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WAVE EQUATION STABILIZATION BY DELAYS EQUAL TO EVEN
MULTIPLES OF THE WAVE PROPAGATION TIME∗

JUN-MIN WANG† , BAO-ZHU GUO‡ , AND MIROSLAV KRSTIC§

Abstract. For a string equation with time delays in the output feedback loop, we study stability
and show that the system is a Riesz spectral system and prove that the spectrum-determined growth
condition holds for all delays. When the delay is equal to the even multiples of the wave propagation
time, we develop the necessary and sufficient conditions for the feedback gain and time delay which
guarantee the exponential stability of the closed-loop system. In particular, we show that as the
delay of even multiples is increasing to infinity, the stability bound on the feedback gain decays
to zero. We also show that whenever the delay is an odd multiple of the wave propagation time,
the closed-loop system is unstable. The lack of robustness to a small perturbation in time delay is
specifically discussed for the delay equal to two. A numerical simulation for the case of the delay
equal to two is presented to illustrate the convergence. Finally, an alternative stability analysis is
conducted within the framework of well-posed infinite-dimensional systems.

Key words. wave equation, time delay, boundary control, distributed parameter system

AMS subject classifications. 34L10, 74H45, 93D15, 93D05

DOI. 10.1137/100796261

1. Introduction. In general, a time delay in actuation or sensing causes diffi-
culties in the design of a control system [18]. For distributed parameter systems, the
stabilization with time delay in observation and control creates particularly difficult
mathematical challenges [4, 14]. On the other hand, intentionally introduced time de-
lay has been used successfully in feedback control design [10, 26] and filter design [19].
A control design called “proportional minus delay controller” (PMD) was introduced
in [20, 21] with the objective of improving the performance of the system.

Very recently, it was found, by the characteristic line method, in [5] that a specific
time delay in boundary observation can be used to stabilize the string vibration, which
can be described by the following one-dimensional wave equation under boundary
control and collocated observation with time delay:

(1.1)






wtt(x, t) − wxx(x, t) = 0, 0 < x < 1, t > 0,
w(0, t) = 0, wx(1, t) = kwt(1, t− τ), t ≥ 0, τ > 0,
w(x, 0) = w0(x), wt(x, 0) = w1(x), 0 ≤ x ≤ 1,
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where (w0, w1) is the initial state. The main result of [5] is that when τ = 2 and
k ∈ [3−2

√
2, 1) the system (1.1) is exponentially stable. This result is useful because,

if the system has a destabilizing sensing delay 0 < τs < 2, the control law can
incorporate an additional delay 2− τs, for a total stabilizing delay τ = 2.

The result in [5] is not limited only to the specific delay τ = 2, and the stabilizing
feedback gain interval k ∈ [3− 2

√
2, 1) is sufficient but not necessary. In fact, for this

case, a much simpler approach by spectral analysis (section 6 of this paper) establishes
that the system is exponentially stable if and only if k ∈ (0, 1), which is the same
result in [6] by the same author of [5].

In this paper, motivated by [5], we study the delays τ equal to even multiples of
the wave propagation time rather than the specific τ = 2. When τ = 2, 4, 6, 8, and 10,
we present the sufficient and necessary condition for k so that the closed-loop system
(1.1) is exponentially stable. When τ = 2nτ0, where n is a natural number and τ0
is the wave propagation time, we show that the length of the interval of stabilizing
feedback gains tends to zero as n → ∞.

When τ = 1, 3, 5 and τ = 1
2 , we show that there exists no k to make the system

(1.1) stable. The lack of robustness to delay perturbation for τ = 2 is also analyzed
as a paradigm of the general result of [14]. Following the method presented in this
paper, the necessary and sufficient condition for the feedback gain k to be stabilizing
for a rational delay τ = q

p > 0 can be obtained by checking whether two Jury matrices
[11, 12] of order (2p+ q − 1)× (2p+ q − 1) are positive innerwise.

Instead of the characteristic line method used in [5], for the general τ > 0 in this
paper, we use the semigroup approach to explain the well-posedness of the system
(1.1) and the Riesz basis approach to get the dynamic behavior of the system in
terms of the vibrating frequencies. As a consequence of the Riesz basis property,
the spectrum-determined growth condition is concluded for all delays. The detailed
spectral analysis gives the necessary condition of the stabilizing feedback gain k for
the delay equal to the general even multiples of the wave propagation time to make
the system exponentially stable.

For the sake of methodological comparison, we also investigate stability within the
framework of well-posed infinite-dimensional systems. We partly recover the results
that we obtain with the Riesz basis approach.

We proceed as follows. In section 2, we formulate the problem as a time delay
free problem by considering the time delay as dynamics. The C0-semigroup approach
is used to prove the well-posedness of the system. Section 3 is devoted to spectral
analysis. The Riesz basis property and spectrum-determined growth condition are
presented in section 4. In section 5, the necessary and sufficient conditions for expo-
nential stability with some integer time delays are given. In section 6, when the delay
is equal to an even multiple, the stability bound on the feedback gain is shown to be
decaying to zero as the delay is increasing to infinity. The specific case of τ = 2 is
presented as an illustration of the general result of [14] in section 7 to highlight the
lack of robustness to small time delay perturbation for this delay-based stabilizing
controller. Numerical simulations are presented in section 8 to illustrate stabiliza-
tion for τ = 2. Finally, the analysis of stability within the framework of well-posed
infinite-dimensional systems is performed in section 9.

2. Well-posedness of system. Since the time delay itself is a dynamical sys-
tem, we have to specify its initial condition. To do this, we introduce a new variable
z(x, t) = wt(1, t− τx). Then the system (1.1) becomes
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(2.1)






wtt(x, t)− wxx(x, t) = 0, 0 < x < 1, t > 0,
w(0, t) = 0, wx(1, t) = kz(1, t), t ≥ 0,
τzt(x, t) + zx(x, t) = 0, 0 < x < 1, t > 0,
z(0, t) = wt(1, t), t ≥ 0,
w(x, 0) = w0(x), wt(x, 0) = w1(x), 0 ≤ x ≤ 1,
z(x, 0) = z0(x), 0 ≤ x ≤ 1,

where z0 is the initial value of the variable z.
We consider the system (2.1) in the energy spaceH = H1

L(0, 1)×L2(0, 1)×L2(0, 1),
where H1

L(0, 1) = {f ∈ H1(0, 1)|f(0) = 0} and the inner product in H is given, for
all Xi = (fi, gi, hi) ∈ H, i = 1, 2, by

(2.2) 〈X1, X2〉 =
∫ 1

0

[
f ′
1(x)f

′
2(x) + g1(x)g2(x) + τh1(x)h2(x)

]
dx.

Define the system operator by
(2.3){

A(f, g, h) = (g, f ′′,−τ−1h′) ∀ (f, g, h) ∈ D(A),
D(A) = {(f, g, h) ∈ (H2 ×H1 ×H1) ∩H| g(0) = 0, f ′(1) = kh(1), h(0) = g(1)}.

Then (2.1) can be written as an evolution equation in H:

(2.4)

{
Ẋ(t) = AX(t), t > 0,
X(0) = X0,

where X(t) = (w(·, t), wt(·, t), z(·, t)). The inner product induced norm of X(t) is the
energy of the system (2.1).

Lemma 2.1. Let A be given by (2.3). Then A−1 exists and is compact. Hence,
σ(A), the spectrum of A, consists of isolated eigenvalues of finite algebraic multiplicity
only.

Proof. For any given (f1, g1, h1) ∈ H, solve

A(f, g, h) = (g, f ′′,−τ−1h′) = (f1, g1, h1)

to get

g(x) = f1(x), h(x) = f1(1)− τ

∫ x

0
h1(s)ds

with f satisfying

(2.5)






f ′′(x) = g1(x),

f(0) = 0, f ′(1) = kf1(1)− τk

∫ 1

0
h1(s)ds.

Solve (2.5) to get

f(x) =

[
kf1(1)− τk

∫ 1

0
h1(s)ds

]
x−

∫ x

0
sg1(s)ds + x

∫ x

1
g1(s)ds.

Hence, A−1 exists and is compact on H by the Sobolev embedding theorem (see
[17, Theorem 1.1, p. 208]). Therefore, σ(A) consists of isolated eigenvalues of finite
algebraic multiplicity only (see [16, Theorem 13, p. 154]).
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Theorem 2.2. Let A be given by (2.3) and let α > 0, β < 0, γ > 0. For any
Xi = (fi, gi, hi) ∈ H, i = 1, 2, define

〈X1, X2〉1 =

∫ 1

0
eαx(f ′

1 − g1)(f ′
2 − g2)dx(2.6)

+

∫ 1

0
eβx(f ′

1 + g1)(f ′
2 + g2)dx+ τ

∫ 1

0
eγxh1h2dx.

Then 〈·, ·〉1 is an inner product in H whose induced norm is equivalent to the one
induced by (2.2). Moreover, for any given β < 0, by taking α > ln(2 + 4eβ) and
γ > max{0, ln(k2(eα + 2eβ))}, there exists a constant M > 0 such that

(2.7) Re〈AX,X〉1 ≤ M〈X,X〉1 ∀ X ∈ D(A).

This together with Lemma 2.1 implies that A generates a C0-semigroup eAt on H.
Proof. The first assertion is obvious. We focus only on the second assertion.

Under the new inner product, for any X = (f, g, h) ∈ D(A), we have

〈AX,X〉1 =
〈
(g, f ′′,−τ−1h′), (f, g, h)

〉
1

=

∫ 1

0
eαx(g′ − f ′′)(f ′ − g)dx+

∫ 1

0
eβx(g′ + f ′′)(f ′ + g)dx−

∫ 1

0
eγxh′hdx,

and hence

Re〈AX,X〉1 = − 1

2
eαx |g − f ′|2

∣∣∣∣
1

0

+
α

2

∫ 1

0
eαx|g − f ′|2dx

+
1

2
eβx |g + f ′|2

∣∣∣∣
1

0

− β

2

∫ 1

0
eβx|g + f ′|2dx− 1

2
eγx|h|2

∣∣∣∣
1

0

+
γ

2

∫ 1

0
eγx|h|2dx

=
1

2
eβ |h(0) + kh(1)|2 − 1

2
eα |h(0)− kh(1)|2 − 1

2
eγ |h(1)|2 + 1

2
|h(0)|2

+
α

2

∫ 1

0
eαx|g − f ′|2dx− β

2

∫ 1

0
eβx|g + f ′|2dx+

γ

2

∫ 1

0
eγx|h|2dx

≤ eβ|h(0)|2 + k2eβ |h(1)|2 − 1

2
eα|h(0)|2 − 1

2
eαk2|h(1)|2 + eαk|h(0)||h(1)|

− 1

2
eγ |h(1)|2

+
1

2
|h(0)|2 + α

2

∫ 1

0
eαx|g − f ′|2dx− β

2

∫ 1

0
eβx|g + f ′|2dx

+
γ

2

∫ 1

0
eγx|h|2dx

= −δ1|h(0)|2 − δ2|h(1)|2 + δ3|h(0)||h(1)|

+
α

2

∫ 1

0
eαx|g − f ′|2dx− β

2

∫ 1

0
eβx|g + f ′|2dx+

γ

2

∫ 1

0
eγx|h|2dx,
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where

(2.8) δ1 =
1

2
eα − eβ − 1

2
, δ2 =

1

2
eαk2 +

1

2
eγ − k2eβ, δ3 = keα.

For a given β < 0, taking α > ln(2+4eβ) and γ > max{0, ln(k2(eα+2eβ))}, we have

−δ1a2 − δ2b
2 + δ3ab ≤ −

(
δ1 −

1

4k
δ3

)
a2 − (δ2 − kδ3) b

2 < 0 ∀ a, b ∈ R.

