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CONTINUOUS-TIME STOCHASTIC AVERAGING ON THE
INFINITE INTERVAL FOR LOCALLY LIPSCHITZ SYSTEMS*
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Abstract. We investigate stochastic averaging on the infinite time interval for a class of contin-
uous-time nonlinear systems with stochastic perturbation and remove or weaken several restrictions
present in existing results: global Lipschitzness of the nonlinear vector field, equilibrium preser-
vation under the stochastic perturbation, global exponential stability of the average system, and
compactness of the state space of the perturbation process. If an equilibrium of the average system
is exponentially stable, we show that the original system is exponentially practically stable in prob-
ability. If, in addition, the original system has the same equilibrium as the average system, then
the equilibrium of the original system is locally asymptotically stable in probability. These results
extend the deterministic general averaging for aperiodic functions to the stochastic case.
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1. Introduction. The basic idea of averaging theory—either deterministic or
stochastic—is to approximate the original system (time-varying and periodic or al-
most periodic, or randomly perturbed) by a simpler (average) system (time-invariant,
deterministic) or some approximating diffusion system (a stochastic system simpler
than the original one). Starting with considerations driven by applications, the aver-
aging principle has been developed in mechanics/dynamics [4, 28, 29, 32, 38] as well as
in rigorous mathematical framework [3, 7, 8, 10, 11, 12, 31] for deterministic dynamics
[4, 10, 29, 30] as well as stochastic dynamics [7, 12, 19, 37]. Stochastic averaging has
been the cornerstone of many control and optimization methods, such as in stochastic
approximation and adaptive algorithms [2, 20, 23, 33, 34]. Stochastic averaging is
also a key tool in the newly emerging algorithms for stochastic extremum seeking and
source localization [24, 35], which extend deterministic extremum seeking [1, 36].

Compared with mature theoretical results for the deterministic averaging princi-
ple, stochastic averaging offers a much broader spectrum of possibilities for developing
averaging theorems (due to multiple notions of convergence and stability, as well as
multiple possibilities for noise processes), which are far from being exhausted. On
a finite time interval, in which case one does not study stability but only approxi-
mation accuracy, there have been many averaging theorems about weak convergence
[7, 13, 21, 31], convergence in probability [7, 22], and almost sure convergence [8, 21].
However, the study of the stochastic averaging principle on the infinite time interval
is not complete compared to complete results for the deterministic case [10, 30].

In general, the averaging principle on the infinite time interval is considered under
the stability condition of average systems or diffusion approximation. The stability of
stochastic systems with wide-band noise disturbances under diffusion approximation
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conditions was stated by [3]. The stability of dynamic systems with Markov perturba-
tions under the stability condition of the average system was studied in [14]. Under a
condition on a diffusion approximation of a dynamical system with Markov perturba-
tions, the problem of stability was solved in [15]. Under conditions of averaging and
diffusion approximation, the stability of dynamic systems in a semi-Markov medium
was studied in [16]. However, all these results are established under all or almost all
of the following conditions: (a) the average system or approximating diffusion system
is globally exponentially stable; (b) the nonlinear vector field of the original system
has bounded derivative or is dominated by some form of Lyapunov function of the
average system; (c) the nonlinear vector field of the original system vanishes at the
origin for any value of the perturbation process (equilibrium condition); (d) the state
space of the perturbation process is a compact space. These conditions largely limit
the application of existing stochastic averaging theorems.

In this paper, we remove or weaken the above restrictions and develop stochastic
averaging theorems for studying the stability of a general class of nonlinear systems
with a stochastic perturbation. If the perturbation process satisfies a uniform strong
ergodic condition and the equilibrium of the average system is exponentially stable, we
show that the original system is exponentially practically stable in probability. Under
the condition that the equilibrium of the average system is exponentially stable, if the
perturbation process is ¢-mixing with an exponential mixing rate and exponentially
ergodic, and the original system satisfies an equilibrium condition, we show that the
equilibrium of the original system is asymptotically stable in probability. For the case
where the average system is globally exponentially stable and all the other assumptions
are valid globally, a global result is obtained for the original system.

A reader familiar with the deterministic averaging theory should view our result
as an extension to the stochastic case of the so-called general averaging for aperiodic
functions (rather than of the standard averaging for periodic functions).

The rest of the paper is organized as follows. Section 2 describes the problem
investigated. Section 3 presents results for two cases: a uniform strong ergodic per-
turbation process, and an exponentially ¢-mixing and exponentially ergodic pertur-
bation process, respectively. In section 4, we give the detailed proofs for the results in
section 3. In section 5 we give three examples. Section 6 contains concluding remarks.

2. Problem formulation. Consider the system
dX§
dt
where X; € R™, and the stochastic perturbation ¥; € R™ is a time homogeneous
continuous Markov process defined on a complete probability space (2, F, P), where
Q is the sample space, F is the o-field, P is the probability measure, and € is a small

positive parameter, where € € (0, o) for some fixed ¢y > 0.

The average system corresponding to system (2.1) can be defined in various ways,
depending on assumptions on the perturbation process (Y, t > 0), for example, as
(2.2) % =a(Xy), Xo=uw,

where a(z) is a function such that for any § > 0 and x € R,

>6}:0

(21) = CL(X:,}Q/E), XS =,

1 T
Th_I)r;oP{ T/t a(z,Ys)ds — a(x)

uniformly in ¢ > 0.
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CONTINUOUS STOCHASTIC AVERAGING ON INFINITE INTERVAL 3991

The assertion that the trajectory Xf is close to X; for sufficiently small € is called
the averaging principle [7]. For the system with random perturbation, Theorem 7.9.1
of [7] gives a clear result about the averaging principle when ¢ is in a finite time
interval [0,7]: for any 7> 0 and § > 0

(2.3) lim P{ sup | X7 — X > 5} =0.
e—0 0<t<T

In this paper, we will explore the averaging principle when ¢ belongs to the infinite
time interval [0, 00). First, in the case where the original stochastic system may not
have an equilibrium, but the average system has an exponentially stable equilibrium at
the origin, a stability-like property of the original system is established for e sufficiently
small. Second, when a(0,y) = 0, namely, when the original system (2.1) maintains
an equilibrium at the origin, despite the presence of noise, we establish the stability
of this equilibrium for sufficiently small e.

3. Main results.
3.1. Uniform strong ergodic perturbation process. In the time scale s =
t/e, define Z§ = X&, = X{, Ys = Y;/.. Then we transform system (2.1) into
dZ¢
ds

(3.1) — ca(Z5,Y4),
with the initial value Z§ = . Let Sy be the living space of the perturbation process
(Y;, t > 0). Notice that Sy may be a proper (e.g., compact) subset of R™.

Assumption 1. The vector field a(z,y) is separable; i.e., it can be written as
a(z,y) = Zi:l a;(z)b;(y), where the functions b; : Oy — R, i =1,...,[, are contin-
uous (the set Oy, which contains Sy, is an open subset of R") and bounded on Sy;
the functions a; : D — R", ¢ =1,...,l, and their partial derivatives up to the second
order are continuous on some domain (open connected set) D C R".

Assumption 2. For i =1,...,1, there exists a constant b; such that

t+T
(3.2) lim l/ bi(Ys)ds = b; a.s. uniformly in ¢ € [0, 00).
T—oo T t

By Assumption 2 we obtain the average system of (3.1) as dZ¢/ds = ea(Z¢), with
the initial value Z§ = x, where a(z) = 22:1 a;(x)b;.

THEOREM 3.1. Suppose that Assumptions 1 and 2 hold. If the origin Z¢ =0 is
an exponentially stable equilibrium point of the average system, K C D is a compact
subset of its region of attraction, and Z§ = x € K, then for any ¢ € (0,1), there exist
a measurable set Q. C Q with P(Q.) > 1 —¢, a class K function a¢, and a constant
€*(s) > 0 such that if Z§ — Z§ = O(a), then for all 0 < e < €*(s),

Z5(w) — Z2 = Olag(e) Vs € [0,00)

uniformly in w € Q, which implies
P{ sup | Z5(w) — Z§| = O(ag(e))} >1-—c.
s€[0,00)

Next we extend the finite-time result (2.3) of [7, Theorem 7.9.1] to infinite time.
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THEOREM 3.2. Suppose that Assumptions 1 and 2 hold. If the origin Z¢ =0 is
an exponentially stable equilibrium of the average system, K C D is a compact subset
of its region of attraction, and Z§ = Z§ =z € K, then for any 6 > 0,

(33) limP{ sup |Z(w) — Z¢) >5} =0;

=0 s€[0,00)

i.€., SUPse0,00) | Z5(w) — Z§| converges to 0 in probability as € — 0.

The above two theorems are about systems in the time scale s = t/e. Now we turn
to the X-system (2.1) and its average system (2.2), where X; = Zf/e, and X{ = Z{,..
Theorems 3.1 and 3.2 yield the following corollaries.

COROLLARY 3.3. If the origin X; = 0 is an exponentially stable equilibrium point
of the average system (2.2), K C D is a compact subset of its region of attraction,
and Xo = x € K, then for any ¢ € (0,1), there exist a class K function a. and a

constant €*(s) > 0 such that if X§ — Xo = O(ag), then for all 0 < € < €*(s),

P{ sup |Xf(w) - Xt‘ = O(ag(e))} >1-—c.

t€[0,00)

COROLLARY 3.4. If the origin X; = 0 is an exponentially stable equilibrium point
of the average system (2.2), K C D is a compact subset of its region of attraction,
and X§ = Xo =z € K, then for any § > 0,

(3.4) lim P{ sup | X§(w) — X¢| > 5} =0.
=0 te[0,00)

From Theorem 3.1 and the definition of exponential stability of deterministic
systems, we obtain the following stability result.

THEOREM 3.5. Suppose that Assumptions 1 and 2 hold. If the origin X; = 0
is an exponentially stable equilibrium point of the average system (2.2), K C D is a
compact subset of its region of attraction, and Xo = x € K, then for any s € (0,1),
there exist a measurable set Q¢ C Q with P(Q) > 1 —<, a class K function ac, and
a constant €*(s) > 0 such that if X§ — Xo = O(ac(€)), then for all 0 < e < €*(s),

(3.5) | X5 (w)] < clzle™ + O(ac(e)) Vt € [0,00)

uniformly in w € Q¢ for some constants v,c > 0.

