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Invariant Manifolds and Asymptotic 
Properties of Adaptive Nonlinear Stabilizers 

Miroslav KrstiC 

Abstract- A classical question in adaptive control is that of 
convergence of the parameter estimates to constant values in 
the absence of persistent excitation. We provide an affirmative 
answer for a class of adaptive stabilizers for nonlinear systems. 
Then we study their asymptotic behavior by considering the prob- 
lem of whether the parameter estimates converge to stabilizing 
values-the values which would guarantee stabilization if used in 
a nonadaptive controller. We approach this problem by studying 
invariant manifolds and show that except for a set of initial 
conditions of Lebesgue measure zero, the parameter estimates do 
converge to stabilizing values. Finally, we determine a (sufficiently 
large) time instant after which the adaptation can be disconnected 
ut any time without destroying the closed-loop system stability. 

I. INTRODUCTION 

HILE in the case of persistent excitation (PE) the W parameter estimates in adaptive control converge to the 
actual parameter values, very little is known about asymptotic 
behavior of adaptive controllers in the absence of PE. A 
classical question is: does the parameter estimate 8(t) converge 
to a constant value when there is no PE? Even though in 
every adaptive system 8(t) i 0 as t i 00, this does not 
guarantee that e( t )  has a limit as, e.g., in the case of the 
function d(t) = sin(ln(1 + t ) ) .  The only estimation algorithm 
which is known to guarantee convergence of d(t) to a constant 
in the absence of PE is the least-squares algorithm. There are 
no convergence guarantees for the gradient and the Lyapunov- 
type algorithms. 

Since in the case of tracking sufficiently rich trajectories 
the parameter estimate not only has a limit but also converges 
to the actual parameter value, it is intuitive to expect that 
convergence is harder to achieve in the case of lack of 
excitation. For this reason, in this paper we address the extreme 
case of lack of excitation-the case of regulation to the origin, 
where the regressor vanishes. 

We study asymptotic properties of the newest member of 
the Lyapunov-based family of adaptive nonlinear stabilizers 
[151, 151, [4], 191, [13]-the adaptive backstepping design 
with tuning functions 191. We show that convergence of the 
parameter estimate to a constant value is always achieved. 
Then we consider the problem of whether the parameter 
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estimates converge to values which would guarantee stabi- 
lization if used in a nonadaptive controller. We approach 
this problem by studying invariant manifolds and show that 
except for a set of initial conditions of Lebesgue measure 
zero, the parameter estimates do convelge to stabilizing values. 
Finally, we determine a (sufficiently large) time instant T after 
which the adaptation can be disconnected at any time without 
destroying the closed-loop systlem stability. 

Our focus on a specific design (backstepping with tuning 
functions) is for clarity of presentation. The results of the paper 
can be easily extended to all other Lyapunov-based adaptive 
designs for nonlinear and linear systems with state and output 
feedback. 

This paper is organized as follows. Section I1 briefly reviews 
the adaptive backstepping design with tuning functions [9]. In 
Section I11 we show that parameter est [mates converge to con- 
stant values. Sections IV and V study stability and geometric 
properties of the adaptive system and lead to conclusions in 
Section VI about the stabilizing/destabilizing character of the 
asymptotic values of the parameter estimate. In Section VI1 we 
prove that the disconnecting of adaptation after sufficiently 
long time will not destroy the stability of the closed-loop 
system. We give extensive illustrations of the results through 
examples. 

11. TUNING FUNCTIONS DESI(;N-A REVIEW 
In this section we briefly review the adaptive backstepping 

design with tuning functions 1[9], [lo, ch. 41. We consider 
nonlinear systems 

transformable using a parameter-independent C"-diffeo- 
morphism x = x(C) into the strict-fecdback form 

where Q E lRp is the vector of unknown constant parameters, 
the elements of 4 = [ V I , .  I . p,] are smooth nonlinear 
functions taking arguments in IR", and 4(0) = 0. Because 
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4 ( 0 )  = 0, this system has an equilibrium at the origin 
IC = 0, and the control objective is to globally stabilize this 
equilibrium for any unknown value of 0.  

In [9] we designed an adaptive controller for (2) which is 
recursively defined using the expressions 

3.; = (XI,. . . , X i )  2 = 1,. . . ,R 

where cyo = 0, T~ = 0, and r = rT > 0. The control law is 

U = Q,(IC,  8) (7)  

and the parameter update law is 

This adaptive controller results in a closed-loop system of 
the form 

Z = A,(z, 8 ) z  + W ( Z ,  d)'e" 
eX = -rw(z, (10) 

(9) 

where ex = 0 - 8 is the parameter estimation error 

and 

The change of coordinates z = Q ( x , e )  is a global C"- 
diffeomorphism for each e. It is easy to show that 4 ( 0 )  = 0 
implies that Q ( 0 , e )  0. This can, in turn, be used to show 
that W(0.8) 0. 

Theorem 2. I [9]: The closed-loop adaptive system consist- 
ing of the plant (2) ,  control law (7),  and the update law (8), 
has a globally stable equilibrium (x, 8) = (0, 8 ) .  Furthermore, 
limt-"X(t) = 0. 

Since Q ( 0 , 8 )  5 0, Theorem 2.1 establishes that the equi- 
librium z = 0, e" = 0 of (9) and (10) is globally stable and that 

the solutions converge to the manifold 

that is, to the &subspace. 

111. ASYMPTOTIC CONSTANCY 

The following theorem establishes that the parameter esti- 
mate e"(t) converges to a constant value. 

Theorem 3.1: Consider the adaptive system of (9) and 
(10). There exists a constant vector 8, E Rp such that 
limt-"O(t) = 0". 

