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Keeping the forward velocity constant and controlling only the angular velocity, we design a stochastic
source seeking control law which employs excitation based on filtered white noise, rather than sinusoidal
perturbations used in the existing work. We study stability with the help of stochastic averaging theorems
that we recently developed for general nonlinear continuous-time systems with stochastic perturbations.
We prove local exponential convergence, both almost surely and in probability, to a small neighborhood
near the source. We characterize the convergence speed explicitly and provide design guidelines for
maximizing it, as well as for minimizing the residual set near the source. We present a detailed simulation
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1. Introduction

Several source seeking algorithms employing sinusoidal
perturbations for nonholonomic vehicles in position-denied envi-
ronments have been recently proposed. In Zhang, Arnold, Ghods,
Siranosian, and Krstic (2007), the angular velocity of the vehicle
center is made constant and the control tunes the forward velocity.
In Cochran and Krstic (2009), the forward velocity is made constant
and the angular velocity is controlled.

In this paper, we investigate a stochastic version of source
seeking by navigating the unicycle with the help of a random
perturbation, achieving a behavior that mimics the chemotaxis-
like motion observed in the bacterium Escherichia coli (E. coli).
E. coli is a single celled organism consisting of a cell body with
multiple trailing flagella used for propulsion. In the works Berg
(2003), and Berg and Brown (1972), it is observed that the
bacterium is able to move up chemical gradients towards higher
densities of nutrients by switching between alternate behaviors
known as “run” and “tumble”. The behavior “run” means that
the bacterium moves in essentially a straight line by rotating the
flagella counter-clockwise as viewed from behind the cell and
the behavior “tumble” means that the bacterium ceases forward
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motion and spins by turning some flagella in a clockwise direction.
It is also observed that the tumble behavior displays apparent
random nature, although the net motion of the bacterium is not
completely random but is in the direction of higher nutrient
concentrations.

Motivated by the chemotactic behavior of E. coli, we consider
the problem of stochastic source seeking for a nonholonomic
unicycle. The analogy is appropriate since neither the unicycle
nor E. coli can exhibit sideways motions, though they can be
steered. Our vehicle has no knowledge of its position, nor of of
the distribution of the signal field. Like E. coli, it can only sense the
signal locally.

To find the source, we employ a stochastic extremum seeking
approach and provide a stability analysis based on stochastic
averaging theorems that we recently developed in Liu and Krstic
(in press). With a controller that we design in the paper, the vehicle
is driven to approach a small neighborhood of the source in a
manner that seems partly random but is convergent in a suitable
sense. We present a stability proof for the scheme with a static
source and simulation results for both static and moving sources.
Convergence is proved both in the ‘almost sure’ sense and ‘in
probability’.

It is important to consider the relative merits of the determin-
istic solution to the source seeking problem in Cochran and Krstic
(2009) and the stochastic solution presented here. As expected, the
steering inputs in the stochastic approach are less smooth, which
is a disadvantage of the stochastic approach from the viewpoint of
actuator wear. However, the nearly random motion of the stochas-
tic seeker has its advantage in applications where the seeker itself
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may be pursued by another pursuer. A seeker, which successfully
performs the source finding task but with an unpredictable, nearly
random trajectory, is a more challenging target, and is hence less
vulnerable, than a deterministic seeker.

Motivated by E. coli chemotaxis, Mesquita, Hespanha, and
Astrém (2008) consider a similar problem of seeking the maximum
of a scalar signal, using a swarm of autonomous vehicles, and
propose a control design which induces the vehicles to perform
a biased random walk, with a net motion of the swarm towards
the maximum, and achieving higher vehicle densities near the
maximum at the end of the search. Besides the difference in
the algorithms presented in Mesquita et al. (2008) and in the
present paper, different results are proved. Mesquita et al. (2008)
guarantee that the probability density function of the positions
of the vehicles evolves towards a specified function of the spatial
profile of the measured signal, whereas in the present paper we
prove convergence (in probability and almost surely), for any single
vehicle, to a specific small neighborhood of the source.

Another significant difference is that we establish exponential
convergence, and in fact characterize the best achievable value,
and the worst-case value, of the exponential convergence rate,
as a function of the design parameters. In contrast, in Mesquita
et al. (2008) exponential convergence is not shown, nor formally
claimed. A considerable difference in performance is also observed
in simulations. The algorithm in Mesquita et al. (2008) at
best matches the convergence of the deterministic algorithm in
Zhang et al. (2007), whereas the present algorithm has superior
convergence to that in Zhang et al. (2007) as it does not employ
motions that would, in the absence of a gradient, keep a vehicle
in place on the average (such as random walk, or the triangle
and diamond-shaped gaits in Zhang et al. (2007)), but employs a
strategy that keeps the vehicle moving in some average direction
even when the gradient is zero, as is the case with the design in
Cochran and Krstic (2009). However, it is important to note that
the results we prove here are only for signal fields that have circular
level sets, whereas in Mesquita et al. (2008) such a restriction is not
present.

The present paper adds a new tool to a string of recent
successful developments in the area of extremum seeking, both
in the deterministic case (Ariyur & Krstic, 2003; Moase, Manzie, &
Brear, 2009a,b; Tan, NeSi¢, & Mareels, 2006) and in the stochastic
(discrete time) case (Manzie & Krstic, 2009; Stankovic & Stipanovic,
2009a,b).

The paper is organized as follows. In Section 2 we present the
vehicle model and state the problem. In Section 3 we present our
stochastic source seeking controller. In Section 4 we prove local
exponential convergence for circular level sets, namely, where the
signal depends only on the distance from the source and decays
quadratically. In Section 5 we calculate the convergence speed,
for particular parameter choices for which it is possible to do
so explicitly, and characterize the best achievable convergence
speed. In Section 6 we present simulations and discussions about
dependence on design parameters. In Section 7 we consider signal
fields with elliptical level sets.

2. Vehicle model and problem statement

As in Cochran and Krstic (2009), we consider a mobile agent
modeled as a unicycle with a sensor mounted at its front end, a
distance R from the center. Fig. 1 depicts the position, heading,
angular and forward velocities for the center and sensor. The
equations of motion for the vehicle center are

fo = vel, (1)
O =u, (2)

y

X

Fig. 1. The notation used in the model of vehicle sensor and center dynamics.
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Fig. 2. Block diagram of stochastic source seeking via tuning of angular velocity of
the vehicle.

where 1. is the vehicle center, 0 is the orientation, v, u are the
forward and angular velocity inputs, respectively, and j is the
imaginary unit. The sensor is located at r; = r. + Re’.

