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Smith predictorlike designs for compensation of arbitrarily long input delays are com-
monly available only for finite-dimensional systems. Only very few examples exist, where
such compensation has been achieved for partial differential equation (PDE) systems,
including our recent result for a parabolic (reaction-diffusion) PDE. In this paper, we
address a more challenging wave PDE problem, where the difficulty is amplified by
allowing all of this PDE’s eigenvalues to be a distance to the right of the imaginary axis.
Antidamping (positive feedback) on the uncontrolled boundary induces this dramatic
Sform of instability. We develop a design that compensates an arbitrarily long delay at the

input of the boundary control system and achieves exponential stability in closed-loop.
We derive explicit formulae for our controller’s gain kernel functions. They are related to
the open-loop solutions of the antistable wave equation system over the time period of
input delay (this simple relationship is the result of the design approach).

[DOLI: 10.1115/1.4003638]

1 Introduction

1.1 Background on Delay Compensation and Predictor
Feedback. Despite decades of development, the area of delay
systems remains a seemingly endless source of research chal-
lenges and continues to be an active area of research, especially in
mechanical engineering [1-14].

One problem in control of delay systems that has received con-
tinuous attention over the last 5 decades is the problem of systems
with input or output delay, or, simply, systems with dead-time.
Starting with the Smith predictor [15], ODE systems with dead-
time have been studied successfully from numerous angles, lead-
ing even to adaptive designs and designs for nonlinear ODEs
[16-42].

1.2 Delay Compensation for PDEs. Control of PDEs with
input delays, or, to be more precise, predictor-based compensation
of actuator or sensor delays in control of PDEs, is a new area that
is just opening up for research. The motivation partly comes from
the classical examples by Datko et al. [43] and Datko [44] who
identified some classes of hyperbolic PDE systems, which, al-
though exponentially stabilizable, have zero robustness to insert-
ing a delay in the feedback loop, i.e., arbitrarily small dead-time
leads to instability.

In recent work, Guo and Xu [45] presented an observer-based
compensator of sensor delay for a wave equation, which Guo and
Chang [46], then, followed by an extension to an Euler-Bernoulli
beam problem. The wave/string PDE is the subject of continuing
advances in boundary control [47-50]. It serves as a benchmark
and a stepping stone for the more complex beam equation. While
few experiments have been conducted with stringlike systems,
several experimental applications of boundary control of beams
have been reported [51-54].

In a recent manuscript [55], we initiated an effort for develop-
ing predictor feedbacks for PDEs with input delay, via the method
of backstepping (see Refs. [56,57,68,69] for other uses of back-
stepping in boundary control of PDEs). The PDE considered in
Ref. [55] is a parabolic (reaction-diffusion) system, which, al-
though open-loop unstable and with a long delay at the input, is
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not as challenging a problem as wave/hyperbolic equations since
this class of PDEs does not exhibit a Datko-type loss of delay
robustness margin.

1.3 Contribution of the Present Paper. Our focus in the
present paper is on wave equations with input delay, as displayed
in Fig. 1. We pursue a problem similar to Ref. [45] but with two
differences, one methodological and one in the system being con-
sidered. The methodological difference is that we approach the
problem with a backstepping-based technique for compensation of
the input delay and arrive at a compensator, whose gain functions
we derive explicitly, which achieves exponential stabilization in
the presence of arbitrarily long actuator delay. The other differ-
ence, in the class of systems, is that we consider a wave equation
of an unconventional type. The standard wave equation has all of
its infinitely many eigenvalues on the imaginary axis. In this pa-
per, we consider a wave equation that contains an antidamping
effect on the boundary opposite to the controlled boundary. This
antidamping effect results in all of the infinitely many eigenvalues
of the uncontrolled system being in the right-half plane, and pos-
sibly being arbitrarily far to the right of the imaginary axis.

One of the key tools employed in the design in this paper is a
new type of backstepping transformation recently introduced by
Smyshlyaev and Krstic [58] for wave equations with boundary
antidamping. The rest of the tools are a collection of techniques
we recently introduced in Refs. [24,55,59,60].

The difference between the present paper and Ref. [58] is that
the presence of the delay requires the construction of an additional
backstepping transformation for the delay state, which has to also
incorporate the displacement and velocity states of the wave equa-
tion. As a result, the construction of the transformation kernels in
this paper is much more complex than for the wave equation alone
in Ref. [58]. The results of the present paper are of interest even in
the absence of antidamping in the wave equation [58]; in that
case, one obtains a novel control law for the conventional un-
damped wave/string system with input delay. The difference be-
tween the present paper and Ref. [55] is that the second-order
character of the PDE plant makes not only the backstepping trans-
formation of the delay state more complex but it also makes the
stability analysis much more involved, requiring, among other
things, that the input delay state be quantified not in the L, norm
(as appropriate when the plant is an ODE) in the H; norm (as
appropriate when the plant is a parabolic PDE) but in the H,
norm.
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Fig. 1 Antistable wave PDE system with input delay

1.4 Physical Motivation for the Wave Equation With
Antidamping. The 1D wave equation is a good model for acous-
tic dynamics in ducts and vibration of strings. The phenomenon of
antidamping that we include in our study of wave dynamics rep-
resents injection of energy in proportion to the velocity field, akin
to a damper with a negative damping coefficient. Such a process
arises in combustion dynamics, where the pressure field is dis-
turbed in proportion to varying heat release rate, which, in turn, is
proportional to the rate of change of pressure. Figure 2 shows the
classical Rijke tube control experiment [61]. For the sake of our
study, we assume that the system is controlled using a loud-
speaker, with a pressure sensor (microphone) near the speaker.
Both the actuator and the sensor are placed as far as possible from
the flame front, for their thermal protection. The process of anti-
damping is located mostly at the flame front. In a Rijke tube, the
flame front may not be at the end of the tube, however, the leaner
the fuel/air mixture, the longer it takes for the mixture to ignite,
and the further the flame is from the injection point. In the limit,
for the leanest mixture for which combustion is sustained, the
flame is near the exit of the tube, which corresponds to a situation
with boundary antidamping.

An input delay can arise from a computational delay, as de-
picted in Fig. 2. Alternatively, if the system is controlled not using
loudspeaker actuation but using modulation of the fuel injection
rate [62-64], a long delay may result both from the delay associ-
ated with the servovalve and feed line operation and from the
transport process within the combustor from the injection point to
the ignition location. The leaner the mixture, the longer the input
delay in this configuration.

