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Delay-Adaptive Predictor Feedback for Systems
With Unknown Long Actuator Delay

Delphine Bresch-Pietri and Miroslav Krstic

Abstract—Stabilization of an unstable system with an unknown actuator
delay of substantial length is an important problem that has never been
attempted. We present a Lyapunov-based adaptive control design, prove
its stability and regulation properties for the plant and actuator states, and
present a simulation example inspired by the problem of control of pitch
and flight path rates in the unstable X-29 aircraft.

Index Terms—Adaptive control, delay systems, distributed parameter
systems.

[. INTRODUCTION

Adaptive control in the presence of actuator delays is challenging.
Examples of existing results include [3], [9], [10]. All the existing re-
sults deal with unknown parameters but known delay. In this note, we
address the more challenging problem where the delay itself is un-
known and arbitrarily long.

Consider the system

X(t) = AX(t)+ BU(t — D) 1)
where X € R" and where the delay length D is unknown (though

constant) and arbitrarily large. We use an actuator delay model given
by a transport PDE

X(t) = AX(t) 4+ Bu(0,1) 2
Duy(x,t) =uy(w,t) 3)
u(1,t) =U(1) @)

where u(x, 1) is the state of the actuator. Instead of a full-state mea-
surement of the actuator state, u(z, t) = U(t+ D(x — 1)), we employ
the state estimate

(e t)=U (t—l—f)(t)(m— 1)) )

where b(t) is the estimate of the unknown delay, obtaining the fol-
lowing transport equation representation:

D()ii(e.t) = ia(w,t) + D(t) (2 — D)is (2. ) ©)
a(l,t) =U(t). @)
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Note that we do not use the infinite-dimensional observer (6) but only

the static estimate (5), where only D(#) is updated. Let @ (x,t) 2

u(w,t)—a(x,t), whichyields X (t) = AX (t)+ Ba(0,t)+ Ba(0.1).
We employ an adaptive predictor feedback

1
Ut) = K | PO X (t) + D(t) /eAmf)“*y)Ba(y,t)dy ®)
o

where K is selected to make the matrix A + BX Hurwitz, which
means, in particular, that for any ) = QT > 0, there exists P =
P? > 0 suchthat P(4 + BK)+ (A + BK)'P = —qQ.

A crucial element of our design and analysis is the backstepping
transformation

(. t) = a(a,t) — D(t) / KeAPOG=0) By #)dy
0
— KPP X (1) ©)

Wz, t) =w(z,t) + D(t)/Ix"e(A+BK)D(t)($7y)B'Lf)(y,t)dy
0

+ KeATRRIPM x (4, (10)
Contribution and Organization: In a companion conference paper
[6], we established a global adaptive result when u(x, ¢) is measured.
In this note we establish a local result when u(x,t) is replaced by the
estimate @(x,t). The local adaptive result, established in Section III,
builds upon robustness of predictor feedback with respect to small er-
rors in D, which is shown in Section II. Simulations for an unstable
scalar plant inspired by the X-29 aircraft are shown in Section IV.

II. NONADAPTIVE ROBUSTNESS TO DELAY ERROR

We take ﬁ(t) as constant and establish the robustness of the pre-
dictor feedback to a small error |D — ﬁ| in an appropriate norm in
which the adaptive problem will also be studied in Section III (this is a
higher norm than the one in which we established delay-robustness in
[4]). We denote w(f) = U(6), 6 € [- max{D, D},0] and use | - | for
a vector 2-norm.

Theorem 1: Consider the system (2)—(4), (6)—(8). There exists §* >
0 such that for any |D| < 6%, ie., forany D € (D — 6*,D +
8", the zero solution of the system (X, u, %) is exponentially stable,
namely, there exist I, p > 0 such that for all initial conditions satis-
fying (Xo, uo, o) € R™ x L2(0,1) x H;1(0, 1), the following holds:

['(t)<RT(0)e " (11)
1
L(t)= |X(t)|2+/[u(w,t)2+'ﬁ(;v,t)2+ﬁw(;v,t)z] de. (12

0

Corollary 2: Consider system (1) with the controller

t
Ut)y=K eADX(t)Jr/eA“—")BU(e)de

t—D

0018-9286/$26.00 © 2010 IEEE
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Fig. 1. Interconnections between the different variables.