Then there is an M = max{α
2 ,−

β
2 ,

γ
2 } > 0 such that

Re〈AX,X〉1 < M〈X,X〉1.

Hence A − M is dissipative. By Lemma 2.1, A is a discrete operator (i.e., A−1 is
compact), so there is a sequence Mn → ∞ such that Mn ∈ ρ(A), the resolvent set of
A. Hence we may assume without loss of generality that M ∈ ρ(A). By the Lumer–
Phillips theorem, A − M generates a C0-semigroup of contractions e(A−M)t in H
(see [17, Theorem 4.3, p. 14]). The bounded perturbation theorem of C0-semigroups
ensures A generates a C0-semigroup eAt on H (see [17, Theorem 1.1, p. 76]).

Remark 2.3. Apply the same argument as in the proof of Theorem 2.2 to get that
−A also generates a C0-semigroup in H. Actually, for any X = (f, g, h) ∈ D(−A),
we have

Re〈−AX,X〉1 =
〈
(−g,−f ′′, τ−1h′), (f, g, h)

〉
1

= δ1|h(0)|2 + δ2|h(1)|2 − δ3|h(0)||h(1)|

− α

2

∫ 1

0
eαx|g − f ′|2dx+

β

2

∫ 1

0
eβx|g + f ′|2dx− γ

2

∫ 1

0
eγx|h|2dx,

where δi, i = 1, 2, 3, are given by (2.8). By taking α < 0, γ < 0 and β > max{0, ln(12e
α+

1
2k

−2eγ)}, we have

δ1 < 0, δ2 < 0, δ3 > 0.

Thus, there is an M = max{−α
2 ,

β
2 ,−

γ
2 } > 0 such that

Re〈−AX,X〉1 < M〈X,X〉1.

Hence −A−M is dissipative in H. The same as in the proof of Theorem 2.2, we get
that −A generates a C0-semigroup in H. Therefore, A actually generates a C0-group
in H.

3. Spectral analysis. Let us now consider the eigenvalue problem of A. AX =
λX , where X = (f, g, h) ∈ D(A) if and only if g(x) = λf(x), h(x) = λf(1)e−τλx with
f satisfying the eigenvalue problem:

(3.1)

{
f ′′(x) = λ2f(x),
f(0) = 0, f ′(1) = kλe−τλf(1).

So (f, g, h) -= 0 if and only if (3.1) has a nonzero solution. Since the general solutions
of the first equation of (3.1) are of the form

(3.2) f(x) = aeλx + be−λx,
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where a, b are two constants, substitute (3.2) into the boundary conditions of (3.1) to
get

(3.3)

{
a+ b = 0,
aeλ − be−λ = ke−τλ

(
aeλ + be−λ

)
.

Thus (3.3) has a nontrivial solution if and only if the characteristic equation ∆(λ) = 0,
where

∆(λ) =

∣∣∣∣∣
1 1

eλ − ke(1−τ)λ −e−λ − ke−(1+τ)λ

∣∣∣∣∣ = ke(1−τ)λ − e−λ − ke−(1+τ)λ − eλ.

Hence, we get the following lemma immediately.
Lemma 3.1. Let A be given by (2.3) and let

(3.4) ∆(λ) = ke(1−τ)λ − e−λ − ke−(1+τ)λ − eλ = 2ke−τλ sinhλ− 2 coshλ.

Then

(3.5) σ(A) = σp(A) = {λ ∈ C| ∆(λ) = 0}.

Each λ ∈ σ(A) is geometrically simple, and the corresponding eigenfunction Xλ =
(fλ, gλ, hλ) is given by

(3.6) fλ(x) = sinh(λx), gλ(x) = λ sinh(λx), hλ(x) = λ sinhλe−τλx.

For any λ ∈ ρ(A), we have the following lemma on the expression of the resolvent
operator R(λ,A) = (λ −A)−1.

Lemma 3.2. Let A be given by (2.3) and let ∆(λ) be given by (3.4). Then, for
any λ ∈ ρ(A) and Y = (f1, g1, h1) ∈ H, X = R(λ,A)Y , where X = (f, g, h) ∈ D(A)
is given by the following expressions:
(3.7)




f(x, λ) =
2 sinhλx

λ∆(λ)

[
ke−τλG1(λ, 1)−G2(λ, 1) +G3(λ, 1)

]
− λ−1G1(λ, x),

f ′(x, λ) =
2 coshλx

∆(λ)

[
ke−τλG1(λ, 1)−G2(λ, 1) +G3(λ, 1)

]
−G2(λ, x),

g(x, λ) =
2 sinhλx

∆(λ)

[
ke−τλG1(λ, 1)−G2(λ, 1) +G3(λ, 1)

]
−G1(λ, x) − f1(x),

h(x, λ) = e−τλx

[
2 sinhλ

∆(λ)

[
ke−τλG1(λ, 1)−G2(λ, 1) +G3(λ, 1)

]
−G1(λ, 1)

]

− G3(λ, x)

and

(3.8)






G1(λ, x) =

∫ x

0
sinhλ(x − s)[λf1(s) + g1(s)]ds,

G2(λ, x) =

∫ x

0
coshλ(x− s)[λf1(s) + g1(s)]ds,

G3(λ, x) = f1(1)e
−τλx − τe−τλx

∫ 1

0
eτλsh1(s)ds.
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Proof. For any Y = (f1, g1, h1) ∈ H, λ ∈ ρ(A), let

X = R(λ,A)Y, X = (f, g, h) ∈ D(A).

Then

(λI −A)X = (λf − g, λg − f ′′, λh+ τ−1h′) = (f1, g1, h1).

So g = λf − f1, and

h′ + τλh = τh1, h(0) = g(1) = λf(1)− f1(1),

which gives

h(x) = [λf(1)− f1(1)]e
−τλx + τe−τλx

∫ x

0
eτλsh1(s)ds

with f satisfying

(3.9)






f ′′ − λ2f = −λf1 − g1,
f(0) = 0,

f ′(1) = kh(1) = k[λf(1)− f1(1)]e
−τλ + kτe−τλ

∫ 1

0
eτλsh1(s)ds.

A direct computation gives the general solutions of (3.9):

(3.10) f(x, λ) = a sinhλx− λ−1

∫ x

0
sinhλ(x − s)[λf1(s) + g1(s)]ds,

where a is a constant to be determined. Substituting (3.10) into the second boundary
condition of (3.9) yields

f ′(1)− kλf(1)e−τλ = aλ coshλ−
∫ 1

0
coshλ(1− s)[λf1(s) + g1(s)]ds

− akλ sinhλe−τλ + ke−τλ

∫ 1

0
sinhλ(1 − s)[λf1(s) + g1(s)]ds

and

f ′(1)− kλf(1)e−τλ = −kf1(1)e
−τλ + kτe−τλ

∫ 1

0
eτλsh1(s)ds.

Hence

(3.11) a =
2

λ∆(λ)

[
ke−τλG1(λ, 1)−G2(λ, 1) + kG3(λ, 1)

]
,

where ∆(λ) is the characteristic determinant of (3.9) given by (3.4), and Gi(λ, x),
i = 1, 2, 3, is given by (3.8). Therefore, we get the unique solution X = R(λ,A)Y
given by (3.7) explicitly.

Now we characterize the spectrum of A.
Proposition 3.3. Let A be given by (2.3) and let ∆(λ) be given by (3.4). The

following assertions hold for the spectrum of A:
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(i) There is an M0 > 0 such that for all λ ∈ σ(A), |Reλ| < M0; that is, all the
eigenvalues of A lie in some vertical strip parallel to the imaginary axis in the complex
plane.

(ii) The multiplicity of each root of ∆(λ) = 0 is at most two.
(iii) If τ is rational, then the eigenvalues of A are located on finitely many lines

parallel to the imaginary axis.
(iv) If τ is irrational, then all roots of ∆(λ) = 0 are simple.
(v) The eigenvalues of A are separated, that is,

inf
λm,λn∈σ(A),λm &=λn

|λm − λn| > 0.

(vi) The algebraic multiplicity of each eigenvalue of A is at most two.
Proof. Since |∆(λ)| → ∞ as Reλ → ±∞, there is an M0 > 0 such that for any

λ ∈ σ(A), we have |Reλ| ≤ M0. This is (i). Let ξ be a root of ∆(λ). Then we have

∆(ξ) = 2ke−τξ sinh ξ − 2 cosh ξ = 0.

Note that

∆′(λ) = 2ke−τλ coshλ− 2kτe−τλ sinhλ− 2 sinhλ

and

∆′′(λ) = 2ke−τλ sinhλ− 2kτe−τλ coshλ+ 2kτ2e−τλ sinhλ

− 2kτe−τλ coshλ− 2 coshλ
= ∆(λ) − 4kτe−τλ coshλ+ 2kτ2e−τλ sinhλ.

If ∆(ξ) = ∆′(ξ) = 0, we claim that ∆′′(ξ) -= 0. In fact, by ∆(ξ) = 0, we have
sinh ξ -= 0, and

(3.12)






∆(ξ)

2 sinh ξ
= ke−τξ − coth ξ = 0,

∆′(ξ)

2 sinh ξ
= ke−τξ coth ξ − kτe−τξ − 1 = 0,

∆′′(ξ)

2 sinh ξ
=

∆(ξ)

2 sinh ξ
− 2kτe−τξ coth ξ + kτ2e−τξ,

where coth ξ = cosh ξ
sinh ξ . Form the first equation of (3.12), we have ke−τξ = coth ξ.

Substituting this into the second equation of (3.12) yields

∆′(ξ)

2 sinh ξ
= (coth ξ)2 − τ coth ξ − 1 = 0

and

(3.13) coth ξ =
1

2

(
τ ±

√
τ2 + 4

)
.

Substituting (3.13) and ke−τξ = coth ξ into the third equation of (3.12), we deduce
that

∆′′(ξ)

2 sinh ξ
= −2τ(coth ξ)2 + τ2 coth ξ = τ coth ξ (τ − 2 coth ξ) -= 0.
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Hence, the multiplicity of ξ, as a root of ∆(λ), is at most two.
Let ξ be a root of ∆(ξ) = 0 with multiplicity two. We have, from (3.13), that

(3.14) e2ξ =
τ ±

√
τ2 + 4 + 2

τ ±
√
τ2 + 4− 2

=
2±

√
τ2 + 4

τ

and from ke−τξ = coth ξ and (3.13) that

(3.15) eτξ =
2k

τ ±
√
τ2 + 4

= −1

2
k
(
τ ∓
√
τ2 + 4

)
.

By (3.14), (3.15), and ke−τξ = coth ξ, we have that

(3.16)

(
2±

√
τ2 + 4

τ

)τ

=

(
−1

2
k
(
τ ∓
√
τ2 + 4

))2

.

Let ξ = x1 + ix2 with xi ∈ R, i = 1, 2. Since the right-hand sides of (3.14) and (3.15)
are two real numbers, we have sin 2x2 = 0 and sin τx2 = 0, which yield, respectively,

x2 =
mπ

2
, x2 =

nπ

τ

for some m,n ∈ Z. Hence, if x2 -= 0, then τ = 2n
m is a rational number. If x2 = 0,

(3.14)–(3.16) show that τ = 2. Therefore, if ξ is a root of ∆(λ) = 0 with multiplicity
two, then τ must be rational, and subsequently, if τ is irrational, any root of ∆(λ) = 0
is simple.

Let τ = 2n
m be rational with m,n ∈ N. Let y = eλ/m. Then ∆(λ) = 0 becomes

ky2m − y2n − k − y2m+2n = 0,

which has at most 2m + 2n roots. Denote all those different roots by y1, y2, . . . , yr,
1 ≤ r ≤ 2n + 2m. Let yj = |yj|eiθj . Then the roots of ∆(λ) = 0 can be given
explicitly:

λj,ν = m ln |yj |+ im(θj + 2µπ), 1 ≤ j ≤ r, µ ∈ Z.