The task of the vehicle is to seek a source that emits a signal a
spatially distributed signal ] = f(r(x, y)), which has an isolated
local maximum f* = f(r*), where r* is the location of the local
maximum. We achieve local convergence to r*, in a particular
probabilistic sense, without the knowledge of the shape of f (-), and
without the measurement of r, using only the measurement of J (t)
at the vehicle sensor.

3. Stochastic source seeking controller

We employ the scheme depicted by the block diagram in Fig. 2.
The forward velocity of the vehicle is set to v(t) = V. = const,
whereas the angular velocity 6 is tuned by the extremum seeking
control law

0 = ai) + c& sin(n) — do&” sin(), (3)
where £ = Hih[]] is the output of the washout filter for the
NG

sensor reading J,n = ss+l[W](8 € (0, &p)) is colored noise
used as a perturbation in stochastic extremum seeking, and
Ve,a,c,dg, g, e, h > 0 are design parameters which (along with
parameter R) influence the performance. The signal (W (t), t > 0)
is a standard Brownian motion defined in a complete probability
space (£2, #, P) with the sample space £2, the o-field .#, and the
probability measure P.

With the observation that the transfer function from white
noise W to 7 is relative degree zero, giving

. ges

1 ges+g—g . g . 1
= es+1

e et [W]=78W—577: (4)

(W] =
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the control law is rewritten as

40 = —2ydt + (c& — dof?) sin(ndt + “S-aw, (5)
P NG

dy = —Lnde + Saw (6)

n= 8’7 Je :

Compared with the deterministic case in Cochran and Krstic
(2009), where sin(wt) was used as the probing signal, we use
the stochastic signal sin(n(t)) to develop a gradient estimate. It
is not essential to choose the sinusoidal nonlinearity sin(n) in
the stochastic design. This choice is primarily made for the ease
of deriving the average system in the stability analysis. We can
replace sin(n) with other bounded and odd functions, such as

ne‘"z, however, the integrals in calculating the expectations in the
derivation of the average system become more complicated. In fact,
the boundedness of the perturbation (such as sin#n or ne"’z) is
only needed in the analysis, whereas in the simulations, successful
convergence is achieved even when sin(7) is replaced by 7.

We refer to the term —dy&2 sin() as the “dy-term” or the
damping term. This term is not needed in the basic stochastic
extremum seeking algorithm for a static map Liu and Krstic
(in press). This term is essential for achieving exponential stability
in source seeking problems with a vehicle employing constant
forward velocity.

4. Stability analysis

We assume that the nonlinear map defining the distribution
of the signal field is quadratic and takes the form J = f(r;) =
f* — q,|rs — r*|> where r* is the unknown maximizer, f* = f(r*)
is the unknown maximum and g, is an unknown positive constant.
We define an output error variable e = Hih [J1 — f*, which allows
us to express the signal £ after the washout filter, as £ = S%h Ul=
J = 251 =] —f* — e, and thus we have & = h¢.

Stochastic approximation is a good method to find the
extremum of a function. However for our source seeking problem,
the conditions of convergence analysis of stochastic approximation
are hard to verify due to the presence of dynamics and non-
holonomic constraints. In this paper, we use our stochastic average
theory presented in Appendix to analyze the stability of the closed-
loop system.

Theorem 4.1. Consider the closed-loop system

dr, = v.edt, (7)

d6 = “2pde + (c& — do?) sin(m)dt + Ldw, (8)
: G

de = hed, 9)

£ =—(qlrs — "> +e), (10)

ry =rc + Re, (11)

dy = —Lndt + E_dw, (12)
€ Ve

where c, dg, h, R, V., q, > 0, and the parameters h, V., a, g > 0 are
chosen such that

1 R L(2a, g)
s — (2 -2 ), (13)
h ™~ 2v, Ii(a, g)h(a, g)

242 a—1)2g2 a+1)%g?
where I;(a,8) = e_Tg,Iz(a,g) = % S

(The condition (13) is satisfied for any h > 0 and V. > 0 provided

g is chosenas g = \/g and a is chosen as 0 < a < a*(B) =

2 | _ * ~
5 In F D for any B > 0. For example, for § = 1, a*(1)

0.24.) If the initial conditions r.(0), 6(0), e(0) are such that the
following quantities are sufficiently small,

| [re(0) — ™| — pl, |€(0)+qr(R2+,02)|, (14)
either ‘9(0) —arg(r* —r.(0)) + %‘ or (15)
0@ —argr* —re0) — 7 (16)
where

VI (a,
p = c l( g) , (17)
2qycRIx(a, 8)

then there exist constants Cy, o > 0and a functionT(¢) : (0, &g) —
N such that for any § > 0,
liminf{t > 0: | [r:(t) — r*| — p]
e—>0

> Coe ' + 8} =00, as. (18)
and
lim P{| re(t) —1*| — p| < Coe™" +6, V¥t €[0,T(e)]}
£—

=1 (19)

with lim,_oT(¢) = oo, where the constant Cy is dependent on
the initial condition (r.(0), 6(0), e(0)) and on the parameters
a,c,do, h,R, V., q;,g and the constant yy is dependent on the
parameters a, ¢, dg, h,R, V¢, q;, g.

Proof. We start by defining the shifted variables

fe=r1c—1%, (20)
0=0—an, (21)
and a map between 7, and a new quantity * given by

—fe = |l (22)

0% = arg(—fc) = arg(r* — o)

7 -2 (L) ifo* e (—n,—f],
2 \}, 2
j TA-C . T T
={—=In{=]), f@*e(——,—], 2
2 <f»c> ! 2’2 (23)

- iln(f—“), ifo* e (E,n],

2 Fe 2
where 6* represents the heading angle towards the source located
at r* when the vehicle is at r.. Using these definitions, the
expression for £ is € = —(q-(R? + |Fc|*> — 2R|fc| cos(® — 6% +
an)) + e). Since

dd = df — adn = (c& — do&?) sin(n)dt, (24)
we obtain the dynamics of the shifted system as

dr, dr.