Another physical example involving antidamping in string dy-
namics is discussed in Sec. 6.

1.5 Organization of This Paper. This paper is organized as
follows. In Sec. 2, we present a control design and state the sta-
bility result. In Sec. 3, we derive the gain functions of this control
law explicitly. In Sec. 4, we prove exponential stability of the
target system resulting from the backstepping construction. In
Sec. 5, we establish our main result, through a stability analysis
for the system in its original variables. In Sec. 6, we offer some
closing comments.

2 Control Design for Antistable Wave PDE With Input
Delay

We consider the delay-wave cascade system

uy(x,0) = u (x,1), xe(0,1) (1)
1,(0,1) = = qu,(0,1) 2)
X1 0
< |
loudspeaker ! ACOUSTICS
'
i pressure 10, flame front

sensor

injection of
fuel/air mixture

CONTROLLER P
(computational delay) |

Fig. 2 Control of a thermoacoustic instability in a Rijke tube
[61] (a duct-type combustion chamber)
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anti-damping
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Fig. 3 A diagram of a string with control applied at boundary
x=1 and an antidamping force acting at the boundary x=0

u(1,/) = U(t - D) (3)

where for ¢>0 and U(r)=0, one obtains an “antistable” wave
equation, with all of its infinitely many eigenvalues in the right-
half plane and given by Ref. [56], p. 82

1
n+ -, 0=¢g<1
+jm 2 (4)

n, g>1

1
g,=~In
2

1+¢
l-¢q

The structure of the system is such that the destabilizing force acts
on the opposite boundary from the input, as represented by the
string example in Fig. 3.

By denoting v(x,f)= U(t+x—1-D), the delay-wave systems
(1)—(3) are alternatively written as transport-wave PDE cascades

(1) =u(x,0),  x e (0,1) (5)
ux(0,1) == quy(0,1) (6)
u(1,0) =v(1,7) (7)
v(x,0)=vx1), xell,1+D) (8)
v(1+D,1)=U(1) 9)

where U(t) is the overall system input and (u,u,,v) is the state.
Hence, we formulate the control problem as boundary control of a
cascade of a transport PDE with a wave equation. For an example
of a control problem involving a nonscalar transport PDE with
reaction effects and nonlinearities, see Ref. [65].

The spatial variable x, the time variable 7, and the delay D are
non dimensional. This is achieved by a standard nondimensional-
ization procedure. Consider a more general wave equation
Ui(%, 1) =0%i4(X, 1) on the domain ¥ e (0,L), where L is the length
of the domain in meters, o is the wave propagation speed in
meters per second, and 7 is time in seconds. We introduce a new
spatial variable x=X/L and a new time variable =07/ L, which are
both nondimensional. Then, the new state variable u(x,7)
=u(Lx,Lt/ o) satisfies the wave equation u,(x,7)=u,(x,t) for x
€ (0,1). Similarly, if the boundary input of the wave equation is

#(L,7)=U(i-D), the new control is defined as U(f)=U(Lt/ ) and
the actuator state is defined as v(x,f)= U(L(t+x— 1-D)/ o), where

D=0D/L. The quantity 1+D in Egs. (8) and (9) is nondimen-
sional.
We consider the backstepping transformation

q(g +c)

+c
w(x, ) =u(x,t) — ——u are
1+gc

(0,) + Ju,(y,t)dy (10)
qcty

1+gc
2(x, 1) =v(x,1) - J plx=y)v(y,0)dy — 6(x)u(0,1)
1

1 1
—f Y, y)u(y,)dy —f ple,y)u(y,ndy — (11)

0 0
where Eq. (10) was introduced by Smyshlyaev and Krstic in Ref.
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[58], the kernels p,6,y,p need to be chosen to transform the
cascade PDE system into the target system

wix,1) =w(x,1), xe(0,1) (12)
w(0,1) = cw,(0,1) (13)
w(l,)=z(1,1) (14)

(0,0 =z(x,0), xe[l,1+D) (15)
Z2(1+D,1)=0 (16)

and c is a positive gain, used in the gain kernels of the control law

1+D
U(r) = f p(1+D—=y)v(y,0)dy+ 6(1 + D)u(0,r)
1

1 1
+f 7(1+D,y)u(y,t)dy+f p(L+D,y)uy.t)dy
0 0

(17)

The target system (w,z), which is a transport-wave cascade inter-
connected through a boundary, is exponentially stable in an ap-
propriate norm, as we shall establish in Sec. 4.

By differentiating Eq. (11) once with respect to ¢ and once with
respect to x, equating the two expressions, substituting the PDEs
for u and v, and integrating by parts with respect to y, we obtain
conditions that the kernels p, €, y, p need to satisfy in order for the
(u,v)-system and the (w,z)-system to be equivalent. The kernel p
is governed by the PDE

P, Y) = pyy(x,¥) (18)
py(x,0) == gp,(x,0) (19)
p(x,1)=0 (20)

where xe[1,1+D] and y € (0,1). Note that this system has a
structure identical to the uncontrolled wave equation plant. Since
Egs. (19) and (20) play the role of boundary conditions, the vari-
able x can be viewed as a timelike variable, even though it plays
the role of a spatial variable in the kernel of the transformation
Eq. (11). The initial condition of Eq. (18) is

g+c

1,y)=- 21
p(1,y) L+ qc (21
pl1,y)=0 (22)

After solving for p(x,y), the kernels p, 6, y are obtained as

p(s)==p,(1+s,1), se[0,D] (23)
6(x) = - gp(x,0) (24)
Yx.y) = pylx,y) (25)

We present a detailed Lyapunov stability analysis in Secs. 4 and
5, however, we state first a result on closed-loop eigenvalues (for
the target system (w,z)).

PROPOSITION 1. The finite part of the spectrum of systems
(12)—(16) is given by

where n € 7.

Proof. Systems (12)—(16) are a cascade connection of the trans-
port PDE z,(x,1)=z,(x,1),z(1+D,t)=0, whose eigenvalues have
real parts equal to negative infinity (see, for example, Ref. [66],
Appendix C), and of the boundary-damped wave PDE wy(x,1)
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Fig. 4 The process of finding the solution to the PDEs
(18)—(22) for the gain function p(x, y). First, the undamped wave
equation with homogeneous boundary conditions, Egs.
(60)—(62) or Egs. (63)-(65), is solved for = using Lemmas 4
and 5. Second, Lemma 3 yields the solution 9 to the wave
equation with domainwide antidamping A\, Eqs. (47)-(49) or
Eqgs. (50)-(52). Third, Lemma 2 yields the solution ¢ to the wave
equation with boundary antidamping q, Egs. (38)—(42). Finally,
using Eq. (43), the gain functions p, p,, p,, which are needed in
the controller Eq. (37), are found in Proposition 6.

