (#)|+ L(#) < B2 (| X (t0)| + L{t0).t — to)
for some class XL function §s. Using relations (37) and (39),
the lemma is proved. |

There is conservativeness involved in passing between
(X,U) and (X, W) in both directions, just like there is a loss
to a currency exchange customer both when buying and selling.
With Lemma 4, we quantify a bound when going from (X, U)
to (X, W) via P, and with Lemma 5, we quantify a bound
when going back from (X, W) to (X, U) via II.

Lemma 4 (Bound on the Predictor in Terms of Actuator
State): There exists a class KXC, function p; such that for
all solutions of the system satisfying (9) for 0 < ¢ < 1, the
following holds for all t — D (X (¢)) < 8§ < ¢:

sup
t-D(X(1))<s<t

[P(0)] < p1 (IX(t)l + U(s)| 6) SN CY

Proof: Consider the following ODE in # which follows by
differentiating (4):

dP(9) f(P(0),U(8))
dd— 1-VD(P()) f(P).U®))
t—D(X(t) <6<t (42)
With the change of variables
y = o(d) (43)
we rewrite (42) as
%@) = F(P((). U (y— D (P($(y)))
' t<y<o(t). (49
Using (14), we get
TN L < k(o)
+ou ([U(y = D (P . (49)
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With (9), we have forallt — D (X (t)) < 8 <t

dR (P(6)) < 1
do “1l-c¢

(B(P(0) +as (UD).  (46)

Using the comparison principle and (36), one gets

R(P(6)) < e(D(0%+6mLX(w|»/<1-c>(13()((t))

+ sup
t—D(X(t))<s<t

o <|U<s>>) 7

fort — D(X(¢)) < 6 < t. With standard properties of class
K~ functions, we get the statement of the lemma where the
class KC o function p; is given as

p1(s,c) = ayt ((ag(s) + aa(s)) (z(D(OH‘Sl(S))/u*C)) . (48)

|

Lemma 5. (Bound on Predictor in Terms of Transformed Ac-

tuator State): There exists a class K function y4 such that for

all solutions of the system satisfying (9) for 0 < ¢ < 1, the fol-
lowing holds for all t — D (X ()) < 0 < #:

sup
t—D(X (1)) <s<t

[TH6)| < 74 (IX(t)I + IW(«S’)I> .49

Proof: Under Assumption 3 and [16], there exists class JCL
function 5 and class X function 2 such that

Y (Dl <85 (Y ()] .7 = t0) + 72 (Sup |w(5)|) :

s>t
>t (50)
where Y (r) is the solution of Y(r) =
fY(r),s(r,Y(r))+w(r)). Using the change of

variable (43) and definitions (25), (44), we have

D — 7 @) 00 TG0 + W ()
t<y<a(t). (5D
Using (50), we have
LL(O)] < s (IX@)]) + 72 ( sup IW(S)I> ;
t—D(X(1))<s<t
t—D(X(t) <0<t (52)

where the class X function 3 is defined as y3(s) = Fs(s,0).
With the properties of class K functions, we obtain the statement
of the lemma, where y4(s) = y2(s) + vs3(s) isof class K. W

Lemma 6: (Equivalence of Norms for Original and Target
System): There exists a function po of class KC.. and a class
Koo function ag such that for all solutions of the system satis-
fying (9) for 0 < ¢ < 1, the following holds:

(53)

A1) <ag ' (B(1))
)(1), (54)

2() < a2 (2), 0)

for all ¢ > tg, where €2 and = are defined in (17) and in (28),
respectively.
Proof: With the inverse backstepping transformation (24)
and the bound (49), we get the bound (53) with crg ' (s) = 5 +
& o y4(s). Using the direct backstepping transformation (21)
and the bound (41), we get the bound (54) with p2(s,¢) = s +
& (p1(s, ). |
Lemma 7: (Ball Around the Origin Within the Feasibility Re-
gion).: There exists a function g, of class XC., such that all of
the solutions that satisfy
Be) | X ()] +

[U(0)] < pele, c), t >t

(55)

sup
t—D(X(1)<0<t

for 0 < ¢ < 1, also satisfy (9).
Proof: Since D € C'(R";R,), there exists a class K.
function é> such that?
VD (X)] < [VD(0)] + 62 (IX]) . (56)

If a solution satisfies
(VD (0)] + 62 (|P(8)])) x s ( |P(8)]

+ sup

|U@N><& t=D(X(t))<<t (57)
t-D(X(1)<s<t

for 0 < ¢ < 1, then it also satisfies (9). Using Lemma 4, we
conclude that (57) is satisfied for 0 < ¢ < 1 as long as (55)
holds, where the class XC. function p.. is defined as

pe(s,c) = (IVD(0)] + 62 (p1(s, ¢))) a1 ((p1(s, ) + 5))

(58)
and with p., we denote the inverse function of p. with respect
to p.’s first argument. ]

Lemma 8 (Estimate of the Region of Attraction): There exists
aclass K function 7/g,a such that for all initial conditions of the
closed-loop system (1), (3), (4), (5) that satisfy relation (16), the
solutions of the system satisfy (55) for 0 < ¢ < 1 and, hence,
satisfy (9).