== v elOtam (25)
dé ,

P (c& — do&?) sin(n), (26)
de

& = —ha (R2 4 |72 — 2R7| cos(® — 6% + an)) —he. (27)
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By (12) and the definition of Ito stochastic differential equation,

we have n(t) = 7(0) — [, in(s)ds + [, £.dW(s). Thus it holds

that n(et) = 1(0) — [y n(euydu + f; £-dW (eu). Define B(t) =

%W(st), x(t) = n(et). Then we have dx(t) = —x(t)dt +

gdB(t), where B(t) is a standard Brownian motion and the process

x (t) is an Ornstein-Uhlenbeck (OU) process which is ergodic with
2

Y
invariant distribution w(dy) = ﬁe g2 dy.
Now we define error variables 7. and 6 which represent the
distance to the source, and the difference between the vehicle’s
heading and the optimal heading, respectively,

| = lre =17, (28)

T
6=0-—0* (29)

Y

Thus we obtain the following dynamics for the error variables

di.  djfe|  dyffe 1 [dR. . dF.
-, = = = ~ —TI¢ + re——
dr dr dr 207 \ de dr

= —V.cos(d + ax(t/e)), (30)
do dd  do* db i [(di- . dFe
= = + — e c

at odr de de " 2pp\de T ar

= (c —do§)& sin(x (t/e)) + ‘FL: sin(@ + ay (t/e)), (31)
4 e (32)
dt
£ = — (0 (R + 72 — 287, cos(@ + ax (t/e)) +e)., (33)
dx(6) = —x (O)dt + gdB(0). (34)

We use general stochastic averaging given in Appendix to analyze
this error system.
First we calculate the average system of (30)-(31)-(32). Since
2

Sz sin(ay)u(dy) = fj;c sin(ay)ﬁe_gﬁdy = 0, [, cos(ay) sin
(ay)p(dy) = [ cos(2ay) sin(ay)u(dy) = 0, [, cos(ay)u(dy) =
2

2 2.2
22 COS(ay)ﬁe £dy = e 4 = Ii(a g), and [, sin(ay)

+o0 2 @-1%g?
sin(y)u(dy) = [~ sin(ay) sin(y)ﬁe 2dy = %[e’ i —

@+1)%g?

4 ] = I (a, g), by (A.3), we obtain that the average error

system is
dfave -
dct = —Vchi(a, g) cos(6™), (35)
déave
= — (2 +ado (@R +72) + ) )
x q,RF® sin(6**)Ly(a, g) + 2d0qu2F§"e2 sin(20%%)L(2a, g)
V, -
+ fa\ie sin(0*")1(a, ), (36)
c
deave
o = —haR —hg 7

+ 2hRq, 72" cos(9™), (a, g) — he™™. (37)

The average error system has two equilibria defined by

~ave® ~ Jvel e 4
[fcave g e ql] = [p, +5 =4 (R + pz)] : (38)

I:F?veeqz , éaveeqz , eaveEQZ] — I:p, _%7 _qr(RZ + pz)] , (39)

where p is given by (17). The above two equilibria have the
following Jacobians, respectively,

0 ~Vli(a, g) 0
A =— | A 4doy?p’hL(2a,g) Adoypl(a,g) |, (40)
2hq;p  2hypli(a, 8)
and
0 ~VIi(a, g) 0
AR = | AR —adyy?p’h(2a,8) A4doyph(a,g) |, (41)
—2hq;p 2hy pli(a, g) —h

where Al' = AY? = 4y(c + 2dog;pPh(a,8), y 2 q.R. The
characteristic polynomial for both Jacobians is

2V21%(a, g) 2V2I3(a, g)

0= +h’?+ > A+h >
P Q
+ 4dop*q?RIRL (24, g)A° + (2Vel1(a, @)h(a, g)
+ hR(I>(2a, g) — 211(a, g)l(a, g)))Al. (42)

Since a > 0, we have I;(a,g) > 0and I;(a, g) > 0. For the roots
of the polynomial (42) to be in the left half-plane, all of its three
coefficients need to be positive and the product of the coefficients
associated with A2 and 1! needs to be greater than the coefficient
associated with A, All of these conditions are satisfied whenever
2Vcli(a, g)h(a, g) + hR(12(2a, g) — 2I1(a, &)I2(a, g)) > 0, which
is equivalent to the condition (13). When the condition (13) is
satisfied, the Jacobians (40) and (41) are Hurwitz, which implies
that both average equilibria (38) and (39) are exponentially stable.
Thus by Theorems A.3 and A.4 in Appendix, there exist constants

¢ > 0,1 > 0,9 > 0and functions T?(¢) : (0, &) —
N,i = 1,2, such that for any § > 0, and any initial condition
AP <15,
. ; . (i)

timinf{e = 0: [40©)] > ¢’ [42©) e + 5]
£—>

=00, as., (43)
and

. ; . 10} .

lim P{[490)] =’ [A0 @70 + 6.t € [0, 7)1}
e—

=1 (44)
with lim,_o T?(¢) = oo, where A (t) = (F(t) — p, O(t) — Z,

e(t)+q-(R*+p?)) and AP (t) = F(D)—p, (1) +Z, e(t)+q,(R*+
p2)). The results (43), (44), together with the fact ]Fc(t) - p| <

‘(FC (0) = p,O(t) £ 2, e(t) + g (R + pZ))‘ and the definition of
fc, we have
timinfle > 0+ | lre() = *] = p| > ¢e 7 + 5]

=00, a.s, (45)
and
SIET})P[l re(t) = 1] — pl < Ve 70" 45, v¢ € [0, T“)(g)]}

=1 (46)
with lim, o T (¢) = 0o, where ;" = ¢ |(7c(0) — p.6(0) — 5.

e(0) + g, (R* + p*)| and C” = c§?|(7-(0) — p, 6(0) + %, e(0) +
qr(R? 4+ p?))|. This completes the proof. O
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5. Convergence speed

Theorem 4.1 establishes exponential convergence, however,
the convergence rate is determined by the complicated cubic
polynomial (42), whose roots are hard to find analytically in
general. However, for particular parameter choice, they can be
found explicitly, as given in the next proposition.

Proposition 5.1. Let the vehicle speed V. and the parameter h of the
washout filter be chosen according to the following relation:
V. = hR. (47)

Then the exponential convergence rate of the source seeking system
in Theorem 4.1 is determined by the eigenvalues

A = —h, (48)
_ doq,R*hli(a, £)1(2a, 8)

A = — NN (1 —J1= 1//) , (49)
_ quTR2h11 (av g)IZ(Za’ g)

Ay =— e (1 +/1- w) , (50)

where

4c33(a, g)
d2q,hR?1;(a, £)I3 (2a, g)

and the radius of the residual annulus is

[ hli(a, g)
= _— 52
g 2qrclr(a, g) (52)

Proof. With V. = hR, the stability condition (13) becomes

. hQag)
2Ii(a, &)h(a,g)’

which is satisfied for all parameters a,g,h,R > 0. Thus the
characteristic polynomial (42) has all three roots with negative real
parts. Let

v = 0, (51)

(53)