|D - D| < 6", there
max{D, D},0]N

There exists 6* > 0 such that, for any |D| =
exists R > 0 such that forall Xo € R",w € La[~
H,[-D,0] the following holds:
I(t) < R'TI(0)e™""
t‘ 13
X + / 0)2df + / U(6)de

t—max{D,D} t—D

I(t) = |

We prove the theorem using the following lemmas.
Lemma 3: The system (2)—(4), (6)—(8) is equivalent to the system
in which the X -subsystem is represented as

X(t) = (A+ BK)X(t) 4+ B (0,1) 4+ Bi(0,t) (13)

the u-subsystem is represented as
Diig(,t) =ity (2, t) — Dr(x,t) (14)
a(l,t) =0 (15)

with

r(a,t) = KeATBOPY (4 4 BEOYX () + %”)

+KBi(x,t)+ D /K(A + BE)eABEIDE—0) By 1)y

and the w0 /. -subsystem is represented as

Diivy (1) =i, (r ) — DKe*P" Bi(0,1) (16)
w(l,t) = ) Y
Dby (2, t) =0, (a1 )—152Ix"e‘/w‘TABﬂ((),t) (18)
w,(1.t) = DEe*Pa(0,1). (19)

The (X, @, )-system is shown in Fig. 1. The D-connections are
‘weak’ and disappear when D = D.The exponentially stable cascade
connections ©« — X and « — w — X are “strong” and present
even when D = D. The potentially destabilizing feedback connec-
tions through D can be suppressed by making D small. An additional
difficulty is that an ‘unbounded’ connection from @, to u exists. We
deal with it by including an H norm in the stability analysis.

Lemma 4: The following holds for (9) and (10):

g (2 t) =ty (2, t)+ DK Bi ()

+D/K(A+BK)D0“+F”">m-’f‘-’”Bm(y,t)dy

+K(A+BE)DeATBEID= x () (20)
Wo(wat) =y (v, t)+ DK Ba(x, t)

—1—15/I(AﬁoAmId”)Bﬁ(y,f)dy

+EKADAPTX (1), 1)
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Lemma 5: The following holds for (9), (10), (20), and (21):

la(OIP <pr e+ p2 [X (P

i (O <4 [l (DI + pa [l (O + pa [ X (2)
i (OIF < ar lla ()] + g2 [ X ()P

i (DI <41l (DI + ga () + @ [X ()

(22)
(23)
(24)
(25)

where
n(D) =3 (1 + D2|I(|2e2|A+BKID|B|2)
p2(D) =3|I(|202\'4+Bl\'\fj
pa(D) =4D*|K|°|B” (1 + D

A+ BK e ~”IA+BA|)
ps(D) =4|K P D*|A + BK|?*DIA+5E]
q(D)=3 (1 + E2|K|2e2“4lf’|3|2)

(D) =3| KPP
¢(D) :4D2|K|2|B|2 (14 D?ape?)
(D) =

2.2DlAl

Lemma 6: Consider the Lyapunov function

Vi(t) = X1 (t)PX (¢) +bD/1+J i(x.t)2dx + by D

/(1 + x)w(x, )2 da + /(1 + @)y (x, t)zd;r (26)
) )

There exist positive constants b1, ba, p, and 6* such that for any | D| <
6*, the following holds:
V< —pV. (27)
Proof: Differentiating (26), along the solutions of (13), (14), (16),
(18), and using integration by parts, we obtain

V=—X"(H)QX(t)+2X" (t)PB (@ (0,t)+u(0,1))

+2b1D /(l—l—w)ﬂ(.c, t)ae(x, t)dx

+206,D /(1—1—1’)'&1(;6, t)we(x, t)dw
0

1

+ /( 142)10, (2, )b (2, t)da

0

=—X"QX+2X" PB (i(0,t)+(0,1))
a(0,t)* Gl ol
2b< - !

+D /(1+x)12(x, t)r(x,t)dz

. (0,62 ||a(0)]?
_2b2< 2 T2

1
+ﬁK/(1+J) 1z, t)e ADIU(O t)de

0
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. 2
—2bs (—wm (O’ t)
2

) [l ()]
(1,4)"+ =L 5

— 1,

1
+D’K A /(1+,r)'1ﬂm(;r, t)n*m"’Bﬁ,(O,t)dm) .