Proof: Using Lemma 6 with the help of (27), we have

Q1) < ag" (B (pe (p2 (U0} ) )t — 1)) (59)
where €2 is defined in (17). By defining the class K. function

X109 as ()’,10(8) = (19—1 ([32(5, 0)), we obtain
Q) < a0 (s (2 (Ata)) 1) ). (60)
Hence, for all initial conditions that satisfy the bound (16)
with any class K choice 9roa(c) < ¥P*goa (Pelc, ), ),
where 1*g 4 (8, ¢) is the inverse of the class KC., function
G roa(5:¢) = a1 (p"(pa(s,€),c)) with respect to xS

2Estimate (56) is derived based on the nonrestrictive assumption that the delay
is a continuously differentiable function of .X' . Using bound (56), one can restrict
the gradient of the delay D (which is needed for (9)) by restricting the size of
the state X' . This enables one to estimate the region of attraction of the proposed
control law (see Lemma 8).
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\ state: X, U(*+s), -D(X)<s<0

feasibility region &;

region of attraction (actual)

Fig. 4. Sets arising in the proof of Theorem 1 in the infinite-dimensional state
space R™ x C|t — D(X(¢)),t). Bo(c): the ball of initial conditions allowed
in the proof of the theorem. B3(¢): the ball inside where the ensuing solutions
are trapped.

first argument, the solutions satisfy (55). Furthermore, for
all of those initial conditions, the solutions verify (9) for all
6 > ty — D(X()). Fig. 4 illustrates the set relationships in
the proof. |

Proof of Theorem 1: Using (59), we obtain (18) with
B(s,t) = ag'(Bals,1)) and p(s,¢) = p« (pa(s,c), ¢). From
(1), the Lipschitzness of U on [ty — D (X(t9)),ty) guaran-
tees the existence and uniqueness of X € Cl[ty,0*), where
o = tyg + D(X(¢")), the system (22), (23) guarantees
the existence and uniqueness of X € C(o*, o), and the
boundedness of W and (22) guarantee that X is continuous at
t = ¢*. By integrating (22) between any two time instants, it is
shown that X is Lipschitz on [¢y, oc) with a Lipschitz constant
given by a uniform bound on the right-hand side of (22). Since
U(t) = w(o(t),1L(t)), where o(t) = t + D (LI(t)) and

f L@, K (o(8), 1))

) = —<p (TI(t)) f (TL(t), 5 (o (1), TI(1)))

for? > tg, Assumption 1 (Lipschitzness of VD), Assumption 3
(Lipschitzness of s in both arguments), and (9) ensure that the
right-hand side of the II-ODE is Lipschitz, which guarantees
that IT € C(#g, 20). Since » (¢ + D (I1(¢)), II(#)) is Lipschitz
int on (Zg, oc), so is U. Using Lemma 8, (36), and (56), we get
(19) and (20) with any class & function §*(¢) > 61 (p.(c,¢)). B

Remark 1: The proof of the existence, uniqueness, and reg-
ularity portion of Theorem 1 is rather straightforward because
the input function U (), which includes the dependence on the
state X (¥), is a part of the system’s vector field. This is in con-
trast with the existence analysis in [45], which is considerably
more complex, despite X (7) being scalar, because the state-de-
pendent delay acts on the state rather than on an input. Para-
doxically, even though control design is typically vastly more

difficult for systems with delays on the input than on the state,
the existence analysis is easier when the delay affects only the
input and not the state, even when the delay is state dependent.

We note here that for linear plants, that is, when system (1) is

(61)

Assumption 3 is satisfied when the pair (A, B3) is stabilizable
and Assumption 2 is satisfied for any A by means of

X(t) = AX(t) + BU (t — D (X(1))).

d Y (7)) .
WO < a4+ )Y OP + 18R, @)
The controller for the linear case is
U(t) = KP(t) (63)
with the predictor P(t) given by
]
(AP(s) + BU(s))ds
P()= +X (¢
() /tD(X(t)) 1-VD(P(s)) (AP(s)+BU(s)) ((61)

fort — D (X(t)) < 6 < t. The predictor P(#) is not given ex-
plicitly even for the linear case. We next establish the following
result with explicit estimates that highlight the nonlinear role of
the delay function D (X)) and exponential decay in time.