Proof: Consider the Lyapunov function 

1 1-, -1- v - - z T z + c - 8  r 8. 
n - 2  2 

In view of (1 l),  the derivative of V, along (9) and (10) is 
n 

k = l  

where CO = min{cl, . . .  ,en} .  Then it follows that z E &. 
Since W(0;  8) z 0 and z ( t )  and e(t)  are bounded functions, 
then there exists a number L such that iW(z(t),e(t)) l  5 
LIz(t)l.  Therefore (8) implies that 

le(t)l = irW(z(t) ,  e ( t ) ) z ( t ) l  I i(r)L(z(t)12. (16) 

Since z E L2, then d E L1. Let us now consider 
t .  

e ( t )  = e(0) + Jo j (7 )dT .  

The fact that 8 E C1 assures the existence of limtim s ,  e 
( T ) ~ T .  (An easy way to see this is to write Ji 8 ( ~ ) d ~  as a 
Lebesgue integral and perform the standard decomposition 

J,o,tl e"dX = J[o,tl 0 dX - s,o,tl 8 dX; since both j;O,tl 8 dX 

and s,o,t, 8 dX are monotonically increasing and bounded, the 
U 

An alternative lengthier proof of Theorem 3.1 given in the 
Appendix provides much more insight into the mechanism of 
parameter convergence. 

,+ . _  ,+ 
. -  

conclusion follows.) Hence, e"(t) has a limit. 

Iv .  STABLE AND UNSTABLE EQUILIBRIA 

Since each solution of the adaptive system converges to 
an equilibrium point on M ,  it is first of interest to determine 
which of the equilibria on M are stable and which are unstable. 
We consider an equilibrium (z, e) = (0, e.), where 8. # 8. In 
the sequel, we use the following notation: 
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Theorem 4.1: Consider the closed-loop adaptive system of 

1) globally stable if all the eigenvalues of Ae(Je )  have 

The adaptive controller is designed as 
(2), (7), and (8). The equilibrium (x,$) = (O ,&)  is 

= - CP1(x1)19 
dCPl(sl)T dtr1 8, -- 

da1 - 
8x1 
- - - C 1 -  &j = -(01(z1) 

negative real parts; 
2) unstable if at least one eigenvalue of A,(Je) has a 8x1 

positive real part. da1 dttl aQ1- 
U = -21 - C2Z2 + -x2 + ----cp&1)T0 + 7 6  

Proof: Using Lemma A. 1 in the Appendix, we transform ax1 d3-1 dI9 

(27) 
(9) and (10) into the form 

i = A,(&), + G(z ,  0) 
- (20) 

where e = le - 4 = - e"., and G ( z ,  e) and H ( z ,  e) satisfy 

eigenvalues of A,(&) have negative real parts. Since the 
equilibrium manifold x = h(e) = 0 is invariant and = 0, 
then x = 0 is a center manifold. The reduced system of (20) 

(21) 

is stable. By the center manifold theorem (reduction principle) 
[2, Th. 2, p. 211, the equilibrium ( z ,  B) (0,o) of (201, that 
is, (z, e )  = (0, e.), is stable. The stability property is global 

The resulting error system is 8 =  H ( z ,  8) 

(91). We first prove the stability part, assuming that all the (28) 

Let us denote 

(29) 
e = H ( 0 ,  B) = 0 

In view of (27) and (24), we have 

because Theorem 2.1 guarantees global boundedness. aw(0, & ) T e e  

The instability part, when at least one of the eigenvalues ax 
of A , ( @ )  has a positive real part, is immediate from the 
linearization theorem by noting that the linearization of (20) 
around the equilibrium ( 2 ,  e) = (0,O) is 

Then, with the notation Of (19), we Ket 

-e1 + (c'l(0)e. Ae(Je) = [-I + (cl + P : ( O ) Q ~ ) ~ > : ( O ) ~ ~  
(22) 

0 
Checking the stability condition involves a computation of 

(19). This computation can be simplified. In view of (6), let 
us denote 

The characteristic polynomial of A,(tIe) is then computed as 

s2  + (ci + c2 - ( ~ ; ( O ) & ) S  + Cic2 + 1 p ( s )  
2 -e 2 - ( C l  + e2 f 19CP:(0))CP;(O:ee + (CP;(o)) (0 ) . 

(32) 

By Theorem 4.1, the equilibrium (x. 8 I = (0 , ee )  will be stable 
provided the following two conditions are satisfied: 4 ( X l T  

C l  + C2 - p:(0)lfe > 0 (33 )  

(cpi(0)) (0") - ( ~ 1  + ~2 + Q$9i(O))p:(O)8". + ~ 1 ~ 2  + 1 > 0. 

(34) 

2 -  2 a N ( z ,  J)$(x)T. (23) 

Because $(x) vanishes for z = 0, then, with (23), we get the 

The equilibrium will be unstable if at least one of the inequal- 
ities, (33) or (34), is satisfied in the strictly reverse direction. 

. (24) We examine these conditions for two different nonlinearities: 
(pl(x1) = z: and cpl(z1) = 51 +XI. 

When cpl(zl) = z:, we have cp',(O I = 0, and (33) and (34) 
are satisfied for all @ E IR. Therefore, all the points on the 
&axis are stable equilibria. 

When cpl(z1) = 21 + x:, we have (pi(0) = 1. Let 

simpler expression 

= N(0,J")  
dW(0, @ ) T @  

82 

We now illustrate Theorem 4.1 with the following example. 
Example 4.1: Let us consider the second-order system with 

an unknown scalar parameter 

c1 = c2 = 1 and I9 = 2. Conditions (33) and (34) become 
(25) 

j.1 = 2 2  + Cpl(Zl)I9 
i . 2  = U .  