Hence, when τ is rational, the eigenvalues of A lie on the finitely many vertical lines
parallel to the imaginary axis, and hence they are separated.

Now we look at the case of irrational τ . Notice that λ ∈ σ(A) implies that

0 < inf
λ∈σ(A)

| sinhλ| ≤ sup
λ∈σ(A)

| sinhλ| < ∞.

Since the multiplicity of the root of ∆(λ) = 0 is simple, we have infλ∈σ(A) |∆′(λ)| > 0,
which by (3.12) and (3.13) is equivalent to

(3.17) inf
λ∈σ(A)

∣∣∣∣

(
cothλ− 1

2

(
τ +
√
τ2 + 4

))(
cothλ− 1

2

(
τ −
√
τ2 + 4

))∣∣∣∣ > 0.

By Theorem 3 of [25], it follows that the roots of ∆(λ) are separated.
Recall now, from Lemma 3.1, that each eigenvalue λ of A is geometrically simple.

Furthermore, it follows from a general formula on page 148 of [15] that

m(a)(λ) ≤ pλ ·m(g)(λ) = pλ,
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where pλ denotes the order of the pole of R(λ,A) at λ, m(a)(λ) denotes the algebraic
multiplicity of λ, and m(g)(λ) denotes the geometric multiplicity of λ. The expression
(3.7) for R(λ,A) asserts that pλ does not exceed the multiplicity of ∆(λ) at λ. Since
we have proved that the multiplicity of each root of ∆(λ) is at most two, we conclude
that

(3.18) sup
λ∈σ(A)

m(a)(λ) ≤ 2.

Remark 3.4. It is proved in section 6 that when τ = 2, ∆(λ) does have a root
with multiplicity 2.

4. Riesz basis property and spectrum-determined growth condition.
Now we are in a position to consider the Riesz basis property and spectrum-determined
growth condition for the system (2.4).

In order to prove the completeness of the root subspace, we need the following
theorem.

Theorem 4.1 (see [25]). Let A be the generator of a C0-semigroup in a Hilbert
space H and let Sp(A) be the root subspace of A spanned by the generalized eigenvec-
tors of A. Assume that A is a discrete operator and, for λ ∈ ρ(A), that R(λ,A) is
of the form

R(λ,A)Y =
G(λ)Y

F1(λ)
∀ Y ∈ H,

where for each Y ∈ H, G(λ)Y is an H-valued entire function with order less than or
equal to ρ1 and F1(λ) is a scalar entire function of order ρ2. Let ρ := max{ρ1, ρ2} < ∞
and let n be an integer so that n− 1 ≤ ρ < n. If there are n + 1 rays γj , j = 0, 1, 2,
. . . , n, on the complex plane

arg γ0 =
π

2
< arg γ1 < arg γ2 < · · · < arg γn =

3π

2

with

arg γj+1 − arg γj ≤
π

n
, 0 ≤ j ≤ n− 1,

so that for any Y ∈ H, R(λ,A)Y is bounded on all rays γj , 0 < j < n, as |λ| → ∞,
then Sp(A) = H.

Since from Lemma 3.2 we have obtained the expression (3.7) for R(λ,A), by using
Theorem 4.1, we have the following theorem on the completeness of A in H.

Theorem 4.2. Let A be given by (2.3). Then the root subspace of A is complete
in H, that is, Sp(A) = H, where Sp(A) denotes the root subspace of A spanned by the
generalized eigenfunctions of A.

Proof. From Lemma 3.2, X = R(λ,A)Y can be further represented as

X = R(λ,A)Y =
G(λ, Y )

∆(λ)
,

where G(λ;Y ) is an H-valued entire function with order less than or equal to 1, and
by (3.4), ∆(λ) is a scalar entire function of order 1. Since it is indicated in Remark 2.3
that A generates a C0-group in H, ‖R(λ,A)‖ is uniformly bounded as Reλ → ±∞.
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So all conditions of Theorem 4.1 are satisfied with ρ = 1, n = 2, γ1 = {λ| argλ = π}.
Therefore, Sp(A) = H.

Let Ω = {νk}k∈J be a sequence of C satisfying |Reνk| < ∞. Suppose that each
νk appears in Ω at most finitely many times and Ω has no finite accumulation points.
Then Ω can be ordered in such a way that {Imνk} forms a nondecreasing sequence.
Suppose further that each νk is repeated in a number of times it appears in Ω and Ω
is a union of M separable sets {Ω̃*}: Ω =

⋃M
*=1 Ω̃*. Define

D+(Ω) = lim
r→∞

n+(r)

r
,

where

n+(r) = sup
x∈R

{the number of Im(Ω) ∩ [x, x+ r)}.

Then [8]

(4.1) D+(Ω) < ∞.

An entire function F (·) is said to be of exponential type if the inequality

(4.2) | F (z) |≤ CeL|z|

holds for some positive constants C and L and all complex values of z [27]. A point
z0 ∈ C such that F (z0) = 0 is called a zero of the entire function F . The integer
- such that F (z0) = F ′(z0) = · · · = F (*)(z0) = 0 but F (*+1)(z0) -= 0 is called the
vanishing order of F at z0. We say z0 is a simple zero of F if - = 0; otherwise, it is
called a multiple zero. An entire function of exponential type F is said to be of sine
type if (see Definition II.1.27 of [1]) the following hold:

(a) the zeros of F lie in a strip {z ∈ C| |Rez| ≤ c} for some c > 0;
(b) there exist constants c1, c2 > 0 and x0 ∈ R such that c1 ≤ |F (x0 + iy)| ≤ c2

for all y ∈ R.
The class of sine-type functions was first introduced in [13] to deal with problems

of interpolation by entire functions and the Riesz basis property of the sets of complex
exponentials in L2 space.

Now we are ready to establish the Riesz basis property of the system.
Theorem 4.3. Let A be given by (2.3) and let σ(A) = {λi, i ∈ Z}. Then the

following assertions hold:
(1) There is a set of generalized eigenfunctions of A, which forms a Riesz basis

with parentheses for H. More precisely,

(4.3) W =
∑

i∈N
PλiW ∀ W ∈ H,

and there are constants M1,M2 > 0 such that

(4.4) M1

∑

i∈N
‖PλiW‖2 ≤ ‖W‖2 ≤ M2

∑

i∈N
‖PλiW‖2 ∀ W ∈ H,

where Pλi is the spectral projection operator corresponding to eigenvalue λi of A.
(2) The spectrum-determined growth condition holds [15], namely, S(A) = ω(A),

where

S(A) := sup
λ∈σ(A)

Reλ
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is the spectral bound of A, and

ω(A) := inf
{
ω | ∃M > 0 such that

∥∥eAt
∥∥ ≤ Meωt

}

is the growth order of eAt.
Proof. Let ∆(λ) be defined by (3.4), which is obviously an entire function of

exponential type. Moreover, by Proposition 3.3 and the fact that |∆(λ)| → ∞ as
Reλ → ±∞, it follows that ∆(λ) is a sine-type function.

By Proposition 3.3, the eigenvalues of A can be decomposed into two separable
sets (a multiple eigenvalue is repeated in a number of times equal to its algebraic
multiplicity), i.e.,

eigenvalues of A = Λ =
2⋃

n=1

Λn

and

inf
i&=j,λi,λj∈Λn

|λi − λj | > 0 ∀ 1 ≤ n ≤ 2.

Since {λi, i ∈ Z} is located in a strip parallel to the imaginary axis and has no finite
accumulation point, we may assume without loss of generality that {Imλi} is arranged
to form a nondecreasing sequence. By equation (3.3) of [9], the generalized divided
difference (GDD) produced by λi is just [2, 9]

E(λi) = {eλit} or E(λi) = {eλit, teλit}.

By (4.1), D+(Λ) < ∞. According to Proposition 3.2 of [9], for any T > 2πD+(Λ),
the family of GDD {E(λi)}i∈Z forms a Riesz basis for the closed subspace spanned
by itself in L2(0, T ). Therefore, all conditions of Theorem 3.1 of [9] are satisfied. This
together with Sp(A) = H as established by Theorem 4.2 deduces the assertions.

5. Exponential stability. In this section, we discuss the exponential stability
of the system (2.4). Since the spectrum-determined growth condition holds for system
(2.4) as established by Theorem 4.3, we need only check the location of the eigenvalues
of A on the complex plane. Let ∆(λ) be given by (3.4). Then, by ∆(λ) = 0, we have

(5.1) e−λ + ke−(1+τ)λ + eλ − ke(1−τ)λ = 0,

which is equivalent to

(5.2) e(2+τ)λ − ke2λ + eτλ + k = 0.

In what follows, we assume that τ = n ∈ N+. Then (5.2) becomes

(5.3) e(2+n)λ − ke2λ + enλ + k = 0.

Set y = eλ. Equation (5.3) can be further written as

(5.4) D(y) = y(2+n) − ky2 + yn + k = 0.

So finding the roots of ∆(λ) = 0 on the left half complex plane is equivalent to finding
the roots of D(y) = 0 inside the unit circle.
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Since the left-hand side of (5.4) is a polynomial, there are only finitely many roots
inside the unit circle. The following lemma is obvious.

Lemma 5.1. Let τ = n ∈ N+. Then Reλ < −ω for all λ ∈ σ(A) and some ω > 0
if and only if all roots of D(y) = 0 lie inside the unit circle.

Theorem 5.2. Let A be given by (2.3) and let τ = n ∈ N+. If all roots of
D(y) = 0 lie inside the unit circle, then the system (2.4) is exponentially stable.

Proof. If all roots of D(y) = 0 lie inside the unit circle, by Lemma 5.1, there
is a positive constant ω > 0 such that all eigenvalues λ ∈ σ(A) satisfy Reλ < −ω.
Moreover, Theorem 4.3 says that the spectrum-determined growth condition of the
system (2.4) is valid. Hence, the system (2.4) is exponentially stable.

In order to verify that the roots of polynomial D(y) are inside the unit circle,
we need the following Schur–Cohn criterion (see, e.g., pages 34–36 of [11] or Proposi-
tion 5.3 on page 27 of [12]).

Proposition 5.3. A necessary and sufficient condition that the polynomial

F (λ) = amλ
m + am−1λ

m−1 + · · ·+ a1λ+ a0, am > 0,

with real coefficients have all of its roots inside the unit circle is given by

(5.5) F (1) > 0 and (−1)mF (−1) > 0,

and the (m− 1)× (m− 1) Jury matrices

(5.6) ∆±
m−1 =





am 0 0 · · · 0
am−1 am 0 · · · 0
am−2 am−1 am · · · 0
...

...
...

...
a2 a3 a4 · · · am




±





0 0 · · · 0 a0
0 0 · · · a0 a1
...

...
...

...
0 a0 · · · am−4 am−3

a0 a1 · · · am−3 am−2





are both positive innerwise; that is, the determinants of all of the inners of ∆±
m−1

are positive. Here, the inners of a square matrix are the matrix itself and all the
matrices obtained by omitting successively the first and last rows and the first and last
columns.

For a given n ∈ N+, by using Proposition 5.3, we can get the necessary and
sufficient condition on k such that all the roots of D(y) lie inside the unit circle. First
we have the following necessary condition for even numbers n.

Theorem 5.4. Suppose that n ∈ N+ is an even number and all the roots of D(y)
lie inside the unit circle. Then the following hold:

(i) if n = 4m, m ∈ N+, then k ∈ (−1, 0);
(ii) if n = 4m− 2, m ∈ N+, then k ∈ (0, 1).
Proof. When n = 4m and n = 4m− 2, m ∈ N+, D(y) = y4m+2 + y4m − ky2 + k

and D(y) = y4m + y4m−2 − ky2 + k, respectively. By the relationship between the
coefficients and the roots of a polynomial, if all the roots of D(y) lie inside the unit
circle, it must be that |k| < 1.