Theorem 2: Consider the plant (61) together with the control
law (63), (64), and K chosen such that A + DK is Hurwitz,
namely, (A + BK)" P+ P (A + BK) = —Q, for some P =
PT > 0and Q@ = QT > 0. Under Assumption 1, for all initial
conditions of the plant that satisfy

[ X (to)| + sup [U(#)] < Croa(c)  (65)
to—D(X () <0<t
for some 0 < ¢ < 1, the following holds:
QL) < o (Qtg), ¢) e~ 1) (66)

for all ¢ > t;, where €2 is defined in (17), A > 0, (4 € KCwso,
and (ros € K are given by

Croa(c) <G (Co(e e), ¢) (67)
C4(S7 C) = (1 + |K|7"1) '\/Hlill {)\mi (P) k’}
X /G (s + [K|Gi(s.¢),0) (68)

Ce(e, ) = (JA[+|B]) (IVD(0)[+62 (Gi(¢, $))) x (Cue; 8) +5)

(69)
1/2
Ci(s.¢) = {1+ |BF / o(2IAI+1)/(2(1 =) (D(0)+51(s))
T 21A1+1) :
(70)
ke(20/(1=e)(+DO+6())
e = <Am” Bt 1—c)2 ) s? (71)
1 2 |PB| Amin (Q)
k==
g (Amm (Q) Tty (72)
Auax (P) A (P) | P2
- Awa (P) [ Awax (P) |[PBJ7
T N (P) ( (@) (73)
)‘min 5
(Q) o

~ Zmax {k, Amax (P)}
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and g is an arbitrary positive constant. Furthermore, inequalities
(19) and (20) hold with §*(c) > & (¢c(c, ).
Proof: For the special case of linear systems, Lemma 3 is

applied using the Lyapunov function
V()= X(HTPX() + kL) (75)

Using the fact that L(¢) < —gL(t), together with (39) and (37),
we get
V(t) < —raV (1) (76)

where 7o = Ay (@) /2 max {k, Apax (P)}. With relations
(37), 39), (75), (76), and (9) for 0 < ¢ < 1 we establish that

_ 2 e _
=20 </ e PTIVG Bl o)

where = is defined in (28). Using (48) together with (62), re-
lation (41) holds with py (s, ¢) replaced by (1 (s, ¢). Using (49)
with v4(s) = r1s, Lemma 6 applies with

(77)

/)2(550) =5+ |K|C1("(1) (78)
. 1
ay (8) = WS (79)

As in the proof of Lemma 7, condition F, for 0 < ¢ < 1 in (9)
is satisfied when

X+ sup [UO)] < led) (80)

t—D(X (£))<0<t

where with (., we denote the inverse function of the class XC
function (. (¢, s) with respect to its first argument. Using Lemma
6 together with(78) and (79) and Lemma 3 together with (77),
we obtain (66). Using (65) and (66) with £ = £y, we get (80).
Bounds (19)—(20) follow from (80), (36). |

IV. EXAMPLE: NONHOLONOMIC UNICYCLE SUBJECT TO
DISTANCE-DEPENDENT INPUT DELAY

We consider the problem of stabilizing a mobile robot mod-
eled as

@(t) =v(t — D(z(t),y(t)))cos (8(1)) (81)
y(t) =wv(t — D (x(t),y(t)))sin (6(¢)) (82)
0(t) =w (t — D (2(t),y(t))) (83)

subject to an input delay that grows with the distance relative to
the reference position as

D (x(t),y(1)) = =(t)* + y(t)°

where (x(¢),y(t)) is the position of the robot, #(¢) is heading,
v(t) is speed, and w(t) is the turning rate. When D = 0, a time-
varying stabilizing controller for this system is proposed in [49]
as

(84)

w(t) = — 5P(t)? cos (30(t)) — P(H)Q(¢t)
x (14 25.cos (30(1))”) - (1) (85)
v(t) = — P(£)+5Q(t) (sin (3o (£)) —cos (30(£))) + Q(1)w(t)

(86)
P(t) = X(t) cos (O(1)) + Y (£) sin (O(1)) (87)
Q(t) = X(t)sin (O(1)) — Y (£) cos (O(t)) (88)

with

X=z, Y=y, 0O0=40 o)=L (89)

The proposed method replaces (89) with

X(t)=(t)+ /t

Jt—D(x(t),y(t))

Y=+ |

—D(x(t).y(t))

a(s)u(s)cos(©(s))ds (90)

a(s)v (s)sin (O(s)) ds (91)

ot

o) =0(t) + / a(s)w(s)ds (92)
t-D((t) y(1)

o(t) =t + D (X(1), Y (1) ©3)

5(s) : . (9%)

= 20(s)(X (s) cos(O(s))+Y () sin(O(s)))