0

Let us define the following constants, ¢; = K||B||, c2 = DK||4 +
BE || HBEIDY B ¢y = ¢ /(D||B]), ca = 2DK D 5 =
)2, c5 = 2D2K||AB||e2 1P and choose by > 8|PB|/Amin(Q).
Using the Cauchy-Schwartz and Young inequalities, we have

v(t)g_)‘minT(Q) |X(zt)|2+b22 (@(0,6)* +a(0,)°)
o (T0.07 (la®I® D] s e
— 2b4 <T+T_3”U(t)”

Pl ()2 =1D1e la ()l =1 D] (o)1
— D] (& a1+l ()])

~IDH(IX 0P+ la]P))
o, (M+ 12O _ 250,12 - IGIR I )
b, ( 2’ ) 2i(0,1)?

[l ()| 2~ 2
—T—C',U/(O.f) > .

é:>

||wx(t)||

Grouping the like terms, we obtain

Vi) < - (M - 2|D|b1> X0

—b <1 - 2|D| (D +ci 4+ cg)) la ()|
- <bl — 20, G +c;+ck +c§)) @(0,1)*

2|D NIV
_ <bz — |D |b1) ||“/’:c(t)||z

- (g -2l pacor?

b- . .
- gw(o)z — batho(0,1)° (28)
and, with some further majorizations (for |D| < D), we get
. >\rnin ~ - 2
v < - (25 —app ) 1o
D 1 D )’2 ,/2 ,/2
g (1o oPHAA DG+ ERG)) )
D—|D|

- (b1 — 2bo <1 +a+E+ cé)) '[t((),t)2
(R
D —|D|
_ (b
b

)nw 1
b zz>1|b|) i ()]

Z40(0,1)% = boai, (0)%.
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Assuming that | D| < 6, where

5" =min D Db, bz Amin(Q)D
B 3+2(C+2+c2) by +by 4by’ dby

and by > (2/(1/4+ c§ + 2 + c))bs, from (28), we obtain

V< = (IXOF + a1 + @(0,4) + [l (1)
DO + B(0.6)7 + @.(0,1)?)
< =l

(29)
(30)

where To(t) = | X (8)[* + [Ja(O)[* + [l (0)]]* + ||LUz(f)||2 and 5 =
min{(Amin(Q)/2)— 2|D|b1 i (1— 2D((1/D) 42 —|—C3)) by —
2[)7 (1/4)+C4+Cr+Cp bo—(2|D|/D bl (bz/z 2[)1|D| (bz/z }
is positive. Having obtained (30), to complete the proof of (27), we first
obtain the following inequalities from (26):

V() > Amin(P) | X (8)]?
+ 0D @)1 + b2 D ([l ()] + [z (6)]]*)

> min {/\mi"(P),ln D, bQD} To(t). G1)

From (30) and (31), we complete the proof of (27) with p =
n/ min{/\,,,i,,(P)vle,bgﬁ}. [ |
Lemma 7: 3dy,d2 > 0 suchthat &, T'(t) < V() < d2T'(¢).
Proof: From (22)—(25), we get

L@t) < (XA + 2 (la@)” + llis (D)
+[Ja)l* + flae ()1
< IXOF +2[[a@)” + 3 (p1 @@ + p2 | X (1)
+ 4l (DI + ps 1o (O] + pa | X ()]
< max{l+ 3ps + p4,2,3p1 + p3, 4} (1)

)

and
V() <Amax(P) X (642 (la()[*+ 1o ()1 + [ (6)]]*)
L (P) [X (0 +4 ([lu(®)]|*+[1al|*)
+2 (@ 81" +a2 | X ()]
+2 (4l (O +gs 1a(O)]1* +¢4 X @0)]*)
s0 dy = (max{1+ 3ps + p4, 3p1 + ps }/min{ Amin (P), b1 D, by D})

and d> = max{Amax(P) + 2q2 + 2q4, 4 + 2q1 + 2g3}. [ |
We now complete the proof of Theorem 1. From Lemma 6,
it follows that V(¢*) < V(0)e™”". From Lemma 7, we get
[(t) < (d2/d)T(0)e™"". So R = d2/d:, which completes the
proof of Theorem 1. Next, we prove Corollary 2.
Lemma 8: 3ds,ds > 0 such that dsT'(¢) < II(#) < d4T'(¢).