=w,(x,1),w(0,6)=cw/(0,1),w(1,r)=0, whose eigenvalue Eq.
(26) was determined in Ref. [56], p. 82.

The inverse backstepping transformation, which is needed in
our analysis, is given by

clg+c

u(x,t) =wix,t) —
1+gc

g+c "
w(0,1) - —— f wi(y,0)dy (27)
L+gc),

v(x,1) =z(x,1) - f w(x = y)z(y,0)dy — 9(x)w(0,1)
1

where the kernels , 7,5, are defined next. The kernel u is
governed by the PDE

1

wlx,y)w,(y,0)dy  (28)

5(x’y)w(y’ [)dy - f

0

H(2,Y) =y (x,3) (29)
#y(x,0) = cp,(x,0) (30)
u(x,1)=0 (31)

where x e[1,1+D] and y € (0,1). Again, note that the structure
of this system is identical to the target system w. The initial con-
dition of this PDE is

g+c

l,y)= 32

w(L,y) I +qc (32)

m(1,y)=0 (33)

After solving for u(x,y), the kernels 7, 7, § are obtained as

m(s) == p,(1+s,1), s €[0,D] (34)

7(x) = cpu(x,0) (35)

3x,y) = pilx,y) (36)

3 Explicit Gain Functions

In the standard predictor feedback form, the controller is writ-
ten as
1

U(l) == qp(l + D,O)u(O,l) + f px(l + D,)’)M(ysl)dy

0

1 t
+f p(1+D,y)ut(y,t)dy—J p,(t—6,1)U(0)d8
0 t-D

(37)

and so, our task is to find the solution p(x,y) and its first deriva-
tives with respect to both x and y. The procedure of solving for
p(x,y) is outlined in Fig. 4.
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Fig. 5 The graph of the function \(q)

We seek the solution of Egs. (18)—(22) by seeking the solution
of the (space-reversed) PDE system

S, 1) = 5, (x, 1) (38)
s(0,)=0 (39)
sd1,8) =gs,(1,1) (40)
with initial conditions
+c
$(00)=— -2 (41)
1 +qc
5(x,0)=0 (42)
from which we shall obtain
plxy)=s(1-yx-1), yel0,1]lx=1 (43)

We present the construction of s(x,7) through a series of lem-
mas. Most lemmas that we state are reasonably straightforward to
prove, or the proofs can be obtained by direct (albeit possibly
lengthy) verification. Hence, we omit most proofs.

The first lemma introduces a backstepping-style transformation,
which moves the antidamping effect from the boundary condition
s.(1,8)=¢s,(1,1) into the domain, where it can be handled (for the
purpose of solving the PDE) more easily.

LEMMA 2. Consider systems (38)—(40) and the transformations

X

Hx,t) = cosh(\x)s(x,1) + f sinh(\y)(s,(y,7) — As(y,1))dy
0

(44)

s(x,1) = cosh(Ax) ¥(x,1) —f sinh(Ay)(9,(y, 1) + 2Ny, 1))dy
0

(45)
where \ denotes the function
—tanh™!(g), q €10,1)
Mg) = ,, (46)
—coth™(g), g>1

which is shown in Fig. 5. For q €[0,1), the function s(x,t) satis-
fies Eqs. (38)—(40) if and only if the function 9(x,t) satisfies

O, (x,1) + 209, (x, 1) + N2O0(x,1) = 9, (x,1) (47)
90,0 =0 (48)
9(1,6)=0 (49)

For q> 1, the function s(x,1) satisfies Eqs. (38)—(40) if and only if
the function 9(x,t) satisfies

O, (x,1) + 209, (x, 1) + N20(x,1) = 9, (x,1) (50)

031004-4 / Vol. 133, MAY 2011

90,1)=0 (51)

9,(1,0) + AN O(1,0) =0 (52)

Proof. By deriving and using the fact that the transformation
u—w yields

BV, (x, 1) = cosh(\x)s,(x,7) + sinh(Ax)s,(x,1) (53)

I,(x,1) + NI (x, 1) = sinh(\x)s,(x,7) + cosh(Ax)s,(x,7)  (54)

and that the transformation w~> u yields

s, (x,1) = cosh(Ax) 9, (x,7) — sinh(Ax) (9, (x,1) + NO(x,1)) (55)

s,(x, 1) = = sinh(Ax) 9,(x, 1) + cosh(Ax)(F,(x,1) + N (x,1))
(56)

The reader should note that the relationship between ¢ and a,
which is given by Eq. (46), yields

x/2

1(]1- 1+q|"?

sinh(\x) = —( ik 4 B b ) (57)
2\|1+¢ 1-¢
1 1- x/2 1+ x/2

cosh(\x) = —( ‘ =4 ‘—q (58)
2\|1+¢ l1-¢g

To make the s-system easily solvable, we introduce another
transformation, given in the next lemma. This lemma completely
eliminates the in-domain antidamping but using time-dependent
scaling of the state variable.

LEMMA 3. Let w(x,t)=eMd(x,1), i.e.,

12
w(x,1) (59)

1+
o[22

l-q
For q €[0,1), the function (x,t) satisfies Eqs. (47)~(49) if and
only if the function w(x,t) satisfies

wtt(xvt) = mxx(xst) (60)
w(0,)=0 (61)
w,(1,6)=0 (62)

For g>1, the function 9(x,t) satisfies Eqs. (50)—(52) if and only
if the function w(x,t) satisfies

wtt(xat) = mxx(x’t) (63)
w(0,0)=0 (64)
w,(1,0)=0 (65)

Furthermore, if the initial conditions of systems (38)—(40) are
given by Egs. (41) and (42), then the initial conditions
wo(x) 2 w(x,0) and w,(x) £ w,(x,0) for the w -system are given
by

q+c

(66)

@) == 1+gqc

w, (x)=0 (67)

The w-systems are now readily solvable in explicit form. Their
solutions, for arbitrary initial conditions, are stated in the next two
lemmas.