The initial conditions are chosen as z(0) = y(0) = 6(0) =
1 and w(s) = v(s) = 0 for all —x(0)? — y(0)? < s < 0.
From the given initial conditions, we get the initial conditions
for the predictors (90)—(92) as X (s) = Y(s) = ©(s) = 1 forall
—2 < s < 0. From the above initial conditions for the predic-
tors, one can verify that the system initially lies inside the fea-
sibility region. The controller “kicks in” at the time instant £y at
which to = z(tg)? + y(#0)?. Since v(s) = w(s) = 0 for s < 0,
we conclude that z(t) = y(t) = #(¢) = 1 forall0 < ¢ <t and,
hence, {9 = 2. In Fig. 5, we show the trajectory of the robot in
the ry plane, whereas in Fig. 6, we show the resulting state-de-
pendent delay and the controls »(¢) and w(t). In the case of
the uncompensated controller (85)—(88), (89), the system is un-
stable, the delay grows approximately linearly in time, and the
vehicle’s trajectory is a divergent Archimedean spiral. The com-
pensated controller (85)—(88), (90)—(94) recovers the delay-free
behavior after 2 s. From Fig. 5, one can also conclude that the
heading §(¢) in the case of the compensated controller con-
verges to zero with damped oscillations, whereas in the case of
the uncompensated controller, it increases toward negative in-
finity (the robot moves clockwise on a spiral).

V. GLOBAL STABILIZATION

The key challenge for the stabilization of systems with state-
dependent input delay is to maintain the feasibility condition
(9) (i.e., to keep the delay rate below one). This condition can
be satisfied a priori by making the following restrictive but ver-
ifiable assumption.

Assumption 4: VD (X) f(X,w) < ¢ forsome ) < ¢ < 1
and all (X,w) € R"*1,

Corollary 1: Consider the plant (1) together with the control
law (3)—(5). Under Assumptions 1, 2, 3, and 4 there exists a class
K L function /3, and a class KC function pg such that

Qt) < By (pg (Uto), ¢}, t — to) (95)

forall t > tg and some 0 < ¢ < 1, where € is defined in (17).
1) Example 2: We consider the scalar system

(o) = X +U({t-D(X(1) _
' U(t-D(X(t)*+1

(96)
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1r Trajectory of the robot for t € [0, 15]
0.8f
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Fig. 5. Trajectory of the robot, with the compensated controller (85)—(88),
(90)—(94) (solid line), and the uncompensated controller (85)—(88), (89) (dashed
line) with initial conditions #(0) = y(0) = 6(0) = l and w(s) = v(s) =0
for all —2:(0)% — 4(0)* < s < 0.

with
D(X(t) = ilog (X(#)?*+1). 97

Taking the time derivative of D (X (£)) and using Young’s in-
equality, one gets that

dD(X(#) _ SX(1)2 + U (= D (X(1)* <6
dt T X2+ 1) (U (t - D(X(1) + 1) o7
(93)

Since system (96) and (97) satisfies Assumption 1, 2, 3, and 4,
Corollary 1 applies. The control law has the form

U(t) = — 2P(#) (99)
~ . 91(8)d8

P =X+ ./t—D(X(t)) g2(0) (100

(101)

91(8) =2 (P(8)* +1) (P(9) + U(6))
2(U(9)” +1) (P(9)” +1) — P(9) (P(6) + U(6))
(102)

where D is given in (97). In Fig. 7, we show the response of the

system with initial conditions as X (0) = 1.5, U(#) = 0 and

2(P(0)? +1) P(F)dd
(P(8)*+2)

P(0) = X(0) +/0

—(1/4) log(X (0)*+1)

=
o
N

- N W » (9] (2] ~ © ©
T T T T T T T
~
N

-

10 15

0 5

t

Fig. 6. Left: The delay with the controller (85)—(88), (90)—(94) (solid line)
and the controller (85)—(88), (89) (dashed line) with initial conditions x(0) =
y(0) = 8(0) = I and w(s) = v(s) = 0 forall —2(0)* — y(0)% < 5 < 0.
Right: The control efforts v(#) and w(t) with the controller (85)—(88), (90)—(94)
with initial conditions 2(0) = y(0) = 6(0) = 1 and w(s) = v(s) = 0 for all
—2(0)2 — y(0)2 < 5 <0.

forall —(1/4)log (X (0)* 4 1) < 6 < 0. Initially, X (£) runs in
open loop and grows exponentially, while D(%) grows roughly
linearly, because of (97). This goes on until control “kicks in”
att* = (1/4)log (14 X (0)%e* ) = 0.4835. For ¢ > 1*, the
controller starts bringing X () back to zero. As X () decays ac-
cording to the target system X (¢) = — X (¢)/(1 + 4X (¢)?), the
delay D(#) also decays. Starting from X (+*), X (#)? first decays
roughly linearly in #, making the decay of D(%) logarithmic.
When X (%) becomes small, its decay becomes exponential and
the decay of D(#) is also exponential. Initially, P(#)? decays
linearly in ¢ and later P(t) decays exponentially. The decay of
U(t) = —2P(t) follows the same pattern as P(%).

VI. STABILITY ANALYSIS FOR LOCALLY STABILIZABLE
NONLINEAR SYSTEMS

In Section III we proved a local stability result under assump-
tions of global stabilizability (Assumption 3) and forward com-
pleteness (Assumption 2) of the delay-free system. It is reason-
able to ask whether a local stability result can be established
under a less restrictive assumption of local stabilizability of the
delay-free system. In this section we provide an affirmative an-
swer to this question. Our proof of this result does not employ
a Lyapunov construction and, as such, provides an illustrative
alternative to the proof technique in Section III.
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0 5 , 10 15 20

Fig. 7. Response of system (96) with the controller (99)—(100) and initial con-
ditions X (0) = 1.5,T7(8) = 0, for all —(1/4)log (X(0)* +1) <6 < 0.