We define the error variables 
e e < 2  (35 )  

@ < a - &  or e " e > 2 + & .  (36) 

(26) Thus, the equilibria in the intlerval (fi, +CO) on the 8-axis 
are stable, and those in the interval :-m, A) are unstable. 
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Theorem 4.1 cannot decide whether the critical (boundary) 
point (z, 0) = (0, fi) is stable or unstable. 0 

Remark 4.1 (Critical Case): Theorem 4.1 does not cover 
the case where, in addition to eigenvalues with nonnegative 

parts. In this case, the z-system in (20) has to be decomposed 
as 

Z" = A,(B")z" + G,(x". z'. B) 

With the Lyapunov function V = x2 +8?, along the solutions 
of (40) we have V = 2z(cp(z) - -5). In the case ~ ( z )  = 
-5 - /xIx, the Lyapunov derivative becomes 

real parts, there are also eigenvalues of A e ( j e )  with zero real v = - 2 1 4 ~  5 o (41) 

and it follows that the equilibrium (x, 4) = (0, -1 + 0) is 
globally stable. However, in the case cp(x) = z + Iz/z, the 
Lyapunov derivative i s  

- 

0 =  H / ( z S ,  z c ,  e) 
where A,(8") has all eigenvalues with negative real parts, and 
Ac(8') has all eigenvalues with zero real parts. Let us denote 
by E" the (generalized) eigenspace corresponding to all the 
eigenvalues with zero real parts of the matrix diag{ A , .  A,. 0) 
(including p eigenvalues equal to zero). Then there exists 
locally an invariant center manifold W,",,(O) tangent to E" at 
( z s . z c , # )  = 0 and given by z s  = h(z".8) with h(0 .0)  = 

a''(",") = 0 = 0. To determine whether the 0, ? -as 
equilibrium (9, zc ,  6') = 0 is stable, we need to see if the 
equilibrium ( z c ,  e) = 0 of the reduced system 

While one might be tempted to conclude that the equilibrium 
(x. 8) = (0. -1 + Q) is unstable, (42) is not enough, as it does 
not satisfy all the conditions of Chetaev's theorem. Consider 
instead the function 

U = x2 - 4e2. (43) 

Lengthy calculation shows that 

( 3 8 )  which proves that U > 0 on the set Z' = A,(ee)zC + G,(h(z", e): zc :  8) 
e = H / ( h ( z C ,  e), zc ;  B) 

,o, = (124- < 1 I u(z,e) > O}. (45) 

Conditions of Chetaev's theorem (see, e.&., [7, Th. 3.31) are 
satisfied which proves that the equilibrium ( x , 8 )  = (0, - l + 0 )  
is unstable. 

is stable. It is important to realize two possible difficul- 
ties. While in the case where all the eigenvalues of A e ( i e )  
had nonzero real parts, the center manifold was simply the 
equilibrium manifold z = 0; in the case where & ( B e )  has 
eigenvalues with zero real parts, the manifold zs  = h(z";B)  
has to be separately determined. To do this, one, in general, v. INVARIANT MANIFOLDS AND CONVERGENCE 
has to use the approximation technique of [2, Th. 3, p. 251. 
After finding the center manifold, a much more difficult task 
follows-checking stability of the reduced system (38). 

The following simple example illustrates the stability anal- 
ysis at a critical point where Theorem 4.1 fails to provide 
an answer. The example is contrived so that approximate 
computation of the center manifold is avoided. 

Example 4.2: Consider the scalar system 5 = cp(x)6' + U 

for which we design the adaptive controller U = -z - p(z)d 

and the update law 8 = imp(z) .  The closed-loop system is 

x = --5 + cp(x)Q 
L 1  

8 
0 = --zcp(z). 

(39) 

We consider two cases: cp(z) = x+ 1 x 1 ~  and ~ ( - 5 )  = -5 - /xIx. 
In both cases, Theorem 4.1 establishes that the equilibria on 
the interval (-1 + 0,  +CO) of the 8-axis are stable, while 
those on the interval (-CO, -1 + 6') are unstable. It does not 
say anything, however, about the stability of the equilibrium 
(z, 8) = (OL-1+6 ' ) .  Introducing the new variable e = e- 1 = 
-1 + 6' - 8, we rewrite (39) as 

While Theorem 3.1 establishes that each solution of the 
adaptive system converges to an equilibrium point on M ,  
Theorem 4.1 determines whether a given equilibrium point 
is stable or unstable. We now determine which parts of M are 
attractive and which are repulsive. 

Let us categorize the equilibria on M into the following 
four sets: 

n 

S" = n{(.,e) M I R ~ x , ( A , ( B ) )  < 01 (46) 

S" = n{(.,a) E M I R ~ x , ( A , ( ~ ) )  > 01 (47) 

se = U { ( ~ , 8 )  E M j R~ x,(A, (8)) = 0) (48) 

S'" = M \ (S" U S" US'). (49) 

2 = 1  

n 

2 = l  

n 

Z = 1  

An example of these sets for n = p = 2 is given in Fig. 1. 
The set S" is, by Theorem 4.1, a set of stable equilibria. 

The set S" is the set of unstable equilibria in M where all n 
eigenvalues of Ae(8) have positive real parts. The set Ss'L is a 
set of unstable equilibria at which Ae(@ has eigenvalues with 
both negative and positive real parts but no zero real parts. 
The set S" U S"" is the set of unstable equilibria from the 
second part of Theorem 4.1. 
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equal to zero and n eigenvalue,s with negative real parts. Let 
E" = M and E" = M I  denote the (gcneralized) eigenspaces 
corresponding, respectively, to the eigenvalues equal to zero 
and the eigenvalues with negative real parts. Then, by the 
center manifold theorem,' [3, Th. 3.2.1 1, there exists locally a 
unique smooth invariant stable manifold W,",,(X") which is 
tangent to E" at X "  and orthogonal to M .  There also exists an 
invariant center manifold W & ( X " )  which is a subset of M 
around X " .  By [l,  Th. 2.7.21,' tlhe flow of (20) is topologicaZly 
equivalent3 to the flow of the !system 

Re A2 > 0 

R~ x2 < 0 

S" 

S" 
Fig. 1. Example of sets S ' .  S" .  S"". S", in the &plane for n = p = 2 .  

