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Abstract

We extend several recent results on full-state feedback stabilization and state estimation of
PDE–ODE cascades, where the PDEs are either of heat type or of wave type, from the previously
considered cases where the interconnections are of Dirichlet type, to interconnections of Neumann
type. The Neumann type interconnections constrain the PDE state to be subject to a Dirichlet
boundary condition at the PDE–ODE interface, and employ the boundary value of the first spatial
derivative of the PDE state to be the input to the ODE. In addition to considering heat-ODE and
wave-ODE cascades, we also consider a cascade of a diffusion–convection PDE with an ODE, where
the convection direction is ‘‘away’’ from the ODE. We refer to this case as a PDE–ODE cascade with
‘‘counter-convection.’’ This case is not only interesting because the PDE subsystem is unstable, but
because the control signal is subject to competing effects of diffusion, which is in both directions in
the one-dimensional domain, and counter-convection, which is in the direction that is opposite from
the propagation direction of the standard delay (transport PDE) process. We rely on the diffusion
process to propagate the control signal through the PDE towards the ODE, to stabilize the ODE.
& 2009 The Franklin Institute. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

We consider cascade connections of PDEs, whose states are denoted as uðx; tÞ, where
tZ0 is time and x 2 ½0;D$ is the spatial domain, and ODEs whose states are denoted as
X ðtÞ 2 Rn. ODE systems of the form

_X ðtÞ ¼ AX ðtÞ þ Buð0; tÞ; ð1Þ

with PDE systems of the form

ut ¼ ux; ð2Þ

which is a delay/transport PDE, were considered in [3,12,13] and more recently in [9,10].
The PDE system

ut ¼ uxx ð3Þ

is a heat PDE and it was considered in [7]. Finally, the PDE system

utt ¼ uxx ð4Þ

is a wave PDE and it was considered in [8]. In each of the three PDE models, (2)–(4), the
control enters through a boundary condition,

uðD; tÞ ¼ UðtÞ; ð5Þ

namely, at the end x ¼ D of the domain ½0;D$, which is opposite from the end x ¼ 0 where
the PDE and ODE connect.

The PDE state enters the ODE (1) through the variable uð0; tÞ, which we refer to as a
Dirichlet interconnection. Unlike this interconnection, which was studied in [7,8,10], the
‘‘Neumann interconnection,’’

_X ðtÞ ¼ AX ðtÞ þ Buxð0; tÞ; ð6Þ

has not been studied yet. In this paper we study heat and wave PDEs connected in cascade
with an ODE, via a Neumann interconnection. As in [7,8,10], the only assumption we
impose is that ðA;BÞ is a controllable pair.

We provide infinite-dimensional full-state feedback laws with explicit gain kernels that
compensate the PDE dynamics and achieve stabilization of the PDE–ODE system.
The key tool in this work is the continuum version of backstepping method
[1,2,4,5,11,16,18] which employs infinite-dimensional transformations for the design of
the controller and Lyapunov functions for the stability proof.

Next, we briefly review the existing results with Dirichlet interconnections. ODE systems
with input delay were considered in [10]. For the system

_X ðtÞ ¼ AX ðtÞ þ BUðt'DÞ; ð7Þ

where D is an arbitrarily long delay, the backstepping approach yields the controller

UðtÞ ¼ K eADX ðtÞ þ
Z t

t'D

eAðt'sÞBUðsÞ ds
! "

: ð8Þ

This infinite-dimensional feedback law turns out to be identical to the classical predictor
and finite-spectrum assignment feedback laws [3,12,13] and it represents a ‘‘delay-
compensated’’ version of the nominal controller

UðtÞ ¼ KX ðtÞ; ð9Þ
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where the bracketed term in (8) is a D-seconds ahead predictor of X ðtÞ, starting from
X ðtÞ as an initial condition, and driven by the input history over the D-second window.
While recovering the classical designs [3,12,13], the backstepping approach [10]
also provides the first construction of a Lyapunov function for the predictor feed-
back. The Lyapunov function allows various robustness studies, which were conducted
in [6].
In [7] a PDE–ODE cascade structure is studied, but for diffusive dynamics at the input

of the ODE, namely, for the heat PDE in cascade with an ODE, with a Dirichlet
interconnection:

_X ðtÞ ¼ AX ðtÞ þ Buð0; tÞ; ð10Þ

utðx; tÞ ¼ uxxðx; tÞ; ð11Þ

uxð0; tÞ ¼ 0; ð12Þ

uðD; tÞ ¼ UðtÞ: ð13Þ

In this case, the backstepping approach yields the controller

UðtÞ ¼ K½I 0$ e

!
0
I

A
0

"
D I

0

! "
X ðtÞ þ

Z D

0

Z D'y

0
e

!
0
I

A
0

"
s
dx

0

B@
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B

0

! "
uðyÞ dy

8
><

>:

9
>=

>;
: ð14Þ

Finally, in [8], a wave PDE in cascade with an ODE, namely, the system

_X ðtÞ ¼ AX ðtÞ þ Buð0; tÞ; ð15Þ

uttðx; tÞ ¼ uxxðx; tÞ; ð16Þ

uxð0; tÞ ¼ 0; ð17Þ

uðD; tÞ ¼ UðtÞ; ð18Þ

is studied, with a Dirichlet interconnection at the PDE–ODE interface. The controller
for the system (15)–(18) is given explicitly in [8], however, we do not repeat it here
because of its complexity. The difference between the systems (10)–(13) and (15)–(18) may
appear subtle, because it is only a difference of one time derivative between the heat
equation (11) and the wave equation (16). However, this difference is very significant and it
results in vastly different challenges in the control design and in the final feedback
formulae.
In this paper we make two significant changes. First, we replace the Neumann boundary

conditions (12) and (17) by the Dirichlet boundary condition

uð0; tÞ ¼ 0: ð19Þ

Second, we replace the plant (1), which is driven by uð0; tÞ, by the plant (6), which is driven
by the non-zero signal uxð0; tÞ. This is a very significant change in the model and is the basis
of the contribution of this paper. Physically, the meaning of this change is the following.
For example, while in the case of heat equation dynamics, the problem considered in [7]
assumed that the ODE was actuated by temperature, in the present paper we consider
actuation by heat flux.

ARTICLE IN PRESS
G. Antonio Susto, M. Krstic / Journal of the Franklin Institute 347 (2010) 284–314286



Under these two changes we consider the problems of stabilization of the system (6),
(19), (5) with the heat equation (11) and the wave equation (16). In addition, we study a
special problem of a diffusion–convection PDE

ut ¼ uxx ' bux; ð20Þ

where for b40 the term 'bux has the effect of ‘‘counter-convection,’’ namely an effect
which opposes the propagation of the control signal UðtÞ from x ¼ D to 0. We rely on the
presence of diffusion in (20) to achieve stabilization of the ðu;X Þ system in the presence of
counter-convection.

This paper employs the PDE backstepping method, which was initially developed in a
spatially discretized setting [4,5] and has since evolved in a spatially continuous setting
[14,11] for various applications, including fluid flows [1,2].

The backstepping method provides feedback transformations which convert the closed-
loop system into a cascade of an exponentially stable PDE and an exponentially stable
ODE. Cascades of asymptotically stable systems have been the focus of much research in
nonlinear systems and control since the proof that a cascade of a globally asymptotically
stable system and an input-to-state stable (ISS) system is globally asymptotically stable
[17, Proposition 7.2]. Such results unfortunately cannot be generalized to PDEs because
stability of PDE–ODE and PDE–PDE cascades depends on the types of interconnections
and boundary conditions and on the norms used in the stability study. It is for this reason
that all the stability results are developed without reliance on off-the-shelf stability
theorems.

The control problems for PDE–ODE cascades considered in the paper are motivated
by various applications in chemical process control, combustion, and other areas.
The motivation for the diffusion–counterconvection PDE (20) can be provided in the
context of water channel flows actuated downhill from the area where one wants
to influence the flow. However, a motivation can also be provided from vehicle traffic
flow, where the convection is the result of the vehicle motion, diffusion is the result of
individual drivers maintaining a safe distance with the cars immediately ahead and behind
them, and the main control action is applied by speed control (for example by variable
speed limit signs) rather than by the more conventional ramp traffic lights, which allows
the control action to propagate in the counter-convective direction, affecting the
‘‘upstream’’ traffic.