Assumption 5: There exists a locally Lipschitz feedback con-
troller » : Ry X R™ — R that satisfies (15), a positive constant
R and a class XL function /* such that for the system Y ()=
F(Y(t)x (¢, Y (1)), the following holds for all |Y (#9)| < R:

Y () < B8 (|Y ()|, t —to), t2>ty. (103)

Theorem 3: Consider the plant (1), together with the predictor
controller (3)—(5), and define €2 as in (17). Under Assumptions
1 and 5, there exists a function ¥r.a of class K and a class
KL function /3 such that for all initial conditions for which U is
locally Lipschitz on the interval [ty — D (X (¢5)) , o) and which
satisfy

Qto) < Yroalc) (104)

for some 0 < ¢ < 1, there exists a unique solution to the
closed-loop system with X Lipschitz on [tg,o0), U Lipschitz
on (%g, 20), and

Q(t) < 5 (Qto), ¢ —to),

Furthermore, (19) and (20) hold with &%(c) =
51 (/3 (Yroa (¢), 0)), where 6, is defined in (36).

The idea of the proof of Theorem 3 is captured by the two
plots in Fig. 8. The top plot in Fig. 8 depicts four possibilities
(not an exhaustive list) that may arise with closed-loop solu-
tions: 1) control never reaches the plant; 2) control reaches the
plant but the state has already exited the region of attraction

forall ¢ > #q. (105)

initial condition so large that
control never kicks in

|X(@)]

control kicks in but state
already outside RoA,OR
state so large that it retards
control to earlier values after
control kicks in

o

R 7\

control kicks in within RoA
and state transient not large
enough to retard control

to earlier values

/\__/
blue: system runs in open loop

o*

'\._‘.-"
D(0)+8,(R)

ADO)0,(1(55")

estimate of timeE*
when control kicks in

D(0)+8:(n(7o,1))

E%(r,) determined
from a fixed pt. problem

rol kicks in

yit

O'l* * t

Fig. 8. Top: Possible transients of the state X' (¢). Bottom: An example of a
favorable transient of the delay D (X (t)) together with an estimate of its up-
perbound as defined in (36) and (107).

of the delay-free closed-loop system; 3) the state is within the
region of attraction of the delay-free closed-loop system when
the control reaches the plant but the subsequent transient leads
the state outside the controller’s feasibility region and, thus, to
the reversal of the direction of the control signal; and 4) control
reaches the plant while the state is within the region of attrac-
tion of the delay-free closed-loop system and the solution re-
mains within the controller’s feasibility region, so that the con-
trol signal is never retarded to earlier values, and the delay re-
mains compensated for all subsequent times. The proof of The-
orem 3 estimates a set of initial conditions from which all of the
solutions belong to category 4).

The bottom plot in Fig. 8 depicts the strategy of the proof
of Theorem 3. The exact time ¢* when the control reaches
the plant is not known analytically. We find an upperbound
&* > o* by using an upperbound D(X) < D(0) + 6;(|X|)
on the delay and by estimating an upperbound on the open-loop
solution | X (t)| < 5(ro,t — to), where rq := §(#o). The up-
perbound £* is then determined from the fixed-point problem
& —to = D(0) + b1(n(ro, & — to). The solution £*(rg) to
the fixed-point problem is a function of the size of the initial
condition 7. By reducing ry sufficiently, we can ensure that
the control signal reaches the plant before | X (7)| has exceeded
IR, namely, before D(X (¢)) has exceeded the known bound
D(O) + (51(]?)
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N(7o,)

Yo

B Sy

bound on the solution in open loop

§*(ro)

D(0)+94(R)

D(0

0 To

Fig. 9. Left: a representative form of the function #(ry.¢) in Lemma 9.
Right: Restricting the initial conditions in Lemma 11 to ry € [0, 8] so that
when the control kicks in, which is no later than {* (7o ), the delay is no greater
than D(0) + &;(R) and, consequently, the plant state is no greater than R.

The actual proof of Theorem 3 consists of Lemmas 9-13,
which are presented next.