LEMMA 4. For g €[0,1), the solution of systems (60)—(62) with
arbitrary initial conditions is
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% 1
w(x,t) = 22 sin<(2n + l)gx) |:f sin<(2n
0

n=0

+ l)gy>m0(y)dy cos((Zn + 1)%;)
2 ! -
+ —(2n N I)WJO sin((Zn + 1)5y>m‘1(y)dy sin((zn

+1)72—Tt)i|

For g>1, the solution of systems (63)—(65) with arbitrary initial
conditions is

(68)

©

1
w(x,t) = 22 sin(nrx) [f sin(nary)w(y)dy cos(nt)
0

n=1

1
+ Lf sin(nmy)w,(y)dy sin(nm)] (69)
nw ),
For the initial condition Egs. (66) and (67), we obtain the ex-
plicit solutions w(x,7) as follows.
LEMMA 5. For g €[0,1), the solution of systems (60)—(62) with
initial conditions given by Egs. (66) and (67) is

P sin<(2n + 1)§x)cos((2n+ l)gt>
w(x,t)=— grc 22 =

HHae e @n+1)=
2
. sin((2n )T+ z)) - sin<(2n + l)z(t—x)>
q+c 2 2
H a0 n+1)=
2

(70)
For q> 1, the solution of systems (63)—(65) with initial conditions
given by Egs. (66) and (67) is

0

g+c 22 sin(2mrx)cos(2mart)

1) =—

wind) l+gc 5 mir
_ g+tc = sin2mm(x + 1)) — sin(2mar(t — x))
B l+gc, - mar

(71)
Now, we return to the gain formula (43) and, using Lemmas
2-5, obtain the following explicit expression for the gain kernel
p(x,y), as well as for the functions p,(1+D,y) and p(1-6,1),
which are used in the control law Eq. (37).
PROPOSITION 6. The solution of systems (18)—(22) is given by

1-y
plx,y) = e_)‘()‘"l)|:cosh()\(l -yw(l-y,x-1)- f sinh(\s)
0

X(w/(s,x— 1)+ aw(s,x— 1))ds:| (72)

where for q €[0,1), the function w(-,-) is given by Eq. (70) and
for g>1, the function w(-,-) is given by Eq. (71). Furthermore,
the partial derivatives of Eq. (72) are
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pu(x,y) == Np(x,y) + e'““”lcosh(k(l -M)w,(l-yx-1)

1=y
- f sinh(\s)(w,(s,x — 1) + aw,(s,x— 1))ds
0

(73)

py(x,y) = e M=\ sinh(A(1 - y))w(1 = y,x = 1) = cosh(A(1
=y)w (1 =y,x—1)=sinh(\(1 = y))(w,(1 =y, x=1)
(74)

where, for q €[0,1) , the functions w (x,1),w(x,1),w,(x,1) are
given by

+aw(l-y,x-1))]

+
w,(x,1) =— MZE cos<(2n + I)Zx)cos<(2n + l)zt)
L+qgc 75 2 2

(75)

w,(x,1) = q—+622 sin<(2n + l)zx) sin((Zn + I)Zt) (76)
1+gqc =0 2 2

+
o, (n0) = I‘I—CzE (2n+ 1)3sin((2n + 1)7—Tx)cos((2n + 1)3)
+qc n=0 2 2 2

(77)

and for ¢> 1, the functions w (x,t),@,x,t),®,(x,t) are given by

©

+
o= 10 cos@mmxcos@mar)  (78)
l+gc 5
+
(1) = lq—czE sin(2mmx)sin(2mrt) (79)
m=1
+
w,(x,1) = ﬁZE mar sin(2marx)cos(2mt) (80)
m=1

4 Stability of the Target System (w,z)

Having completed the derivation of explicit expressions for the
control gains in Sec. 3, we now turn our attention to the exponen-
tial stability analysis of the target system

w6, =wo(x,0), xe(0,1) (81)
w(0,1) = cw,(0,1) (82)

w(l,t) =z(1,1) (83)

(1) =z,(x,1), xe[l,1+D) (84)
Z2(1+D,1)=0 (85)

The analysis employs two new transformations, whose role is de-
picted and explained in Fig. 6.
We first denote

tanh™'(¢), ce[0,1)
ale) = {Coth_l(c), c>1 (86)
and then introduce the transformations
@, (x,1) = cosh(a(l — x))w,(x,t) — sinh(a(1 = x))w,(x,7) (87)

@/(x,1) + ap(x,t) = — sinh(a(1 — x))w,(x,7) + cosh(a(1 — x))w,(x,1)
(88)
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Fig. 6 A sequence of system transformations employed in the
analysis. The original plant is (v, u), whereas the backstepping
transformation converts the closed-loop system into the au-
tonomous, exponentially stable system (z,w). Due to the
boundary interconnection and the boundary damping at x=0,
the stability of the system (z, w) is hard to analyze. The damp-
ing is moved from the boundary to the domain using the trans-
formation (z, w)—(z, ¢). Finally, the boundary interconnection,
in which an unbounded operator arises, is converted into an
easier-to-analyze in-domain interconnection using the transfor-
mation (z,¢)—(z,¢). The transformations between the four
representations are indicated in Fig. 7. The stability analysis of
the (z,¢)-system is outlined in Fig. 8. Stability of the
(z,)-system is studied in Lemmas 7-10, using the Lyapunov
function Q(t). Then, stability of the (z, ¢)-system is shown in
Lemma 11 and Proposition 12.

e(1,1)=2(1,1) (89)

and
w,(x,1) = cosh(a(l — x))@,(x,7) + sinh(a(l — x))(@,(x,1) + ap(x,1))
(90)
w(x,1) = sinh(a(1 — x)) . (x,7) + cosh(a(l — x))(¢,(x,1) + ap(x,1))
1)
w(l,1) =2z(1,1) (92)

By integrating in x, these transformations are also written as

1
o(x,1) = cosh(a(l — x))w(x,t) + f sinh(a(1 = y))(w,(y,1)

—aw(y,1)dy (93)
1
wi(x,7) = cosh(a(l - x)) e(x,1) = f sinh(a(1 - y))(@(y,1)
+2aq(y,1))dy (94)

For ¢ €[0,1), the transformation converts the w-system into

@u(x,1) + 2a@,(x,1) + @ @(x,1) = @, (x,1) (95)

@(0,1)=0 (96)
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) LD, () O3, (0 ) D, ()

v, u z, z, z,y

Fig. 7 The transformations among the four system represen-
tations in Fig. 6. Only the transformation (v,u)—(z,w) is of
backstepping type, whereas the other two have the role of mov-
ing the damping and moving the transport-wave interconnec-
tion from a boundary into the domain, which is a form that
facilitates the analysis.

e(L,1)=z(1,1) (97)
For ¢>1, the transformation converts the w-system into
@u(x.1) + 2a@,(x.1) + A @(x.1) = @, (x.1) (98)
¢,0,1) + a@(0,1) =0 (99)
o(1,1)=2z(1,1) (100)

Even though the z-system is the exponentially stable transport
equation z,(x,7)=z,(x,), z(1,1)=0, the stability analysis for the
@-system cannot proceed in this form because of z(1,7) entering
the ¢-system through a boundary condition, which makes the re-
sulting input operator unbounded, and the resulting gain from
z(1,1) to @(x,7) (in any suitable norm) unbounded.