Remark 3.6. Notice that for any given ¢ € (0,1), ac(e) € K. Then by (3.5), we
obtain that for any 6 > 0 and any ¢ > 0, there exists a constant €*(s,d) > 0 such that
for all 0 < € < €*(s, 0),

(3.6) P{|X{(w)| < clzle "+ Vt€[0,00)} >1—¢

for X§ = Xo = x € K and some positive constants v, c. This can be viewed as a form
of exponential practical stability in probability.

Remark 3.7. Since Y; is a time homogeneous continuous Markov process, if a(z, y)
is globally Lipschitz in (x,y), then the solution of (2.1) exists with probability 1 for
any ¢ € R™ and it is defined uniquely for all t > 0 (see section 2 of Chapter 7 of [7]).
Here, by Assumption 1, a(z,y) is, in general, locally Lipschitz instead of globally
Lipschitz. Notice that the solution of (2.1) can be defined for every trajectory of the
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stochastic process (Y5, s > 0). Then by Corollary 3.3, for any sufficiently small positive
number ¢, there exist a measurable set Q¢ C €2 and a positive number €*(s) such that
P(€¢) > 1—¢ (which can be sufficiently close to 1) and for any 0 < € < €*(¢) and any
w € ), the solution { X (w), t € [0,00)} exists. The uniqueness of { Xf(w), ¢t € [0,00)}
is ensured by the local Lipschitzness of a(z,y) with respect to z.

Remark 3.8. Assumptions 1 and 2 guarantee that there exists a deterministic
vector function a(z) such that

t+T
(3.7 lim —/t a(z,Ys(w))ds = a(z) a.s.

uniformly in (¢,2) € [0,00) X Dy for any compact subset Dy C D. This uniform
convergence condition is critical in the proof, and a similar condition is required in
the deterministic general averaging on the infinite time interval for aperiodic func-
tions [10].

In a weak convergence method of stochastic averaging on a finite time interval,
some uniform convergence with respect to (¢, z) of some integral of a(x, Y;) is required
[11, equation (3.2)], [7, equation (9.3), p. 263], and there the boundedness of a(x,y)
is assumed. Here we do not need the boundedness of a(z,y) but need a stronger
convergence (3.7) to obtain a better result—“exponential practical stability” on the
infinite time interval.

The separable form in Assumption 1 is to guarantee that the limit (3.7) is uniform
with respect to z, while the uniform convergence (3.2) in Assumption 2 is to guarantee
that the limit (3.7) is uniform with respect to ¢. For the following stochastic processes
(Ys, s > 0), we can verify that the uniform convergence (3.2) holds:

L. dYs = pYids + qYsdws, p < %5

2. dYs = —pYsds + ge”*dws, p,q > 0;

3. Y, = e + ¢, where c is a constant and &, satisfies d¢s = —ds + dws.
In these three examples, ws is a 1-dimensional standard Brownian motion defined
on some complete probability space and Y is independent of (ws, s > 0). In
fact, for these three kinds of stochastic processes, it holds that lims_>OO Y = c a.s.
for some constant ¢, which, together with the fact that limr o 7 [, T Ys)ds =
limg o0 b;(Ys) a.s. when the latter limit exists, gives that for any contmuoub func—
tion b;, imp_ 00 = ol ftJrT ds = lims_, 00 b;(Ys) = bi(c) a.s. uniformly in ¢ € [0, 00).
If b; has the form b;(y1 + yg) = bi1(y1) + bia(y2) + bis(y1)bia(y2) for any y1,y2 € Sy

and b;;, j = 1,...,4, are continuous functions, and Y; = sin(s) + ¢(s) sin(&,), where
(&s, s > 0) is any continuous stochastic process and ¢(s) is a function decaying to
zero, e.g., e~ %, 1+S, then

t+T
= lim — {/t [bix (sin(s)) + bia(g(s) sin(&s)) +bis(sin(S))bm(g(S)sin(fs))]dS}

2m
=3 ; bi1(sin(s))ds + bi2(0) + b;4(0) - % /0 biz(sin(s))ds a.s.

uniformly in ¢ € [0, 00).
If the process (Ys, s > 0) is ergodic with invariant measure u, then (cf., e.g.,
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Theorem 3 on page 9 of [31])

T

(3.8) Jim % /O bi(Yy)ds = b as.,

where b; = Js, bi(y)u(dy). While one might expect the averaging under condition
(3.8) to be applicable on the infinite interval, this is not true. A stronger condition
(3.2) on the perturbation process is needed (note the difference between the integration
limits; that is the reason why we refer to this kind of perturbation process as “uniform
strong ergodic”). Uniform convergence, as opposed to ergodicity, is essential for the
averaging principle on the infinite time interval. The same requirement of uniformity
in time is needed for general averaging on the infinite time in the deterministic case.

In sections 5.1 and 5.2 we give examples illustrating the theorems of this section.

3.2. ¢-mixing perturbation process. Let F; denote the smallest o-algebra
that measures {Y,,, t < u < s}. If there is a function ¢(s) — 0 as s — oo such that
SUPAcFoe | BeF |P{A|B} — P{B}| < ¢(s), then (Y,, u > 0) is said to be ¢-mixing
with mixing rate ¢(-) (see [18]).

In this subsection, we assume that the perturbation (Y3, ¢ > 0) is ¢-mixing and
also ergodic with invariant measure p. The average system of (2.1) is (2.2), where

(3.9) alz) = /S ale, y)u(dy),

and Sy is the living space of the perturbation process (Y, ¢t > 0).

Assumption 3. The process (Y, t > 0) is continuous, ¢-mixing with exponential
mixing rate ¢(t), and also exponentially ergodic with invariant measure pu.

Remark 3.9. (i) In the weak convergence methods (see, e.g., [18]), the perturba-
tion process is usually assumed to be ¢-mixing with mixing rate ¢(t) ([~ ¢z (s)ds <
o0). Here we consider the infinite time horizon, so exponential ergodicity is needed.

(ii) According to [26], ergodic Markov processes on compact state space are ex-
amples of ¢-mixing processes with an exponential mixing rate, e.g., Brownian motion
on the unit circle [6] (Yz, t > 0): dY; = —%Ytdt + BY:dW,, Yy = [cos(9), sin(d9)]T, for
all ¥ € R, where B = [(1) _01] and W; is a 1-dimensional standard Brownian motion.

Assumption 4. For the average system (2.2), there exist a function V(z) € C2
and positive constants ¢; (i = 1,...,4), §, v such that for |z| <4,

(3.10) cilz]? < V(z) < ealz)?,
oV

(3.11) 8;96) < calf,
0%V (z)

(3.12) | <o,

(3.13) avi(z) _ (6V(x)

T

i.e., the average system (2.2) is exponentially stable.
Assumption 5. The vector field a(zx,y) satisfies the following:
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1. a(x,y) and its first-order partial derivatives with respect to x are continuous
and a(0,y) = 0;

2. for any compact set D C R", there is a constant kp > 0 such that for all
xz €D and y € Sy, ‘W‘ <kp.

THEOREM 3.10. Consider the system (2.1) satisfying Assumptions 3, 4, and 5.
Then there exists € > 0 such that for 0 < e < €*, the solution X{ =0 of the original
system is asymptotically stable in probability; i.e., for any r > 0 and ¢ > 0, there is a
constant dg > 0 such that if |X§| = |z| < do, then

(3.14) P {sup | X{] < r} >1-—g,
>0
(3.15) lim P{ lim |X¢| = 0} = 1.
z—0 t— o0

Remark 3.11. This is the first local stability result based on the stochastic
averaging approach for locally Lipschitz nonlinear systems, which is an extension
from the deterministic general averaging for aperiodic functions [30].

If the local conditions in Theorem 3.10 hold globally, we get global results under
the following set of assumptions.

Assumption 6. The average system (2.2) is globally exponentially stable; i.e.,
Assumption 4 holds with “for |x| < ¢” replaced by “for any x € R™.”

Assumption 7. The vector field a(z,y) satisfies the following:

1. a(z,y) and its first-order partial derivatives with respect to x are continuous
and a(0,y) = 0;
2. there is a constant k£ > 0 such that for all x € R™ and y € Sy, ‘W| <k.

Assumption 8. The vector field a(x,y) satisfies the following:

1. a(z,y) and its first-order partial derivatives with respect to x are continuous
and sup,¢ g, [a(0,y)| < oc;
2. there is a constant k£ > 0 such that for all x € R™ and y € Sy, }%| <k.

THEOREM 3.12. Consider the system (2.1) satisfying Assumptions 3, 6, and 7.
Then there exists €* > 0 such that for 0 < € < €*, the solution X5 = 0 of the
original system is globally asymptotically stable in probability; i.e., for any m1 > 0
and nz > 0, there is a constant 8y > 0 such that if |X§| = |z| < by, then P {|Xf| <
e 7t > O} > 1 —mn with a constant 54 > 0, and, moreover, for any x € R",
P {lim; o | X5| =0} =1.

If, on the other hand, (2.1) has no equilibrium, we obtain the following result.

THEOREM 3.13. Consider the system (2.1) satisfying Assumptions 3, 6, and 8.
Then there exists € > 0 such that for 0 < e < €*, the solution process Xi of the
original system is bounded in probability, i.e., lim, o sup;so P{|X;| > r} =0.

Remark 3.14. Theorems 3.12 and 3.13 are aimed at globally Lipschitz systems
and can be viewed as an extension from the deterministic averaging principle [30]
to the stochastic case. We present the results for the global case not only for the
sake of completeness but also because of the novelty relative to [3]: (i) an ergodic
Markov process on some compact space is replaced by an exponential ¢-mixing and
exponentially ergodic process; (ii) for the case without equilibrium condition the weak
convergence is considered in [3], while here we obtain the result on boundedness in
probability.

In section 5.3 we present an example that illustrates the theorems of this section.
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4. Proofs of the results.
4.1. Proofs for the case of uniform strong ergodic perturbation process.

4.1.1. Technical lemma. To prove Theorems 3.1 and 3.2, we first prove one

technical lemma. Towards that end, denote F;(T,\,w) = + ;‘JrT bi(Y,(w))du for
T>0,A>0,weQ,i=1,...,1. We can verify that F;(T,\,w) is continuous with
respect to (T, A) for any i =1,...,1.