The set S" is a set of equilibria at which at least one of the 
eigenvalues of Ae(8) has zero real part. In Lemma A.2 we 
prove that the set S" has Lebesgue measure zero in M .  Each 
of the sets S", S". S"" is open in M ,  and its boundary is 
smooth. The set S" is the boundary of S" U S" U S"". Since 
Ae(o) depends on 0 through e, the designer cannot a priori 
determine S", S", Ssu,  S". 

Example 5. I (Example 4.1, Continued}: Consider (28) with 
cpl(z1) = 2 1 ,  e1 = e2 = 1, and i9 = 2. We will now determine 
the sets S". S", S"", S". The matrix A ,  from (31) has the form 

so the characteristic polynomial (32) becomes 

p ( s )  = s2 + os + ez - 2. (51) 

The eigenvalues of A, are 

One can now verify that 

which implies that 

S" = ((ic,8) E M  I e E (JZ,+w)} 
S" = {(z, e) E M I e E (-m, -a)) 

S"" = {(z,e) E M I e E (-JZ,&)} 
S" = {(x, 8) E M 1 8 E (-Jz, A}} 

(53) 

d = - 2 ,  z t: WP,,(X") 

e = 0, e IF W,",,(X"). 

Therefore, solutions can converge to X' only along the 
stable invariant manifold W&( X"). With this discussion we 
conclude that X" E S" is not only a stable equilibrium (as 
established by Th. 4.1) which nnay attract some solutions, but 
it does attract those and only those solutions that contain points 
on W & ( X " ) ,  that is, the solutions that are orthogonal to M 
at X " .  

After establishing that S" belongs to the "attractive part" 
of M ,  we need to see whether all of the system solutions are 
attracted to S". 

Let us now turn our attention to S". Consider an equi- 
librium point X "  = (0.8") E S". The linearization matrix 
diag{ A ,  (e'), 0} has p eigenvalues equal to zero and n eigen- 
values with positive real parts. Let E' = M and E" = M I  
denote the (generalized) eigenspaces corresponding, respec- 
tively, to the eigenvalues equal to zero and the eigenvalues 
with positive real parts. Then, by the center manifold theorem 
[3, Th. 3.2.11, there exists locally a unique smooth invariant 
unstable manifold W;",,(X') which is tangent to E" at X "  
and orthogonal to M .  There also exists an invariant center 
manifold W & ( X " )  which is a subset of M around X " .  The 
flow of (20) is topologically equivalent to the flow of the 
system 

d = x. x E W;l,,(X") (61) 
e = 0, e E W,C,,(X"). (62) 

Therefore, no solution can converge to X" E S". 
Now consider X e  = ( O , d e )  E SS7'. The linearization 

matrix diag{A,(oe), 0} has p eigenvalues equal to zero, m > 
0 eigenvalues with negative real parts, and n - m > 0 
eigenvalues with positive real parts. Let E" = M ,  E" I 
M ,  and E" I 111 denote the corresponding (generalized) 
eigenspaces. Then, by the center manifold theorem, [3, Th. 
3.2.11, there exist unique smooth invariant stable and unstable 
local manifolds, W,",,(X") andl W & ( X " ) ,  which are tangent 
to E' and E" at X ' ,  respectively, and orthogonal to 111. There 
also exists an invariant center imanifold W&,(X") which is a 

(54) 

( 5 5 )  
(56)  
(57)  
(58) 

where 1M is the &axis. These sets are shown in Fig. 2. 
Let us consider an equilibrium point X "  = (2, 4) = (0, 8.) 

on M .  The linearization of the system of (9) and (lo), accord- 
ing to (20)3 has the system matrix diag{Ae(ee), ' 1 .  Now let 
X' E 5"  in which case the linearization has p eigenvalues 

'See also, e.g., [ I ,  Th. 2.7.11, [6], and [16, l'h. 1.1.31. 
'For a detailed proof, see 18, Th. 4.11. (See also [16, Sec. 2.2D and P. 

2371.) 
3Two flows, &(.) and &(.), are said to be topologically (CO) equivalent 

if there exists a homeomorphism k ,  taking orbits of yt onto those of tbt, 
preserving their orientation. 
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S" S" SSU S" SS  
I I 

Re XI < 0 fi Re X1,2 < 0 8 
Re Xz  > 0 

-fi Re X1,2 > 0 

Fig. 2. Categorization of equilibria on M into sets S". S". S s L 1 .  S' 

subset of M around X " .  The flow of (20) is topologically 
equivalent to the flow of the system 

We summarize the argument presented in this section in the 

Theorem 5.1: Consider the adaptive system of (9) and 
> zs  E w,s,,(Xe) (63) (10). Solutions starting from almost all initial conditions 

(z(0),8(0)) E IRn+p converge to the set of stable equilib- 
ria S". The set of initial conditions that generate solutions 
converging to either S"" or S" has Lebesgue measure zero in 

following theorem. 

i" = -z" 

2" = z", z" E W & ( X " )  (64) 

(65) e = 0, e E W,c,,(xe). 

Therefore, solutions converge to X" only along the stable 
invariant manifold W;, ( X " ) .  