(i) When n = 4m, for simplicity, we may assume s = y2 and denote D1(s) =
s2m+1 + s2m − ks + k without confusion. Since D1(s) is of odd order, by (5.5), it
follows that D1(1) and −D1(−1) must be positive, in order for all of its roots to be
inside the unit circle. Since

D1(1) = 1− k + k + 1 = 2 > 0, −D1(−1) = 1− k − k − 1 = −2k,
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by Proposition 5.3, if all the roots of D1(y) lie inside the unit circle, it should be
that −D1(−1) = −2k > 0, namely, k < 0. This together with |k| < 1 shows that
k ∈ (−1, 0).

(ii) When n = 4m− 2, under the assumption, D1(s) = s2m+ s2m−1− ks+ k with
s = y2. Since D1(s) is of even order, by (5.5), it follows that D1(1) and D1(−1) must
be positive, in order for all of its roots to be inside the unit circle. Since

D1(1) = 1− k + k + 1 = 2 > 0, D1(−1) = 1 + k + k − 1 = 2k,

by Proposition 5.3, if all the roots of D1(y) lie inside the unit circle, then it should
be that D1(−1) = 2k > 0. This together with |k| < 1 shows that k ∈ (0, 1).

In order to understand exactly the relation between the delay and the feedback
gain in the stability conditions, we first discuss a few cases where the delay is even.
Predictably, the larger the delay, the smaller the range of allowable gains.

Proposition 5.5. (i) For n = 2, all roots of D(y) lie inside the unit circle if
and only if k ∈ (0, 1).

(ii) For n = 4, all roots of D(y) lie inside the unit circle if and only if k ∈
(1−

√
2, 0).

(iii) For n = 6, all roots of D(y) lie inside the unit circle if and only if k ∈
(0, 2−

√
3).

(iv) For n = 8, all roots of D(y) lie inside the unit circle if and only if k ∈
(1 +

√
2−
√
4 + 2

√
2, 0).

Proof. (i) When n = 2, D(y) = y4+(1−k)y2+k. Again for simplicity, set s = y2,
D1

1(s) = s2 + (1− k)s+ k. Then we have

D1(1) = 1 + 1− k + k = 2 > 0, D1(−1) = 1− 1 + k + k = 2k.

Since ∆±
1 = 1 ± k, by Proposition 5.3, all the roots of D(y) lie inside the unit circle

if and only if 0 < k < 1.
(ii) When n = 4, D(y) = y6 + y4 − ky2 + k and D2

1(s) = s3 + s2 − ks + k with
s = y2 again. Now

D1(1) = 1− k + k + 1 = 2 > 0, −D1(−1) = 1− k − k − 1 = −2k.

Since

∆±
2 =

[
1 0
1 1

]
±
[

0 k
k −k

]
=

[
1 ±k

1± k 1∓ k

]
,

all the determinants of all inners are det(∆±
2 ) = 1∓ k ∓ k(1± k), which give

det(∆+
2 ) = 1− 2k − k2, det(∆−

2 ) = 1 + 2k − k2.

By Proposition 5.3, all the roots of D(y) lie inside the unit circle if and only if
1−

√
2 < k < 0.

(iii) When n = 6, D(y) = y8 + y6 − ky2 + k and D3
1(s) = s4 + s3 − ks+ k with

s = y2. Now

D1(1) = 1 + 1− k + k = 2 > 0, D1(−1) = 1− 1 + k + k = 2k.

Since

∆±
3 =




1 0 0
1 1 0
0 1 1



±




0 0 k
0 k −k
k −k 0



 =




1 0 ±k
1 1± k ∓k
±k 1∓ k 1



 ,
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all the determinants of all inners are

det(∆±
1 ) = 1± k, det(∆±

3 ) = 1± k ± k(1∓ k)± k (1∓ k ∓ k(1± k)) .

So

det(∆+
3 ) = 1 + 3k − 3k2 − k3 = (1 − k)(k2 + 4k + 1)

and

det(∆−
3 ) = 1− 3k − 3k2 + k3 = (k + 1)(k2 − 4k + 1).

By Proposition 5.3, all the roots of D(y) = 0 lie inside the unit circle if and only if
0 < k < 2−

√
3.

(iv) When n = 8, D(y) = y8 + y6 − ky2 + k and D4
1(s) = s5 + s4 − ks+ k with

s = y2 again. Now

D1(1) = 1 + 1− k + k = 2 > 0, −D1(−1) = 1− 1− k − k = −2k.

Since

∆±
4 =





1 0 0 0
1 1 0 0
0 1 1 0
0 0 1 1



±





0 0 0 k
0 0 k −k
0 k −k 0
k −k 0 0



 =





1 0 0 ±k
1 1 ±k ∓k
0 1± k 1∓ k 0
±k ∓k 1 1



 ,

all the determinants of all inners are

det(∆±
2 ) =

∣∣∣∣
1 ±k

1± k 1∓ k

∣∣∣∣ = 1∓ 2k − k2

and

det(∆+
4 ) = k4 + 4k3 − 6k2 − 4k + 1, det(∆−

4 ) = k4 − 4k3 − 6k2 + 4k + 1.

By Proposition 5.3, all the roots of D(y) lie inside the unit circle if and only if

(5.7) k < 0, 1− 2k − k2 > 0, 1 + 2k − k2 > 0,

(5.8) k4 + 4k3 − 6k2 − 4k + 1 > 0,

and

(5.9) k4 + 4k3 − 6k2 − 4k + 1 > 0.

By (5.7), we have

(5.10) 1−
√
2 < k < 0.

Notice that (5.8) and (5.9) are equivalent to the following two inequalities, respec-
tively:

(5.11) k2 + 4k − 6− 4k−1 + k−2 > 0
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and

(5.12) k2 − 4k − 6 + 4k−1 + k−2 > 0.

Let k̃ = k − k−1. Then (5.11) and (5.12) become, respectively,

(5.13) k̃2 + 4k̃ − 4 > 0

and

(5.14) k̃2 − 4k̃ − 4 > 0.

Now we are going to consider (5.13) and (5.14) step by step.
First, from (5.13), we have k̃ > −2 + 2

√
2 or k̃ < −2− 2

√
2.

Case 1: k̃ > −2 + 2
√
2. In this case, by (5.10), we have k2 + (2− 2

√
2)k − 1 < 0,

which yields

−1 +
√
2−
√
4− 2

√
2 < k < −1 +

√
2 +

√
4− 2

√
2.

This together with (5.10) gives 1−
√
2 < k < 0.

Case 2: k̃ < −2− 2
√
2. In this case, by (5.10), we have k2 + (2 + 2

√
2)k − 1 > 0,

which yields

k < −1−
√
2−
√
4 + 2

√
2 or k > −1−

√
2 +

√
4 + 2

√
2.

From these two cases, it follows that 1−
√
2 < k < 0.

On the other hand, from (5.14), we have k̃ > −2 + 2
√
2 or k̃ < −2− 2

√
2.

Case 3: k̃ > 2 + 2
√
2. In this case, by (5.10), we have k2 − (2 + 2

√
2)k − 1 < 0,

which yields

1 +
√
2−
√
4 + 2

√
2 < k < 1 +

√
2 +

√
4 + 2

√
2.

This together with 1−
√
2 < k < 0 gives 1 +

√
2−
√
4 + 2

√
2 < k < 0.

Case 4: k̃ < 2 − 2
√
2. In this case, by (5.10), we have k2 − (2 − 2

√
2)k − 1 > 0,

which yields

k < 1−
√
2−
√
4− 2

√
2 or k > 1−

√
2 +

√
4− 2

√
2.

From these two cases, it follows that 1 +
√
2−
√
4 + 2

√
2 < k < 0.

Remark 5.6. From the proof of Proposition 5.5, we see that after the replacement
of s = y2, the Jury matrices ∆±

1 for τ = 2 are the inners of the Jury matrices ∆±
3 for

τ = 6. This causes the stability region of the feedback gain for τ = 6 to be no larger
than that of τ = 2. Generally, from the Jury matrices (5.6) in Proposition 5.3, it can
be further found that for τ = 4m − 2, m ∈ N+, with the replacement of s = y2, the
Jury matrices ∆±

2m−1 for τ = 4m− 2 are the inners of the Jury matrices ∆±
2m+1 for

τ = 4m+ 2. This general observation shows that the stability region of the feedback
gain for τ = 4m+ 2 is no larger than that for τ = 4m− 2. The same observation is
also true for τ = 4m and τ = 4m+4, m ∈ N+. The rigorous proof for this observation
will be presented in Theorem 6.5.
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The case of odd delay values is complicated. Some special odd values discussed
in Proposition 5.7 suggest that there is no k ∈ R such that the all roots of D(y) lie
inside the unit circle, but the general case requires further investigation.

Proposition 5.7. For n = 1, 3, 5, there is no k ∈ R such that all the roots of
D(y) = 0 lie inside the unit circle.

Proof. (i) When n = 1, D(y) = y3 − ky2 + y + k and

D(1) = 1− k + k + 1 = 2 > 0, −D(−1) = 1− k + k + 1 = 2 > 0.

Since

∆±
2 =

[
1 0
−k 1

]
±
[

0 k
k 1

]
=

[
1 ±k

−k ± k 1± 1

]
,

we have

det(∆+
2 ) = 2 > 0, det(∆−

2 ) = −2k2 < 0.

The assertion then follows from Proposition 5.3.
(ii) When n = 3, D(y) = y5 + y3 − ky2 + k and

D(1) = 1− k + k + 1 = 2 > 0, −D(−1) = 1− k + k + 1 = 2 > 0.

Now

∆±
4 =





1 0 0 0
0 1 0 0
1 0 1 0
−k 1 0 1



±





0 0 0 k
0 0 k 0
0 k 0 −k
k 0 −k 1



 =





1 0 0 ±k
0 1 ±k 0
1 ±k 1 ∓k

−k ± k 1 ∓k 1± 1



 .

All the determinants of all inners are

det(∆±
2 ) =

∣∣∣∣
1 ±k
±k 1

∣∣∣∣ = 1− k2

and

det(∆+
4 ) = 2− k2 + 3k2 − k(2k) = 2 > 0,

det(∆−
4 ) = −2k2 + k(−2k − 2k2 + 2k3) = 2k2(k2 − k − 2).

By Proposition 5.3, all the roots of D(y) = 0 lie inside the unit circle if and only if
k2 < 1 and k2 − k− 2 > 0. The two inequalities are contradictory. The result follows.

(iii) When n = 5, D(y) = y7 + y5 − ky2 + k and

D(1) = 1− k + k + 1 = 2 > 0, −D(−1) = 1− k + k + 1 = 2 > 0.

Since

∆±
6 =





1 0 0 0 0 ±k
0 1 0 0 ±k 0
1 0 1 ±k 0 ∓k
0 1 ±k 1 ∓k 0
0 ±k 1 ∓k 1 0

−k ± k 0 ∓k 1 0 1± 1




,
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all the determinants of all inners are

det(∆±
2 ) =

∣∣∣∣
1 ±k
±k 1

∣∣∣∣ = 1− k2,

det(∆±
4 ) =

∣∣∣∣∣∣∣∣

1 0 0 ±k
0 1 ±k 0
1 ±k 1 ∓k
±k 1 ∓k 1

∣∣∣∣∣∣∣∣

= 1− k2 − 2k2 − k2(1 − k2)− 2k2 = 1− 6k2 + k4,

and

det(∆+
6 ) = 2 det(∆+

4 )− 8k2(1− k2) = 2(5k4 − 10k2 + 1),

det(∆−
6 ) = −2k2 det(∆−

4 )− 8k2(1− k2) = −2k2(k4 − 10k2 + 5).