H £ 4dop*q;R*(2a, 8), (54)
2V2)2
M 2 c ]ga’g)’ (55)
P
Q 2 4dop*q’R12VcI1(a, g)I(a, 8)
+hR(I;(2a, g) — 2I1(a, )l (a, g))]. (56)

Then we write the characteristic polynomial compactly as

AR+ h+HA>+ M+ QA+ hM =0. (57)

Denote by X;,i = 1, 2, 3, the roots of the polynomial (57). Then
by the relation between the roots and the coefficients in the
polynomial, we have

h+H=—X — A — A3, (58)
hM = —A1oAs, (59)
M+ Q = Ady + AxAs + Ashq. (60)

At this point one can just verify (48)-(50) by direct substitution
into (58)-(60), however, we explain how we have arrived at (48)-
(50). Let Ay = —h. We shall show that this choice satisfies (58)-
(60) by also finding A, and A3 which satisfy (58)-(60). With A; =
—h, (58)-(60) become

H=—X; — A3, (61)
M = Ayhs, (62)
Q = hH. (63)

With substitution of V. = hR into (56), we immediately see that
(63) is verified. From (61) and (62) we see that we only need to
solve the quadratic equation A> + HA + M = 0. Applying the
formula for the roots of a quadratic equation, we arrive at

Ay = —2dop*q R (20, )
1
+ ;\/4d(2]p6qu4I§(2a, g) —2V2I(a, g)

11 ((1, g)lz (zaa g)
CIZ (a7 g)

= —doq;RV,

R I?(a, 2)I2(2a,
1 R e 1@8ECOE a0 o). g). (64)
c Iy(a, g)

A3 = —2dop*q’ R’ (2a, )
1
- ;\/4d5p6q:*R41§(2a, g) — 2V, 2)

11 (a7 g)lz (2(1, g)
CIZ (a7 g)

= —doq,RV,

R I3 (a, 2)I3(2a, g)
— = [@2qry2 ool 2 S Aha.c3l a,2)hL(a,g), (65
C\/oqr f 2.2 qrc’h(a, g)h(a, g), (65)

which, with some simplifications, gives (48)-(51). O

Of the three eigenvalues in Proposition 5.1 one is real and can
be placed arbitrarily far to the left by choosing h large, whereas
the other two can either be real or conjugate complex. The optimal
choice is where the eigenvalues A, and A3 are equal, because
otherwise, either one or both of these eigenvalues are closer to the
imaginary axis than when A, = A3. Unfortunately, this optimal
eigenvalue placement cannot be achieved by intent, since the
design parameters would have to depend on the unknown g,
however, in the next corollary we state this result in order to note
what the best achievable convergence speed is.

Corollary 5.1. Let V. = hR and let the damping parameter be chosen
as

1 2 c312(a, g)
do = 2 ) 66
° 7 /& Rhb2a, )\ 1i(a,g) (60)

Then the exponential convergence rate of the source seeking system
in Theorem 4.1 is determined by the eigenvalues

A = —h, (67)
Ay = A3 = —2R\/q,hcly(a, 9L (a, 8), (68)

whereas the residual annulus is as in (52).

From Corollary 5.1 we note that the optimizing damping
coefficient dy grows, whereas the convergence rate A, = A3
decays, with a decrease of the parameter g,, namely, with
the flattening of the extremum, as should be expected. Not
surprisingly, the residual annulus (52) also grows with the
flattening of the extremum. The convergence speed grows,
whereas the annulus size shrinks, with the tuning gain c.

Proposition 5.2. For afixed a, the optimal convergence speed (68) has
a non-monotonic dependence on the noise intensity g, with the max-
imal convergence speed achieved for

1. 2a24+1+42a
= -l ——. 69
& Va 202 4+1—2a (69)
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Proof. By considering (68) and maximizing I(a, g)l>(a,g) =
_ag? [ _a-1?g? <a+1>2g2] , 2
e 4 |e i —e 4 with respecttog®. O

N =

The non-monotonic dependence of the convergence speed on
the noise intensity g is intuitive. If the noise is low, the gradient
exploration is insufficient and the tuning process is ineffective. Too
much noise, and the perturbation takes the trajectories too far from
the average trajectory, slowing the approach to the annulus.

Proposition 5.3. For a > 1/2 the annulus radius p defined in (52) is
a decreasing function of noise intensity g. For a € (0, 1/2) the radius
p has anon-monotonic dependence on g, with the minimal p achieved

for

1. 1+ 2a
°=_[/—In . 70
g a 1-—2a (70)

142
Lag _ 2e4
11(a.g) (ealgz _e—a2g2)

Proof. By considering (52) and minimizing
with respect tog?. O

Since we want to operate with a relatively small perturbation
parameter a, the annulus-minimizing value of g in (70) is of
interest. Both very large and very low intensity of perturbation
noise result in a large annulus, whereas a medium range of g is
optimal. It is worth comparing the optimizing g for convergence
speed in (69) with the optimizing g for the annulus in (70). For
small a they are similar, which is very fortunate.

6. Simulations, dependence on design parameters, effect of
constraints of the angular velocity, and design alternatives

6.1. Basic simulations

Without loss of generality, we let the unknown location of the
source be at the origin r* = (0, 0). We pick the design parameters
asV., = 0.1,c = 10000,dg = 10,a = 0.1,h =1,g = 1, =
0.01, R = 0.1 and take the parameters of the map as f* = 0, g, =
1.5. The simulation results are given in Fig. 3. We observe that the
trajectories of the vehicle center go to a small neighborhood of
the source and the vehicle motion involves a random perturbation
component, instead of a sinusoidal perturbation employed in the
deterministic case Cochran and Krstic (2009). In the simulations
we use band-limited white noise to approximate the white noise.

The stochastic source seeking approach can also be used for
pursuit of non-stationary sources. For the case where the source
is performing a “figure eight” motion, unknown to the pursuing
vehicle, the simulation result is shown in Fig. 4.

6.2. Dependence of annulus radius p on parameters

From (17), we see the radius p of the attractive annulus is
dependent on the model parameters g,, R and design parameters
Ve, ¢, a, g, and that it can be made as small as desired. Hence, by
(18) and (19), by making o as small as desired, the vehicle can
converge as closely to the source as desired.