Thus, we have found so far that (some) solutions converge 
to S" U S"", and no solutions converge to S". Let us now 
denote the flow generated by (20) as $t( . ) .  Then we can 
define the global stable invariant manifold of an equilibrium 
X" E S" US"" by using points on the local manifold as initial 
conditions 

W"(X") = U 4t(w,s,,(Xe)). (66) 

W"(S") = U 4t(~,S," (S") )  (67) 

,"(SSU) = U $t(W,S,,(S"")) (68) 

t<o 

Using this definition, we introduce open invariant sets 

t<o 

tso 
as the sets of all solutions converging to S" and S"", re- 
spectively. The set U" = W " ( S " )  U W"(S"") is open in 

The only subset of M whose attractivity we have not studied 
yet is S". Let us denote the set of all solutions converging to 
Se as U".  We have thus characterized all the solutions that 
can converge to M :  they belong either to U s  or to U". Since 
Theorem 2.1 guarantees that all the solutions of (20) converge 
to M ,  it follows that = U" U U" (these two sets contain 
the entire M ,  including the points in S"). This means that we 
have partitioned the solutions into three sets: 

1)  W"(S") :  solutions that converge to stable equilibria in 
M ;  this set has a positive Lebesgue measure in 
because, as we shall see, IRn+p \ W " ( S " )  has measure 
zero. 

2) W" (S""): solutions that converge to unstable equilibria 
in S"'L E M ;  this set has Lebesgue measure zero4 
in because for each X" E S"" c M ,  the set 
W"(X") is a manifold in IRn+p of dimension no larger 
than n - 1. 

3) U": solutions that converge to equilibria in S"; in 
Lemma A.3 in the Appendix we show that this set has 
Lebesgue measure zero in lR"+p. 

IRn+p .  

I R ~ + ~ .  NO solutions converge to S". 

VI. STABILITY OF NONADAPTIVE CONTROLLERS 

Now we address the main question of this paper: does the 
adaptive controller "converge" to a stabilizing nonadaptive 
(constant) controller? More specifically: suppose the adaptive 
system has "run" until t = 00; substitute the constant pa- 
rameter estimate 8(m) in the nonadaptive controller applied 
to the same plant with a new set of initial conditions; is the 
equilibrium z = 0 stable or not? 

Let us consider (9) with I? = 0 and e = const. Recalling 
from the definition (12) that ajk(z, 8) has I? as a factor, in 
view of ( l l) ,  we conclude that A,(z, 8)lr=o = Ao. Therefore, 
(9) with r = 0 and B = const. becomes 

i = A ~ Z  + W ( X ,  8)'lr=oS. (69) 

We prove in Lemma A.4 in the Appendix that the linearization 
of this system around the equilibrium x = 0 is 

S i  = A,(B)Sz. (70) 

Recalling Theorem 4.1, we conclude that the sufficient con- 
ditions for local exponential stabilityhnstability of the equi- 
librium z = 0 of the nonadaptive system are the same as 
the sufficient conditions for global stabilityhnstability of the 
equilibrium (x, e) = ( O , e e )  of the adaptive system. 

Let us introduce the sets: 6" as the set of values of dAsuch 
that all eigenvalues of Ae(8) have negative real parts; 0" as 
the set of values of 8 such that all eigenvalues of A"(@ have 
positive real parts; 6"" as the set of values of e such that 
A, (s) has eigenvalues with both negative and positive real 
parts but no zero real parts; 6" as the set of values of 8 such 
that A, (e) has eigenvalues with zero real parts. These sets can 
be related to the sets of points on M as follows: 

sa = (8 E IRp I (0,8) E S a } ,  Q E { S , U , S U ,  c } .  (71) 

For 8 E &, the nonadaptive controller achieves local expo- 
nential stability of z = 0. For e E 6"" U &, the nonadaptive 
controller results in instability of z = 0. For 8 E e", the 
nonadaptive controller may be either locally stabilizing or 

4For a more detailed analysis of measure of global invariant manifolds of 
equilibria, see [ 111. The following corollary now follows from Theorem 5.1 
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Fig. 3. 
attain parameter estimate values that are destabilizing for the nonadaptive system. The manifolds 
conditions close to the 8-axis and on the eigenspaces E" and E". Manifold W" was obtained by simulation in reverse time. 

Stable (W ' )  and unstable ( W u )  invariant manifolds of unstable equilibria in S"'. Solutions that converge to the unstable equilibria along 1.V' 
and W" are determinei by simulations with initial 

Corollary 6.J: Consider the adaptive system of (9) and 
(10). For almost all initial conditions ( x ( 0 ) ,  e ( O ) )  E lFtn+p, 
the parameter estimate e(t)  converges to 6". The set of initial 
conditions such that e( t )  converges to either 6"" or 6' has 
Lebesgue measure zero in RRn+p. The parameter estimate e( t )  
never converges to 0". 

This result is somewhat surprising. Even though the adaptive 
controller globally stabilizes the equilibrium (x, 8) = (0, O), its 
parameter estimate e(t) may converge to values in 6"" which 
result in instability of the equilibrium z = 0 of the nonadaptive 
system! This can happen, however, only along the invariant 
manifold W"(S"") whose measure is zero in the state space of 
the adaptive system. Furthermore, since W" (S"") is repulsive, 
any perturbation will divert the solution away from S"", and 
Q(t )  will1 converge to eS. Still, it is fair to say that the presence 
of W"(S'") influences the asymptotic behavior of the adaptive 
system in the sense that if the initial condition is very close to 
W'(S"'), then the solution will stay close to it for a long time 
but only to be eventually repelled by S"" and attracted to S". 

It is important to note that while the nonadaptive controller 
with 8 = 8 guarantees global asymptotic stability (because the 
closed-loop system is Z = Aox), all other Q E e", in general, 
guarantee only local asymptotic stability. 