By Proposition 5.3, the zeros of D(y) = 0 lie inside the unit circle if and only if

k2 < 1, 1− 6k2 + k4 > 0, 5k4 − 10k2 + 1 > 0, k4 − 10k2 + 5 < 0.

It is easy to verify that there is no k ∈ R such that the above inequalities hold
simultaneously. The proof is complete.

We now turn our attention to the case where τ = q
p is a rational number, where

p, q ∈ N+ are coprime. Then (5.2) becomes

(5.15) e(2+q/p)λ − ke2λ + e(q/p)λ + k = 0.

Let y = e
1
pλ. Then (5.15) becomes

(5.16) D(y) = y2p+q − ky2p + yq + k = 0.

We can discuss the roots of D(y) in the same fashion as in the integer case. The
following proposition gives the result for a special case of τ = 1

2 .
Proposition 5.8. For τ = 1

2 , there is no k ∈ R such that all the roots of D(y)
lie inside the unit circle.

Proof. When τ = 1
2 , D(y) = y5 − ky4 + y + k and

D(1) = 1− k + k + 1 = 2 > 0, −D(−1) = 1− k + k + 1 = 2 > 0.

Now

∆±
4 =





1 0 0 0
−k 1 0 0
0 −k 1 0
0 0 −k 1



±





0 0 0 k
0 0 k 1
0 k 1 0
k 1 0 0



 =





1 0 0 ±k
−k 1 ±k ±1
0 −k ± k 1± 1 0
±k ±1 −k 1



 .

Since the determinants of the inners are

det(∆±
2 ) =

∣∣∣∣
1 ±k

−k ± k 1± 1

∣∣∣∣ = 1± 1∓ k(−k ± k),

we get

det(∆+
2 ) = 2 > 0, det(∆−

2 ) = −2k2 < 0.

The result then follows from Proposition 5.3.
We list in Table 1 the region of k for the first few even numbers for which the

exponential stability holds, where, for τ = 2, 4, 6, 8, the stability regions for k come
from Proposition 5.5 and, for τ = 10, the stability region for k comes from Remark 6.6.
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Table 1
The stability relations between the feedback gain k and the time delay τ .

τ The stability region of the feedback k The sign of k
0 (−∞, 0) −
2 (0, 1) +
4 (1−

√
2, 0) −

6 (0, 2−
√
3) +

8 (1 +
√
2−

√
4 + 2

√
2, 0) −

10 (0, 1 +
√
5−

√
5 + 2

√
5) +

...
...

...

6. Convergence of the stability region. From Table 1, it is found that as
the delay of even multiples is increasing, the stability region of the feedback gain is
shrinking. In this section, we shall show that the stability region actually converges
to the empty set as the delay of even multiples goes to infinity. To do this, we need
several preliminary lemmas.

Lemma 6.1. Let n be a positive integer. Then the following equalities hold:

C1
n = 2C1

n−2 − C1
n−4,

C2
n = 2C2

n−2 − C2
n−4 + 4,

C3
n = 2C3

n−2 − C3
n−4 + 2C1

n−4 + 2C1
n−2,

Cj
n = 2Cj

n−2 + 2Cj−2
n−2 − Cj

n−4 + 2Cj−2
n−4 − Cj−4

n−4, j = 4, . . . , n− 4,

Cn−3
n = 2Cn−3

n−2 + 2Cn−5
n−2 + 2Cn−5

n−4 − Cn−7
n−4 ,

Cn−2
n = 2Cn−2

n−2 + 2Cn−4
n−2 + 2Cn−4

n−4 − Cn−6
n−4 ,

C1
n = 2Cn−3

n−2 − Cn−5
n−4 ,

where

Cj
n =

n!

(n− j)!j!
=

n(n− 1) · · · (n− j + 1)

j!
.

Proof. The cases of Cj
n, j = 1, 2, 3, n− 3, n − 2, n − 1, are trivial; we need only

show the cases of j = 4, 5, . . . , n− 4. For each n ≥ 7 and j = 4, it holds that

2C4
n−2 + 2C4−2

n−2 − C4
n−4 + 2C4−2

n−4 − C4−4
n−4

= 2C4
n−2 + 2C2

n−2 − C4
n−4 + 2C2

n−4 − C0
n−4

=
2(n− 2)(n− 3)(n− 4)(n− 5) + 2× 4× 3× (n− 2)(n− 3)

4!

− (n− 4)(n− 5)(n− 6)(n− 7)

4!
+

2× 3× 4(n− 4)(n− 5)

4!
− 1

=
[2(n− 4)(n− 5) + 24] (n− 2)(n− 3)

4!
+

(n− 4)(n− 5) [−(n− 6)(n− 7) + 24]− 4!

4!

=
2
[
n4 − 14n3 + 83n2 − 214n+ 192

]
−
[
n4 − 22n3 + 155n2 − 422n+ 360

]
− 4!

4!

=
n4 − 6n3 + 11n2 − 6n

4!
=

n(n3 − 6n2 + 11n− 6)

4!
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=
n(n− 1)(n− 2)(n− 3)

4!
= C4

n.

For j = 5, . . . , n − 5, we apply the mathematical induction. Suppose that for fixed
n > 7 and 5 ≤ j ≤ n− 5 we have the equality

(6.1) Cj
n = 2Cj

n−2 + 2Cj−2
n−2 − Cj

n−4 + 2Cj−2
n−4 − Cj−4

n−4.

Then, for n+ 1 and 5 ≤ j ≤ n− 4, since Cj
n+1 = Cj

n + Cj−1
n , by (6.1), and

Cj−1
n = 2Cj−1

n−2 + 2Cj−3
n−2 − Cj−1

n−4 + 2Cj−3
n−4 − Cj−5

n−4,

we have

Cj
n+1 = Cj

n + Cj−1
n

= 2Cj
n−2 + 2Cj−2

n−2 − Cj
n−4 + 2Cj−2

n−4 − Cj−4
n−4 + 2Cj−1

n−2 + 2Cj−3
n−2 − Cj−1

n−4

+ 2Cj−3
n−4 − Cj−5

n−4

= 2[Cj
n−2 + Cj−1

n−2] + 2[Cj−2
n−2 + Cj−3

n−2]− [Cj
n−4 + Cj−1

n−4] + 2[Cj−2
n−4

+ Cj−3
n−4]− [Cj−4

n−4 + Cj−5
n−4]

= 2Cj
n−1 + 2Cj−2

n−1 − Cj
n−3 + 2Cj−2

n−3 − Cj−4
n−3.

The results then follow.
Lemma 6.2. Let n ≥ 4. Then

n∑

j=3

Cj
n
1

nj
< e− 2− 1

2

(
1− 1

4

)
≈ 0.343281828459.

Proof. It is well known that

lim
n→∞

an = lim
n→∞

(
1 +

1

n

)n

= e ≈ 2.718281828459,

where the sequence {an}∞n=1 is increasing. On the other hand, since

(
1 +

1

n

)n

=
n∑

j=0

Cj
n
1

nj
= 1 + C1

n
1

n
+ C2

n
1

n2
+ C3

n
1

n3
+ · · ·+ Cn

n
1

nn
< e,

we have

n∑

j=3

Cj
n
1

nj
= C3

n
1

n3
+ · · ·+ Cn

n
1

nn
< e − 1− C1

n
1

n
− C2

n
1

n2
= e− 2− 1

2

(
1− 1

n

)
.

So, when n ≥ 4, we have

n∑

j=3

Cj
n
1

nj
< e− 2− 1

2

(
1− 1

4

)
≈ 0.34.

Theorem 6.3. Let n = 2m, m ∈ N+, let

Dm
1 (s) = sm+1 + sm − ks+ k = 0,
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and let J±
m(k) = det∆±

m, where ∆±
m are the Jury matrices such that ∆±

1 = 1± k and

∆±
m =





1 0 0 · · · 0 0 0
1 1 0 · · · 0 0 0
0 1 1 · · · 0 0 0
...

...
...

...
0 0 0 · · · 1 0 0
0 0 0 · · · 1 1 0
0 0 0 · · · 0 1 1





m

±





0 0 0 · · · 0 0 k
0 0 0 · · · 0 k −k
0 0 0 · · · k −k 0
...

...
...

...
0 0 k · · · 0 0 0
0 k −k · · · 0 0 0
k −k 0 · · · 0 0 0





m

(6.2)

∀ n ≥ 2.

Then

(6.3)






J+
1 (k) = 1 + k,

J+
2 (k) = 1− 2k − k2,

J+
3 (k) = 1 + 3k − 3k2 − k3,

J+
4 (k) = 1− 4k − 6k2 + 4k3 + k4,






J−
1 (k) = 1− k,

J−
2 (k) = 1 + 2k − k2,

J−
3 (k) = 1− 3k − 3k2 + k3,

J−
4 (k) = 1 + 4k − 6k2 − 4k3 + k4,

and for m ≥ 5, J±
m(k) satisfies the iteration

(6.4) J±
m(k) = 2(1− k2)J±

m−2(k)− (1 + k2)2J±
m−4(k).

Moreover, for all l ∈ N+,

(6.5) J+
2l(k) = 1 +

2l∑

j=1

(−1)
[

j+1
2

]
Cj

2lk
j, J−

2l (k) =
2l∑

j=0

(−1)
[

j
2

]
Cj

2lk
j

and

(6.6) J+
2l−1(k) =

2l−1∑

j=0

(−1)
[

j
2

]
Cj

2l−1k
j , J−

2l−1(k) = 1 +
2l−1∑

j=1

(−1)
[

j+1
2

]
Cj

2l−1k
j,

where [p] denotes the largest integer not exceeding p.
Proof. The expressions for J±

m(k), m = 1, 2, 3, 4, are trivially true. We show only
(6.4) for m ≥ 5. Since the arguments are similar, we check only J−

2l (k) for the even
case of m = 2l. Since

J−
2l (k) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 0 0 · · · 0 0 · · · 0 0 −k
1 1 0 · · · 0 0 · · · 0 −k k
0 1 1 · · · 0 0 · · · −k k 0
...

...
...

. . . . .
. ...

0 0 0 · · · 1 −k · · · 0 0 0
0 0 0 · · · 1− k 1 + k · · · 0 0 0
...

... . .
. . . .

...
0 0 −k · · · 0 0 · · · 1 0 0
0 −k k · · · 0 0 · · · 1 1 0
−k k 0 · · · 0 0 · · · 0 1 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,
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a direct computation gives

(6.7) J−
2l (k) = g12l−1(k) + kg22l−1(k),

where

g12l−1(k) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 0 · · · 0 0 · · · 0 −k k
1 1 · · · 0 0 · · · −k k 0
...

...
. . .

...
...

0 0 · · · 1 −k · · · 0 0 0
0 0 · · · 1− k 1 + k · · · 0 0 0
...

...
...

...
0 −k · · · 0 0 · · · 1 0 0
−k k · · · 0 0 · · · 1 1 0
k 0 · · · 0 0 · · · 0 1 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
2l−1

and

g22l−1(k) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 1 0 · · · 0 0 · · · 0 −k
0 1 1 · · · 0 0 · · · −k k

...
. . . . .

.

0 0 0 · · · 1 −k · · · 0 0
0 0 0 · · · 1− k 1 + k · · · 0 0
...

... . .
. . . .

0 0 −k · · · 0 0 · · · 1 0
0 −k k · · · 0 0 · · · 1 1
−k k 0 · · · 0 0 · · · 0 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
2l−1

.