The paper is organized as follows. In Section 2 we consider a cascade with a heat PDE
and present a compensation design that guarantees exponential stability for the closed-
loop system. A simulation example is also presented. We then proceed with a more
complex design which yields an arbitrarily fast stabilization rate for the closed-loop
system. In Section 3 we deal with the problem of robustness of our feedback law for the
heat PDE with respect to uncertainty in the diffusion coefficient and we establish a
robustness margin for small (positive or negative) perturbations in the diffusion coefficient.
In Section 4 we consider the dual problem of infinite-dimensional diffusive dynamics in the
sensor instead of the actuator, under Neumann boundary measurement. We design an
observer that compensates these dynamics and guarantees stability for the error system.
A simulation example is presented with an observer given explicitly. In Section 5 we
consider a diffusion–convection PDE and derive a controller and an observer for the
respective PDE–ODE and ODE–PDE cascades. The cascade studied in Section 5 is a

ARTICLE IN PRESS
G. Antonio Susto, M. Krstic / Journal of the Franklin Institute 347 (2010) 284–314 287



generalization of the case analyzed in [7]. Finally, in Section 6 we consider a cascade with a
wave equation at the input and design an exponentially stabilizing controller.

2. The heat-ODE cascade: full-state feedback under Neumann interconnection

Consider the cascade of a heat equation and an LTI finite-dimensional system

_X ðtÞ ¼ AX ðtÞ þ Buxð0; tÞ; ð21Þ

utðx; tÞ ¼ uxxðx; tÞ; ð22Þ

uð0; tÞ ¼ 0; ð23Þ

uðD; tÞ ¼ UðtÞ; ð24Þ

where X ðtÞ 2 Rn is the ODE state, uðx; tÞ the state of the diffusive dynamics of the actuator,
UðtÞ is the scalar input of the entire system and D40 is the length of the PDE domain.
The cascade (21)–(24) is depicted in Fig. 1.

Theorem 2.1. Consider a closed-loop system consisting of the plant (21)–(24) and the control
law

UðtÞ ¼ K½0n In$ e

!
0n
In
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0n
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D In

0n

" #

X ðtÞ þ
Z D

0
e

!
0n
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BuðyÞ dy

8
><

>:

9
>=

>;
: ð25Þ

For any initial condition such that uxðx; 0Þ is square integrable in x and compatible with the
control law (25), the closed-loop system has a unique classical solution and is exponentially
stable in the sense of the norm

jX ðtÞj2 þ
Z D

0
uxðx; tÞ2 dx

# $1=2

: ð26Þ

Proof. We postulate an infinite-dimensional backstepping transformation

wðx; tÞ ¼ uðx; tÞ '
Z x

0
qðx; yÞuðy; tÞ dy' gðxÞX ðtÞ; ð27Þ

with kernels qðx; yÞ and gðxÞ to be derived, which should transform (21)–(24) into the
‘‘target system’’

_X ðtÞ ¼ ðAþ BKÞX ðtÞ þ Bwxð0; tÞ; ð28Þ

wtðx; tÞ ¼ wxxðx; tÞ; ð29Þ
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wð0; tÞ ¼ 0; ð30Þ

wðD; tÞ ¼ 0: ð31Þ

The nominal control gain K is chosen to make Aþ BK Hurwitz. This may be done with
the LQR/Riccati approach, pole placement, or some other method. We first derive the
kernels and then show that the target system is exponentially stable. In order to derive the
unknown functions we differentiate wðx; tÞ as defined in (27) twice with respect to x,