We first perform a transformation that shifts z(1,7) into the
interior of the domain (0,1). The next lemma introduces this trans-
formation and presents a Lyapunov function for the resulting sys-
tem (see Fig. 7 for a summary of transformations used in the
paper).

LEMMA 7. Consider the change of variable

Px,1) = (x,1) — x*z(1,1) (101)
and the resulting system, which, for c €[0,1), is
lpll(x’t) + 2alﬂ,(x,t) + azlp(x’t) = lpx.’((xyt) + g(x’l) (102)
#(0,)=0 (103)
P(1,6)=0 (104)
and for ¢>1 is
Yo, 1) + 2ap(x,1) + @ Px,1) = P (x,1) + g (x,1) - (105)
#(0,0) + af0,1) =0 (106)
#(1,0=0 (107)
and where
g0, 1) =22(1,1) = x*(z,,(1,1) + 2az,(1,1) + a’z(1,1))  (108)
Then, for the Lyapunov functional
1
V(t) = %f (W (x,0) + ap(x,0)* + tﬁzx(x,t))dx (109)
0
the following holds:
1
V(t) =—2aV(t) + f (f(x,0) + al(x,0)g(x,t)dx  (110)
0

for all t=0.
Proof. Most of this lemma is obtained by direct verification.
The expression

g0 1) = Y, (1) + 2a,(x,1) + @ (x,1) = o (x,1) = @, (x, 1)
+2a0,(x,1) + a*@(x,1) — @ (x,1) + 22(1,1) = x*(z,,(1,1)
+2az,(1,1) + a’2(1,1)) = 2z(1,1) = x*(z,(1,1) + 2az,(1,1)
+a’z(1,1) (111)

involves z,(1,7) and z,,(1,7). These quantities are obtained as fol-
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lows. By setting x=1 in z,=z,, one obtains z,(1,f)=z,(1,7). By
differentiating z,=z, with respect to 7, one obtains z,,=z,=2,-
Setting x=1 yields z,(1,)=z,(1,7). Substituting z,(1,2)=z,(1,7)
and z,(1,1)=z,,(1,7) into Eq. (111), one obtains Eq. (108). The
derivative of the Lyapunov function is obtained as

1
V() = f (o, 1) + agpl(x, 1) (4 (x, 1) + ag(x,1))
0

1
+ (0, ) (3, 1)) dx = f ((x,1) + aplx, 1)) (= ag(x,1)
0
— @ Yx,1) + P (x,0) + g(x,1)) + (3, 1) P, (x, 1)) dx =

1 1
-a f (i (x,1) + aplx, 1)) dx + f (((x.1) + alx,1))
0 0
1
X (hee(x,0) + g (x,1)) + b, D) (x,1))dx = — a f ((x,1)
0

1

+ay(x,1))’dx + J (= (Y (x,1) + adh(x,0)) o (x,1)
0

+ (e, ) () dx + (g (x, 1) + agpl(x, ) i (x, 1)

1
+ f (P (x,0) + app(x, 1) g(x,t)dx = = 2aV(t) + ((x,1)
0

1
+ap(x,0) P (x, 0|y + f (4 (x,1) + aplx,1)) g (x, 1) dx
0

(112)

where integration by parts is used in the second to last steps.
Equation (110) is obtained by substituting either of the boundary
conditions Eq. (103) or Eq. (106) into Eq. (112).

The following lemma is readily verifiable with several applica-
tions of Young’s inequality.

LEMMA 8. If functions V(1) and g(x,1) satisfy Egs. (108)—(110),
then they satisfy the following bounds:

. 11
V() = —aV() + - + Eﬂg(l)”2 (113)

lg(n)|P = 3((5 +ad)2(1,0) +a’2(1,0) + %ﬁ,ﬁ,z)) (114)

Next, we turn our attention to the z-systems (84) and (85) and
state the following directly verifiable result.
LEMMA 9. For systems (84) and (85), the following are true:

d 1+D 1+D
—J e" D2k Ndx = - z(1,0)% - bJ e?D22(x f)dx
dt ), .

(115)

d 1+D 1+D
Ef eh(x’l)zz(x,t)dx =— z)((l,t)2 - bJ eh(x’l)z)zc(x,t)dx
| |

(116)

d 1+D 1+D
” j eb(X‘l)zix(x,t)dx =—z.(1.0*=b f e’ (x'l)zf,x(x, )dx
1 1

(117)

Jfor any b>0.
With Lemmas 8 and 9, we obtain the following result, as dis-
played in Fig. 8.
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z-system: | Lemma 8

Lemma 9

-system:
Lemma 7

Lemma 10

Fig. 8 The outline of the proof of exponential stability of the
cascade system (z, ¢). The Lyapunov functional for the autono-
mous z-system is constructed in Lemma 9. The Lyapunov func-
tional for the y~system is constructed in Lemma 7. The input-
to-state stability (ISS) of the y~system with respect to the
z-system is shown in Lemma 8. The Lyapunov stability of the
overall (z, )-system is shown in Lemma 10.

LEMMA 10. For systems (84), (85), and (102)—(108), the follow-

ing holds:
Q1) = Qe™niedl =0

for all b>0, where

(118)

3(5+4d% . blx=1)(2 2 2
Q@) =V() + T "Iz (x, 1) + 2 (x, 1) + 23, (x,1))dx
1

(119)
Proof. With Lemmas 8 and 9, we obtain

QB =-av(p) + i((5 +a?)2(1,0) +a®2(1,1) + lzfx(l,t))
da 5

2
3G a1+ 200 + 210
4a

3 5 " 2 1+D
- %b f P2 (x,1) + 22(x,1) + 25 (x,1))dx =
1

3 5 : 2 1+D
—aV(1) - %b J PO (x, 1) + 23(x. 1)
1

+ 22 (x,1))dx (120)

which yields
Q(t) = — min{a,b}Q(r)

and leads to the result of the lemma.