Moreover,

(6.8)

{
g12l−1(k) = J−

2l−2(k) + kh2l−2(k),

g22l−1(k) = J−
2l−2(k)− kJ−

2l−2(k),

where

h2l−2(k) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 1 · · · 0 0 · · · −k k
...

. . . . .
.

0 0 · · · 1 −k · · · 0 0
0 0 · · · 1− k 1 + k · · · 0 0
... . .

. . . .
0 −k · · · 0 0 · · · 1 0
−k k · · · 0 0 · · · 1 1
k 0 · · · 0 0 · · · 0 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
2l−2

.

Furthermore, a direct computation gives

h2l−2(k) = g22l−3(k)− kg12l−3(k)

= h2l−4(k)− kJ−
2l−4(k)− k

[
J−
2l−4(k) + kh2l−4(k)

]
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= (1 − k2)h2l−4(k)− 2kJ−
2l−4(k)

and

J−
2l (k) = g12l−1(k) + kg22l−1(k)

= J−
2l−2(k) + kh2l−2(k) + k[h2l−2(k)− kJ−

2l−2(k)]

= (1 − k2)J−
2l−2(k) + 2kh2l−2(k).

In summary,

(6.9)

{
J−
2l (k) = (1 − k2)J−

2l−2(k) + 2kh2l−2(k),

h2l(k) = (1− k2)h2l−2(k)− 2kJ−
2l−2(k).

From relation between J2l(k) and h2l(k), we get that

J−
2l (k) = (1− k2)J−

2l−2(k) + 2k[(1− k2)h2l−4(k)− 2kJ−
2l−4(k)]

= (1− k2)J−
2l−2(k)− 4k2J−

2l−4(k) + 2k(1− k2)h2l−4(k)

= (1− k2)J−
2l−2(k)− 4k2J−

2l−4(k) + (1− k2)[J−
2l−2(k)− (1− k2)J−

2l−4(k)]

= 2(1− k2)J−
2l−2(k)− [4k2 + (1 − k2)2]J−

2l−4(k)

= 2(1− k2)J−
2l−2(k)− (1 + k2)2J−

2l−4(k),

from which (6.4) follows.
Next we show (6.5) for J−

2l (k) by mathematical induction only since, once again,
J+
2l(k) and (6.6) can be obtained similarly. From (6.3), J−

2 (k) and J−
4 (k) can be

expressed, respectively, as

J−
2 (k) = 1 + 2k − k2 =

2∑

j=0

(−1)
[

j
2

]
Cj

2k
j

and

J−
4 (k) = 1 + 4k − 6k2 − 4k3 + k4 =

4∑

j=0

(−1)
[

j
2

]
Cj

4k
j .

So (6.5) is true for J−
2 (k) and J−

4 (k). Suppose that (6.5) is true for J−
2p(k), p ≤ l− 1.

Then, by (6.4),

J−
2l (k) = 2(1− k2)J−

2l−2(k)− (1 + k2)2J−
2l−4(k)

= 2(1− k2)
2l−2∑

j=0

(−1)
[

j
2

]
Cj

2l−2k
j − (1 + 2k2 + k4)

2l−4∑

j=0

(−1)
[

j
2

]
Cj

2l−4k
j

= 2
2l−2∑

j=0

(−1)
[

j
2

]
Cj

2l−2k
j − 2

2l−2∑

j=0

(−1)
[

j
2

]
Cj

2l−2k
j+2

−
2l−4∑

j=0

(−1)
[

j
2

]
Cj

2l−4k
j − 2

2l−4∑

j=0

(−1)
[

j
2

]
Cj

2l−4k
j+2 −

2l−4∑

j=0

(−1)
[

j
2

]
Cj

2l−4k
j+4
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= 1 + [2C1
2l−2 − C1

2l−4]k − [2C2
2l−2 − C2

2l−4 + 4]k2

− [2C3
2l−2 − C3

2l−4 + 2C1
2l−4 + 2C1

2l−2]k
3

+ (−1)
[

2l−3
2

] [
2C2l−3

2l−2 + 2C2l−5
2l−2 + 2C2l−5

2l−4 − C2l−7
2l−4

]
k2l−3

+ (−1)
[

2l−2
2

] [
2C2l−2

2l−2 + 2C2l−4
2l−2 + 2C2l−4

2l−4 − C2l−6
2l−4

]
k2l−2

+ (−1)
[

2l−1
2

] [
2C2l−3

2l−2 − C2l−5
2l−4

]
k2l−1 + (−1)

[
2l
2

]
k2l

+
2l−4∑

j=4

(−1)
[

j
2

] [
2Cj

2l−2 + 2Cj−2
2l−2 − Cj

2l−4 + 2Cj−2
2l−4 − Cj−4

2l−4

]
kj .

By Lemma 6.1, we conclude that

J−
2l (k) = 1 + C1

2lk − C2
2lk

2 + · · ·+ (−1)
[

2l
2

]
C2l

2l =
2l∑

j=0

(−1)
[

j
2

]
Cj

2lk
j.

Lemma 6.4. Let J±
2l (k) and J±

2l−1(k), l ∈ N+, be given by (6.5) and (6.6),
respectively. Then we have

(6.10) J+
2l(k) > J−

2l (k), k ∈
(
− 1

2l
, 0

)
,

and

(6.11) J+
2l−1(k) > J−

2l−1(k), k ∈
(
0,

1

2l − 1

)
.

Moreover, J−
1 (1) = 0, and

(6.12)






J−
2l

(
− 1

2l

)
< 0, J−

2l (0) = 1 > 0,

J−
2l+1

(
1

2l+ 1

)
< 0, J−

2l+1(0) = 1 > 0.

Therefore, there is at least one root for J−
2l (k) and J−

2l+1(k) in intervals (− 1
2l , 0) and

(0, 1
2l+1 ), respectively.
Proof. We show (6.10) and (6.11) first. From (6.5), we have

J+
2l(k)− J−

2l (k)

= −2C1
2lk + 2C3

2lk
3 − 2C5

2lk
5 + · · ·+ (−1)l2C2l−1

2l k2l−1

=






−2k
[
(C1

2l − C3
2lk

2) + k4(C5
2l − C7

2lk
2) + · · ·+ C2l−1

2l k2l−2
]

if l is odd,

−2k
[
(C1

2l − C3
2lk

2) + k4(C5
2l − C7

2lk
2) + · · ·+ k2l−4(C2l−3

2l − C2l−1
2l k2)

]

if l is even.

Since, for 1 ≤ j ≤ 2l− 3 and k ∈
(
− 1

2l , 0
)
,

Cj
2l − Cj+2

2l k2 = Cj
2l

[
1− (2l− j)(2l − j − 1)

(j + 2)(j + 1)
k2
]

> Cj
2l

[
1− (2l− j)(2l − j − 1)

(j + 2)(j + 1)

1

(2l)2

]
> 0,
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we have

J+
2l(k)− J−

2l (k) > 0, k ∈
(
− 1

2l
, 0

)
.

Hence J+
2l(k) > J−

2l (k) in k ∈
(
− 1

2l , 0
)
. The same argument yields J+

2l−1(k) > J−
2l−1(k)

over k ∈ (0, 1
2l−1 ).

Now we are in a position to show (6.12). J−
1 (1) = 0 is obvious. Since J−

2 (k) =
1 + 2k − k2 and J−

3 (k) = 1− 3k − 3k2 + k3, we have

J−
2

(
−1

2

)
= −1

4
< 0, J−

2 (0) = 1 > 0

and

J−
3

(
1

3

)
= − 8

27
< 0, J−

3 (0) = 1 > 0.

When l ≥ 2, J−
2l (0) = J−

2l+1(0) = 1 > 0 and

J−
2l

(
− 1

2l

)
= 1− C1

2l
1

2l
− C2

2l
1

4l2
+ C3

2l
1

(2l)3
+ · · ·+ (−1)[

2l
2 ] 1

(2l)2l

= −1

2

(
1− 1

2l

)
+ C3

2l
1

(2l)3
+ · · ·+ (−1)[

2l
2 ] 1

(2l)2l

≤ −1

2

(
1− 1

2l

)
+

n∑

j=3

Cj
2l

1

(2l)j
,

J−
2l+1

(
1

2l + 1

)
= 1− C1

2l+1
1

2l+ 1
− C2

2l+1
1

(2l + 1)2

+ C3
2l+1

1

(2l+ 1)3
+ · · ·+ (−1)[

2l+2
2 ] 1

(2l + 1)2l+1

= −1

2

(
1− 1

2l+ 1

)
+ C3

2l+3
1

(2l + 3)3
+ · · ·+ (−1)[

2l+2
2 ] 1

(2l + 1)2l+1

≤ −1

2

(
1− 1

2l+ 1

)
+

n∑

j=3

Cj
2l+1

1

(2l + 1)j
,

Since 2l ≥ 4, by Lemma 6.2, we have

J−
2l

(
− 1

2l

)
< −1

2

(
1− 1

4

)
+ e − 2− 1

2

(
1− 1

4

)
< 0

and

J−
2l+1

(
1

2m+ 1

)
< −1

2

(
1− 1

4

)
+ e − 2− 1

2

(
1− 1

4

)
< 0.

Now we state the main result of this section.
Theorem 6.5. Let n = 2m, m ∈ N+, and let D(y) be defined by (5.4). For

l ∈ N+, we have the following two assertions:
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(i) If m = 2l, then there is α2l ∈ (0, 1
2l ) such that all roots of D(y) lie inside the

unit circle if and only if k ∈ (−α2l, 0). Moreover,

(−α2, 0) ⊃ (−α4, 0) ⊃ · · · ⊃ (−α2l, 0) ⊃ · · · .

(ii) If m = 2l + 1, then there is β2l+1 ∈ (0, 1
2l+1 ) such that all roots of D(y) lie

inside the unit circle if and only if k ∈ (0, β2l+1). Moreover,

(0, β3) ⊃ (0, β5) ⊃ · · · ⊃ (0, β2l+1) ⊃ · · · .

Furthermore,

lim
l→∞

(α2l + β2l+1) = 0.

Proof. Let n = 2m and let D(y) be defined by (5.4). Set s = y2, Dm
1 (s) =

sm+1+ sm− ks+ k = 0. By Proposition 5.3, all the roots of Dm
1 (s) lie inside the unit

circle if and only if the determinants of all inners of ∆±
m are positive.

Now we show the assertion (i). Let m = 2l and let J±
2l (k) = det∆±

2l. Note that
∆±

2p, 1 ≤ p ≤ l, are all inners ∆±
2l. By Proposition 5.3, all the roots of D2l

1 (s) lie inside

the unit circle if and only if J±
2l (k) > 0. We adopt the mathematical induction for l

to show (i).
When l = 1, m = 2, and n = 4, by Proposition 5.5, there are α2 =

√
2 − 1,

0 < α2 < 1
2 , and J−

2 (−α2) = 0 such that all the roots of D2
1(s) lie inside the unit

circle if and only if k ∈ (−α2, 0). The assertion (i) holds for l = 1.

When l = 2, m = 4, and n = 8, by Proposition 5.5, there are α4 =
√
4 + 2

√
2−

1 −
√
2, 0 < α4 < 1

4 , α4 < α2, and J−
4 (−α4) = 0 such that all the roots of D4

1(s) lie
inside the unit circle if and only if k ∈ (−α4, 0). Hence the assertion (i) is valid for
l = 2.

Now suppose that assertion (i) holds for all l − 1 > 0; that is, there are α2p,
1 ≤ p ≤ l − 1, where 0 < α2p < 1

2p , J
−
2p(−α2p) = 0, 1 ≤ p ≤ l − 1, and

(−α2, 0) ⊃ (−α4, 0) ⊃ · · · ⊃ (−α2(l−1), 0) ⊃ · · ·

such that all roots of D2p
1 (s) lie inside the unit circle if and only if k ∈ (−α2p, 0).