wxðx; tÞ ¼ uxðx; tÞ ' qðx;xÞuðx; tÞ '
Z x

0
qxðx; yÞuðy; tÞ dy' g0ðxÞX ðtÞ; ð32Þ

wxxðx; tÞ ¼ uxxðx; tÞ ' ðqðx; xÞÞ0uðx; tÞ ' qðx; xÞuxðx; tÞ ' qxðx; xÞuðx; tÞ

'
Z x

0
qxxðx; yÞuðy; tÞ dy' g00ðxÞX ðtÞ; ð33Þ

and once with respect to t,

wtðx; tÞ ¼ utðx; tÞ '
Z x

0
qðx; yÞutðy; tÞ dy' gðxÞðAX ðtÞ þ Buxð0; tÞÞ ð34Þ

¼ uxxðx; tÞ '
Z x

0
qðx; yÞuyyðy; tÞ dy' gðxÞðAX ðtÞ þ Buxð0; tÞÞ ð35Þ

¼ uxxðxÞ ' qðx;xÞuxðxÞ þ ½qðx; 0Þ ' gðxÞB$uxð0Þ þ qyðx;xÞuðxÞ

'
Z x

0
qyyðx; yÞuðyÞ dy' gðxÞAX ðtÞ: ð36Þ

Evaluating the backstepping transformation (27) and (32) in x ¼ 0 and exploiting the
diffusion equation (29) we get

wð0; tÞ ¼ 'gð0ÞX ðtÞ; ð37Þ

wxð0; tÞ ¼ uxð0; tÞ ' g0ð0ÞX ðtÞ; ð38Þ

wtðx; tÞ ' wxxðx; tÞ ¼ 2ðqðx;xÞÞ0uðx; tÞ þ ½qðx; 0Þ ' gðxÞB$uxð0Þ

þ
Z x

0
½qxxðx; yÞ ' qyyðx; yÞ$uðyÞ dyþ ½gðxÞ00 ' AgðxÞ$X ðtÞ; ð39Þ

where we had employed the Dirichlet boundary condition uð0; tÞ ¼ 0. A sufficient
condition for (29)–(31) to hold for any continuous function uðx; tÞ and X ðtÞ is that the
unknown functions satisfy the following set of conditions:

gðxÞ00 ¼ AgðxÞ; ð40Þ

gð0Þ ¼ 0; ð41Þ

gð0Þ0 ¼ K ; ð42Þ

qxxðx; yÞ ¼ qyyðx; yÞ; ð43Þ

qðx;xÞ ¼ 0; ð44Þ

qðx; 0Þ ¼ gðxÞB; ð45Þ
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which are a second order ODE in x and a hyperbolic PDE of second order. The solution to
the ODE (40)–(42) is

gðxÞ ¼ KMðxÞ ð46Þ

¼ K ½0 I $e½
0
I

A
0 $x

I

0

! "
ð47Þ

while the solution to the PDE (43)–(45) is

qðx; yÞ ¼ mðx' yÞ ð48Þ

¼ KMðx' yÞB; ð49Þ

where we have introduced the functions mð(Þ and Mð(Þ in order to a have more
compact notation in the continuation of the proof. It is straightforward to
prove that the backstepping transformation is invertible. In a manner similar to the
construction of the direct backstepping transformation, we obtain the inverse change of
variables

uðx; tÞ ¼ wðx; tÞ þ
Z x

0
nðx' yÞwðy; tÞ dyþ KNðxÞX ðtÞ; ð50Þ

where

NðxÞ ¼ ½0 I $e½
0
I

AþBK
0 $x I

0

! "
; ð51Þ

nðxÞ ¼ KNðxÞB: ð52Þ

Now we proceed with proving exponential stability. We consider the Lyapunov function

V ¼ XTPX þ
a

2
JwJ2 þ b

2
JwxJ2; ð53Þ

where the quantities JwðtÞJ2 and JwxðtÞJ2 represent compact notation for the L2 normsRD
0 wðx; tÞ2 dx and

RD
0 wðx; tÞ2 dx, respectively, the matrix P ¼ PT40 is the solution of the

Lyapunov equation

PðAþ BKÞ þ ðAþ BKÞTP ¼ 'Q ð54Þ

for some Q ¼ QT40, and the parameters a40 and b40 will be chosen later. From

wxðxÞ ¼ uxðxÞ '
Z x

0
mxðx' yÞuðyÞ dy' KM 0ðxÞX ðtÞ; ð55Þ

uxðxÞ ¼ wxðxÞ þ
Z x

0
nxðx' yÞwðyÞ dyþ KN 0ðxÞX ðtÞ ð56Þ

it can be shown that

JwxJ2ra1JuxJ2 þ a2JuJ2 þ a3jX j2; ð57Þ

JuxJ2rb1JwxJ2 þ b2JwJ2 þ b3jX j2; ð58Þ
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where

a1 ¼ 3; ð59Þ

a2 ¼ 3DJmxJ2; ð60Þ

a3 ¼ 3JKM 0J2; ð61Þ
b1 ¼ 3; ð62Þ

b2 ¼ 3DJnxJ2; ð63Þ

b3 ¼ 3JKN 0J2: ð64Þ

In the same manner from the direct (27) and the inverse (50) backstepping transformations
we get that