Even though we have obtained exponential stability in the (,z)
variables, we have yet to establish exponential stability in the
(w,z) variables. We have to consider the chain of transformations

(w,2) = (¢,2) = (.2) (122)

as well as their inverses, to establish stability of the (w,z)-system.

The following lemma, which establishes the equivalence be-
tween the Lyapunov function €(z) and the appropriate norm of the
(w,z)-system, is the key to establishing exponential stability in the
(w,z) variables.

LEMMA 11. Consider the transformation Egs. (93), (94), and
(101), along with the energy function Q(t) defined in Eq. (119).
The following holds:

CYIE(Z) = Q(t) = aZE(t)

(121)

(123)

where
1 1+D
E(t) = f (wf(x,t) + wtz(x,t))dx + f (2,0 + zi(x, 1)
0 1
+ zix(x, 1))dx (124)

and

365 +dd) 1
a; =min , (125)
4a 8 cosh(2a)max{1,2a}
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8 3(5+a’
a, = max{2 cosh(2a), g(l +d?) + %ew} (126)
a

Proof. To save on notation, in this proof, we use the symbol ||-| to
mean both || [|o.17 and [|-[[Lf1.1+0)- We first consider the transfor-

mations w— ¢ and ¢—w. Squaring up Eq. (87), we get
wi(x,t) =2 cosh*(a(1 - x))cpf(x,l) +2 sinh’(a(1 = x))(¢,(x,1)
+ae(x,1)? (127)

Doing the same with Egs. (88), (90), and (91), integrating from 0
to 1, and majorizing cosh?(a(1—-x)) and sinh?*(a(1—-x)) over (0,1)
under the integrals, we get

[w. (DI + [[w (D> = 2(cosh*(a) + sinh*(@)) (|, (DI +le.(7)

+ag(®)|*) (128)
and
e DI + lei(t) + ag()|* = 2(cosh*(a) + sinh*(a))(||w,(1)|*
+[wiD)]) (129)

From Eq. (101), we get

o (x, 1) + ap(x,1) = Y, (x,0) + ay(x,1) + x*(z,(1,1) + az(1,1))
(130)

@(x,1) = i, (x,1) + 2x2(1,1) (131)

where we have used the fact that z,(1,7)=z,(1,¢). Taking the L,
norm of both sides of both equations, we obtain

2
ler) + a@()|* = 2|y (1) + ayd)|* + S@0+ az(1,1)?

(132)

2
le DI = 2/l I + gzz(l,o (133)

as well as

2
() + apl0)|* = 2l (1) + ag(0)]* + SEL)+ az(1,1))*

(134)

2
DI = 2]l@ (DI + gzz(l 1) (135)

Using the fact that z(1,7)=0 and z,(1,7)=0, where the latter

follows from the fact that z,(1,7) =0, with Agmon’s inequality, we
get that

lod) + aeOI +lle I = 2(|4(0) + ayo)|* + g (0])
0P+ a{ 2 2o
(136)
J0) + a0IF + IO = 20l 0) + a0 + o, 0P
O o 2o 2o

(137)

With further majorizations, we achieve simplifications of expres-
sions

16
ler) + a@@)|P + 0] = 4V(2) + S+ a?) [z + |z
+[lzu (D) (138)
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V(1) < [le (1) + a@d)| + [ 0] + S0+ A (O + lz. (I

+ [z D)

Now, we first focus on Eq. (138)

(139)

o)+ g+ 0F = V0 + 21+ O + | O
4

+ IIZxx(r)IIz)) = 4<V(t) +50

1+D
+ az)f P2 (x,0) + zi(x,t)
1

+ zfx(x,t))dx) (140)
Invoking Eq. (119), we get
4
—(1+d?
) +ag(t)|? +[le 0| = 4 1,— 1Q(
i)+ ag + e (O = 4 max{ 1. 5= 100
4a
(141)
With a few steps of majorization, it is easy to see that
4
-(1+d%
5 16a
5 =—<2 (142)
3(5+a%) 15
4a
Hence
le,(1) + a@@IF +ll. ()] = 4 max{1.2a}0(r) ~ (143)

Recalling Eq. (128), we get
[w. (D] + Iw,(0)|* = 8(cosh?(a) + sinh?(a))max{1,2a}€(r)
=8 cosh(2a)max{1,2a}Q(r) (144)

where we have used the fact that cosh?(a)+sinh?(a)=cosh(2a).
Furthermore, from Eq. (119), we get

_da
3(5+a%
With Egs. (144) and (145), we obtain the left side of inequality
(123) with @, given by Eq. (125). Now, we turn our attention to

Eq. (139) and to proving the right-hand-side of inequality (123).
From Egs. (129) and (139), we get

le@IP + eI + eI = Q@ (145)

V(1) = 2(cosh*(a) + sinh?(a))([jw,(8)[* + [w,(O|*) + 2(1 +a’)
X([lz@|P + Iz (D) + [z D]?) = 2 cosh(2a) (|w.(1)|

8
+wIP) + S0+ @O + 2O + 2Ol

(146)
Then, with Egs. (119) and (146), we obtain

8
Q=2 cosh(2a)(||wx(t)||2 + ||wt(t)H2) + g(l + az)(Hz(t)H2
2 1+D
O + ) + 222 f ()
4da .
+22(x,1) + 22,(x,1))dx = 2 cosh(2a) (|w,(0)|* + [w, (D))
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8 3(5+a®
o B way+ 2D ) e o + et
a

(147)

This completes the proof of the right side of inequality (123) with
a, given by Eq. (126).

With Lemmas 10 and 11, we prove the following result on
exponential stability of the target system (w,z).