The dependence of p on the noise intensity is characterized by
Proposition 5.3. Fig. 5 show some of this dependence. For a fixed
small a = 0.1, the radius for g = 2 is p = 0.021, which is smaller
than the radius p = 0.029 forg = 1.

a —— Vehicle (2., ye)
11 % Initial position
0.8 Source (z*, y*)
0.6
>
0.4
0.2
0
-0.2
0 0.5 1
X
b os
0.48 N
0.46
bl
0.44
0.42
0.4
0.4 0.45 0.5

X

Fig. 3. (a) The trajectory of the vehicle center for the case of source with circular
level sets. The trajectory converges to an annulus; (b) A zoomed in section of the
vehicle trajectory, displaying the vehicle motion more clearly. For both simulations:
Ve =0.1,¢ =10000,dp = 10,a =0.1,g = 1,6 = 0.01,R=10.1,f*=0,h =1,
qr = 1.5.The source is at r* = (0, 0).

15 Vehicle (®erye)
* Initial position
1 Source (Zgres Ysre)
>~ 05
0
-0.5

Fig. 4. Vehicle following a moving source with circular level sets. The simulation
parameters are V. = 0.1,c = 10000,dy = 10,a = 0.1,g = 1l,&¢ =
0.01,R = 0.1,f* = 0,h = 1, g, = 1.5. The source moves according to
Xsre (t) = 0.5sin(0.13t), yoc(t) = 0.5sin(0.26t).

6.3. Effect of constraints of the angular velocity

A physical vehicle always has a steering constraint, namely,
a limit on the angular velocity . This type of a unicycle model
is commonly referred to as the Dubins vehicle. Fig. 6 depicts
the trajectories of the vehicle center when the angular velocity
is restricted to a symmetric interval, [—Umax, +Umax], fOr several
values of u,,x. We observe that, for 1, as small as 20, our control
law successfully steers the vehicle to the annulus, and keeps the
vehicle near the source, see Fig. 6(a). In addition, the vehicle moves
more smoothly for smaller uy., see Fig. 6(b). However, if the
actuator constraint uma is too small, for example, umx = 10,
the algorithm cannot keep the vehicle very near the source, as
observed in Fig. 7.
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0.05

Fig. 5. The radius of the attractive annulus of the vehicle center for the case of
source with circular level sets. (a) is forg = 1; (b) is for g = 2. The other simulation
parameters are V. = 0.1, ¢ = 10000, dy = 10,a = 0.1,& = 0.01,R = 0.1, f* =
0,h =1, q, = 1.5. The source is at r* = (0, 0).

a
1
0.8
0.6
> 04
0.2 ---0 € (—o0,00)
0 - - § € [~100,100]
—0 €[50, 50]
-0.2 .
——6 €[-20,20]
-0.4
0 0.5 1
X
b os -
---0 € (—o00,00)
0.58 -~ 6 € [-100,100]
—0 € [-50,50]
0.56 —0 € [-20,20]
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0.52
0.5
0.5 0.55 0.6
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Fig. 6. (a) The trajectories of the vehicle center for different constraints of angular
velocity; (b) A zoomed in section of vehicle motion for different constraints upax
on angular velocity. The simulation parameters are V. = 0.1,c = 10000,a =
0.1,g=1,¢ =0.01,R=0.1,f*=0,h = 1,q = 1.5.The sourceisatr* = (0, 0).

6.4. Alternative designs
In the standard extremum seeking algorithm (see Ariyur and

Krstic (2003)), the probing signal and the demodulation signal
are the same, typically sin(wt). Looking at the probing equation

0.5

-0.5 0 0.5 1
X

Fig. 7. The trajectories of the vehicle center under a severe constraint on the
angular velocity input (um.x = 10). The simulation parameters are V. = 0.1,¢ =
10000,a =0.1,g = 1,6 = 0.01,R=0.1,f* = 0,h = 1, g = 1.5. The source is
atr* = (0, 0).

Vehicle (2., ye)

* Initial position

-

0.8 Source (z*,y*)

0.6

0.4

0.2

-0.2

0 0.5 1
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Fig. 8. The trajectory of the vehicle center under the control law (71). The
simulation parameters are V. = 0.1,c = 10000,dy, = 10,a = 0.1,g = 1,¢ =
0.01,R=0.1,f*=0,h =1, q, = 1.5. The source is at r* = (0, 0).

(21) and the demodulation equation (24) in the present work, the
reader should note that the probing and demodulation signals are
different. They are n and sin(n), respectively. In this paper we
make such a choice for the sake of simplicity of calculating the
average error system in the stability analysis—the integrals in the
expectations are easier to obtain analytically with such a choice. If
n is replaced by sin(n) as the stochastic perturbation in (21), the
extremum seeking control (3) is replaced by

2
6 = acos(n)i) — % Sin() + c& sin(y) — do€? sin(x) (71)

and thus (8) in the closed-loop system changes to
—a ag?
o = [ cos(m)y — & sin(n)] dt
£ 2¢e

+ (cE — do&2) sin(n)dt + & cos(n)dWw, (72)
NG

2
where the additional term — % sin(n) results from the Ito formula.

Consequently, the two terms cos(6 +ay(t/e))and sin(é—f—ax (t/e))
in the error system (30)-(31)—(32) should be replaced by cos(é +
asin(x(t/e))) and sin(@+a sin(x (t/¢))), respectively. It is hard to
obtain the corresponding analytical average error system becazuse
Y
we need to calculate two integrals: f:r;o cos(asin(y))e &*dy
yZ

and fj;o sin(asin(y)) sin(y)e € dy and it is hard to obtain the
analytical results though we can obtain numerical results. Fig. 8
depicts the trajectory of the vehicle center when the control law
(71) is used. From the simulation, there is no noticeable difference
relative to the trajectory in Fig. 3(a).
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Fig. 9. The trajectory of the vehicle center under the control law (73). The
simulation parameters are V. = 0.1,¢c = 10000,dy = 10,a = 0.1,g = 1,¢ =
0.01,R=0.1,f* =0,h =1, ¢, = 1.5. The source is at r* = (0, 0).

Now we analyze the radius of the annulus for three alternative
perturbation signals. Let V. = 0.1,c = 10000,dy = 10,a =
0.1,g=1,6 =0.01,R=0.1,f* =0, g = 1.5. Then

(1) For the probing signal n in (21) and demodulation signal sin()
in (24), we obtain the radius of the annulus as p' = 0.0293.