Proof: By substituting u(z,t) = U(t + D(x — 1)) into (12), we

get
t
/ b+ / U(8)’d9+D / U
b
-D

1/2max{1,(1/D),(1/D), D}, d4

ol

ThUS, (13 =
max{1,D,D,(1/D)}.

By combining Theorem 1 with Lemma 8, we complete the proof of
Corollary 2 with R' = (d4/ds)R.
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III. ADAPTIVE CONTROL WITH ESTIMATION
OF THE TRANSPORT PDE STATE

Now we establish local stability for an adaptive controller. A global
result is not obtainable because the solution u(x, t) = U(t+D(z—1))
is not linearly parametrizable in D.

Assumption 1: A lower bound D > 0 and an upper bound D > D
on the unknown delay D are known.

The update law for D is chosen as

D(t) =+Projppy (0}, 7> 0 (32)
1
T(t) = — /(1 + ;z:)'LD(:L',f)KeAD(OId:L’
0

x (AX(t) + Bi(0,t)) (33)

where the standard projection operator is given by

0, D=Dand7 <0
Projp, {7} =40, D=Dandr >0.
7, else

Theorem 9: Consider the closed loop consisting of the plant (2)—(4),

(6), (7), the control law (8), and the update law defined by (32), (9). Let
Assumption 1 hold and let

T(t) = |X(t)|2+/u(w,t)2da:+/ﬁ(;v,t)zdx

:
+/fa$(w,t)2dx + D(t)*

0

denote the norm of the overall state of the closed-loop system.
There exist positive constants p and R such that if the initial state
(X0, u0,tp, Do) is such that T(0) < p, then

T(t) < RY(0),
limi—oo X () =0, limy—oc U(t) =0.

Proof: Mimicking the (omitted) proof of Lemma 3, we obtain the
(X, u,w)-system as

X(t)=(A+BE)X (t)+Bi(0,6)+Ba(0,t)  (34)

Diuy(x,t)=tae(x,t)—D(t)r(x,t)

—DD(t)(x=1)r(z.t) (35)

i(1.t)=0 (36)
D(t)ibs(, ) =i, (0, 1) = D(H) D ()5, 1)

— Dt EeMPO B0, 1) 37)

@(1,1)=0 (38)

where
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s(z,t) =(1—=x)

W (x,t) A S "
><< ) + I B(KX(t)+ (o,t))>

+ [
0
x [ (1+AD(1) (x = y)) PO B
+D(1) / K (I + AD(t)(x - g))
Y
« o f)(t)(at—E)BI(

Xe(A+BK)f7(t)(5—‘!/)Bd£:| dy

+| KAeAP®= L /K (I+ AD(t)(x — y))
0
x PO B
Xe(A+BK)D(z)ydy)X(t)_
(40)

Since our Lyapunov analysis will involve an H; norm of @, we also
need the governing equations of the w0 -system

D ()i e (2, 1)

= Wy () — ﬁ‘b(t)sz(m,f)
— KAD?*07 Ba(0, 1) 1)

W (1,t)

— D(H)D(t)
1
x [ |KAe*PO 4 / K (I+ AD(H)(1 - y))
0
x oAPM0=y) e
Xe(A-FB’\’)D(f)ydy] X(#)
1

+ [t

0
x [ (T +AD() (1= y)) AP0
1
+ /K (I + Af)(t)(l — g)) eAD(t)(lfS)
Y

><BKc(A"'BK)f)“)(f_”)df] Bd'y)

+ D) K™ Ba(0,1) 42)

where we get the (43), as shown at the bottom of the next page. We

now start our Lyapunov analysis by introducing

r(x,t) = %ﬁ)t) + K Bw(z,t)

+ /K(A + BK)D(t) V(t)

0
« e(A-&-BK)f)(f)(a:—y)Buj'(y’t)dy
+ K(A+ BE)eABRIDO x (4 (39)

=X'"(t)PX(t)+ b, D /(1 + a)i(z, t) de

|
+baD(t) /(1 + ) (@ (x, 0> + 'uﬁlx(;u,t)z) dx + b3 D(t)>.

0
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With (34)—(43), we get

V()= — XT0QX () +2XT (t)PB (w(0.t) + @(0,1))
+ by (—a(0,6)* — ||la(t)))?