PROPOSITION 12. For systems (81)—(85), the following inequality
holds for the norm Eq. (124) for all b>0:

E() = 2Eemileth vz (148)
1
5 Stability in the Original Plant Variables (u,v)
We now return to the backstepping transformations

(u,v)—(w,z) and (w,z)—>(u,v) in Sec. 2. After the substitution
of the gain kernels expressed in terms of p(x,y) and u(x,y), the
backstepping transformation is written as

+ +c 7
et = uted) - 297 0. 4 4E€ u,(y,1)dy
1+¢qc l+gc),

(149)

X

z(x,0) =v(x,1) + f py(1+x =y, Do(y,0dy + gp(x,0)u(0,)

1

1 1
- j pele,y)u(y.t)dy - f px,y)u,(y,t)dy (150)
0

0

and the inverse backstepping transformation is written as

clg+c) qg+c *
- w(0.,0) - —— f w(y,t)dy
+qc ],

u(x,t) =wlx,1) —
1+gc 1

(151)

X

v(x,1) =z(x,1) + f (1 +x =y, Dz(y,0)dy — cu(x,0)w(0,1)
1

1 1
- f s, y)w(y,t)dy — f w(x,y)w,(y,t)dy (152)
0

0

Since the stability result in Proposition 12 is given in terms of
E @) = [wIP + [wIP + [0 + o) + e O]
(153)
and we want to establish stability in terms of
Y(0) = [l + [l (O + o I + o 0)]* + o o ()]
(154)

we need to derive the expressions for all of the five normed quan-
tities appearing in E(¢) and all of the five normed quantities ap-
pearing in Y(7).

The normed quantities appearing in Z() are given by

+
wi(x, 1) = ulx,0) + qrc u,(x,1) (155)
1+gqc
+
wir) = 25 () + u(x,0) (156)
1+gc
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X

z(x,t) =v(x,0) + f py(1+x =y, Du(y,0dy + gp(x,0)u(0,1)

1 1
- f pr(x,y)u(y,n)dy - f p(x,y)uy,t)dy (157)
0

0

X

z(x,0) = v, (x, 1) + py(1, Do(x,1) + f Po(l+x=y,Do(y,0)dy

1

1
+qpy(x,0)u(0,1) - f P,y uly,t)dy
0

1
- f pulo,y)u,(y,t)dy (158)
0

X

2 (2,1) =0, (0 0) + p, (1, Do, (x,0) + p (1, Do (x,1) + f Pry(1 +x

1

1
=y, Do(y.0)dy + qp,,(x,0)u(0,1) - f Prcc(X, ) u(y,t)dy
0

1
- f P (¥, (y, 1)dy (159)
0
The normed quantities appearing in Y(z) are given by
1y (x,1) = Wi, 1) - %{;w,(x,t) (160)
q+c (161)

u,(x,t) =— chwx(x,t) +w,(x,1)

X

v(x,0) =z(x,0) + J (1 +x =y, Dz(y,0)dy — culx,0)w(0,7)

1

1 1
. f ey, iy - f
0 0

X

Iu‘xy(l +x-y, 1)Z(y’t)dy

mx,y)w,(v,t)dy (162)

v (60 = 2,06,0) + (1, 1)z(x,0) + f

1
- C/.LX(X,O)W(OJ) - j /'Lxx(x’y)w(y’t)dy
0

1
- f lu’x(x,y)wt(yvt)dy (163)
0

X

U (6,0) = 2, (0, ) + 1, (1, Dz, (06, 1) + (1, Dz(x,0) + f Hay(1

1

+x =y, D)z(y,0)dy = ¢, (x,0)w(0,1)

1 1
_f /'Lxxx(-xvy)w(y’t)dy_f /'Lxx(xvy)wt(y’t)dy (164)
0

0

In establishing a relation between Y(¢) and E(), first we estab-
lish a relation between [|u,(£)|]?+]|ut,(£)|]* and |Jw()]>+[w(2)]]*.

LEMMA 13. Consider the transformation Egs. (149) and (151),
along with the norm Egs. (153) and (154). The following are true:

eI + DI = 21 + 7)Y (Iw OIF + [w,DIP) = 21 + ) E(0)
(165)
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I @ + b )P = 2(1 + 72) (O + e, (DIF) = 21 + 7)Y (1)
(166)

where

g+c
=— 167
7= ge (167)
Next, we focus on relating |[v(£)|>+[[v.()|*+[[v. (D] to E(r)
and [[z(0)|P +llz. (O +[Jo o (DI to Y (2).
LEMMA 14. For the transformation Eq. (152) along with the
norm Eq. (153), the following are true:

o) = %E@) (168)
[v. (D = % E() (169)
v DI = 1.E @) (170)

where

1+D 1+D
Yo=5 maxy 1 +Df ,ui(x, l)dx,4<cf 12 (x,0)dx
1

1

1+D 1 1+D 1
+J f ,u,f(x,y)dydx),f f ,u,z(x,y)dydx
1 0 1 0

(171)

1+D

14D
v, = 6 max 1,//,5(1,1) + Dj ;L)%},(x,l)dx,ﬁl(cj ,u,)%(x,O)dx
1

1

1+D 1 1+D 1
+ f f Mi(x,y)dde>, f f pa(x,y)dydx ¢ (172)
1 0 1 0

Yo=7max| Lag(L 1), a5, (1.1)

14D 1+D
+ Df Mixy(x, 1)dx,4(cf ,uix(x,O)dx
1

1
1+D 1 1+D 1
+ f f Iu’ixx(x’y)dydx) > f J /L)ZCX(X,y)dydx
1 0 1 0

(173)

For the transformation Eq. (150) along with the norm Eq. (154),
the following are true:

lz()|* = &Y () (174)
Iz, (O] = 8,Y(z) (175)
2 (DI* = &Y (1) (176)

where

1+D

8y =15 max 1+DJ
1

1
1+D 1 1+D 1
+ f f p,f(x,y)dydx), f J p*(x,y)dydx
1 0 1 0
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1+D
pf(x,l)dx,4<q f p*(x,0)dx

(177)
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1+D

1+D
8, = 6 max l,pf(l, 1) +Df pﬁy(x, 1)dx,4(qf pi(x,O)dx
1

1

1+D 1 1+D 1
+ f f pﬁx(x,y)dde>, f f pi(x,y)dydx ¢ (178)
1 0 1 0

8 =7 max| 1,p5(1,1).p5,(1,1)

1+D 1+D
+ Df szy(x, 1)dx,4(qf p2.(x,0)dx
1

1
1+D 1 14D (1
+ f f pixx(x7y)dydx> > f Pﬁx(x,y)dydx
1 0 1 0

(179)

Proof. We only prove inequality (170). All of the other inequali-
ties are easier to prove. Starting from Eq. (164), we get

||vu<z>||257(|zxx<z>||2+Miu,l)lzxmllﬂui,vﬂ,l)llz(f)llz
1+D
+D f 12 e D)
1

1+D
+ cf Mix(x,O)dxwz(O, t)

1
1+D 1
; J f 2 (o)l
1 0

1+D 1
+ J f Mix(x,y)dydxlw,(t)HZ)
1 0

where we have used the fact that

14D fx-1 1+D
f f ,u)zay(l +s,1)dsdx = J (1+D- x),uixy(x, 1)dx
1 0 1

1+D
SDJ Mixy(x,l)dx (181)
1

(180)

Employing Agmon’s inequality, we get

oI =7 [ eI + 5(1 Dl @) + (Miy( 1,1)

1+D 1+D
+ Df ,u)zcxy(x, l)dx) =D + 4(cf i (x,0)dx
1 1

1+D 1

7 [ o
1 0
1+D 1

+ J f Mﬁx(x,y)ddeIlwf(t)lz}
1 0

from which Eq. (170) follows with Eq. (173).