(2) If we use sin(n) to replace n as the probing signal in (21),
the expressions I1(a, g) and I,(a, g) are replaced by I (a, g)
and IJ(a, g), where If(a,g) = fR cos(asin(y))u(dy) =

2
jf;o cos(a sin(y))ﬁe ¢ dy and I;(a,g) £ [, sin(asin(y))
2

_yr
sin(y)u(dy) = ff;o sin(asin(y)) sin(y)ﬁe 2 dy. By calcu-
lating the integrals numerically, we obtain I} (0.1, 1) = 0.9984
and I3 (0.1, 1) = 0.0316. Thus, we get the radius of the annulus

VclT(mg)

g = 0.0325, which is a little larger than p'.

as pl =
If we use the bounded function r;e"’2 to replace both 7
as the probing signal in (21) and sin(n) as the demod-

ulating signal in (24), by numerical calculation we ob-
2

. 2 2 -
tain [, cos(0.1ye™")pu(dy) = ff:co cos(0.1ye™ )ﬁe g dy
= 0.9995, [, sin(0.1ye™" )ye ™ u(dy) = [+ sin(0.1ye™")

2

—~
w
—

_yr
ye ﬁe g2 dy = 0.0096. Thus the radius is p™ = 0.0588,
which is considerably larger than both p' and p".

Therefore, from the point of view of the annulus radius, our choice
n as the probing signal in (21) and sin(n) as the demodulation
signal in (24), achieves the best performance, in addition to
facilitating the analysis.

IfOU process (n(t), t > 0) is used not only as the probing signal,
but also as the demodulation signal in (24), the extremum seeking
control law (3) is replaced by

0 = an + (c& — do&H)n. (73)

With sin(n) replaced by n as a demodulation signal, where the
latter signal is not uniformly bounded, the local Lipschitz condition
(Assumption A.1 in Appendix) is not satisfied uniformly in the
perturbation process for the resulting closed-loop system. For this
reason, we cannot use the general stochastic averaging theorem to
analyze stability. However from simulation results given by Fig. 9,
we observe that the vehicle achieves convergence to a an annulus
near the source under the control law (73).

7. System behavior for elliptical level sets

Our analysis is limited to circular level sets, namely, to fields
that depend on the distance from the source only. In this section,

0.8

0.6

0.4

0.2 Vehicle (e, ye)

* Initial position

Source (z*, y*)

-0.2
0 0.5 1

X

Fig. 10. The trajectory of the vehicle center for signal field with elliptical level sets.
The simulation parameters are V, = 0.1,¢ = 10000,dy = 10,a = 0.1,g =
1,¢ = 0.01,R = 0.1,f* = 0,h = 1,9, = 1.5,q, = 0.25. The source lies in
r* = (0, 0).

we present simulation results for elliptical level sets. Without loss
of generality, we assume the source is at r* = (0, 0), and the signal
distribution in space is given (at the sensor location) by

] = f(rs) :f* - errsl2 - Qp(rsz + 7:52)
=f* = (@ + 2% — (@ —29,);
= f* — qlrc + R’ |* — ap ((rc +Re’)? + (7. + Reije)z) , (74)

where g, > 0, q; & 2q, > 0.

Fig. 10 depicts the trajectory of the vehicle center for a
signal field with elliptical level sets. The vehicle reaches a small
neighborhood of the source, however, the average motion is not
circular revolution around the source, nor elliptical revolution, but
a motion bias to one of the flatter sides of the ellipse. More than
one such attractor exists. It depends on the initial condition and on
the noise sequence which of the average attractors the trajectory
will converge to.

Fig. 11 depicts the trajectories of the vehicle center with
different dy-values in the control law. From Fig. 11(a), we see
that for larger dy the vehicle undergoes a “roundabout” behavior
and then moves into a small neighborhood of the source. This is
no different than the situation for circular level sets, with either
stochastic or deterministic source seeking algorithms. However,
from Fig. 11(b), we observe a difference relative to the results
obtained for elliptical level sets in the deterministic case in Cochran
and Krstic (2009). The value of dg does not affect the shape and size
of the system attractors—the motion near the source is limited to
an elliptical shape.

8. Concluding remarks

We have proposed and analyzed an algorithm for stochastic
source seeking, employing, in a suitable way, colored noise
perturbations, instead of periodic deterministic perturbations. We
have adapted the general stochastic averaging theory for nonlinear
continuous-time systems with stochastic perturbation to establish
exponential convergence, both almost surely and in probability, to
an annulus shaped region around the source. For particular values
of design parameters we have calculated the convergence rate
explicitly. If the cutoff frequency of the washout filter is chosen
as high, then the dominant dependence of the best achievable
convergence speed, given in (68), shows an increasing dependence
on all of the relevant parameters—the vehicle length R, the tuning
gain ¢, and the peak sharpness coefficient g,. However, both the
convergence speed and the annulus size show non-monotonic
dependence on the noise intensity g, for which we provide
optimizing values.
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a -—=dy=0

dp = 10000 ~

0.8 =~ do = 40000 ol

dy = 10000

Fig. 11. Signal field with elliptical level sets. (a) The trajectories of the vehicle
center for different dy-values; (b) A zoomed in section of attractors for different
dp-values. The simulation parameters are V; = 0.1,¢ = 10000,a = 0.1,g = 1,
e = 0.01,R = 0.1,f* = 0,h = 1,q, = 1.5,q, = 0.25. The source lies in
r* = (0, 0).

The results of this paper would not be difficult to extend to
3D source seeking, as in Cochran, Ghods, Siranosian, and Krstic
(2009a), for underwater vehicle applications, or even to source
seeking for fish models, as in Cochran, Kanso, Kelly, Xiong, and
Krstic (2009b).
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Appendix. General stochastic averaging

Consider the system

dXf e

E - Cl(Xt ’ YL'/S)v
where X{ € R"; Y; € R™ is a time homogeneous continuous
Markov process defined on a complete probability space (2, .#, P),
where 2 is the sample space, .# is the o-field, and P is the proba-
bility measure. The initial condition Xj = x is deterministic. ¢ is a
small parameter in (0, &) with fixed ¢ > 0.Let D C R" be a do-
main (open connected set) of R" and Sy be the living space of the
perturbation process (Y;, t > 0). Notice that Sy may be a proper
(e.g., compact) subset of R™.

Consider the following two assumptions:

XE = x, (A1)
0

Assumption A.1. The vector field a(x, y) is a continuous function
of (x,y), and for any x € D, it is a bounded function of y. Further
it satisfies the locally Lipschitz condition in x € D uniformly in
y € Sy, i.e,, for any compact subset Dy C D, there is a constant kp,
such that for all X', x” € Dpand ally € Sy, |[a(x',y) —a(x",y)| <
kpy X' — x"|.

Assumption A.2. The perturbation process (Y;, t > 0) is ergodic
with invariant distribution .