1
—2D(t) /(1 + z)a(x, t)r(z, t)dr
0

1
_ZDb(t) /(7"2 — 1)'ﬁ(m,t)'r(m,t)dm)
0
+ b2 (= (0,4)" — [l (1)
1

—2D(6)D(t) / (14 &) (2, t)s(a, t)da

0

1
—2D(t) /(1 + .r)KeAD(OZBﬁ((),t)'LZr(;r.t)d:v)
0
+ ba (200, (1, 1)% — 4, (0,4) — [Jaiv, ()]
1
- QD(t)b(t) /(1 + 2, (2, t)s, (v, t)dx

0
1

—2D(t)? /(1 +a)AK PO
0

X Ba(0,t),(x, t)dz)
1
+ b(t)bz (/(1 + )i (w,t) da
’ 1
+ /(1 + ,r)'zf!r(.r,t)zd,r)

0

— 20, D(1)D(1).

Using (32), (39), (40), (42), (43), the properties of the projection op-
erator, and Agmon’s inequality @(0,#)% < 4|, (t)||* (with the fact
thatw(1,t) = 0), we find constants M7, Ms, ..., Mg (independent of

initial conditions) such that

1
/(1 + z)alx, t)r(x, t)dr
0

<My ([ + i (8 + [l (1)” + X (1))

0
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1

/(.772 — Da(e, t)r(x, t)de

< My (a1 + [l (0 + (o (4)]” + X (1))
2D(t) /(1 + x)w(z, t)s(x, t)dx

<AM, (o + o= ()] + X (0)])

1
2D /(1 + ) Ke*PO7 B0, )i (o, t)der
0

9

wt)||
4

< Mza(0,6)° +

2D(t) /(1 + )W, t)ss (2, t)da

< M (N1 + [l (D] + (X () )

1

2D(t)? /(1 + 2)AK PO B (0, 1)y, (x. t)da

0
WD 2
< Msa(0,1) + 7”“9”
b(t)r
<AMs (IX )P + la @) + [li=(0)])

20, (1,1)°

< D> Mz (X + [0 (D]7) + Msa(0.1)7.

Vi(t) < — Awin (Q) |X ()] - %2m(o,t)g—bgzzvl,(o,t)2

2
bz N 2 b2 A 2
S a9 LU G Ll

by (AP — <b1 by <%+A«13+Mr,+ﬂ«fg)>
X i(0,4)”+bs M7 D(1) (|X (8)]+][d (D))
+2by D(t)( )b(t‘)’-{—bdl}ﬁ‘b(t)(

(@O + [l 01+ [l (01 *+ X (1))
b M, D(t)(

(@O [l (D1 1l ()] +] X (1))

su(2st) = o [(1 = @) (2, ) — 1 (2, 8)] + KA PO (AD(t)(l 1) — I) B(KX(t)+w(0.t)) + D(t)

>

(t

x /u (y.1) [If (BK + A2 + AD(t)(x — y))) APOE= B 4 Pt
0

x

Yy
+ [K(AZD(t) + BEK)e P 4 D1

x

0

x /I( (BK—i—A (QI—I—AD(f)(m - 5))) o“m““"“B[{JA*’*""””““‘?”Bdf} dy+ K Bi(x,1)

x /A’ (BI{ A (2[ L AD(t)(x — y))) x e”)“)(-*—”)BKe('4+B"’)’”’(*)”dy} X (1) 43)
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(42 M ([ ()P + [ (D] + X (D)
b, My ([ ()12 + [l (D +1X (D))
+2b2 ([l ()]* + [l (1)]17))

where we have chosen b > 8|PB|/Amin(Q). By
choosing b1 > 02(1/2 + Ms + Ms + Ms), and defining
n = min{(Amin(Q)/2),b2/2,b1 — b2(1/2+ M5 + Ms + Ms)} and
Volt) = [X (O + (DI + (1)1 + [l (#)]2, where n > 0

Ve) < = (IXOP + a1 + a7 + i (4]
+a(0,t)” + (0, ) 4 1@, (0,1))
+ 16bo M7 M3V (t)® + 4by M, M DV (£)?

+ (83 Ms + b M) ‘D(t)

Vo(t)

+ 4 My (4bo Mo + 4o My + 2b2) Vo ()?
D(t)
+ 4Mg(bi My D + 2b2(2Mo + 2M, + 1)Vo(t)?