LEMMA 4.1. Suppose that Assumptions 1 and 2 hold. Then, for any ¢ > 0, there

exists a measurable set Q. C Q such that P(Q) >1—¢, and for anyi=1,...,1,

AT
(4.1) Tlim T/ bi (Y (w))du = b; uniformly in (w,\) € Q¢ x [0,00).
— 00

Moreover, there exists a strictly decreasing, continuous, bounded function o(T) such
that o¢(T) — 0 as T — oo, and for any compact subset Dy C D,

1

AT
(4.2) TA a(, Vi (@) du — a(@)| < kpgoS(T) V(w, \,z) € O x [0,00) x Do,

where kp, s a positive constant.
Proof. Step 1 (proof of (4.1)). From (3.2) we know that for any i =1,...,1,

(4.3) for a.e. w € Q, Tlim F;(T,\,w) = b; uniformly in A > 0.
— 00

Noticing that {w | limr_e F3(T, A\,w) = b; uniformly in A > 0} = M2 Uy
Nrst Naso {F(T, A w) —bil < £}, by (4.3), we get that

(4.4) ritUNUU {|E(T,/\,w)—bi| > %} =0.

k=1t>0T>t A>0

Since F;(T, A\,w) is continuous with respect to (7, ) we can easily prove that for all
k> 1, for all t > 0, the sets [y, {IF;(T, A\ w) —b;| > £}, Urs: Usso {|F(T, A\ w) —

bil > £}, and Ny20 Urse Usso {|Fi(T, A\ w) —bi| > %} are measurable. Then by (4.4)
we obtain that for any k > 1,

(4.5) rlAUU {|Fi(T,)\,w)—bi| > %} =0.
t>0T>t A>0

Since the set Uz, Uxso {|F,(T,X\,w) — b;| > 1} is decreasing as ¢ increases, it
follows from (4.5) that lim;— o, P (Uth szo {|E(T, \w) — b > %}) = 0. Thus,
for any ¢ > 0 and any k > 1, there exists t,(f) > 0 such that

_ 1 <
(4.6) P U‘ U {|Fi(T,)\,w) — b > E} < i
T3t A>0

Define Q. = Ni_, N2, Nrseo Maso UE(T A w) = bi| < 1}, Then by (4.6),
P(£);) > 1 —¢. Further, by the construction of €., we know that for any i = 1,...,1

)

AT
(4.7) lim —/ b; (Yo (w))du = b; uniformly in (w, ) € Q¢ x [0,00);
A
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i.e., (4.1) holds.

Step 2 (proof of (4.2)). By (4.7), for any k > 1, there exists tx(s) > 0 (without
loss of generality, we can assume that ¢5(s) is increasing with respect to k) such that
for any T' > t1(s), any (w, A) € Q¢ x [0,00), and any ¢ = 1,...,1, we have that

1 T B
1 / bi (Ya(w))du — b| <
T Jx

(4.8)

El

By Assumption 1 and (3.2), there exists a constant M > 1 such that for any i =
L,..., 1, sup,eg, [bi(y)] < M and [b;| < M. Now we define a function H*(T') as
2M if T €10,t1(s));
H(T) = . ’ ’
(T) { Lt T et ton(s), k=12....

Then by (4.8), for any (w,\) € Q¢ x [0,00), and any i = 1,...,[, we have

AT
(4.9) = / bi(Ya(w))du — b;| < H(T),

and H°(T) | 0 as T — oo. Noticing that the function H*(T') is a piecewise con-
stant (and thus piecewise continuous) function, we construct a strictly decreasing,
continuous, bounded function o¢(7"):

_LT+(2M+1) it T €(0,t1(s));
tl(

oS (T)={ —a—= (T = (<)) +2M it T € [ti(), ta());

1 y T € [tk(s), tg1(s)),
k—1 k=23,...,

which satisfies 0¢(T) > H*(T), for all T > 0, and o5(T) | 0 as T — oo.
For any compact set Dy C D, by Assumption 1, there exists a positive constant
Mp, > 0 such that for any i = 1,...,1,

(4.10) la;(z)] < Mp, Y« € Dy.
Define kp, = IMp,. Then, by Assumption 1, (4.9), (4.10), and the fact that a(z) =

Zi:l a;(z)b; and o*(T) > H<(T), for all T > 0, we get that for all (w,\,z) €
Q¢ x [0,00) x Dy,

i.e., (4.2) holds. O
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4.1.2. Proof of Theorem 3.1. The basic idea of the proof comes from [10,
section 10.6]. Fix ¢ and € as in Lemma 4.1. For any w € Q., define a(s,z,w) =
a(z,Ys(w)). Then we simply rewrite the system (3.1) as

(4.12) % — cas, 2 w).

Let

(4.13) h(s, 2,w) = a(s, z,w) — a(2),

(4.14) w(s, 2,w,7) = /O h(r, 2,w) expl—n(s — 7))dr

for some 1 > 0. For any compact set Dy C D, by (4.11), we get that for z € Dy,

s+9 s
/ h(T, z,w)dT — / h(T, z,w)dT
0 0

s+9
/ h(r, z,w)dr

(4.15)  Jw(s + 9, z,w,0) — w(s, z,w,0)| =

< kp,d o5 (6).

This implies, in particular, that
(4.16) |w(s, z,w,0)| < kp, so°(s) V(s,z) € (0,00) x D,
since w(0, z,w,0) = 0. Integrating the right-hand side of (4.14) by parts, we obtain

w(87 Z? w? T])

=w(s, z,w,0) — 77/0S exp[—n(s — 7)|w(T, z,w,0)dr
= exp(—ns)w(s, z,w,0) — 77/S exp[—n(s — 7)]|[w(T, z,w,0) — w(s, z,w, 0)]dr,
0

where the second equality is obtained by adding and subtracting n fos exp[—n(s —
7)ldT w(s, z,w,0) to and from the right-hand side. Using (4.15) and (4.16), we obtain
that

(4.17)
lw(s, 2,w,m)| < kp, s exp(=ns) o*(s) + kp, 77/ exp[—n(s —7)|(s = 7) 0% (s — 7) dr.
0
For (4.17), we now show that there is a class K function a. such that
(4.18) n|w(s, z,w,n)| < kp, ac(n) V(s,z,w) € [0,00) x Dy x Q.
Let z € Dg. First, for s < %7, by (4.17) and the property of the function o°,
(4.19) nw(s, z,w,n)|

< kp, (nse”s o°(s) +n? /

0

S

exp[-n(s —7)](s = 1) o (s — T)dT)
= kp, (nse”s o°(s) +n? /OS exp(—nu)u Ug(u)du>
< kpy (\/ﬁ(f(()) i (1 - e*ﬁ) a<(0)) < kpy (2/70°(0)).
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Then, for s > —= by (4.17), (4.19), and the property of the function o°, we obtain
(4.20) nw(s, z,w,n)|

<oy {se0%(6) 4P [ esplonts = 7l(s = 1) 0% (s - rar
= kp, {nse‘"s o (s) +n? /OS exp(—nu)u ag(u)du}

1

/ v exp(—nu)u o (u)du
0

+ /ﬁ exp(—nu)u crg(u)du] }
) |

<oy (Vo (0) 4o (\/iﬁ

=

= kp, {nse 0 (s) + 1

Thus we define

S s (L 3 .
o () = 2,/mo*(0) +o (\/ﬁ) %f n > 0;
0 ifn=0.

Then «a.(n) is a class K function of n, and for n € [0,1], ac(n) > 20°(0)n. By (4.19)
and (4.20), we obtain that for any n > 0, (4.18) holds.

The partial derivatives %—f and %—f are given by

(1.21) 2 (s, 2,00) — (s, 0,1,
ow(s, z,w, 5 Oh
7( P n) :/0 E(T,Z,OJ) exp[—n(s — 7)]dr.

Noticing that 8a(w) = 22:1 aaa'iiw)@ = Zi 1 8a,(m) lim7 00 fHT bi(Ys)ds = limp_, o

ftHT (rm(gimnds a.s., we can build results snmlar to (4.1) and (4.2) in Lemma 4.1
for (W,ag—(j)) instead of (a(z,y),a(x)). Furthermore, for ¢ > 0, we can take
Bd(g,z,w) _ aa(zéYS(w))

the same measurable set 2. C 2. Hence, for
the same property (4.11) as a(s, z,w) = a(z,Ys(w)). Consequently, %(s,z,w} =
a“(s zZ,w) — 8“( ) possesses the same properties as h(s, z,w). Thus we can repeat
the above derivations to obtain that (4.18) also holds for 22, i.e.,

, we can obtain

(4.22) n ‘(Z—ls(s,z,w,n)‘ <kp,ac(n) V(s,z,w)€[0,00) x Dy x Q.

There is no loss of generality in using the same positive constant kp, in both (4.18)
and (4.22). Since kp, = | Mp, will differ only in the bound Mp, in (4.10), we can
define Mp, by using the larger of the two constants.

Define the change of variable

(423) z ZC—FEUJ(S,C,(U,E),

where ew(s, (,w,€) is of orderO(ac(e)) by (4.18). By (4.22), for sufficiently small e,
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the matrix [I + 6%—2”] is nonsingular. Differentiating both sides with respect to s, we
obtain 42 = % + eaw(séi’”’e) + eaw(sa’?”’e) d—g. Substituting for 42 from (4.12), by

d ds
(4.23), (4.21), and (4.13), we find that the new state variable ( satisfies the equation
ow] d¢ . ow(s,(,w,e€)
4.24 I+e—| == —e—=
(4.24) { +66C} 7. ea(s,(+ew,w) —¢ Bs

= ea(s, ¢ + ew,w) — €fa(s, ¢, w) — a(Q)] + Ew(s, (,w, €)
= 6a(<) +p(8a G w, 6);

where p(s, ,w,€) = ela(s, ¢ + ew,w) — a(s,(,w)] + €2w(s,(,w,€). Using the mean
value theorem, there exists a function f such that p(s,,w,€) is expressed as

(4.25) p(s,C,w,€) = €2 f(5, ¢, ew, w)w(s, ¢ w, €) + ew(s, ¢, w, €)
= [f(s, ¢, ew,w) + 1 w(s, (,w, ).