With Lemmas 13 and 14, we get the following relation between
Y(¢) and E().

LEMMA 15. The following relation holds between the norm Egs.
(153) and (154):

(182)

;Y () =E() = a,Y (1) (183)

where
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ﬁ Lemmas 13-15

Y ()

Fig. 9 The norms used in the stability analysis of the closed-
loop system. Their equivalence is established in the lemmas
indicated in the figure.

a3 =1[2(1+ 7)) + yo + 1 + 73] (184)

=21+ 7)) + 8+ 6, + & (185)

Finally, we obtain our main result on exponential stability of
the (u,v)-system with the help of the lemmas, as indicated in Fig.
9.

THEOREM 16. Consider the closed-loop system consisting of the
plant Egs. (5)—(9) and the control law Eq. (37). The following
holds for all b>0:

Yoe—min{a,b}t’ V=0 (186)

@ as
where the system norm Y(t) is defined in Eq. (154) and a is
defined in Eq. (86).

Since the coefficient b is arbitrary, we can choose it as b=a.
Then, we obtain the following corollary.

COROLLARY 17. Consider the closed-loop system consisting of
the plant Egs. (5)—(9) and the control law Eq. (37). The following
holds:

12

, V=0

aay 1-c¢

Y(r) = Yo (187)

ajas 1+c¢

It should be noted that all of the coefficients «;,a,, a3, ay de-
pend on a(c). In addition, a3 and @, depend on g. Finally, it is
important to observe that «,, as well as a3 and a4, are nondecreas-
ing functions of D.

6 Conclusions

The result of this paper offers an alternative approach to ad-
dressing the problem of input delays in control of wave PDEs,
brought up by the Datko challenge. Stabilization in the presence
of arbitrarily long delay is achieved for a wave equation plant
with antidamping, which has all of its infinitely many open-loop
eigenvalues arbitrarily far to the right of the imaginary axis.

Some interesting open problems arise from the considerations
in this paper. First, one would want to consider the problem of
robustness to small errors in D that is employed in the predictor
feedback. While we were successful in establishing robustness to
delay error for an ODE with predictor feedback [24], we are not
very hopeful that such a robustness result would hold for a wave
PDE plant.

Second, the foremost problem would be to consider adaptive
stabilization of the antistable wave equation with unknown delay,
namely, of the systems

uy(x,t) =u, (x,1), xe(0,1) (188)
u(0,1) = — qu,(0,1) (189)
u(l,0)=v(1,7) (190)
Du,(x,)) =v (x,f), xe[l,2) (191)
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Fig. 10 A pickup on an electric guitar. Based on Faraday’s law
of induction, it converts the string velocity into voltage. Con-
nected into a high-gain amplifier, this system results in (do-
mainwide) antidamping, which manifests itself as a swell in vol-
ume, up to a saturation of the amplifier, which guitarists refer
to, simply, as feedback.

v(2,0)=U(r) (192)

where D and ¢ are unknown. An adaptive design for this system
would indirectly address the Datko [44] question but in a more
challenging setting, where D is not small but it is large and has a
large uncertainty and where the wave equation plant is not neu-
trally stable but antistable. The g-adaptive problem for the anti-
stable wave equation with D=0 was solved in Ref. [60]. The
delay-adaptive control problem for ODE plants was recently
solved in Ref. [67].

It is worth mentioning that, even though we have considered
only a state feedback case in this paper, there is no problem to
extend the results to output feedback. For example, the observers
(Ref. [58], Egs. (110)—(112))

. . g+¢c .
Ay (x,1) = i (x,0) = —[u,(1,0) =i, (1,0)] (193)
1+gqgc

(0.0 == i (0.0 - LD (- a1n] (194)
1+g¢c
i(1,0)=U(t- D) (195)

where ¢>0 is an observer gain, can be combined with the predic-
tor feedback law

1 1

px(1+D,y)12(y,t)dy+j p(1

0

U(1) =—gp(1 + D,0)i(0,1) + J

0

+D,y)ii,(y,t)dy — f py(t—6,1)U(0)d6 (196)
-D

to achieve output feedback stabilization using the measurement
u,(1,1), which is collocated with the control u(1,)=U(t-D), as
in Fig. 2. The proof of this fact is more complicated than in the
present paper due to the need to incorporate the observer error
system in the analysis. Furthermore, a predictor feedback can be
designed for the architecture, where the control and measurement
are switched, namely, where u,(1,7)=U(t—D) is a Neumann input
and u(1,?) is a Dirichlet output, as in Ref. [58], Egs. (63)-(65) and
(76).

Another example of a wave system with antidamping is that of
electrically amplified stringed instruments (for example, electric
guitar). Such instruments employ an electromagnetic pickup,
shown in Fig. 10, where the voltage on the terminals of the pickup
is proportional, according to Faraday’s law of induction, to the
velocity of the string above it. The pickup’s voltage is then am-
plified using an electric amplifier. The loudspeaker of a high-gain
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amplifier, when played at high volume, is capable of producing an
acoustic excitation of such intensity that its force acts to mechani-
cally excite the string. This is a positive feedback loop, where the
string velocity is converted to voltage, multiplied by high-gain,
and then applied back as a force on the string. The phenomenon is
not the same as our antidamping at the boundary but it appears in
the form u,(x,t)=u,(x,1)+gu,p,r), where g is the gain and p
€ (0, 1) is the location of the pickup along the length of the string.
The instability described here manifests itself as a loud, sustain-
ing, tone, even when the string is not being “plucked,” although,
when used in a control manner, it can be employed musically
(leading to “swells” of sound that the musician can induce on
chosen notes). Among electric guitarists, this phenomenon is re-
ferred to, simply, as feedback [68,69].
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