Lemma 9 (A Bound on Open-Loop Solutions): For the plant
(1), there exists a function 7{r, s) : B — [0, 00), where

: F o du
B= {(Ta s) € (R+)2 :0< s < lim / H

2000/, an(p)

} (106)

with the following properties:
a) 7(r,s) is increasing in both of its arguments r and s;
b) #(r, s) is continuous in its domain of definition and, more-
over, lim, g n(r, s) = 0 uniformly in s;
such that for all
t < i = min {0*77&0 +lim, .o j:o (/o (;L))}, where
o* =iy + D (X (")), it holds that
| X ()] < n(ro.t—to) (107)
where ro = Q(fo) = | X (Z0)| + supy, _ p(x(r))<a<t, U (D).
Proof: The existence of the function 7 is proved by con-
struction. A representative form of 7 is shown graphically in
Fig. 9. Since for all # < #, the system runs in open loop, for all
to < t < £ it holds that

O] <o, <|X<t>| +

sup
to—D(X (0))<0<to

|U(9)|> . (108)

Setting y(¢) = |X ()] + Supy, _p(x (1)) <o<t, [U(0)], we get

§(t) < on (y(t)), to<t<t.

(109)
Consider now the following ODE
A1) = on (1)),

z(to) = y(to) > 0. (110)

Define for any o > 0, the function g(z) for all z € (0, o) as

s = [ 0

The function g is continuous and strictly increasing for all
z € (0,00) since ¢'(z) = 1/wa; (). The range of the func-
tion g is (b,d), where b = lim,_o+ [, (ds/oy (s)) and
d =lim: . [ (ds/o1 (s)). Note that b can be —oc and d can
be +oo. From (110), we obtain f:((tta)) (dsfa1(s)) =t — to.
By defining z(tp) = 2¢ (since from now on, we treat z(#y) as a
paramater), we get g(z(#)) = g(zo0) +t — to forall t > #g and
zo > 0. Thus, z(#) = g7 (g(20) +t — o) for all ¢ > ¢4 and
zg > 0. Define for all s > 0

“Tg(ry+s), r>0
s = g OO FD >0

V2

(111)

(112)
From (112), we observe that

7 {(’r', sYe(RLP:0<g(r)+s< d} =B~ [0,00)

and, moreover, 7 is increasing in both of its arguments since g
is increasing. From its definition, 7 is continuous in its domain.
To see this, first note that 7 is continuous in its domain with an
exception maybe at the points (0, s). Yet, since from (110) it
holds that zg = 0 = z(t) = 0, V¢ > 1y, by continuity of z(t)
with respect to its initial conditions, zg — 0 = z(¢) — 0 for all
t € (to,1), I — oo. Therefore, lim, o n(r,s) = 0 = (0, )
uniformly in s. Using the comparison principle and (109), we
get the statement of the lemma. |
Lemma 10: (For Small Initial Conditions, The Upperbound
on the Delay as a Function of the Time When the Control Kicks
in is a Contraction): There exists a sufficiently small 7, such
that for all »y € [0,7y], the mapping T, (s*) = D(0) +
61 (n (ro, %)) is a contraction in [D(0), D(0) + 6 (R)].
Proof: We start by setting s* = £ — {y. Based on
Lemma 9, since L(rg) = lim. oo [ (dpu/ay (1)) satis-
fies lim,, g L(ro) — oo there exists a sufficiently small
7o such that for all initial conditions roq € [0, 7] it holds that
£ <to+lim,_oe ],ZO (disf o1 (1)) and, hence, (rg, £ —tg) is
continuous in (7"07 5*) S [0 720] X [to +D(0). to +D(0)+(31 (R)] .
Since D € C'(R*;Ry) (which allows us to choose
81 € K N CY) and by continuity of 1 and the fact that
lim,on(r,s) = 0 uniformly in s, there exists a suf-
ficiently small »§ > 0 such that for all v € [0,r8],
T, [D(0), D(0) + 61(R)] C [D(0),D(0) + 61(R)] (e.g.
81 (n(rg, D(0) + 61(R))) = 61(R)), that is, the mapping 7,,,
maps the set [D(0), D(0) + 41(R)] into itself. Differentiating
(112) with respect to s and using the fact that ¢’(z) = 1/ay (2},
we get dn(r,s)/0s = 1/g' (g7 (g(r) +5)) = a1 (n(ro,s)).
Hence, dT,, (s*)/ds* = & (n(ro,s™)) az (n(rg, s*)), where
s* = £ — ty. Using the facts that §; € C!, oy € K., and
7 is continuous with lim,._q n(r, s) = 0 uniformly in s, there
exists a sufficiently small #3* such that for all r¢ € [0, r§*] and
£* € [to + D(0), 19 + D(0) + 61(R)]

lﬂvo s* " *
&‘ =161 (1 (ro, s™)) a1 (n(ro, s™))| < 1

1o (113)
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where s* = & — t9. With [21, Lemma 3.1]
iTTo (‘q) - TTO (é;)| < L |S>i< - é§|s for all
sy,s5 € [D(0),D(0) + 61(R)], where s = & — to,
s5 = & — to, and L satisfies . < 1. Reference [21,

Theor. B.1] guarantees that the mapping T, (£* —1g) is a
contraction in [D(O) D(0) 4+ 6:(R)] for all vy € [0, 7],
7o = min {#g, 75, 78* }. n