Then, for l, since ∆±
2p, 1 ≤ p ≤ l, are all inners of ∆±

2l, we have

J±
2p(k) = (det∆±

2p)(k) > 0, k ∈ (−α2(l−1), 0), 1 ≤ p ≤ l− 1.

So we need only show that there are α2l, 0 < α2l <
1
2l , α2l < α2(l−1), and J−

2l (−α2l) =
0 such that

J±
2l (k) > 0, k ∈ (−α2l, 0).

In fact, from (6.5), we have

d

dk
J−
2l (k) =

2l∑

j=1

(−1)
[

j
2

]
jCj

2lk
j−1 =

2l−1∑

j=0

(−1)
[

j+1
2

]
(j + 1)Cj+1

2l kj

= (2l) + (2l)
2l−1∑

j=1

(−1)
[

j+1
2

]
Cj

2l−1k
j
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and

(6.13)
d2

dk2
J−
2l (k) = (2l)

2l−1∑

j=1

(−1)
[

j+1
2

]
jCj

2l−1k
j−1 = −(2l)(2l− 1)J−

2(l−1)(k).

Since, by assumption for l − 1, J−
2(l−1)(−α2(l−1)) = 0 and






J−
2(l−1)(k) > 0 ∀ k ∈ (−α2(l−1), 0),

J−
2(l−2)(k) > 0 ∀ k ∈ (−α2(l−2), 0),

J−
2(l−2)(−α2(l−1)) > 0,

it follows from (6.4) and (6.13) that

J−
2l (−α2(l−1)) = 2(1− k2)J−

2(l−1)(−α2(l−1))− (1 + k2)J−
2(l−2)(−α2(l−1)) < 0

and

d2

dk2
J−
2l (k) < 0 ∀ k ∈ (−α2(l−1), 0).

Therefore, d
dkJ

−
2l (k) is decreasing in k ∈ (−α2(l−1), 0), and by J−

2l (0) = 1 > 0, there
is only one number −α, 0 < α < α2(l−1), such that J−

2l (−α) = 0 and

J−
2l (k) > 0 ∀ k ∈ (−α, 0) ⊂ (−α2(l−1), 0).

We claim that α < 1
2l . In fact, from (6.12) and Lemma 6.4, there is at least one root

of J−
2l (k) in (− 1

2l , 0), and from (6.10), J+
2l(k) > J−

2l (k) for all k ∈ (− 1
2l , 0). Hence

α < 1
2l , written by α2l = α. Therefore assertion (i) holds for l and hence for all l by

induction.
The same argument as above yields assertion (ii). We omit the details here.

Finally, since

(−α2l, 0) ⊆
(
− 1

2l
, 0

)
, (0, β2l+1) ⊆

(
0,

1

2l + 1

)
,

we have α2l → 0 and β2l+1 → 0 as l → ∞.
Remark 6.6. From the proof of Theorem 6.5, it is found that when the delay is

equal to 4l, l ∈ N+, its stability region of the feedback gain is (−α2l, 0), where −α2l is
the closest real root of J−

2l (k) defined by (6.5) to zero in (−1, 0). Similarly, when the
delay is equal to 4l + 2, l ∈ N+, its stability region of the feedback gain is (0, β2l+1),
where β2l+1 is the closest real root of J−

2l+1(k) defined by (6.6) to zero in (0, 1). In
this spirit, the computations of the stability regions for τ = 4, 6, and 8 in the proof of
Proposition 5.5 are actually to find the closest real roots of J−

2 (k), J−
3 (k), and J−

4 (k)
to zero, respectively. Along this line, we can get more results, for instance, when
τ = 10; from J−

5 (k) = 1− 5k − 10k2 + 10k3 + 5k4 − k5, we have J−
5 (β5) = 0, where

β5 = 1 +
√
5−
√
5 + 2

√
5.

So the stability region of the feedback gain for τ = 10 is (0, β5).



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

544 JUN-MIN WANG, BAO-ZHU GUO, AND MIROSLAV KRSTIC

7. Lack of robustness to a small perturbation in time delay. In this
section, for a special case of τ = 2, we give the exact expressions for the eigenvalues.
These eigenvalues ensure the exponential stability of the system considered in [5].
We show, using the method of [3], that the feedback loop is not robust to a small
perturbation in time delay, which is a paradigm of the general result of [14].

Theorem 7.1. Let A be given by (2.3) and let τ = 2. The system (2.4) is
exponentially stable if and only if k ∈ (0, 1). The eigenvalues of A have the following
form:

λn =






1

2
ln

∣∣∣∣∣
k − 1±

√
(k − 1)2 − 4k

2

∣∣∣∣∣+
(
n+

1

2

)
πi

when 0 < k < 3− 2
√
2,

1

2
ln

∣∣∣∣
k − 1

2

∣∣∣∣+
(
n+

1

2

)
πi

when k = 3− 2
√
2,

1

2
ln k +

1

2
θi+

(
n± 1

2

)
πi

when 3− 2
√
2 < k < 1,

n ∈ Z,(7.1)

where θ is given by

(7.2) θ = arctan

√
4k − (k − 1)2

k − 1
.

In particular, when k = 3− 2
√
2, each eigenvalue λn is of algebraic multiplicity two.

Proof. The exponential stability was ensured by Theorem 5.2 and Proposition
5.5. Now, the characteristic equation ∆(λ) = 0 given by (3.4) is reduced to

(7.3) e4λ + (1− k)e2λ + k = 0,

which is equivalent to

(7.4) e2λ =
k − 1±

√
(k − 1)2 − 4k

2
.

There are three cases.
Case 1: 0 < k < 3− 2

√
2. In this case, (k − 1)2 − 4k > 0. Since

−1 <
k − 1±

√
(k − 1)2 − 4k

2
< 0,

we get the eigenvalues of A as follows:

λn =
1

2
ln

∣∣∣∣∣
k − 1±

√
(k − 1)2 − 4k

2

∣∣∣∣∣+
(
n+

1

2

)
πi, n ∈ Z.

Case 2: k = 3 − 2
√
2. In this case, (k − 1)2 − 4k = 0. So e2λ = k−1

2 is a root of
the characteristic equation (7.3) with multiplicity two. Therefore, the eigenvalues of
A are found to be

λn =
1

2
ln

∣∣∣∣
k − 1

2

∣∣∣∣+
(
n+

1

2

)
πi, n ∈ Z,
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and by Proposition 3.3, each eigenvalue λn is of algebraic multiplicity two.
Case 3: 3− 2

√
2 < k < 1. In this case, (k − 1)2 − 4k < 0. Since

k − 1±
√
(k − 1)2 − 4k

2
= kei(θ±π),

we have the eigenvalues of A given by

λn =
1

2
ln k +

1

2
θi+

(
n± 1

2

)
πi, n ∈ Z,

where θ is determined by (7.2).
The lack of robustness proof follows from the idea of [3].
Theorem 7.2. Let A be given by (2.3), let k ∈ (0, 1), and let

(7.5) δm =
1

m+ 1
2

, m = 0, 1, 2, . . . .

Suppose that τ = τm = 2 + δm in (1.1). Then, for each m, the system (2.4) has an
eigenvalue given by

(7.6) λm = λ1m +

(
m+

1

2

)
πi, λ1m > 0,

and

Re(λm) = λ1m → λ0 as m → ∞,

where

(7.7) λ0 =
1

2
ln

[
k + 1 +

√
(k + 1)2 + 4k

2

]
> 0

satisfies

(7.8)
e−2λ0 + 1

e2λ0 − 1
=

1

k
.

Proof. Let τ = τm = 2 + δm. By (3.4), the characteristic equation ∆(λ) = 0
becomes

(7.9) eλδm+2λ − k tanhλ = 0,

which can be rewritten as

(7.10) eλδm+2λ − k
eλ − e−λ

eλ + e−λ
= eλδm+2λ − k

e2λ − 1

e2λ + 1
= 0.

This further yields

(7.11) eλδm − k
1− e−2λ

1 + e2λ
= 0.

Let the imaginary part of λ satisfy Imλ =
(
n+ 1

2

)
π, n ∈ N. Then (7.11) has an

eigenvalue λm with λm = λ1m + (m+ 1
2 )πi, λ

1
m ∈ R, whose real parts satisfy

(7.12) eλ
1
mδm = k

e−2λ1
m + 1

e2λ1
m − 1
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or

(7.13) δm =
1

λ1m

[
log

(
e−2λ1

m + 1

e2λ1
m − 1

)
+ log k

]
.

Since τm satisfies (7.5), it follows from (7.12) or (7.13) that λ1m is positive. Let

f(s) =
e−2s + 1

e2s − 1
, s ∈ R+.

Since, for any s ∈ R+,

f ′(s) =
−2e−2s

(
e2s − 1

)
− 2e2s

(
e−2s + 1

)

(e2s − 1)2

=
−2 + 2e−2s − 2− 2e2s

(e2s − 1)2
< 0,

f(s) is monotonically decreasing on (0,∞), and hence (7.12) or (7.13) has a unique
solution. Moreover, solve f(λ0) =

1
k to give

(7.14)
e−2λ0 + 1

e2λ0 − 1
=

1

k
,

which yields

e4λ0 − (k + 1)e2λ0 − k = 0.

This gives

e2λ0 =
k + 1±

√
(k + 1)2 + 4k

2
.

Due to e2λ0 > 0, we get λ0 given by (7.7) directly. Hence the right-hand side of
(7.13) is greater than zero on (0, λ0) and less than zero on (λ0, ∞). Therefore, when
m → ∞, we have τm → 2 and λ1m → λ0.

Remark 7.3. The same argument as in the proof of Theorem 7.2 can be used to
get the nonrobustness result for negative δm:

δm = − 1

m+ 1
2

, m = 0, 1, 2, . . . .

We omit the proof.

8. Numerical simulation for the case τ = 2. In this section, we give some
numerical simulation results for the system (2.4) with τ = 2 and k ∈ (0, 3 − 2

√
2),

which is beyond the validity of [5]. The finite difference method is adopted in both
the time and the space domain for this PDE and the boundary conditions.

In the numerical scheme, the space grid size N = 40 and dt = 10−3 time step are
used. The parameters are taken to be τ = 2, k = 0.1, 0.05, respectively. The initial
conditions are

(8.1) w0(x) = w1(x) = x2 − 2x ∀ x ∈ [0, 1].

It is seen in Figures 1–4 that in these two cases, the state (w(x, t), wt(x, t)) is conver-
gent to zero.
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Fig. 1. The displacement w(x, t) of the system (1.1) for k = 0.1, τ = 2.
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Fig. 2. The velocity wt(x, t) of the system (1.1) for k = 0.1, τ = 2.

9. An alternative method to study stability. For the special problem stud-
ied in this paper, the analysis approach that we pursue is well suited for several
reasons. The Riesz basis property that we establish means that the dynamic behavior
of the vibrating system (2.1) is completely determined by its eigenfrequencies. As
a consequence of the Riesz basis property, we get the spectrum-determined growth
condition which establishes the relationship between the distribution of the eigenfre-
quencies and the stability of the system. Owing to the spectrum-determined growth
condition, the stability of system (2.1) is attributed to the root distribution of system
(5.4) with y = eλ, which could even lead to the explicit expression of optimal decay
for the system (2.1). For instance, when τ = 2, by Theorem 7.1, we have three cases.
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Fig. 3. The displacement w(x, t) of the system (1.1) for k = 0.05, τ = 2.
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Fig. 4. The velocity wt(x, t) of the system (1.1) for k = 0.05, τ = 2.

Case 1: 0 < k < 3− 2
√
2. In this case, the decay rate is

1

2
ln

∣∣∣∣∣
k − 1±

√
(k − 1)2 − 4k

2

∣∣∣∣∣ .