Notice that [I + eaa—iﬂ_l = I+ O(ac(€)), and ac(€) > 20°(0) € for € € [0,1]. Then by
(4.24) and (4.25), the state equation for ¢ is given by

d¢
ds

(4.26) [I 4+ O(ac(e))] x [ed(() +E(f(s,¢ ew,w) + 1) w(s, ¢, w, 6)]

£ ca(Q) + eac(€)q(s, ¢, w, €),

where ¢(s,(,w, €) is uniformly bounded on [0, 00) x Dy x Q¢ for sufficiently small e.
The system (4.26) is a perturbation of the average system d¢/ds = ea({). Notice that
for any compact set Dy C D, ¢(s,(,w,€) is uniformly bounded on [0,00) X Do x Q¢
for sufficiently small e. Then by the definition of {2 and the averaging principle of
deterministic systems (see Theorems 10.5 and 9.1 of [10]), we obtain the result of
Theorem 3.1. The proof is completed.

4.1.3. Proof of Theorem 3.2. For any ¢ > 0, by Theorem 3.1, there exist a
measurable set 0. C  with P(2.) > 1 — ¢, a class K function ac, and a constant
€*(s) > 0 such that for all 0 < e < €*(s), sUP,¢[y o) | Z5(w) — Z5| = O(ax(€)) uniformly
in w € Q. So there exists a positive constant Cc > 0 such that for any w € Q. and
any 0 < e < €*(s),

sup | Z5(w) — Z5| < Cc - a(e).
s€[0,00)

Since ac(€) is continuous and «(0) = 0, for any ¢ > 0, there exists an €(¢) > 0 such
that for any 0 < € < €/(), Cs - ac(€) < d. Denote &(s) = min{e*(s),€'(¢)}. Then for
any w € Q¢ and any 0 < ¢ < €(s), it holds that

sup ‘Z;(w) - Z;‘ <6,
s€[0,00)

which means that {sup,c(o ) |Z5(w) — Z5| > 6} C (Q\Q). Thus, we obtain that for

any 0 < e < €(s), P {supse[o,m) |28 — Z| > 6} < P(Q\Q) < <. Hence the limit (3.3)
holds. The proof is completed.
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4.2. Proofs for the case of ¢-mixing perturbation process.

4.2.1. Proof of Theorem 3.10. Throughout this part, we suppose that the

initial value X§ = x satisfies |z| < § (¢ is stated in Assumption 4). Define D5 =
{2/ e R" : |2'| < ¢}. For any € > 0 and t > 0, define two stopping times 7§ and 7£(t)
by

(4.27) 715 =inf{s>0: XS ¢ Ds} =inf{s >0:|X{| >4} and 75(t) =715 At.

Hereafter, we make the convention that inf () = oco.
Define the truncated processes X;*° by

(4.28) X0 = Xipe = Xogy, 20
Then for any ¢ > 0, we have that X{° = z + fOTg(t) a(X¢, Y, e)ds. For any t > 0,
define a o-field F7*° as follows:

(4.29) .7-":’5 = cr{XSE"s,YS/E 0<s<ty=0{Ye:0<s<t} = ]-',3;6.

Since F; 0 = .7-?;6 is independent of ¢, for simplicity, throughout the rest part of this

paper we use Fi instead of ff’é.
Step 1 (Lyapunov estimates for Theorem 3.10). For any x € R™ with |z| < 4,
and t > 0, define V¢(z,t) by

(4.30) Ve(z,t) =V(x) + Vi (x,1),
where
s roVi(e)\ "
(4.31) Vi(x,t) = T;a)( a; )> E [a(x,Yy/e) — a(x)| Ff| ds

_ e/fm (8‘(;(3:))TE la(e, Ya) — aa)|F¢] du

=< fo (%52) [ B

- [ alenipatan) - Puan + u(dy)]} du

ze/f(t) (8‘(;—53))T(E[a(x,}/u)|}"f] ~ Bla(z,Y,)) du

3

€
)

ve [ (229 ([ ) (Pu(d) — ) ) d

€

£ evle,l(xvt) + d/le,Q(xvt)ﬂ

and where P, is the distribution of the random variable Y,. Next we give some
estimates of €V (z,t) and eV, (x,t), which imply that Vi (z,t) is well defined.

By Assumpfion 5, there exists a positive constant ks such that for any x € R™
with |z] <4, and y € Sy,

< ks.

(4.32) a(0,y) =0, ‘M‘

ox
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Then by Taylor’s expansion and (3.9), for any € R™ with |z| < ¢ and y € Sy,
(4.33) la(z, y)| < kslz|, |a(z)] < k]

Without loss of generality, we assume that the initial condition Yy = y is deter-
ministic. By Assumption 3, we have

(4.34) var(P, — p) < cse” ™

for two positive constants c; and «, where “var” denotes the total variation norm
of a signed measure over the Borel o-field, and the mixing rate function ¢(-) of the
process Y; satisfies ¢(s) = cg e™?* for two positive constants cg and f3.

Thus, by (4.29), (3.11), (4.33), Lemma B.1, and the mixing rate function ¢(s) =
ceeP* of the process Y;, we obtain that for ¢ < 7§,
7
< |9V (z)

ox

: ‘E |a(e, V)1 FY.] - Bla(z, v.))| du

t

(4.35) €|V (z,t)] < e/

e
75

e t
Se/ 03|x|-k5|az|-¢<u——) du
t €

. c3cek
< 66366k5|$|2/ efﬂ(ufé)dug 360

. B

€

S

j/?,

and for t > 73,

3
S

T
(4.36) e|V1i1(x,t)|:e/i ) (Ela(z,Y,)|F{] — Ela(z,Yy,)]) du| = 0.

€

(57

Thus for any t > 0,

c3ceks

g
By Hoélder’s inequality, (3.11), (4.33), and (4.34), we get that

/sy (81(;(::) ) ) a(z,y) (Pu(dy) = n(dy))

e (1o
: </SY | Pu —ul(dy)> du

( / <kac3>2|x|4[Pu<dy>+u<dy>]) (var(Py — )} du

.

(4.37) € ‘Vﬁl(a},t)‘ <e

du

(4.38) €|Vy(x,1)] < 6/751)

[Pu(dy) + p(dy)]

=

< caalal? [ ([ Pt + @) (ese)? au
e Y

e o 24/2 k
— ev/Tescaks|al? /rgu) e B < A2
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Therefore, by (4.31), (4.37), and (4.38), for any x € R” with |z| < §, and ¢ > 0,
(4.39) —€C1(8)|z]* < Vi(a,t) < eCr(0)]f?,

where C1(9) = 2‘/%63]“ + C?’cgké. By (3.10), (4.30), and (4.39), there exists an ¢; > 0
such that % < 1,and for 0 < e < €1, v € R™ with |z| < 4, and t > 0,

(4.40) ki(6)V(z) < V(z,t) < k2 (0)V (),
where ki (8) = 1 = 220 > 0, ky(9) = 14 242 > o,

C C
Step 2 (action of the p-infinitesimal opemtlor on a Lyapunov function in the case

with local conditions). We discuss the action of the p-infinitesimal operator Aj§ of the

vector process (X[ ’5, Y;/c) on the perturbed Lyapunov function V<(x,1).
Recall that 75(¢) is defined by (4.27). By the continuity of the process X5, we
know that for any ¢ > 0, XZ. ) € Ds = {2/ € R" : |2/| < &}. Define

an e = (Z0) ey, cw = (2) aw,

G(z,y) = Gla,y) — G(a).

Notice that ng(t) is measurable with respect to the o-field 7. Then by the
definition in (4.30), VE(ng(t),t) = V(ng(t)) + Vf(X:;(t),t). Now we prove that for
0 <e<e, VE(ng(t),t) € D(Aj§), the domain of p-infinitesimal operator Aj§ (for
definitions of p-limit and p-infinitesimal operator, see Appendix A), and

(4.42) A5VE(XE ). 1)
T

a(Xf,K/E)ds égg(t),

e | OEf|G(2, Yyye)]
Ts

r=X7¢
where Ef[-] stands for the conditional expectation E| - |Ff], i.e., E[- |]—'t’;€].

Since X; and Y; are both continuous processes, we know that VE(ng(t),t) and
g5(t) are progressively measurable with respect to {F;}. In order to prove (4.42), we
need only prove the following three claims for 0 <€ < e;:

(1) Ve(ng(t), t) € M, where Mj is defined with respect to the vector process
(X5°, Y;/c) similarly as M" is defined in Appendix A.

(ii) g5(t) € M.

BEIVE(X ey gy 0] =VE(XEe 4 ot)
(iif) p-limgryo s S0 = g5 (t).
By (4.40) and the definition of 75 (t), we get that for 0 < e < €y,

sup B HVE(X;(t),t)H <sup £ {kg(&)V(X;(t))} < k2(d) - sup V(z) < oo.
>0 s t>0 s z€Ds

Thus (i) holds. For the proofs of (ii) and (iii), see Lemmas B.2 and B.3.
Hence, by (4.42), (3.13), (B.9), and (3.10), for any ¢ > 0 and 0 < € < ¢y,

CQ (6) €
1 V(XTE (t) ))

(443) VX 000) < Ty (Y () 46
= — ("y — 602(5)

C1

) VI(XZe) - Lp<rgy-
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Take €; > 0 such that v — eici—?) > 0. Let €2 = min{ey, €} }. Then for 0 < € < ¢ and
any t > 0,

(4.44) ASVE(X 1) t) < 0.

Step 3 (proof of stability in probability (3.14)). Suppose € € (0,¢€3], r € (0,6), and
X§ = x satisfying that |x| < r. For ¢ > 0, define two stopping times 77 and 7£(t) by
76 =1inf{s > 0:|X¢| > r} and 75(t) = 75 A t. Then for any ¢t > 0, |X7€—;(t)| <r <,
TE(t) < 75(t), and TE(75(t)) = 75 ATE(E) = TE A (TEAE) = TE(E) ATE(E) = 75(t). Thus
by Theorem A.1, the property of conditional expectation, and (4.44),

(445) B [V(Xey (0 60) = V(,0)| = B [VAXE (200 7)) = VE(2,0)]

€

T (t)
E /0 Af;VE(ng(u),u)duH

= BB [V (X () )] = VEl@,0)| = B

=B

/ Y AV (X s u)du] <0.

0

By (4.40) and (4.45),

(4.46) E [kl (6)V(X§:(t))} <E [VE(X;@),T:@))} < E[V<(2,0)] < ka(0)V ().