Lemma 11: (For Small Initial Conditions, the Plant State is
Within the Delay-Free Region of Attraction When Control Kicks
In): There exists a sufficiently small 6 > 0 such that for all
solutions of the closed-loop system satistying (9) for0 < ¢ < 1
and for all initial conditions of the plant (1) satisfying

ro < 6 (114)
there exists a 0* > {; such that o* = £, + D (X (c*)) and,
moreover

X(o*)| < R. (115)

That is, r is inside the region of attraction of the controller.
Proof: As long as the solutions of the closed-loop system
satisfy (9) for 0 < ¢ < 1, the function ¢(#) is increasing, with
#(to) = to — D (X (%0)). Hence, there exists a time ¢* at which
o* =to+ D (X (o*)) and, moreover, based on (36), o* is finite
when | X (¢*)] is finite. Consider now the fixed-point problem
=& —ty. (116)

Ty (€7 — o) = D(0) + 61 (n (ro, £ — to))

Since by Lemma 10, 7., (£ —19) is a contraction in
[D(0), D(0) 4+ 61(R)], the fixed-point problem (116) has
a unique solution £*(rg) € [to + D(0),%9 + D(0) + 61(I?))].
Differentiating (116) with respect to rg, we get

€ (ro) = 8 (1(r0. £ — to)) o1 (n(ro, & — 1)) € (o)

#0110, - ) U0 ZR)

Using (113), the fact that 61 € Ko N C! and the fact that
81 (1 (ro, £ — o)) (1 (n(ro, §* — t0))/cv1 (ro)) > 0 for all
ro > 0, we have £* (rg) > 0 and, hence, £*(rg) is increasing.
Since 5*’ (r0) is continuous for 74 > 0 we conclude that £* ()
is also continuous for ¢ > 0. Since lim,_o7(r,s) = 0 uni-
formly in s and §; € K., N C', we have from (116) that
given any € > 0, there exists a sufficiently small 7o such that
|€*(ro) — to — D(0)| < € and, hence, £* is continuous also at
zero. Since the function £* is monotonically increasing, it is in-
vertible. Denote § = min {7, & to+ D(0) + 6, (R )}, as
depicted in Fig. 9 (right). Then, thanks to (116)

(€ (ro)

for all rq € [0,8]. The proof is completed if £* > o* since
then bound (115) holds. Assume that £* < ¢* and since ¢(t)
is increasing, we have ¢(£*) < ¢(o™). Since £&* < o™, using
Lemma 9, we have |X(¢)| < #(ro,t —to), forallt < &*.
Therefore

n(ro, £ (o) — to) = 61 —D(0)—t)) <R (117)

t=D(X () > t—=D(0)—061 (n(ro,t —to)), t <& (118)

Consequently, ¢p(£*) = £* — D(X(£%)) > to = ¢(o*), which
contradicts the assumption. Thus, £* > ¢*. Using (117) and the
fact that the function 7(r, s) is increasing in s, we get (115). W

Lemma 12 (Stability Estimate): There exists a class Ky
function & such that for all solutions of the closed-loop system
(1), (3)—(5) that satisfy (9) for 0 < ¢ < 1, it holds that

Q) < 28" (n(rg,0" —ty), max {0,t —o*})
& (ﬁ* (77 (TOv o - to) y max {Ovt - U*}))

for all t > ¢y, where €2 is defined in (17).
Proof: Under Assumption 5 and using Lemma 11, we get

Ol t—a%),

Using Lemma 9 and the fact that without loss of generality,
4*(s,0) > s, with (120), we get for all ¢ > £,

(119)

X(0)] < 5 (X (0 t>0% (120

| X ()] < B8*(n(rg,0" —tg), max {0,t —o*}).  (121)

Since U(8) = s (0(8), X (o(6))) forall # > ¢y, with (120) and
(15) we get forall t > ¢~

sup
t—D(X (£))<0<¢

[U@)] < a (g™ ((X(e)].1-0")). (122)

Moreover, for t < o*, we have

sup U< sup UG+ sup [U(B)].
t—D(X(1)<0<t t-D(X(£))<B<tq th <A<t
(123)
Hence, for all ¢ < ¢*
sup U< sup|U(O)

t—D(X ()<<t to—D(X (t,)) <0<t

T (8" (1X(0%).0)). (124)
Combining bounds (121), (122), and (124), we get the statement
of the lemma. |

Lemma 13: (Ball of Initial Conditions That Guarantees Con-
troller Feasibility): There exists a class K function 4z : [0,1) —
[0, oc) such that for all initial conditions of the plant that sat-
isfy (104) with ¥yroa(¢) < min {4, u(c)}, the solutions of the
closed-loop system (1), (3)—(5) satisfy (9) for 0 < ¢ < 1.