Remark 6.1: A special case of particular interest is when 
the plant is linear, namely, the case where = Q ( Q ) x ,  
and each entry of the matrix Q ( 8 )  is linear in 8. By virtue of 
(23), we have 

By examining the definitions of the stabilizing functions a,, 
one can observe that for I' = 0, they are linear in x which 
implies that there exists a nonsingular matrix TI (6) such that 
x = Tl(8)x, and moreover, there exists a nonsingular matrix 

T2(e) such that N ( x ,  8)lr=o = T2(8). Therefore 

which implies that (69) is linear 

i = Aoz + T~(~)Q(~)TI(~)-'z 4 A,(B)z. (74) 

Therefore, the conclusions of Corollary 6.1 are global: for 
almost all initial conditions, the parameter estimate converges 
to globally asymptotically stabilizing values, etc. 

With the following example we illustrate the fact that some 
solutions converge to S"". 

Example 6.1 (Example 5.1, C0ntinut.d): Let us return to 
(28) for which we determined that the set S"" is the 
interval (-&, A) on the &axis which implies that 6"" = (-a, a). Let us consider a point (x. e) = (0,de) in S"". 
With (52) and (50), we calculate the eigenspaces 

(75) 

of the matrix diag{A,(8), 0} corresponding to the eigenvalues 
XI and Xz, respectively. Therefore, there exist stable and 
unstable invariant manifolds, W" arid W", at each point 
in S"". These manifolds are shown in Fig. 3 for a set of 
points in the interval (0.6.1) c 6$.. Even though these 
points are unstable, solutions along W" converge to them. 
The parameter estimate values tlhat they attain are destabilizing 
for the nonadaptive system. However, as we established in 
Theorem 5.1, the solutions corivergin5 to S"" have measure 
zero-almost all solutions converge to S". This set, defined 



R24 IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 41, NO. 6, JUNE 1996 

Fig. 4. 
inside the region of attraction of z = 0 for Xi. 

Adaptation can be disconnected after X ( t )  has entered the ball where e is an asymptotically stabilizing parameter estimate for Cg, and x is 

in ( 5 3 ,  is the interval 6' = (a, +ea) on the &axis 
which corresponds to the stabilizing parameter estimate values 
for the nonadaptive system. In fact, according to Remark 
6.1, the parameter estimate values from 6' guarantee global 
asymptotic stability because the plant (25) with 'pl(z1) = 2 1  

is linear. 
Next we give an example where the entire &axis is S" .  
Example 6.2 (Example 4.1, Continued): Let us consider 

(28) with cpl(z1) = zs for which we found in Example 
4.1 that S" is the entire &axis. Therefore, all the solutions 
of the adaptive system converge to stabilizing values of 
the parameter estimate. This is not surprising because the 

asymptotically stable for all B E R, since all the nonlinear 
terms are quadratic or higher order in 21. However, only 
the parameter estimate 8 = B guarantees global asymptotic 
stability of the nonadaptive system. 

nonadaptive system i = [ I; lfC2]z + [ c l + 2 z 1 ~ ] z ~ #  1 is locally 

and the closed-loop nonadaptive system 

In the last section we observed that system Ce is obtained by 
setting r = 0 in system C. 

The answer is provided by the following theorem. 
Theorem 7.1: Consider (76). For each initial condition 

(z(O), e ( 0 ) )  in W s ( S s ) ,  i.e., for almost all initial conditions 
in Rn+p, there exists a finite time instant T 2 0 such that if 
r is set to zero at any time instant t 1  2 T ,  the solution z ( t )  
of (77) remains bounded and limt+oo z ( t )  = 0. 

While it is almost obvious that adaptation can be discon- 
nected at some time instant T ,  here we stress that adaptation 
can be disconnected at any time after some T. 

Proofi By Theorem 5.1, all solutions of (76) with initial 
conditions in W " ( S " )  converge to points in S" which is a 
set of stable equilibria. Let us consider a solution X ( t )  = 
( ~ ( t ) ,  8 ( t ) )  converging to X ,  = (0, e,) E S". The idea of 
the uroof is uresented Dictoriallv in Fig. 4. 

VII. WHEN TO TURN THE ADAPTATION OFF? 

The last problem we address is of practical importance: de- 
termine a (sufficiently large) time instant T SO that adaptation 
can be disconnected at any time after T without destroying 
the closed-loop system stability. 

Let us consider the following two systems: the closed-loop 
adaptive system 

Since X ,  is a stable equilibrium and the set S" is open in 
M ,  then there exists R > 0 such that 

Ix(to) - X,j < R 
1 
2 

+ I X ( t )  - X,I < -dist(X,,aS"}, V t  2 t o  X = A , @ ,  8 ) z  + W ( z ,  
e = -nqz, (78) 

C: L (76) 
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Fig. 5. 
parameter estimate at four different stabilizing values, and the four nonadaptive trajectories (solid curves) remain bounded and converge to z = 0. 

Behavior after disconnecting adaptation. The dotted curve shows a trajectory of the adaptive system. The disconnection of adaptation freezes the 

where dS" denotes the boundary of S". Since dist{X,, 8s") 
= dist{8,,86"}, then (78) means that once the solution 
X ( t )  enters the ball of radius R around X,, the parameter 
estimate 8(t)  will remain inside the set 6" of (locally) stabi- 
lizing values. Because the equilibrium z = 0 for Cg, 8 E 6" 
is, in general, only locally stable, we cannot say that T is the 
instant when X ( t )  enters the ball of radius R around X,, 
because z (T )  may be outside the region of attraction for CJ. 