Denote V;. = inf,<|;j<5 V(7). Then for any 7' > 0, we have

BV (X)) = [

V(XEe(p))dP + / V(X igy)dP
{r<T)

{re>T} "

V(XEe(p))dP

o

> [ vixgarz [
{re<T} {supo<i<r |X{|>7}

2%~P{ sup IXf|>7"},
0<t<T

which, together with (4.46), implies

P{ sup |X;|>r
0<t<T

} - E[V(Xi (1)) - BO)V(@)
|78 k1(8)V;

. € [ T €
Letting T — oo, we get P {sup,5q |Xf| > r} < kig ()5‘)/‘2). Hence P {sup,sq | X{| <1}

>1- %. Since V(0) = 0 and V(z) is continuous, for any ¢ > 0, there exists
d1(r,<) € (0,0) such that V(z) < k}ci‘%‘)/rc for all |z| < 01(r,¢). Thus we obtain that

for any 0 < € < €* with €* = min{e1, €2} = €9, for any given r > 0, ¢ > 0, there exists
do = 01(min(r,0/2),<) € (0,9) such that for all |z| < do,

P{sup|Xf| < 7‘} > P{sup|Xf| < min(r, 5/2)} >1-—g;
>0 >0
equivalently, for any 0 < € < €*, and any given r > 0,

(4.47) lim P {sup | X7| > 7‘} =0.
z—0

t>0
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Step 4 (proof of asymptotic convergence property (3.15)). Let 0 < € < €* (= €2).
By Theorem A.1, for any 0 < s < t,

(4.48) [VE(XEE(t )|f}:VE(X;5(S),s)+/: [AEVE(XEE(U )|]-“€]du as.,

where F¢ is defined by (4.29). By (4.40), we know that for any ¢ > 0, V(X () t) is
integrable. By (4.44) and (4.48), we obtain that forany 0 < s < t, F [VE(X6 0 DIFe]
< VE(X%(S),S) a.s. Hence by definition {VE(ng(t),t) :t >0} is a nonnegatlve
supermartingale with respect to {Ff}. By Doob’s theorem,

(4.49) lim VE(ng(t),t) =¢ as.,

t—o0

and & is finite almost surely. Let Bt denote the set of sample paths of (X§ : ¢ > 0)
with X§ = x such that 7§ = co. Since X = 0 is stable in probability, by (4.47),

(4.50) lim P(Bg) = 1.

z—0

Note that €* = eo = min{ey, el} and €} > 0 satisfies v — 02(5) > 0. Then by (4.43),
we get that for any 0 < e < €*

(4.51) AGVA(X ey t) < —eV(Xie) - Triensys

where ¢, = v — Ci(‘s) > 0. For any 0 < ¢ < 6, let ¢¢ = ccci62. Notice that for any
t >0, X <(t) )| < 0. Then by (3.10) and (4.51), we obtain that if 0 < e < €" and

| X re( t)| > ¢, then
(452) ASVE(Xf-g(t)vt) < _Cz ! I{t<‘r§}-

For 0 <e <€, 0 <¢ <4, and any t > 0, define two stopping times 7¢ ; and 7¢ ;(¢) by
&5 = inf{t : | X7 £ [s, ]} inf{t : [Xf| << or|Xf| >0} and 7¢45(t ) =75 At. Then
for any t > 0, we have that 7¢4(¢) < 75(¢). Suppose that X§ = z and || € (s,0).
Then for any ¢t € [0, 7¢ 4], |XE| € [¢,d]. Ifu e [0,745(t)], then 0 < 75(u) = 7§ Au <
u < 78 5(t) < 785, and thus |XT5 u)| € [¢,9]. Hence by Theorem A.1, the property of
conditional expectation, and (4.52), we obtain that

(4.53)
B [VAXE (e s s8] = BV (@, 0] = B V(XS (e s 5(8) = VE(2,0)]

Tes(t)
/0 A5V (X ey, w)du

¢ s(t)
/0 (=¢e - Tppergy)du| = —cCE [756(’5) ' I{t<75}} '

(7¢
E {ES [VE(X:(?(T;&@))’T;,a(f))} - VE(:C,O)} =F

<F

Thus by (4.53) and (4.40),

E[V<(x,0)] _ ks(9)V(2)

S - S
CE CE

(4.54) E |:T§6,6(t) : I{t<‘r§}:| <
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By the definitions of 7¢ 5 and 7§, we have that 7¢ 5 < 75. Thus by the property of
expectation and (4.54), we have

[ 1] _ o
t - cet

Plt<tis}=P{t<tist<t5} < ,
which means that the solution process X§ beginning in the domain ¢ < |z| < 4 a.s.
reaches the boundary of this domain in a finite time. Then by the definition of the set
B¢, for all paths contained in the set B, except for a set of paths of probability zero,
we have inf;~o|Xf| = 0. Since a(0,y) = 0, if X¢ = 0 for some s > 0, then X =0
for all ¢ > s. Hence we obtain liminf; ,~ |Xf| = 0, and then by (3.10) and (4.40), for
any 0 < € < €*, we have liminf; o, V¢(X;,t) = 0. But by (4.49) and the definition
of the set BS, the limit lim;_, VE(ng(t),t) = lim;_,00 V€(X[, t) exists for almost all
paths in BS. By the above discussion this limit is equal to zero. Thus by (4.40) and
(4.50), we obtain lim,_,o P {lim;_,o | X5| = 0} = 1.

4.2.2. Proof of Theorem 3.12. For brevity and to avoid overlap, we refer to
parts of the proof of Theorem 3.10 that are adapted in the proof of Theorem 3.12.

Step 1 (action of the p-infinitesimal operator on a Lyapunov function in the case
with global conditions). In the proof of Theorem 3.10, take § = M for some positive
integer M. Then similar to (4.40) and (4.43), we obtain that there exists an ¢; > 0
such that for any 0 < € < €1, x € R" with |z| < M, and ¢ > 0,

(4.55) WV (2) < V(2. t) < kaV (),
e € € C2
(456) V08 < = (17 €2 ) VX 0) - Ty

where k; = 1 — 5101 > 0 ko =1+ 5101 O _ 2\/20503](} + csgsk’ Cy = cG(C3—EC4)k2 4

27”6(03“4)]“ (mdependent of M used in the truncatlon)

Step 2 (proof of global asymptotical stability in probability). Let 0 < e <
min{ &7, €1}, and denote § = 2,1% (v — € 22) Then by (4.55), (4.56), we get that for
any € € (0, €],

(457) A?WVE(X;IEW(t)v ) < 27 k2v( TE (t)) I{t<7’€ } < 2’\/V ( T€ (t) )'I{t<7'fw}'

By Lemma B.4, AE ( (X< (1) )-I{t<72eu}) AMVE( XE. < (1) t), which together with
(4.57) implies that

(4.58) (s +29) (VXS 008 - Tirrgy) <O
For ¢t > 0, define
(4.59) My =e"VI(X5e 1) Targ,) + 62%&‘/(){5&) Az, <ty — V(2,0)
t
_/0 eV (AS, + 29) (Vﬁ( ; (5)1 )" I{s<ffw}) ds.
Then by the fact that 75, > 0 a.s., we know that M§ = 0 a.s. By the definition

of V¢(z,t), we can verify that eﬁtVE(Xjfw(t) t)  Iarey + €MV (X ) - Irg <ny
is continuous in ¢, and thus Mf is continuous. By (4.55), (4.41), the deﬁnltlon of
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7\4V€(X€e < () t) (replace § by M in (4.42)), (B.10) with ¢ replaced by M, and the
fact that |X el <
know that M is a martingale relative to {F}, and thus it is a zero-mean, continuous

martingale relative to {Ff}.
By (4.55), (4.58), and (4.59), we get that

¢ is integrable. By Lemma B.5, we

(4.60) 0 < ky 27"V (XE <) Lpargy < MV E(XE <) t) ey, )
< VX () Tiargy + €TMV(XT) Ty <ny (sinee V(@) 2 0)
¢
=V<(x,0) + M; + /0 2V (A, +29) (VE(X%V[(S), s) - I{S<T;w}) ds
<V z,0) + M; < koV (z) + M{,

which means koV (z) + M is a nonnegative continuous martingale relative to {Ff}.
By (4.60) and Doob’s inequality (cf. section 2.II1.9 of [5]), we have that for any n > 0,
and T > 0,

(4.61) P{ sup ke 'V(XE (t)) Tiicre,y > 7]} < P{ sup {k2V(z)+ M7} > 7]}

0<t<T 0<t<T
n
Letting T 1 oo in (4.61) yields
ko V(x
(4.62) P{igg ke VV(XE ) Tierg,y > 77} <= n( ).

Notice that under Assumption 7, the original system (2.1) is globally Lipschitz. Then
we know that the solution process Xy is regular (cf. section 7.2 of [7]), i.e.,

(4.63) thlooTM o0 a.s.

Notice that k1, k2, and 4 are independent of M, and 75,(¢t) = t A7§,. Then by (4.63),

(4.64) sup k1e7'V(XF) < liminf sup k7 V(XE, (t)) Tiergy  as.

t>0 M—oo ¢>0

Now, by (4.64), Fatou’s lemma, and (4.62), we obtain

(4.65) P {sup k127 (X5) > n} =F [I(n,oo] <sup klewV(X;)ﬂ
t>0

>0
sk [liﬁnjnf Iy,00] <Sup k1e'V (X5 ) - I{t<rfw})]

. . t
< 1}\21;1& E [I(moo] <bup k1 e?V(XE < (1) I{KT&})]

kaV (x)
n

= 1]1\£n1nf P {Sup kle vt V(XEE (t)) I{t<‘r€ } > 77}

—0 t>0

By Assumption 6, we have {c1]Xf|> <e 7L ¢ >0} D {V ) <e Vit >0},
which together with (4.65) implies P {|Xf| < e 7" (- )2 t> O} >1- kQV( ). Let

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



3608 SHU-JUN LIU AND MIROSLAV KRSTIC

1
m > 0 and 75 > 0 be given. Choose 7 such that (=) < 72, and then choose d > 0
such that if |z| < do, then %@) < m. Thus we have P {|X{| < noe™ 7', t > 0} >
1— n.

Now, we prove that for any € R, P {lim;_,~ |Xf| = 0} = 1. Notice that for any
H >0, {limy_o0 |Xf| = 0} = {limyo0 V(X{) = 0} D {sup;>¢ k1e*'V(X5) < H}.
Then by (4.65), we obtain P {lim; ,o |X5| = 0} > 1 — ]”VT(””), and letting H 1 oo
yields P {lim; o, | Xf| = 0} = 1. The proof is completed.