Proof: Using (43), we have that {5 < y < o* for all
to — D (X (#)) < 6 < #y. Comparing (44) with (1) and using
Lemma 9, we get for all tg — D (X (#0)) < 8 < #p

|P(0)] < n(ro,0™ —to). (125)
By noting that P() = X(o(f)) for all § > #y, with the help of
bound (121), we have that

|P(9)| < ﬁ* (7’ (TOvU* - tO) 50) s 0> to. (126)
Therefore, using the fact that 5* (s, 0) > s from (125) and (126),
we get for all 8 > ty5 — D (X(lo)) that

[P(#)] < 8% (n(ro, 0" —t0).0). (127)
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Using (122) and (124), we get for all £ > #, that

[U(0)] < vo+ (B (n(ro,0" —10),0)).

(128)
The solutions of the system lie inside the feasibility region as
long as (57) holds for all # — D (X(¢)) < ¢ < ¢ and for all
t > tp. With the help of the fact that c* < £*(rg) and using
bounds (125), (127), and (128), (57) holds if

sup
t—D(X (£))<0<t

F (r0) := (IVD (0)| + 8 (5 (n (ro, € (ro) — t0) ,0)))
X 1 (8" (0 (ro, € (ro) — t) ,0)
+ ro+a(#* (1 (10, € (r0) —10) . 0))) < c. (129)

Condition (129) is satisfied if (104) holds with any class K
choice ¥roa(c) < min {6, u(c)}, where p(c) = sup,.ca p*
andA = {p* € Ry : F (p*) < c¢}. Using the fact that £*(-) is a
monotonically increasing function, F' (-) is also increasing with
F(0) = 0. Hence, j1(c) = sup,.cn p* is continuous and in-
creasing, with £(0) = 0. |
Proof of Theorem 3: Bound (105) follows from Lemma
12 and the fact that £*(r) is increasing, o* < £* and D(0) +
81 (1 (ro, &(r) — tg)) = £*(r) — to, with
Blryt —to) = 267 (1 (r,€(r) — to) . max {0, ¢ — €°(r)})
+a (B (n(r, & (r) — to) , max {0,t — £"(r)})). (130)

The rest of the results follow as in the proof of Theorem 1. W
1) Example 3: We consider the scalar system

X=X +2X0)° + (X@)*+ X0 U (t - X(1)?).

(131)
The origin of (131) is neither locally exponentially stabilizable
nor globally asymptotically stabilizable (because it is not reach-
able for X(0) < —1). In the delay-free case, the controller
U(t) = —X(t) yields a closed-loop system X (t) = —X (¢)® +
2X (¢)®, which is locally asymptotically stable, with R = 1//2.
We assume for simplicity of the analysis that U(#) = 0 for all
§ <0. Denoting

4X(0)2-X(0)+
X(0)

1
3

yo:810g<‘X(())+%D—SlogﬂX(())D—

the controller “kicks in” at the time o* = (X*)*, where X*
satisfies

1

8log (‘X* + 5’) — 8log (| X*|)

44X - X+ 1 .
- (X*)3 2 —yo=(X )2'

(132)

Let X(0) = 0.543. Solving (132), we obtain 6* = 0.46 and
X* = /o* = 0.678, which is almost at R = 1/+/2. The
predictor controller is U (%) = —P(t)

" f(P(8),U(9)) db

— )’ d
P(t) =X+ /t Cxqe L= 2P(0)f (P(F), U(0))

(133)

0.8' ’

3 4 5

0 1 2

t

Fig. 10. State X'(¢), the control effort U (#), and the function ¢(f) = ¢ —
X (t)? of system (131) with the delay-compensating controller (solid line), the
uncompensated controller (dashed line), and the nominal controller for a system
without delay (dotted line) for X(0) = 0.543 and U(s) = 0 forall s < 0.

where

F(PO), U(8)) = P(8)* +2P(0)° + (P(6)” + P(6)°) U (9).

In Fig. 10, we show that the predictor feedback achieves local
asymptotic stabilization.

VII. CONCLUSIONS

The paper’s key design idea is how to define the predictor
state (4). The gradient-of-delay term in the denominator of (4)
is the result of a change in the time variable, which allows the
predictor to be defined using an integral from the known delayed
time ¢(t) = ¢+ — D(X(¢)) until present time ¢, rather than an
integral from the present time ¢ until the unknown prediction
time o(t) = ¢t + D (P(?)).

Though the stability results in this paper are not global, the
size of the delay is not limited. By examining the estimates in
detail, the reader can observe that when the delay D (X)|y_,
is large, namely, when the system is regulated to an equilib-
rium where the delay is necessarily large, the stability estimates
dictate that the initial conditions of the state and the input be
small. However, no restrictions on D (X)|_, are imposed. A
tradeoff exists between the size of the state-dependent delay and
the achievable region of attraction in closed loop.
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With the Lyapunov construction in the case of forward-com-
plete systems, one can, in principle, pursue a robustness study
when the uncertainties on the delay and its gradient are restricted
(which can be done in some cases by shrinking the state X')
and when the uncertainty in the parameters is sufficiently small.
Paper [23], where robustness to delay mismatch is proven for the
case of linear plants with constant delay, constitutes a starting
point.
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