< — Vo(t) + (8bsMs + by M) Vo(t)

+ 16bo M7 MGV ().

To eliminate the parameter error term, we employ the bound

D(t)?
2€

+ T (V(t) = Amin (P) |X ()] = 01D [la(t)||*

—szllw (O = b2D [l (1))

‘D(t)(<_

€ 1
= Z(8) —min I\ v
<5+55. (VH) —min {Awia(P). b1 D, b2 D. } Vo 1)

which yields

V() < — <,, — (8bs Mg + b1 M) (5 + LV(t))) Vo(t)
2 2bze
(8b3 My + by My ) min { Amin (P), 01 D, b2 D}
B ( 2bs3e
— 4 Mg (b1 M1 D + 2b2(2Mz + 2My + 1))
—16b2 M7 Mg Vo (1)) Vo(t)*.

(44)

If we choose the analysis parameter ¢ as
. 2n
e < —_—
= {SbgMp, b M

(8[)%]\[(, —|— b] .7\/11 ) min {>\nﬁn (P). b] Q, ng} (45)
8b3Ms (b1 M D + 205(2Ms + 2M; + 1))

and restrict the initial conditions so that V(0) < p;

A . 7 3
p1 = min {21736 <m — §> R
o min {Amin (P), 01D, 02D}
16b, M7 ME

o ((Sbgﬂl(, + b1 M) min {Amin (P), 01D, b2 D}

2b36
—4Ms (b111”[1E—l—?bg(ZAMg—l—Zﬂ/L;—l—l)))}

(46)

2111

we obtain V() < —puy (£)Vo(t) — pa(t)Vo(t)?, where
. 2 1
pa(t) =n — (8bs Mg + b1 My) | = + ——V (1)
2 2b3s
(81)3]\.[() + bl_Ml) Illill {)\min(P): blg, sz}
21736
— 4Ms (by My D + 2bo(2M; + 2M, + 1))
66y M- M2
_ 6b2 M~ M V)
min {)\min(P)a le-, bZQ}
are nonnegative functions if the initial conditions are as in (46). Hence,
V(t) < V(0),Vt > 0. From this result for V'(¢), we the result for
T (). Using Lemma 5 (which holds both when D is constant and with
a time-varying D(t)), we obtain
Y(t) = [XOF + [[u@®” + a7 + lla. ()] + D(t)*
< IXOF +2 (ladl* + lad)*)
+HlaON* + lla (6] + D(1)*
<(143p2 +p) | XOF + 2 [la@)]®
+ Bp1 4 pa) [l (D + 4 [l (D|* + D(#)?
< max{1l+ 3p2 + pa,3p1 + p3,4}
X (IX O + la )l + b))
I (O] + D()?)
max{l + 3p2 + p4,3p1 + p3} (1)
- Inin {Anﬁn (P)v b]Q, b227 b?}
2 V(1) < p2V(0).

pa(t) =

47

Hence, from (46) and (47), we obtain p =
Lemma 5, we show that

V(0) < max {)\max(P) 201D, 202D, bs }
< (IXOP+NaN+ 01+ i (5)]]1*)
< max {)\max(P)Jle,?bgD,bg}
X max{l+gz2+g4,2,2+q1+¢s, 4} L(0).

Then, using (47), (48), we complete the local stability
proof with R = (max{l + 3p> + p4,3p1 + p3}/
min{Amin(P), 01D, b2 D, b3 } )max{Amax(P), 201 D, 2b,D, bs}
max{l + ¢ + @,2 + ¢1 + g¢3}. To prove regulation, from
V(t) < V(0), it follows that X (¢), |||, ||@]], || ||, D(¢) are uni-
formly bounded. Then, from (10), using Cauchy-Schwartz inequality,
we obtain the uniform boundedness of ||i(t)|| and consequently
also of U(¢t) for t > 0 from (8). Thus, u(0,t) = U(t — D) is
uniformly bounded for ¢ > D. Using (2), we get that d|X (¢)|*/dt
is uniformly bounded for ¢ > D. From (44), it follows that | X (#)|
is square integrable. Finally, by Barbalat’s lemma, we get that
X (t) — 0. To also prove the regulation of U (¢), we start by deducing
from (44) the square integrability of ||@(¢)||. Then, from Lemma
5, we have the square integrability of ||@|| and, from (8), using
Cauchy-Schwartz inequality, the square integrability of U(¢). To
establish the boundedness of dU () /dt, we compute it as

%U(t)Z:QU(t)K («*P X (1)+ DG (H+D(HG(1))

p1p2. Similarly, using

(48)

(49)

1
Gi(t) :AeAD(t)X(t) +(z—-1) / AP By, (y,t)dy

0
]

+/ (I+Al§(t)(1—y))eAD(t)(lfy)B'&(y,t)dy
9]
1

GQ(t):/e“‘m”(l*yJBﬁx(y,t)dy.