4.2.3. Proof of Theorem 3.13. The only condition of Theorem 3.13 that is
different from the conditions in Theorem 3.12 is a(0,y) = 0 replaced with SUDycs,
|a(0,y)| < oo. Thus here we use the same approach as in the proof of Theorem 3.12.

Step 1 (Lyapunov estimates for Theorem 3.13). Let ¢ = (sup,cs, |a(0,y)]) V 1.
Then by Assumption 8 (assume k > 1; otherwise, replace k by kV 1), we get that for
any z € R™ and y € Sy,

(4.66) la(z,y)| < ¢+ klz] < k(c+ [a).

By (3.9) and (4.66), we get that for any « € R", |a(z)| < k(c+ |z|). Then following
the proofs of Theorem 3.10, we obtain that for x € R™ with |z| < M, and ¢ > 0,
(4.67) —eCh|z|(c+ |z]) < Vi (z,t) < eCh|z|(c+ |z|),

where C; = 27%503]“ + % (the same with the one in the proof of Theorem 3.12).
By Assumption 6, the definition of V¢(x,t), and (4.67), we get that for any € > 0,
x € R"™ with |z| < M, and ¢ > 0,

(4.68) V(z) — eCi|z|(c+ |z|) < V(z,t) < V() + eCh|z|(c+ |z|).
It follows from (4.68) and ¢ > 1 that if |x| < 1, then
(4.69) V(z) —2ecCy < VE(x,t) < V(x) + 2ecC).

By Assumption 6 and ¢ > 1, we have that if |z| > 1, then |z|(c + |z]) < 2¢|z|* <
g—fV(x), and thus by (4.68), if |z| > 1, then

2 2
(4.70) (1 - eccl) V(z) < Ve(z,t) < (1 + “Cl) V(z).
C1 C1
Take a positive constant €] < 5%, and define k] = 1 —261¢} k) = 14 21¢). Then
cC1 C1 C1
by (4.70), we get that for any 0 < ¢ < ¢} and |z| > 1,

(4.71) kV(z) <V(z,t) < kyV ().

Step 2 (action of the p-infinitesimal operator on a Lyapunov function without
an equilibrium condition). By (4.66) and Assumptions 6 and 8, we get that for any
reR" ye Sy,

(4.72) Q(z, y)| < cakilc + |z]) + esklal,

where Q(z,y) is given by (B.6). Then by (4.66) and (4.72), following the proof of
(B.9), we obtain that

T
(4.73) /
T (1)

<ek? {C—G 2v2¢s
- «

T
OE{[G(z,Yy/c)]

o a(z,Yye)ds

_|_

3 } < [eac® + (c3 + 2ca)c|@| + (5 + ca)|z]?] .
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By Assumption 6 and ¢ > 1, we have that if |x| > 1, then csc? + (c3 + 2¢4)c|x| + (c3 +
C4)|$|2 < C4c2+(03+204)c+(63+c4)V(x)' Denote Cé _ kQ[%_’_Z\/jcs]c4c2+(03+204)c+(cg+04) )

C1 C1

Then by (4.73), we obtain that if || > 1, then

e ~ T
™ OEF[G (2, Y.
(4.74) / M] a(w, Yiye)ds| < cCyV ()
i Oz
if |x| < 1, then
e [9BfG(,Y,0)]
(4.75) / IE T Zo/e)) a(z,Yy)e)ds| < ec1Cs.
75, (1) O

By the definition of Aﬁwve(X;&(t), t), Assumption 6, (4.74), and (4.75), for any ¢ > 0,
(476) V(X 0)

(—W(X;W)) + eclcg) Tpergy XS ] <1

—(v- 6Oé)V(X7€-§/I(t)) Apr<rgy if |X7E'fu(t)| E

Step 3 (proof of boundedness in probability). Let 0 < €* < min{cié,e’l}, and

denote § = 772,2%. Then by (4.76) and (4.71), we get that for any e € (0,€*], if
|X7€—fw(t)| > 1, then

(4-77) A?\/IVE(X:;I(t)vt) < —'AYklzv(X;;w(t)) ’ I{t<‘rf\/l} < —’A}/Ve(X:;w(t)at) ’ I{t<‘rf\/1}-

By A5, (VXL 08 Tppery) = Aﬁwve(Xjfw(t),t) (see Lemma B.4) and (4.77), we

get that if |X¢. | > 1, then
Tar(t)

(4.78) (A +4) (VX 00 8)  Tiargyy) <O
For t > 0, define

Mf = eV"VAXe o) - Tpars,y + € ™MV(XE ) - Iire, < — VE(2,0)

M M
t ~ A
= [ ) (VX 009) Ty ) s

As in the proof of Theorem 3.12, we can prove that M is a zero-mean, continuous mar-
tingale relative to {Ff}. Thus by A, (VE(X%W(t),t) . I{t<7fw}) = EJVE(X%W(”,L‘),
(4.69), (4.76), (4.78), and the fact that v > 4, we have for any 0 < ¢ < €*,

E {evtVE(X:;I(t)ﬂt)I{t<T§/1}:| S E [ethE(X:fM(t)?t) . I{t<7’z€u} + e’YTMV(X;fw)I{Tﬁ/ISt}}

= V(z,0) + /Ot E [e“(f% +4) (Ve(Xims)a s) 'f{s<m})] ds

t
=V6(x,0)+/0 E[e”( vt+7) (VE(X%{(s)vS)'I{s«;,}) I{X:W)a}] ds

t
+/0 E [evs(v‘lﬁw +9) (VE(X:&(S),S) 'I{S<va[}) I{X;MS)N}] ds
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t [ -~ A~
< Ve(x,0) +/0 E e (A +9) (VE(X:;I(5)7 s) - I{s<r;w}> I{Xf_;\/[(s)<1}:| ds
.
< Vﬁ(;z;, 0) + / FE e’AYS (_FYV(X%W(S)) + 66162
0 L

+ "AYVE(X:;[(S), 3)) I{S<T1€\/I}I{|X:]€u(s)|<1}:| ds

-
< V(z,0) _|_/ E |e¥® (_’YV(X;;I(S)) +ec1C4
o L
+7 (V(X%W(S)) + 26001)) I{s<T;I}I{|Xj;I(S)|<1}:| ds

¢
< V<(z,0) —|—/ E [e7% (ecCh + 2%ecCh)] ds
0

ec1CY) —I—AZ’yecCl (7 — 1) < V¥(2,0) + ec1CY —|12’AyecCl At

=Vz,0)+
(,0) Y Y

Thus we have that
ec1Ch + 29ecCq

(4.79) B[V XS 00 1) Tiargy] < €7V, 0) + 2

By (4.71), Assumption 6, and the property of expectation, we get that for any r > 1,
(480) P{IX5 ] > 7t <7is )
_ € / € € € ! € €
=Pr {|erw(t)| >, klv(X'er[(t)) <V (X-rfw(t)at) < k2V(Xwa(t)), t< TM}
= P{IXE 0] > 7 VIXG ) > ers VXS () < V(XS ),1)
< KV (Xeg ) £ < Tir )

< P{|X:;w(t)| >1, VE(X%W(t),t) > cikir? t < wa}
L €(yE
< Clki’r2E |:V (X-r;[(t)at) . I{t<7’1€\/1} . I{X:;J(t)>1}:| .

Thus by (4.79), (4.69), and (4.71), we obtain for any 0 < € < €*, and any t > 0,
(4.81) E [VE(X:&(t)at) . I{t<7'1€w} . I{ij/[(t)|>1}:|

=F [VE(X:RI(t)at) -I{t<r§/1}} —-F [VE(X%W(t)at) Tppcrey I{X;&(Mgl}}

ec1CY + 29ecCh
ol

-F [(V(X:fw(t)) - 26601) gy I{X%wu)'d}}

€Cy Cé + 22/6001

< e 1VE(z,0) +

< e*%VE(x, 0) + + 2ecCt

* !
< max {V(z) + 2¢*cCy, k5V (x)} + ‘ C;CQ +4e*eCh 2 C,
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where C' is a positive constant dependent on z, €*, ¢, ¢1, Cy, C4, kb, and 4. Thus by
(4.80) and (4.81), we get that for any 0 < € < €*, any r > 1, and any ¢ > 0,

C

(4.82) P{|X7W)| >rt< TM} <

By the fact that limas,o0 7§, = 00 a.s. (see (4.63)), the dominated convergence theo-
rem, and (4.82), we get that for any 0 < € < ¢* and any r > 1,

21218 P{|Xte| > T} = 212118 E [I(r,oo](|Xt€|ﬂ = i;g E L\}gnoo I(r,oo](|X76-fu(t)|) 'I{t<7—fu}

- sup( lim E {I(r,oo](|X7E'fu(t)|) ' I{t<754}D

t>0 M— o0
zsup(lim P{|XE |>rt<re})<L
>0 \M =500 Tha () ’ MY) = cikyr?’

which implies that lim, . sup;>o P{|X{| > 7} = 0; i.e., the solution process X is
bounded in probability. The proof is completed.

5. Examples.

5.1. Perturbation process is asymptotically periodic. Consider the fol-
lowing system:

€
dzx

(5.1) —

€ 1 €
= ftz/e(xt +1) - 5(% +1)%,
where the perturbation process is

(5.2) dY; = —pYidt + qdwy, & =sint 4+ e “sinY;

with p, q,a > 0. Noticing that for any ¢t > 0

1 T 1 [T
T]Ln;o 7 /t ffds = Tlggo T /t (sin2 s+ 2sinse”**sin Y, + 2% sin? YS) ds
1 t+T 1 27 1
= lim —/ sin? sds = —/ sin?sds = = a.s.,
T—o00 t 27T 0 2
we obtain the average system of (5.1) as Z; = — (Z; + 27) /2, which is locally expo-

nentially stable at Z; = 0. Figure 1 shows the simulation results with Zo = x§ = 0.5,
p=1¢q=2,a =001, e =0.09, from which we can see that the solution of the
original system (5.1) converges (in probability) to the solution of the average system
zy = — (Zy + 77) /2 (see (3.3) in Theorem 3.2) and the solution of system (5.1) is
exponentially practically stable in probability (Theorem 3.5).