Let us define the set 

which is the set where 8(t)  remains after X ( t )  enters the ball 
of radius R around X,. Denote by p i  the radius of the largest 
ball (around the origin) which is strictly inside the region of 
attraction of the equilibrium z = 0 for the nonadaptive system 
Ce. Since 6, is chosen as in (79), i.e., separated from 0" by 
a boundary layer, then 

is positive. By virtue of the stability of the equilibrium X,, 
there exists T > 0 such that 

IX(t") - X,I < T =+ I X ( t )  - X,I < p, vt 2 t o .  (81) 

From (78) and (81) it follows that 

I X ( T )  - X,I < min{R,r} 
1 
2 

+ IX(t1) - X,I < - min {dist{8,, aes } ,  p> 

+ e(t1) E 6, and Iz(t~)l < p (82) 

for all tl 2 T .  Hence, for any tl 2 T ,  8 will be an 
asymptotically stabilizing parameter estimate for Ce, and z 
will be inside the region of attraction of z = 0. Since 

min{R,r} > 0 and X ( t )  - X ,  -+ 0, then T < 00 which 
completes the proof. 0 

Let us now illustrate Theorem 7.1 with an example. 
Example 7.1 (Example 5.1, Continuzd): Let us return to the 

adaptive system of (28) for which we determined that the 
set S" is the interval (&, CO) on the &axis which implies 
that 6" = (fi,00). The dotted curve in Fig. 5 shows a 
trajectory of the adaptive system. This trajectory starts ^from 
( z l , z2 ,8 )  = (.l, .1, -4.5) and converges to ( z ~ , z z ,  6) = 
(0,0,2.5657) E S". The four solid curves represent trajec- 
tories of the nonadaptive system after the adaptation has been 
turned off. The disconnection of adaptation after T = 3.7 
freezes the parameter estimate at four different values in 6', 
and, as expected, the trajectories converge to z = 0 (in four 
different horizontal planes). It i s  very important to note that in 
this example we have dealt with a linear plant ((PI(XI) = XI), 
so according to Remark 6.1, the parameter estimate values in 
6" guarantee global asymptotic stability of the nonadaptive 
system. 

VIII. CONCLUSION 

Proving that the parameter estimates converge to constant 
values enabled us to study asymptotic: properties of adaptive 
nonlinear stabilizers. We showed that except for a set of initial 
conditions of measure zero, the parameter estimates converge 
to stabilizing values. Finally, we showed that no instability 
will occur if adaptation is disconnected after sufficiently long 
time. This is important for praciice whi:re after long adaptation 
the identifier no longer "follows" the plant but the noise. 

While extending the results of this paper to other adaptive 
control schemes (those that are not L,yapunov-based) for the 
case of equilibrium stabilization may not be difficult, the 
extension to the case of tracking is expected to be far harder. 
The main reason is that our asymptotic constancy argument for 
the case of stabilization cannot Ibe directly extended to the case 
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of tracking. Even though we know that the estimates converge 
both for the stabilization case and for the case of tracking rich 
trajectories, the nonzero nonrich case is still elusive. 

APPENDIX 

Alternative Proof of Theorem 3.1: Theorem 2.1 guaran- 
tees that 8 and z are bounded. By the Bolzano-Weierstrass 
theorem (see, e.g., [14]), there exists a sequence { t z }  with 
t, i 00 as i + 00 such that the sequence j ( t z )  has a limit e, E IRP 

e"(tt) + e", as i + 00. (83 )  
_ x x  

Let us introduce 8 = 8 - 8, = 8, - 8, and for t E [ tZ. t,+l] 
consider 

e ( t )  = e @ )  + ltt B(T)dT. 

lV(t)l I le(t%)l + h ( r ) L S t  l+)l2dT. 

(84) 

In view of IW(z(t),e(t))l 5 Llz( t ) / ,  we have 

(85 )  
t ,  

From (15) it follows that 

x(le(ti)l + lg(ti+l)l + 21gml)] (89) 

where X(r) and x(r), respectively, denote the smallest and the 

t E [ti,ti+l] also tends to 00. Since Theorem 2.1 established 
that z ( t )  i 0 as t i 00, and because of (83), the right-hand 
side of (89) tends to zero which means that 8( t )  i 0, i.e., 

Lemma A.1: The system of (9) and (10) can be rewritten as 
B(t) + e,. 0 

where = 0. - 8 = e - e., and G(z,  e) and H ( z ,  e) satisfy 

=0 dG(0, e) 
= 0, ~ ai7 G(0,O) = 0.  ~ d z  

= 0. 
dH(0 ,  e) 

= 0, ~ 

d H ( 0 ,  8) 
a8 d z  

aG(O? 0) 

H(0 .8 )  = 0. ~ 

(91) 

Proof: Recalling the definition of ajk(z, e) in (12), and 
noting that W k  vanishes for z = 0 because of $(o) = 0, in 
view of (1 1 j, we conclude that A, (0 , e )  Ao, and there exists 
a smooth vector-valued function Gl (z ,  e) with Gl (0 , e )  0 
and = 0 ,  such that az - 

A,(z, S)z  = A,(O, 8)z + G ~ ( z ,  e).  (92) 

Since W(0, 8) 3 0, then there exists a smooth vector-valued 

such that 

aGz(O 4.) = 0 function G2(z.Be) with G2(0,8") = 0 and - 

Introducing a new variable 0 = 8. - 8 = - e"", we conclude 
that there exists a smooth vector-valued function G ~ ( z ,  e) with 
G3(0:8)  = G 3 ( z , 0 )  = 0 and 
such that 

dGs(O 0 )  = 0 aG3(_0,0) - 0 
? ae - 

- 

z + Gz(z ,  S e )  + G3(z, 8). aW(0, 
W ( z .  8)'s = 

d z  
(94) 

Since W ( O . 8 )  z 0, then there exists a smooth vector-valued 
function H ( z ,  e )  with H ( 0 ,  e) E 0 and E 0 such that 

Denoting 

G ( z ,  8) = Gl(z ,  8. - 8) + G ~ ( z ,  8.) + Gg(z ,  8) (96) 

in view of (92), (94), (19), and (95), we obtain (90). The 
0 properties of GI ,  Gz, G3, and H ,  imply (91). 

largest eigenvalue of I?. Now we let i i 00 which means that Lemma A.2: The set S" has measure zero in M .  
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Proqf: It is a tedious exercise to show that the matrix 
~- aw(o,e)rs has the form 

a z  

where p i j ( T i j )  is a polynomial function of degree 
with the argument 

Tij = { t k l ,  k = i , . . . , j ;  1 = k ; . . , j } .  