0
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Fig. 2. System response of the system (2)—(’4), (6)—(9) for D = 1. Bottom: the
estimation error of the actuator state, @(0,t) = u(0,t) — @(0,t) = U(t —
D) —U(t - D(t)).

The signal D(f) is uniformly bounded for ¢ > D according to (32). By
using the boundedness of X (¢), X (#), ||a(t)|| and || (t)|] over t >
D, we get boudedness of dU (t)?/dt for t > D. Then, by Barbalat’s
lemma, U(t) — 0 ast — oo. [ ]
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IV. SIMULATIONS

Consider the system X (s)/U(s) = ¢~”*B/(s — A), which is a
model of the dynamics of an X-29 aircraft in an unstable regime [2],
with the input being the control surface deflection, and with the output
being a linear combination of the pitch rate (measured with a gyro-
scope) and the rate of change of the flight path (measured with a gy-
roscope). We take the plant parameters as A = 0.75, B = 1, and the
nominal control gain as K = —A4 — 1 = —1.75 (which means that
P =1 for () = 2). Fig. 2 shows a simulation example with D = 1,
A=05,B=1,K=-15,P=1,Q =2,andy = 5.

V. RELATED RESULTS

In this note, the only parametric uncertainty considered is the un-
known delay. In a companion paper [1] we present an extension with
unknown plant parameters and where the control objective is not regu-
lation to zero but trajectory tracking. The design technique in this note
is inspired by the techniques for parabolic PDEs in [7] and the non-
adaptive techniques for hyperbolic PDEs [8]. Nonlinear extensions of
predictor feedback are introduced in [5].

REFERENCES

[1] D. Bresch-Pietri and M. Krstic, “Adaptive trajectory tracking despite
unknown actuator delay and plant parameters,” Automatica, vol. 45, pp.
2075-2081, 2009.

[2] D.Ens, H. Ozbay, and A. Tannenbaum, “Abstract model and controller
design for an unstable aircraft,” J. Guid., Control, Dynam., vol. 15, pp.
498-508, 1992.

[3] S. Evesque, A. M. Annaswamy, S. Niculescu, and A. P. Dowling,
“Adaptive control of a class of time-delay systems,” ASME Trans.
Dynam. Syst., Meas., Control, vol. 125, pp. 186-193, 2003.

[4] M. Krstic, “Lyapunov tools for predictor feedbacks for delay systems:
Inverse optimality and robustness to delay mismatch,” Automatica, vol.
44, pp. 2930-2935, 2008.

[S] M. Krstic, “Input delay compensation for forward complete and feed-
forward nonlinear systems,” IEEE Trans. Autom. Control, vol. 55, no.
S, pp. 287-303, May 2010.

[6] M. Kirstic and D. Bresch-Pietri, “Delay-adaptive full-state predictor
feedback for systems with unknown long actuator delay,” in Proc. 2009
American Control Conf., 2009, pp. 4500-4505.

[7]1 M. Kirstic and A. Smyshlyaev, “Adaptive boundary control for unstable
parabolic PDEs—Part I: Lyapunov design,” IEEE Trans. Autom. Con-
trol, vol. 53, no. 7, pp. 1575-1591, Aug. 2008.

[8] M. Krstic and A. Smyshlyaev, “Backstepping boundary control for first
order hyperbolic PDEs and application to systems with actuator and
sensor delays,” Syst. Control Lett., vol. 57, pp. 750-758, 2008.

[9] S.-I. Niculescu and A. M. Annaswamy, “An adaptive Smith-controller
for time-delay systems with relative degree n* > 2. Syst. Control
Lett., vol. 49, pp. 347-358, 2003.

[10] R. Ortega and R. Lozano, “Globally stable adaptive controller for sys-
tems with delay,” Int. J. Control, vol. 47, pp. 17-23, 1988.