JwJ2ra4JuJ2 þ a5jX j2; ð65Þ

JuJ2rb4JwJ2 þ b5jX j2; ð66Þ

where

a4 ¼ 3ð1þDJmJ2Þ; ð67Þ

a5 ¼ 3JKMJ2; ð68Þ

b4 ¼ 3ð1þDJnJ2Þ; ð69Þ

b5 ¼ 3JKNJ2: ð70Þ

From (57) and (65) we get that

VrlmaxðPÞjX j2 þ
a

2
ða4JuJ2 þ a5jX j2Þ þ

b

2
ða1JuxJ2 þ a2JuJ2 þ a3jX j2Þ: ð71Þ

Applying Poincar!e’s inequality we get

VrdðJXJ2 þ JuxJ2Þ; ð72Þ

where

d ¼ max lmaxðPÞ þ
aa5
2

þ
ba3
2

;
b

2
a1 þ 2D2ða4aþ a2bÞ

% &
: ð73Þ

From (58) and (66) we get that

VZlminðPÞJXJ2 þ
a

2
JwJ2

þ
b

2
JwxJ2Z

minflminðPÞ; a; bg
2maxfb1; b2; b3g

ðb1JXJ2 þ b2JwJ2 þ b3JwxJ2Þ

þ
lminðPÞ

2
JXJ2ZdðJuxJ2 þ JXJ2Þ; ð74Þ

where

d ¼
1

2
min

minflminðPÞ; a; bg
maxfb1;b2;b3g

; lminðPÞ
% &

: ð75Þ
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So we have that

dðJuxJ2 þ JXJ2ÞrVrdðJuxJ2 þ JXJ2Þ: ð76Þ

Taking the time derivative of the Lyapunov function along the solution of the PDE–ODE
system (28)–(31), we get

_V ¼ 'XTQX þ 2XTPBwxð0Þ ' aJwxJ2 ' bJwxxJ2r'
lminðQÞ

2
jX j2

þ
2jPBj2

lminðQÞ
wxð0Þ2 ' aJwxJ2 ' bJwxxJ2: ð77Þ

With Agmon’s inequality it can be proved that for the system (28)–(31) the following
inequality holds:

'JwxxJ2r
1þD

D
JwxJ2 ' wxð0Þ2; ð78Þ

hence we have that

_Vr'
lminðQÞ

2
jX j2 ' b'

2jPBj2

lminðQÞ

# $
wxð0Þ2 ' a' b

1þD

D

# $
JwxJ2: ð79Þ

Taking now

bZ
2jPBj2

lminðQÞ
; ð80Þ

aZb
1þD

D
ð81Þ

we get that _Vo0. From (79)

_Vr'
lminðQÞ

2
jX j2 ' a' b

1þD

D

# $
JwxJ2r'

lminðQÞ
2

jX j2

'
4D2

1þ 4D2
a' b

1þD

D

# $
JwxJ2 ð82Þ

'
1

1þ 4D2
a' b

1þD

D

# $
JwxJ2: ð83Þ

Applying again Poincar!e’s inequality we obtain

_Vr'
lminðQÞ

2
jX j2 '

1

1þ 4D2
a' b

1þD

D

# $
ðJwJ2 þ JwxJ2Þr' gV ; ð84Þ

where, exploiting the fact that we had chosen (81),

g ¼ min
lminðQÞ
2lmaxðPÞ

;
2

1þ 4D2
1'

b

a

1þD

D

# $% &
: ð85Þ

Hence,

jX ðtÞj2 þ JuxðtÞJ2r
d
d
e'gtðjX ð0Þj2 þ Juxð0ÞJ2Þ ð86Þ
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for all tZ0, where d; d are defined in (73), (75) and their role is displayed in (76). This
completes the proof. &

Example 2.1. We now give an example where the controller has an explicit form. Consider
the scalar unstable system