Under Assumption A.2, we obtain the average system of system
(A.1) as follows:

dx, o _

d—; =aX), Xo=x (A2)

where

ax) = / a(x, y)u(dy). (A3)
Sy

For the case D = R", under Assumptions A.1 and A.2, and
the assumption of the existence of the solution, we have proved
general stochastic averaging theorems in Liu and Krstic (in press).
The existence assumption is formulated in Liu and Krstic (in press)
as follows: for any x € R" and the perturbation process (Y, t > 0),
system (A.1) has a unique (almost surely) continuous solution on
[0, 00). When the domain D is a proper subset of R", this condition
is a strong restriction on system (A.1), because it is hard to restrict
the solution of a stochastic system within such a domain. In this
paper, we can eliminate this condition.

Before presenting the main results, we give two lemmas. To
this end, for any point x' € D, we define by d(x’, dD) the distance
between x" and the boundary dD of the domain D, i.e., d(x’, D) =
inf{|[x' — y| : y € aD}. By convention d(x’, #) = oo. Since D is a
domain, forany X’ € D, we have thatd(x’, D) > 0.IfAisasubset of
D, we define by d(A, aD) the distance between A and 9D as follows:
d(A, 0D) = infyea d(x', D) = inf{|x' — y| : X' € A,y € dy}.

Throughout this part of the paper, we assume that x € D, where
x is the initial value of system (A.1). System (A.1) is a stochastic
ordinary differential equation (stochastic ODE), and its solution
can be defined for each sample path of the perturbation process
(Yese : t = 0). If system (A.1) satisfies Assumption A.1, then
for any compact subset Dy C D and the constant kp, stated in
Assumption A.1, it holds that for any w € £, any t > 0, any
€ € (0,gp),and all X', x” € Dy, |a(X, Yi/e(w)) — a(x”, Yt/s(a)))| <
kp, |x’—x"|. Thus by the theorem on local existence and uniqueness
of solutions of nonlinear systems (see, e.g., Theorem 3.1 of Khalil
(2002)), for any ¢ € (0, &) and any w € $2, system (A.1) has a
unique solution X/ (w) with the life time I, (w) > 0, where I, (w) =
inf{t > 0:X{(w) € 0D}. For t > I.(w), we define X{(w) =
X,i @) (w), i.e., as soon as the solution reaches the boundary of the
domain D, we fix it and maintain it at that constant value thereafter.

Lemma A.1. Consider system (A.1) under Assumptions A.1 and A.2.
If d({X;, t > 0}, dD) > O, then for any T > 0, we have that

lim sup [X; —X;|=0, as.
s%OOStST

(A4)

Proof. Fix T > 0 and define Ay = {IX(| : 0 <t < T}. Then
by the assumption that d({X;,t > 0}, D) > 0, we have that
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8t == d(Ar, daD) > 0.For any ¢ € (0, &), define a stopping time t,
by 7, = inf{t >0 X5 —X,| > %T} Notice that X; = Xo = x.
Then by the continuity of the sample paths of (X{,t > 0) and
(X¢, t = 0), we know that 0 < 7, <[, and if r, < +o00, then

- 8
X% — Xee| = —, (A5)
2
and thus d(X{., dD) > 877 > 0, and so in this case 7, < [.
From (A.1) and (A.2), we have that forany 0 <t < [,
- t -
X=X = / [a(X¢, Yoe) — a(Xs, Ye/e)] ds
0
[ - -
+ / [a(X57 Ys/s) - C-I(XS)] ds. (A-G)
0

Since X; is continuous, Ay is a compact subset of D. Further, by the
assumption that d({X;,t > 0}, dD) > 0, we know that the set

Dr =X eD:dX, Ar) < %T

Assumption A.1, we obtain that forany 0 <s < 7, AT,

} is a compact subset of D. Then by

laX?, Yse) — aXs, Yose)| < krlXE — Xl (A7)

where kr is the Lipschitz constant of a(x, y) with respect to the
compact subset Dr of D. Thus by (A.6) and (A.7), we have that if
0<t<rt, AT, then

t t
|XE°‘ —X¢| < kT/ |X5£ — X;|ds + ‘/ [a(XSs Ys/s) - a(XS)] ds| .(A.8)
0 0

Define
Af = IXE =Xl (A9)
t
a(e) = sup / [a(X57 Ys/e) — a(Xs)] ds|.
0<t<T 0
Then by (A.8) and Gronwall’s inequality, we have
sup  AF < a(e)eT™ D < g(e)eltT. (A.10)

0<t<te AT

Since ()_(t,t > 0) is a deterministic continuous function, by
Assumption A.2 and Birkhoff ergodic theorem (see e.g. Chapter 1
of Skorokhod, Hoppensteadt, and Salehi (2002)), we have that

lin})a(s) =0, as. (A11)
E—>

It follows from (A.9), (A.10) and (A.11) that

limsup sup |XF —X,| =0, as. (A.12)

e—>0 0<t<te AT

By (A.5) and (A.12), we obtain that for a.e. w € £2, there exists an
go(w) > Osuch that forany 0 < ¢ < gg(w),

To(w) > T. (A.13)

Thus by (A.12) and (A.13), we obtain thatlim sup, _, ¢ Supg<,<r |X{ —
X;| =0, a.s. Hence (A4) holds. O

Lemma A.2. Consider system (A.1) under Assumptions A.1and A.2. If
d({X;, t > 0}, aD) > O, then forany § > 0, we havelim._.o inf{t >
0: X —X¢| > &} = 400, as.

Proof. Define

2 = {w :limsup sup |Xf(w) —X;| =0, VT € N}. (A14)
e—0 O0<t<T

Then by Lemma A.1, we have

P(R2)=1. (A.15)

Let § > 0. Without loss of generality, we can assume that § <
%d({X[,t > 0},0D) since if 0 < a < b, we have inf{t > 0 :
IX* — X;| > b} > inf{t > 0 : |X° — X;| > a}. Fore € (0, &),
define a stopping time % by ¥ = inf{t > 0 : |X® — X;| > §}. By
the fact that X§ — Xo = 0, and the continuity of the sample paths
of (X¢,t > 0) and (X;, t > 0), we know that 0 < ¥ < 400, and if
2 < 400, then
X% — X 5| = 4.

T8 Te

(A.16)

Forany » € £2/,by (A.14), (A.16)and § < 1d({X,, t > 0}, aD), we
get that for any T € N, there exists go(w, §, T) > 0 such that for
any 0 < ¢ < &o(w, 8, T), 2 (w) > T, which implies that
lim % (w) = +o0. (A.17)
£—

Thus it follows from (A.15) and (A.17) that lim,_,¢ re‘s = +o00, as.
This completes the proof. O

Now, by Lemmas A.1 and A.2, following the corresponding
proofs in Liu and Krstic (in press), we obtain the following two
theorems.