5.2. Perturbation process is a.s. exponentially stable. Consider the fol-
lowing system:

€
dz;

53 G = sl + (sl - 3 ) @0 ~af.do= péidt + g

2
where p < ¢?/2. We know that & = EoeP=2)ttawr - By the law of the iterated
logarithm of Brownian motion (see Theorem 2.9.23 of [9]), we know that §& — 0
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0.7

0.6 1
0.5 1
0.4/ :
0.3t |

0.2f 1

o e P —

i i

0 50 100 150 200 250 300 350
Time(sec)

Fi1c. 1. States of the original and average systems for system (5.1)—(5.2) to illustrate Theorems
3.2 and 3.5.

a.s. as t — o0o. Noticing that imyp_, . = T f t+T s)ds = limg_, f(s) for continuous

function f when the latter limit exists, we have that for any t > 0,

1 t+T
lim T/ sin?(&)ds =0 as.,
t

T—o0
1 t+T 1 1
Tlgr;of/t <(sin(§s)—§> xz—x> ds-—§x2—x a.s.
Thus we obtain the average system of (5.3) as z; = —; — /2, which is locally expo-

nentially stable at Z; = 0. Figure 2 shows the simulation results with o = xf = 0.2,
& =1,p=04, g=1, from which we can see that the solution of the original System
(5.3) converges (in probability) to the solution of the average system z; = —%; — 77 /2
(see (3.4) in Corollary 3.4) and the solution of system (5.3) is exponentially practically
stable in probability (Theorem 3.5).

5.3. Perturbation process is Brownian motion on the unit circle. While
in sections 5.1 and 5.2 we illustrated the theorems in section 3.1 for uniform strong
ergodic perturbation processes, in this section we illustrate the theorems in section 3.2
for ¢-mixing perturbation processes. Consider the system

oo et [e() 2()]"
(o) =)

where the perturbation process Y (t) = [Y1(t), Y2()]7 is Brownian motion on the
unit circle, dY; = ——Ytdt + BY;dW;, and Yy = [cos(d),sin(9)]T for all ¥ € R, with
B=! 701} In fact, we have the simple expression [25, Example 5.4, p. 63]

(5.5) Y (t) = [cos(9 + Wy),sin(9 + Wy)]T = ' 0+We),
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—0.5 I I I I
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Time(sec)

Time(sec)

Fic. 2. States of the original and average systems for system (5.3). Top: for e = 0.01,
which is small (the average approximation is tight). Bottom: for ¢ = 0.64, which is large (the
average approximation is qualitatively correct, but it is not very accurate since the condition on the
smallness of € in Corollary 3.4 and Theorem 3.5 is not met).

We know that the stochastic process (Y (t),t > 0) is ¢-mixing with an exponential mix-
ing rate and exponentially ergodic with invariant distribution p(dS) = % for any set
S CT,where T = {(z,y) € R? | 22 + y? = 1}, and [(S) denotes the length (Lebesgue
measure) of S. Corresponding to system (5.4), we have the function a(z,y1,y2) =
—y3x+ (y2 — 1) 2. Noticing that [, —y3u(dyr, dyz) = — fo% sin®(#) 5=df = —1, and
Jr (2 = 3) p(dyr, dya) = fo% (sinf — 1) 5-df = —1, we obtain the average system of
(5.4) as &, = — (T, + z}) /2, which is locally exponentially stable at z; = 0. Figure 3
shows the simulation results with Zo = z§ = 0.1, € = 0.64, Yy = [1,0]7, from which
we can see that the solution z§ = 0 of the system (5.4) is asymptotically stable (in
probability) (see (3.14) and (3.15) in Theorem 3.10).

6. Conclusions. We developed several basic theorems of stochastic infinite-time
averaging for a class of nonlinear systems with uniform strong ergodic stochastic per-
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Fic. 3. States of the original and average systems for system (5.4), (5.5) to illustrate Theo-
rem 3.10.

turbations and ¢-mixing perturbations. For the former class, under the condition of
exponential stability of average equilibrium, the original system is exponentially prac-
tically stable in probability. For the latter class, under the condition of exponential
stability of average equilibrium, which is also an equilibrium of the original system,
the original system is asymptotically stable in probability. This is the first work on
infinite-time stochastic averaging for locally (rather than globally) Lipschitz systems
and represents an extension of the deterministic general averaging for systems with
aperiodic vector fields.

Appendix A. Some properties of p-limit and p-infinitesimal operator.
Let Ff = 0{X5, Y/, 0 < s <t} = 0{Vye, 0< s <t} = o{V,, 0 < s < L}, and
let Ef denote the expectation conditioning on F;. Let M€ be the linear space of
real-valued processes f(t,w) £ f(t) progressively measurable with respect to {Ff}
such that f(t) has a finite expectation for all ¢, and let M be one subspace of M€
defined by M= {f € M€ :sup,o E|f(t)] < oo}. A function f is said to be p-right
continuous (or right continuous in the mean) if for each t, E|f(t + §) — f(t)] — 0
as § | 0 and sup,~q E|f(t)] < co. Following [17, 27], we define the p-limit and the
p-infinitesimal operator A¢ as follows. Let f.foe M for each § > 0. Then we say
that f = p-lims_o f° if sup, 5 E|f°(t)] < oo and lims_,o E|f°(t) — f(t)| = 0 for each ¢.
We say that f € D(A®), the domain of A€, and A°f = ¢ if f and g are in M, and

For our need, the most useful properties of A€ are given by the following theorem.

THEOREM A.1 (Kurtz [17]). Let f(-) € D(A). Then MJ(t) = f(t) — f(0) —
fot A€ f(u)du is a zero-mean martingale with respect to {F¢}, and E[f(t + s)] —
fi) = tt+s Es [./léf(u)] du a.s. Furthermore, if T and o are bounded {Ff} stopping
times and each takes only countably many values and o > T, then E<[f(0)] — f(7) =
ES [ff Aef(u)du] If f(-) is right continuous a.s., we can drop the “countability”
requirement.
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Appendix B. Auxiliary proofs for section 4.2.

LEMMA B.1 (Kushner [18, Lemma 4.4]). Let £(-) be a ¢-mizing process. Let
Fb=0{&(s): 0 < s <t}, FP* = 0{&(s) : s > t}. Suppose that h(t) is bounded with
bound K > 0 and measurable on F°. Then |E [h(t + s)|F§) — E[h(t + s)]| < K ¢(s).

LEMMA B.2. g5(t) € Ms.

Proof. By (4.41),

T
(B.1) Glon) = Gl - Ga) = (P52 (atep) ~ alo))

Then we have that

(B.2)

oley) _ (6232(55))T (a(z,y) — () + (3“(5;’ i 3gf)>T W),

By (B.2), (3.12), (4.33), (4.33), (4.32), (3.9), and (3.11), we get that there exists
Cs > 0 such that for any x € D541 = {2’ € R" : |2’| < + 1} and any y € Sy,

(B.3) < (Cs.

9G (x,y)
ox

First, we prove that for any « = [x1,...,2,] € Ds, t > 0, and s > 0,

OE{[G(z,Y, /0]
ox

8@(3:, }/s/e)

(B.4) -

Without loss of generality, we need only prove that %ﬁ’yé’“)] = Ff [%}f’“)}

The proofs about the partial derivatives with respect to xo,...,, are similar. By
linearity of conditional expectation, the differential mean value theorem, and the
dominated convergence theorem for conditional expectation (cf. (B.3)), we obtain

aEf [G(CE, YS/E)]

B.5
(B.5) s
. Ef[Gar 4+ Azy, 20, .. w0, Yye)] — Ef[G(21, 32,20, V)]
= lim
Ax1—0 A$1
= lim FEf 8—é(x + 0Az,x Ty Ys/e) (where 0 < 0 < 1)
_Ar1—>0 t axl 1 1yL2y -5 dn, S/E
. oG
:Et Alxllnlﬂ)a—xl(xl+9A$17x27"'7xn7}/s/6)
.| oG
=Ly a—xl(fflafﬂm-wxmys/e) ;
. %ﬂ’yg/d] =FEy [%}f’“)} holds. For simplicity, we denote
2V(x)\" da(z,y)\" OV (x)
B. = :
(B Q) = (T2 ate + (22) 28
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Then we have that
(B.7)

[ i = (% S”))T [ ateutan ([ 2 y>u(dy))T ol

- (82£§$)>Ta(x> " (%—?}T wia)

where in the last equality we used [q Wu(dy) =2 s, a(z,y)u(dy), which can
be proved by following the deduction in (B.5). By (B.6), (3.12), (4.33), (4.32), and
(3.11), we get that for any x € R™ with |z| < §, and y € Sy,

(B-8) Q(z,y)| < (cs + ca)ks|al.

By (B.4), (B.2), (B.6), (B.7), the fact that Fy = .7-?;6, (B.8), Lemma B.1, (4.33), and
(4.34), we obtain that for any x € Dy,

(B.9)

[

75 (t)
5| [0 vy
5

:/ Ef[ T, Xs/e
TE(t) oz

€
75

- e/; Ef [Q(x,Yu) - Q(x,y)u(dy)]

T
OE{[G(z,Y,c)]
ox

T
OE{|G(x, Ys/c)]

ox ds

a(xvift/e)ds a(xvift/e)

€

5
S /
75 (t)
_5
ds = e/e Ef
0)

t
<

. T
0G(x,Yy)

a(xaift/e) Oz ‘| a(xay;f/e)

du

|CL($, }/t/e)| du

7€

)

= 6/; Etf {Q(%Yu) -
i)

€

Q) (Pu(dy) — Pu(dy) + u(dy»] lae, Yiy0) | du

Sy

7€

)

< [ [B[0@ V7] - ElQG Yo, Vi) du
s
—|—e/ﬂ

5
- S(t
< e el kel [, 6 (5= E2 )

€

|a(a:, }/t/e)‘ du

/S Q. y)(Pu(dy) — p(dy))

+ ev2cs5(cs + ca)ks|x| - kslz| [ . e 2'du
M
< €Oy (0)]z)? (see (4.35), (4.36), (4.37), (4.38)),

2 2
then; Co(8) = colestents 4 2vaes(cotedls - Honce, by (4.42), (B.9), (4.41), (3.11),
4.33),

(B10)  sup Ellg5(t)l] < sup B | Luersy - (IG(X)] + eCo(8) X7 )|

t>0 t>0
avx)\"_ )
o {[(%52)" o] roner]

<sup F
t>0
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< sup {63k5|3:|2 + 602(5)|x|2} < (ezks + €Co(0))6? < oo,

2| <6

and thus g¢§(t) € M. O
LEMMA B.3. p-lims o R 0 el (U g5(t)
.O. - ’ 57 =Js .
Proof. We prove a stronger result:

=g5(t) as.,

BV X sy tH )] = V(X e (5 1)
(B.11) (151{% s 5 s

BV(z) )

from which the statement of the lemma follows. Denote (=5=)" |.= Xic by V.I

(ng(t)). By (4.30), (4.31), (B.1), and the definition of VE(X6 (1) t), the property of
conditional expectation, we have that

'Et6 [VE(X:E(t+6’)7 t+ 5/)] - VE(X:E(t)v t)

6/
1 .
== {Et

V (qu-g(t+6’))
+ B V — d
(XS pnsn) B ,[aXf_e s Yare) — a(Xieprs } S
/rg(t ) ( 5(t+5)) o o £(t46") /) ( 6(t+6))

(B.12)

e
s

VI(XZewy) + /e(t) Vo (XZe()) B [Q(X;g(t)vys/e) - a(X;g(t))] ds] }
Ts

= BV X))~ V(X))

1 T(s (t+6 ) € € € = €
5 L Ve ) EE [ Yare) - a(Xy )] ds

75 (1)
17 ) E 6 o
+ 5 /e(t+5,) {Et |:V (X e(t_;’_(;/ ) ( (X‘rg(t-i-é’)’YS/E) - a(XTg(t+5,)))
Ts

—Ve(XZe ) (a(X%(t)a Ysse) — &(ng(t)))} } ds
. . . 1 [T (46 ) N
= 5 BV X)) V)= [ B[00 v0) s
s
42 / T [G(Xf Y, — G(XE )] d
- € Ny Ls/e T 7 S € S
o’ TE(t+8") ' sy e/ s e

2 090t 6") — g5 (1, 8") + g5° (£, 8).
Following the proof of (B.5), we get
. €,0 € € €
(B.13) B g5 (1,0) = lim < { BV (X 0)) — VXG0

T € € € e .
= lim Ef i (XTE(” o (Xfﬂ“ré/) B X75<t>)) (Xfﬂtw) - Xr;(t))
6’10 5
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€ € Te(t+6l) €
4 (X Chil ( T5(t+6") Xr;(t))) Jiwy " a(X Yay)du
= lim Ef
510 1)

€ € € t+6' €
v (XTW) 1o (XTW 5y~ XTM)) S (XS, Yy Huers yau
= lim F;
510 )

_VwT( (t)) (Xta}/t/e) I{t<TE}—VT( ) (X:a}/t/e) I{t<r§} a.S.,

(t+5" )
3 ! €
(B.14) [ls%r%gg ot,8") = flsl/lfé 5 /e(t) XTg(t)7Ys/e):| ds

TEN(+E) 5
1 t+6 ~
(15 5—/ E; [G(ng(t)a}/s/e)} Tts<rgyds
= é(Xrg(t)7 Vil jrarsy = G(X[ Yy 1arey  ass.

Following the proof of (B.13) and by (B.4), we get that

. €,0 . 1 7o € | A € ~ €
sim g (t,0) = lim < e E; [G(ng(t+5’)7 Yse) — G(Xrg(t)’}/;/f)} ds
Ts

= lim "’ ES G(XTs oy Yore) = G X7 Yoye) ds

510 TE(t467) t i o’

e [ AT € € €

. 5 e G, ( ey TOX e(iqey — Xrg(t))vys/e) (Xfe(trs) = Xrer) i

040 Jre(t467) ' &'
i [ B Gt (Xi(t X sy — X%(t))’ys/é)

040 Jre(t467) ' o'

t+6’
. / a(Xy, Yuse) fu<reydu| ds
t

TS }
= / (t) Eif |:Gz (Xtea sz/é) a(XtEa K/E)I{t<75}:| ds
s

{t<7s} e () oz

T

a(Xy, Y e)ds  as.,

_ye
r=X§

which together with (B.12)—(B.14), (4.41), and (4.42) implies that (B.11) holds. O
LEMMA B4, A5, (VE(XE (008 Taaryy) = 054(0), e,

plim Ef [VE(X:ZEM(tJr&)’ t+ 5) ’ I{t+5<7'fw}] - VE(X:—;V[(t)a ) I{t<'rM}
510 )

= gu(t)-
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Proof. As in the proof of Lemma B.3, we prove

. Ef [VE (X:;I(Hé)’ t+ 5)I{t+6<7'fw}] -V (X-;e—fw(t)’ t)I{t<7'1€u} e
lim 5 =gy (t) as.

(B.15)

oV (x)

Denote (=5 )Tlr:x%w(t) by V.I (X5 (1))- By the definition of V(X< (), 1), following

the proof of Lemma B.3, we get that

Ef[VAXZ (tqo)0 b+ M rs<rgy] = VAXEe ) D gecry,y
)
1 € € €
5 {Et V(XZe tra)) - Litro<rgy] = VXL ) 'I{t<7'fw}}
1 [mm(t+9)
)

Ef [G(XE ), Yogo)| ds

Thr (1)
1 Tt e | A € ~ €
+ g /E Et [G(X-,—;w(pr&)ays/e) - G(XTIEW(t)7YS/€):| ds
TM(t+6)

2 oMt 6) — g5 (£,0) + g5 (8,0),

where the functions g5 (-, ) and g5 (-, ) are the same as the corresponding ones in
(B.12) with & replaced by M. And so we need only to consider g™ (¢, 8). Following
the proof of (B.13), we get that

. —e,M . 1 € € €
151?01 g1 (t,6) = %fol 3 {Et [V(eru(t+5))j{t+6<‘rfv[}] - V(Xﬂr;/[(t))j{t<7—fu}}

i e |V s ura<ry = VXS @)l ey
510 ¢ 5
~ fim B V(X:;I(H&)) (I{t+5<‘rfw} - I{t<'rfw})
et 5
+lim B¢ (VXeg 010) — VXeg ) Tresri
50t 5
— 0+ lim B (V(X:;W(st)) - V(X:;w(t))) I{t<Tfu}
50 ¢ 5

_yT € €
= Vo (X2 9)a(X{, Yeye) - Lparg (e, )
= VzT(Xf)a(XtE? Y—t/e)I{t<‘r§/1} = ];slig g?M(tv 6)

Hence by the proof of Lemma B.3, we get that (B.15) holds. O
LEMMA B.5. Mf is a martingale relative to {Ff}.

_ Proof. For any s,t > 0, by Q4.59)7 the property of conditional expectation, and
AS, (VE(X%W(t), t) Tars,y) = Ay V(X5 (;)t) (see Lemma B.4), we have that
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(B.16) E[Mf+s M| Ff)

= F |:€2ﬁ(t+S)V€(X7€-§/I(t+S)’ t+ S)I{t+s<7-§/[} — 62’?tVE(X:I€W(t), t)I{t<7-§/[}

t+s
—/t 1Ay +29) (VE(XE, (1 ) fuers,) ) du ff]
+ E |:e2ﬁ/T;IV(X‘I€'K/I)I{T]€WSt+S} — €2ﬁ/T;IV(X7€-1€VI)I{T]€u§t} ’FtE:|

{8 [P et 49 FE] VR 00

—/tHSE[eW(A;ﬁ%) (VE( X (o )‘f}du}

29(t+s € €
- {E [8 Wy (XZe (t4s)rt+ ) (14575}

t+s
_/t B 2562 VE(XE () ) g,y | F du}
B [TV (X g <ot — €V (XEg Mg, < | Fi]
é gl(t,S,OJ) _92( ,S,OJ) +93( 7870'})'

For u > t, define f(u,w) = E [62'?(“)V6(X2 ) u)|Ff] (w). Then for any u > ¢, we
have (if u = ¢, we consider the right derivatlve)

flu+s,w)— f(u,w)

€ 29ty e €
]:t:| -V (Xwa(t)7t)I{t2Tfu}

’ T
f (U,W) - ig% s
L E FEIVXE (o F| - B [P OVe(Xy (0l F
~ 50 s
M .29(u+s) /€ € _ 2%uyse €
=lim F <’ v (XTFM(“"'S)’U + 8) etV (XTzew(“)7U) Ff
s—0 S t
[ (e27(uts) _ g29u VE(XEG U+ S)
_ i%E ( ) - 75 (uts) ‘/__.te‘|
2’yu (VE(XE u -+ S) VE(XE ))
. (u+ts)” T (1) e
+ lim £ - F;
s—0 S

= B [ (A +29) (V(XEg ) | 7]
and thus
t+s
(B.17) gi(t,s,w) = ft+s,w)— f(t,w) — f(u,w)du=0 as.
t
By the definitions of 75, and V¢(z,t), we have
(B18)  galt,s5,0) = B [PV Mraasryy | F] — VX M iry,)

t+s
2 29u € €
- /t E [276 V(X ) uzrs, ) ‘ft} du
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— 25(t+ 24t
=L [e B S)V(Xf-;{)[{wszr;w} —e’ V(Xf-;u)l{tzq-;u}

t+s
229U €
—/t 2’}/6 v V(XT;\{)I{UZTIEW}CZ’LL

f;] |

Now, we analyze the item within the conditional expectation on the right-hand side
of (B.18). For simplicity, let

(Blg) h(t7 570')) = e2ﬁ(t+S)V(X7€' ) : I{t—i—sZTfV[} - ezﬁtV(X: ) ’ I{tZTfM}

M M
t+s )
- /t 25e*7V (X5 ) - Tpuz g,y du.
Case 1: t + s < 75;(w). Then h(t,s,w) =0
Case 2: t > 75;(w). Then we have h(t, s,w) = e%(”S)V(X%V[) - 62&tV(X;;u) -
[/ 247V (X & Ydu = 0, since

M
29w €
d (e 5 V(XT&))
du,
Case 3: t < 75;(w) < t+s. Then by (B.19) and (B.20), we have h(t,s,w) =
0! s € t+s 50 24u € T3, €
IV (X5, ) — Jre 25e*1V (X5 Jdu = €AV (X5 ). A
Hence we have —ga(t, s,w) = —E [h(t, s,w)| Ff] = —E [e*77M V(X% Mit<rg, <t+s}
\F] = —B[MV(Xe ) Irg <trsy — €7V (X5 ) Iire <y | Fi], which implies
that —ga(t, s,w) + g3(t, s,w) = E[0|Ff] = 0 a.s. This together with (B.16) and (B.17)
provides that E[Mf, , — M{|Ff] =0 a.s. 0

(B.20) = 2§e*7V (X5, ).
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