_X ðtÞ ¼ X ðtÞ þ uxð0; tÞ;

with a heat equation actuator dynamics:

utðx; tÞ ¼ uxxðx; tÞ;

uð0; tÞ ¼ 0;

uðDÞ ¼ UðtÞ:

We choose the feedback gain K ¼ 'ð1þ hÞ with h40, in order to have Aþ BK Hurwitz,
and obtain the backstepping controller (25) in the form

UðtÞ ¼ 'ð1þ hÞ coshðDÞX ðtÞ þ
Z D

0
coshðD' yÞuðyÞ dy

! "
: ð87Þ

In Fig. 2 we show the simulation results with h ¼ 3, D ¼ 1 and with initial conditions
uðx; 0Þ ¼ 0 and X ð0Þ ¼ 1.

The convergence rate for the closed-loop system is determined by the union of the
eigenvalues of the ODE plant and of the eigenvalues of the heat equation (29)–(31). While
the controllable eigenvalues of the ODE can be placed at desirable locations by the vector
K, the heat equation, though exponentially stable, may not necessarily have a fast decay.
Its decay rate is limited by its first eigenvalue, 'ðp=DÞ2. The PDE actuator dynamics can
be sped up by a modified controller given in the next theorem.
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Fig. 2. The closed-loop solutions for the heat-ODE cascade in Example 2.1.
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Theorem 2.2. Consider a closed-loop system consisting of the plant (21)–(24) and the control
law

UðtÞ ¼ fðDÞX ðtÞ þ
Z D

0
CðD; yÞuðy; tÞ dy; ð88Þ

where

fðxÞ ¼ KMðxÞ þ
Z D

0
kðx; yÞKMðyÞ dy; ð89Þ

Cðx; yÞ ¼ kðx; yÞ þ KMðx' yÞB'
Z x

y

kðx; xÞfðx' yÞBdx; ð90Þ

kðx; yÞ ¼ 'cy
I1ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cðx2 ' y2Þ

p
Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

cðx2 ' y2Þ
p ; c40; ð91Þ

and I1 denotes the modified Bessel function of order one. For all initial conditions such that
uxðx; 0Þ is square integrable in x and compatible with the control law (88), the closed-loop
system has a unique classical solution and its eigenvalues are given by

eigfAþ BKg [ eig 'c'
p2n2

D2
; n ¼ 1; 2; . . .

% &
: ð92Þ

Proof. The proof is developed in the same manner as the correspondent proof in [7].
Consider a second, invertible change of variables

zðx; tÞ ¼ wðx; tÞ '
Z x

0
kðx; yÞwðy; tÞ dy; ð93Þ

which aims to map system (28)–(31) into a new target system:

_X ðtÞ ¼ ðAþ BKÞX ðtÞ þ Bzxð0; tÞ; ð94Þ

ztðx; tÞ ¼ zxxðx; tÞ ' czðx; tÞ; ð95Þ

zð0; tÞ ¼ 0; ð96Þ

zðD; tÞ ¼ 0: ð97Þ

It was shown in [14,11] that the kernel function kðx; yÞ must satisfy the PDE:

kxxðx; yÞ ' kyyðx; yÞ ¼ ckðx; yÞ; ð98Þ

kðx; xÞ ¼ '
c

2
x; ð99Þ

kðx; 0Þ ¼ 0: ð100Þ
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The solution to Eq. (98)–(100) is given by Eq. (91). Taking the composition of the two
backstepping transformation (27) and (93), we obtain that

zðxÞ ¼ uðxÞ '
Z x

0
KMðx' yÞBuðyÞ dy' KMðxÞX '

Z x

0
kðx; yÞuðyÞ dy

þ
Z x

0
kðx; yÞKMðyÞ dyX þ

Z x

0
kðx; yÞ

Z y

0
KMðy' xÞuðxÞ dx dy: ð101Þ

Setting x ¼ D, employing the boundary conditions uðD; tÞ ¼ UðtÞ, zðD; tÞ ¼ 0, and the
calculus formula for changing the order of integration

Z x

0

Z y

0
f ðx; y; xÞ dx dy ¼

Z x

0

Z x

x
f ðx; y; xÞ dy dx; ð102Þ

yields to the controller (88)–(90). With a calculation of the eigenvalues of Eqs. (94)–(97),
we get the set (92). &