Theorem A.3. Consider system (A.1) under Assumptions A.1and A.2.
Then if the equilibrium X, = X € D of the average system (A.2) is
exponentially stable, then there exist constants r > 0,c > 0 and
y > 0 such that for any initial conditionx € {x' € D : |xX' — X| < 1},
and any § > 0, the solution of system (A.1) satisfies

lim inf{t > 0:[X{ —X > clxle”"" + 68} = +o0, as.

e—0

(A.18)

Theorem A.4. Consider system (A.1) under Assumptions A.1and A.2.
If the equilibrium X, = X € D of the average system (A.2) is
exponentially stable, then there exist constantsr > 0,c > 0,y > 0
and a function T (¢) : (0, &9) — N such that for any initial condition
xe{xX eD:|x —Xx| <r},andany § > 0,

lim P{ sup {IXf — X —clxle™"} > 5} =0, (A.19)
e—>0 0<t<T(e)

or equivalently,

m% P{IX —x <clxle"" +8,Vt € [0, T(e)]} =1 (A.20)
£—>

with limg_,o T(g) = +o0.

References

Ariyur, K. B., & Krstic, M. (2003). Real-time optimization by extremum seeking control.
Hoboken, NJ: Wiley-Interscience.

Berg, H. (2003). E. coli in motion. New York: Springer.

Berg, H., & Brown, D. A. (1972). Chemotaxis in E. coli analyzed by three-dimensional
tracking. Nature, 239(5374), 500-504.

Cochran, J., Ghods, N., Siranosian, A., & Krstic, M. (2009a). 3D source seeking for
underactuated vehicles without position measurement. I[EEE Transactions on
Robotics, 25, 117-129.

Cochran,J., & Krstic, M. (2009). Nonholonomic source seeking with tuning of angular
velocity. IEEE Transactions on Automatic Control, 54(4), 717-731.



S.-J. Liu, M. Krstic / Automatica 46 (2010) 1443-1453 1453

Cochran, J., Kanso, E., Kelly, S. D., Xiong, H., & Krstic, M. (2009b). Source seeking for
two nonholonomic models of fish locomotion. IEEE Transactions on Robotics, 25,
1166-1176.

Khalil, H. K. (2002). Nonlinear systems. Prentice Hall.

Liu, S. -J., & Krstic, M. (2009). Stochastic averaging in continuous time and its
applications to extremum seeking. In IEEE Transactions on Automatic Control (in
press).

Manzie, C., & Krstic, M. (2009). Extremum seeking with stochastic perturbations.
IEEE Transactions on Automatic Control, 54, 580-585.

Mesquita, A. R, Hespanha, J. P., & Astrém, K. (2008). Optimotaxis: a stochastic multi-
agent optimization procedure with point measurements. In M. Egerstedt, &
B. Mishra (Eds.), Lecture notes in computer science: Vol. 4981. Hybrid systems:
computation and control (pp. 358-371). Springer-Verlag.

Moase, W. H., Manzie, C., & Brear, M. ]. (2009a). Newton-like extremum-seeking part
I: theory. In 48th IEEE conference on decision and control.

Moase, W. H., Manzie, C., & Brear, M. J. (2009b). Newton-like extremum-seeking part
II: simulation and experiments. In 48th IEEE conference on decision and control.

Skorokhod, A. V., Hoppensteadt, F. C., & Salehi, H. (2002). Random perturbation
methods with applications in science and engineering. New York: Springer-Verlag.

Stankovic, M. S., & Stipanovic, D. M. (2009a). Stochastic extremum seeking with
applications to mobile sensor networks. In Proceedings of the 2009 American
control conference. St. Louis, Missouri, USA, June 10-12 (pp. 5622-5627).

Stankovic, M. S., & Stipanovic, D. M. (2009b). Discrete time extremum seeking for
autonomous vehicle target tracking in stochastic environment. In 48th IEEE conf.
decision and control (pp. 4541-4546).

Tan, Y., Nesi¢, D., & Mareels, 1. (2006). On non-local stability properties of extremum
seeking control. Automatica, 42(6), 8389-903.

Zhang, C., Arnold, D., Ghods, N., Siranosian, A., & Krstic, M. (2007). Source seeking
with nonholonomic unicycle without position measurement and with tuning of
forward velocity. Systems and Control Letters, 56, 245-252.

Shu-Jun Liu received a B.S. degree in Mathematics from
Sichuan University, Chengdu, China, in 1999, a M.S. degree
in Operational Research and Cybernetics from the same
university, in 2002, and a Ph.D. degree in Operational
Research and Cybernetics from the Institute of Systems
Science (ISS), Chinese Academy of Sciences (CAS), Beijing,
China, in 2007. From 2008 to 2009, she held a postdoctoral
position in the Department of Mechanical and Aerospace
\ Engineering, University of California, San Diego. Since

2002, she has been with the Department of Mathematics
of Southeast University, Nanjing, China, where she is now
an assistant professor. Her current research interests include stochastic systems,
adaptive control and stochastic extremum seeking.

Miroslav Krstic is the Daniel L. Alspach Professor and the
founding Director of the Cymer Center for Control Systems
and Dynamics (CCSD) at UC San Diego. He received his
Ph.D. in 1994 from UC Santa Barbara and was Assistant
Professor at the University of Maryland until 1997. He is
a coauthor of eight books: Nonlinear and Adaptive Control
Design (Wiley, 1995), Stabilization of Nonlinear Uncertain
Systems (Springer, 1998), Flow Control by Feedback
(Springer, 2002), Real-time Optimization by Extremum
Seeking Control (Wiley, 2003), Control of Turbulent and
Magnetohydrodynamic Channel Flows (Birkhauser, 2007),
Boundary Control of PDEs: A Course on Backstepping Designs (SIAM, 2008), Delay
Compensation for Nonlinear, Adaptive, and PDE Systems (Birkhauser, 2009), and
Adaptive Control of Parabolic PDEs (Princeton, 2010). Krstic is a Fellow of IEEE
and IFAC and has received the Axelby and Schuck paper prizes, NSF Career, ONR
Young Investigator, and PECASE award. He has held the appointment of Springer
Distinguished Visiting Professor of Mechanical Engineering at UC Berkeley.



	Stochastic source seeking for nonholonomic unicycle
	Introduction
	Vehicle model and problem statement
	Stochastic source seeking controller
	Stability analysis
	Convergence speed
	Simulations, dependence on design parameters, effect of constraints of the angular velocity, and design alternatives
	Basic simulations
	Dependence of annulus radius  ρ on parameters
	Effect of constraints of the angular velocity
	Alternative designs

	System behavior for elliptical level sets
	Concluding remarks
	Acknowledgements
	General stochastic averaging
	References