In addition, pii  is an identity function, i.e., pii (Ti i )  
p i j  = 0 for ,J' > i. The quantities t k l  are defined as 

d$Dk(0;.  ' .  ] 0)T4 
3x1 

t k l  = 

(97) 

Z- j+ l  

(98) 

= t i i ,  and 

(99) 

~ ' r -  
so T p  is a polynomial in e that vanishes for e = 0. For 
example, in the case n = 2, we have 

aw(o; 8 ) T Q  

d z  

( 1 00) 

Let us now consider A,(e) a Ae(e) .  With (97) and the above 
properties of pZJ(TZ3),  it is easy to verify that 

det(s1- AP(e))-' 

= sn + (d,-l + ql(TI,))s"-l + . . . 
+ (dl + %-1(T1,))S1 + do + Iln(T1,) (101) 

+ dTL-lsn-' + . . . + dlsl  + do where dct(s1 - Ao)-l = 
[recall (IS)], and each q2(TITL) is a polynomial function of its 
argument, vanishing at Tln = 0. Using Vikte's formulas, it 
is easy to see that if all the coefficients of a polynomial are 
zero, then all of its roots have zero real part (the converse is 
not true in the case of conjugate pairs on the imaginary axis). 
Thus, the ret S" is contained in the set 

so = {e E IRP I d, + qn-z(T1n(e)). 7. = 1.. . . . n} .  (102) 

Since d, > 0 and qn-t(T1n(g)) is a polynomial function 
of e vanishing at 8 = 0, then the set So consists of n 
hypersurfaces of dimension no higher than p - 1 in the p-  
dimensional manifold M .  Thus, S" E So has measure zero in 
M .  0 

Proof: Consider an equilibrium X "  = (z, 8) = (0,8') E 
S". We know that it may have a stable invariant manifold 
W'(X'), an unstable invariant manifold W u ( X e ) ,  and it has 
a center manifold W ' ( X ' )  of dimension at least p + 1. We 
first show that no solution in W " ( X " )  can converge to X". We 
start by noting that at least one of the eigenvalues of At.(&) 
has a zero real part and proceed with a proof for the case of 
a single zero eigenvalue (the extension to other possible cases 
is straightforward). Denote by C E EL" a vector such that 

Lemma A.3: The set U" has measure zero in 

Consider now formally 

With (92) and (93) we get 

Let S be a positive constant. From (103) we obtain 

Recalling that G1(0;8") E G2(Oi8") 0 and = 
a G z ~ ~ ' o p )  0, we see that the numerator in (107) is quadratic, 
while the denominator is cubic in S. 'Therefore 

for sufficienily small S > 0. (108) 

If a trajectory in W"(X") were to converge to X", it would 
need to do so tangentially to C (orthogonal to M ,  as a 
consequence of the fact that stable and unstable invariant 
manifolds of equilibria around X "  art: orthogonal to M ) .  In 
other words, as S ---f 0, the expression in (106) would need to 
tend to zero. This is impossible due to (108) which is not only 
positive but even tends to infinity as S + 0! Only solutions 
in W'(X") can converge to X" E Se, that is, U" = W'(S') .  
The manifold W"(X") is of dimension no higher than n - 1, 
and since, by Lemma A.2, S" is of measure zero on the p-  
dimensional manifold M ,  then U' = W s ( S c )  is of measure 
zero in I R n X p .  U 

Example A. 1 (Example 4.2, Cmtinuedj: We illustrate Lem- 
ma A.3 with Fig. 6 where solutions in the neighborhood of the 
critical point ( x .  4) = (0.1) are given for both cp(z) = 2- (X(X 
(solid) and p(z) = z + ~ X / T  (dashed), starting from the 
same initial conditions. Note rhat the entire phase plane is 
the center manifold of the critical (equilibrium. While for 
cp(z) = z+lzlz we proved that the critical point is unstable, so 
the solutions certainly do not converge to it, even the solutions 
for p(z) = z - /z(z for which the equilibrium is stable, goes 
"around' the critical equilibrium, heading toward equilibria 
with a stabilizing value of ex. This is cclnfirmed by the fact that 
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0.5 
-0.3 -0 2 -0 1 0 0 1  0.2 03 

X 
Fig. 6. Solutions for y ( z )  = z - Irclx (solid) and y ( x )  = s + / s / x  (dashed). As proven in Lemma A.3, neither converge to the critical point ( x ,  j) = ( 0 , l ) .  

LemmaA.4: The linearization of the system i = Aoz + 
Pro08 The linearization around the equilibrium z = 0 is 

W ( ~ , d ) ~ I r = o i  is S i  = A,(d)Sz. 

Because d(x) is independent of r and 4(0) = 0, then, in view 
of (23), we have 

awio, e)Tlr=os 
d z  

n-I 

n-I  
11 l z = 0  r=o 

where the last matrix is obtained as an expression for 2 
by noting that x; = zi + c11,-1. By carefully examining 
definitions of the stabilizing functions a%, one can observe 
t h a t f o r i = l , . . . , n ,  I;= l , . . . , i - l , a n d f o r a l l r € E I R p X p  

By substituting (1 12) and (1 13) into (1 I1  j, we obtain 

(1 14) 
- aw(0, e y e  
- 

d z  
which, in view of (19) and (110), completes the proof. i? 
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