Moreover, it is easily shown that both functions 1− k +
√
(1− k)2 − 4k and 1− k −√

(1− k)2 − 4k are strict monotone functions in k. The former extremal is attained
at k = 3 − 2

√
2 and the latter at k = 0. So, in this case, the optimal decay rate is

ω0(A) = −∞.
Case 2: k = 3− 2

√
2. In this case, the decay rate is 1

2 ln
∣∣1−

√
2
∣∣.

Case 3: 3 − 2
√
2 < k < 1. In this case, the decay rate is 1

2 log k, and so the

optimal decay rate is 1
2 ln
(
3− 2

√
2
)
. Since 3 − 2

√
2 < |1 −

√
2|, we see that for

3− 2
√
2 ≤ k < 1, the optimal decay rate is ω0(A) = 1

2 ln(
√
2− 1).
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To sum up, the unattainable optimal decay rate for τ = 2 is ω0(A) = −∞,
which is obtained as k → 0. This is an unusual phenomenon since if positive delayed
feedback kwt(1, t− τ) is replaced by negative delay free feedback −kwt(1, t) in (1.1),
the optimal decay rate tends to zero as either k → 0 or k → ∞.

However, for exponential stability itself, there are many other approaches in
PDEs, including the characteristic line method presented in [5, 6] for τ = 2. In
this section, we discuss another method that is somewhat less frequently adopted in
PDEs, which approaches the exponential stability in the abstract system framework
of [23]. Let us consider the following system with boundary control and observation:

(9.1)






wtt(x, t) − wxx(x, t) = 0, 0 < x < 1, t > 0,
w(0, t) = 0, wx(1, t) = u(t), t ≥ 0,
τzt(x, t) + zx(x, t) = 0, 0 < x < 1, t > 0,
z(0, t) = wt(1, t), t ≥ 0,
y(t) = z(1, t), t ≥ 0,
w(x, 0) = w0(x), wt(x, 0) = w1(x), z(x, 0) = z0(x), 0 ≤ x ≤ 1,

where u is the control, y is the output, and (w0, w1, z0) is the initial state. We consider
the system (9.1) in the state space H = H1

L(0, 1)× (L2(0, 1))2 and control and output
space U = Y = C. It is shown in [7] that system (9.1) is well-posed [23, 24]: For any
(w0, w1, z0) ∈ H and u ∈ L2

loc(0,∞), there exists a unique solution to (9.1) such that
(w(·, t), wt(·, t), z(·, t)) ∈ C(0,∞;H), and for each T > 0, there exists a constant CT

such that

(9.2)

‖(w(·, T ), wt(·, T ), z(·, T ))‖2 +
∫ T

0
|y(t)|2dt ≤ CT

[
‖(w0, w1, z0)‖2 +

∫ T

0
|u(t)|2dt

]
.

We first claim that the system (9.1) is exactly observable. Actually, consider the
observation problem of system (9.1):

(9.3)






wtt(x, t) − wxx(x, t) = 0, 0 < x < 1, t > 0,
w(0, t) = wx(1, t) = 0, t ≥ 0,
τzt(x, t) + zx(x, t) = 0, 0 < x < 1, t > 0,
z(0, t) = wt(1, t), t ≥ 0,
y(t) = z(1, t), t ≥ 0,
w(x, 0) = w0(x), wt(x, 0) = w1(x), z(x, 0) = z0(x), 0 ≤ x ≤ 1.

The “z” part of the solution of (9.3) is found simply as

(9.4) z(x, t) =






z0

(
x− t

τ

)
, x ≥ t

τ
,

wt (1, t− xτ) , x <
t

τ
.

Hence

(9.5) y(t) = z(1, t) =






z0

(
1− t

τ

)
, t ≤ τ,

wt (1, t− τ) , t > τ,
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which leads to

(9.6)

∫ T

0
|y(t)|2dt = τ

∫ 1

0
|z0(x)|2dx+

∫ T−τ

0
|wt(1, t)|2dt ∀ T ≥ τ.

On the other hand, a simple multiplier method leads to

(9.7)

∫ T

0
|wt(1, t)|2dt ≥ (T − 2)‖(w0, w1)‖2H1

L(0,1)×L2(0,1) ∀ T ≥ 2.

Combining (9.6) and (9.7) gives

(9.8)

∫ T

0
|y(t)|2dt ≥ min{τ, T − τ − 2}‖(w0, w1, z0)‖2H ∀ T ≥ 2 + τ.

Therefore, the system (9.3) is exactly observable over any time span [0, T ], T > 2+ τ .
Consequently, the system (9.3) is estimable in terms of the definition of [23].

Second, we show that the system (9.1) is exactly controllable. Consider the control
problem of system (9.1):

(9.9)






wtt(x, t) − wxx(x, t) = 0, 0 < x < 1, t > 0,
w(0, t) = 0, wx(1, t) = u(t), t ≥ 0,
τzt(x, t) + zx(x, t) = 0, 0 < x < 1, t > 0,
z(0, t) = wt(1, t), t ≥ 0,
w(x, 0) = w0(x), wt(x, 0) = w1(x), z(x, 0) = z0(x), 0 ≤ x ≤ 1.

The corresponding control free system is

(9.10)






wtt(x, t)− wxx(x, t) = 0, 0 < x < 1, t > 0,
w(0, t) = 0, wx(1, t) = 0, t ≥ 0,
τzt(x, t) + zx(x, t) = 0, 0 < x < 1, t > 0,
z(0, t) = wt(1, t), t ≥ 0,
w(x, 0) = w0(x), wt(x, 0) = w1(x), z(x, 0) = z0(x), 0 ≤ x ≤ 1.

It is well known that the “w” part of (9.10) corresponds to a C0-group solution in
H2

L(0, 1)× L2(0, 1) with state (w,wt). A simple multiplier method, similar to (9.7),
leads to

(9.11)

∫ T

0
|wt(1, t)|2dt ≤ (T + 2)‖(w0, w1)‖2H2

L(0,1)×L2(0,1) ∀ T > 0.

For t ≥ 0, the “z” part of the solution to (9.10) is given by (9.4). By (9.2), for any
t > 0, there exists a constant C1t > 0 such that

(9.12)

∫ 1

0
|z(x, t)|2dx ≤ C1t‖(w0, w1, z0)‖2H.

For t ≤ 0, replace t by −t to get (z̃(x, t) = z(x,−t)):

(9.13)






τ z̃t(x, t)− z̃x(x, t) = 0, 0 < x < 1, t > 0,
z̃(0, t) = −wt(1, t), t ≥ 0,
z̃(x, 0) = z0(x), 0 ≤ x ≤ 1.
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The solution of (9.13) is given by

(9.14) z̃(x, t) =






z0

(
x+

t

τ

)
, x ≥ t

τ
, x+

t

τ
≤ 1,

−wt (1, t+ xτ) , x <
t

τ
, x+

t

τ
> 1, or x+

t

τ
> 1.

Similar to (9.12), combine (9.14) and (9.11) to produce a constant C2t > 0 such that
for any t > 0

(9.15)

∫ 1

0
|z(x, t)|2dx =

∫ 1

0
|z̃(x, t)|2dx ≤ C2t‖(w0, w1, z0)‖2H.

The above arguments show that (9.10) admits a C0-group solution. So (9.9) is finitely
null controllable if and only if it is exactly controllable. Let

(9.16) u(t) = −wt(1, t).

Then system (9.10) becomes

(9.17)






wtt(x, t)− wxx(x, t) = 0, 0 < x < 1, t > 0,
w(0, t) = 0, wx(1, t) = −wt(1, t), t ≥ 0,
τzt(x, t) + zx(x, t) = 0, 0 < x < 1, t > 0,
z(0, t) = wt(1, t), t ≥ 0,
w(x, 0) = w0(x), wt(x, 0) = w1(x), z(x, 0) = z0(x), 0 ≤ x ≤ 1.

It is known that for any initial state (w0, w1, z0) ∈ H , the solution of (9.17) satisfies
w(x, t) = wt(x, t) = 0 for t ≥ 2, and so wt(1, t) = 0 for t ≥ 2. Since, from (9.4),
z(x, t) = wt(1, t − xτ), t > τx, we have z(x, t) = 0 as t ≥ 2 + τ . Therefore, when
t ≥ 2 + τ , u = w = z ≡ 0, where u is defined by (9.16). Therefore, the system (9.10)
is finitely null controllable and so is exactly controllable. Consequently, the system
(9.3) is optimizable in terms of the definition of [23].

The transfer function of system (9.1) is found to be

(9.18) G(s) = e−τs e
s − e−s

es + e−s
.

Since lims→+∞ G(s) = 0, the system (9.1) is regular as well with feedthrough operator
zero [22]. Since, for any k ≥ 0,

(9.19) (1 − kG(s))−1 =
es + e−s

es + e−s − ke−τs(es − e−s)

is analytic on some right complex plane, the closed-loop system under the feedback
u = ky + v is still regular with feedthrough operator zero [22]. That is, the system

(9.20)






wtt(x, t)− wxx(x, t) = 0, 0 < x < 1, t > 0,
w(0, t) = 0, wx(1, t) = kz(1, t) + v(t), t ≥ 0,
τzt(x, t) + zx(x, t) = 0, 0 < x < 1, t > 0,
z(0, t) = wt(1, t), t ≥ 0,
y(t) = z(1, t), t ≥ 0,
w(x, 0) = w0(x), wt(x, 0) = w1(x), z(x, 0) = z0(x), 0 ≤ x ≤ 1,
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is regular with feedthrough operator zero for input v, output y, state space H , and
input-output space C. By section 6 of [22], system (9.20) is exactly controllable and
exactly observable and hence is optimizable and estimable.

The transfer function of system (9.20) is

(9.21) Gk(s) = (I − kG(s))−1G(s) = e−τs es − e−s

es + e−s − ke−τs(es − e−s)
.

So the system (9.20) is input-output stable if and only if Gk(s) is bounded on the
open right half-plane [23]. By Theorem 1.1 of [23], system (2.1) is exponentially stable
in H if and only if

(9.22) sup
s>0

|Gk(s)| < ∞.

It is noticed that the denominator of Gk is just the characteristic polynomial −∆(s)
defined by (3.4). There are two cases.

Case I: τ is rational. By the third assertion of Proposition 3.3, all roots of ∆(s)
are located on finitely many lines parallel to the imaginary axis, so (9.22) is equivalent
to

(9.23) ∆(s) -= 0 ∀ Res ≥ 0.

Therefore, we get the same stability result from this alternative method.

Case II: τ is irrational. By the fourth assertion of Proposition 3.3, all roots of
∆(s) are simple. However, we do not know the asymptotic behavior of these roots.
So we are not able to get (9.23) from (9.22).

Moreover, from Corollary 5.4 of [23], we have that

(9.24) ω(A) = inf

{
α| sup

s>α
|Gk(s)| < ∞

}
.

Once again, when τ is rational, we can also get the spectrum-determined growth
condition from (9.22) that

(9.25) ω(A) = inf

{
α| sup

s>α
|Gk(s)| < ∞

}
= sup{Res|∆(s) = 0}.

However, when τ is irrational, we do not know if (9.25) is true or not.

Finally, from the frequency domain point of view presented in [14], the lack of
robustness to small time delay is true for any delay τ . This is because our transfer
function Gk(s) for the closed-loop system (2.1) is obtained, under the delay feedback

controller ke−τs (see Figure 5), from the open-loop transfer function G0(s) =
es−e−s

es+e−s

which has infinitely many poles on the imaginary axis. By [14], for any time delay τ0,
there exists a delay τ < τ0 such that Gk(s) has at least one pole on the open right
complex plane. The analysis in section 6 gives a concrete value of this pole for the
case of τ = 2.
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Fig. 5. System (9.20) with delay.
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