3. Robustness to diffusion uncertainty

We study the robustness of the controller (25) to perturbations in the diffusion
coefficient. Consider the following system:

_X ðtÞ ¼ AX ðtÞ þ Buxð0; tÞ; ð103Þ

utðx; tÞ ¼ ð1þ eÞuxxðx; tÞ; ð104Þ

uxð0; tÞ ¼ 0; ð105Þ

uðD; tÞ ¼
Z D

0
mðD' yÞuðy; tÞ dyþ KMðDÞX ðtÞ; ð106Þ

where e represents a perturbation in the diffusion coefficient of the heat PDE.
The perturbation e can be either positive or negative, but it has to be small.

Theorem 3.1. Consider the closed-loop system consisting of the plant (103)–(106) and
the control law (25). There exists a sufficiently small e)40 such that, for all e 2 ð'e); e)Þ,
the closed-loop system has a unique classical solution for all compatible initial conditions
uðx; 0Þ such that uxðx; 0Þ is square integrable in x, and is exponentially stable in the sense of
the norm

ðjX ðtÞj2 þ JuðtÞJ2 þ JuxðtÞJ2Þ1=2: ð107Þ

Proof. By differentiating the transformation

wðx; tÞ ¼ uðx; tÞ '
Z x

0
mðx' yÞuðy; tÞ dy' KMðxÞX ðtÞ; ð108Þ

and substituting into Eqs. (103)–(106), it can be verified that

_X ðtÞ ¼ ðAþ BKÞX ðtÞ þ Bwxð0; tÞ; ð109Þ

wtðx; tÞ ¼ ð1þ eÞwxxðx; tÞ þ eKMðxÞ½ðAþ BKÞX ðtÞ þ Bwxð0; tÞ$; ð110Þ
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wð0; tÞ ¼ 0; ð111Þ

wðD; tÞ ¼ 0: ð112Þ

Consider again the Lyapunov function (53). The derivative of V along the solutions of
system (109)–(112) is

_Vr'
lminðQÞ

2
jX j2

þ
2jPBj2

lminðQÞ
wxð0Þ2 ' að1' jejÞJwxJ2 ' bð1' jejÞJwxxJ2

þ ea
Z D

0
wðxÞKMðxÞ dx½ðAþ BKÞX ðtÞ þ Bwxð0Þ$

' eb
Z D

0
wxxðxÞKMðxÞ dx½ðAþ BKÞX ðtÞ þ Bwxð0Þ$ ð113Þ

r'
lminðQÞ

4
jX j2 ' a'

1þD

D

b

2

# $
JwxJ2

'
b

2
'

2jPBj2

lminðQÞ
' jejðaþ bÞ

! "
wxð0Þ2 '

b

2
JwxxJ2

þ ajej 1þ 4Jm1Jþ ajej
8Jm2J2

lminðQÞ

% &
JwxJ2

þ bjej 1þ Jm1Jþ bjej
2Jm2J2

lminðQÞ

% &
JwxxJ2; ð114Þ

where

m1ðxÞ ¼ KMðxÞB; ð115Þ

m2ðxÞ ¼ jKMðxÞj: ð116Þ

In the second inequality we have split the term bJwxxJ2 in half, used the inequality (78), and
employed Young’s and Poincar!e inequalities. Choosing for example

a ¼
1þD

D

8jPBj2

lminðQÞ
; ð117Þ

b ¼
8jPBj2

lminðQÞ
ð118Þ

it is possible to select jej sufficiently small to achieve negative definiteness of _V . &

4. Observer for the ODE-heat cascade with Neumann measurement

Consider the cascade depicted in Fig. 3 and governed by the equations

Y ðtÞ ¼ uxð0; tÞ; ð119Þ

utðx; tÞ ¼ uxxðx; tÞ; ð120Þ
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uð0; tÞ ¼ 0; ð121Þ

uðD; tÞ ¼ CX ðtÞ ð122Þ

_X ðtÞ ¼ AX ðtÞ þ BUðtÞ; ð123Þ

that is, the case where an ODE system has a diffusive sensor acting on the output map
CX ðtÞ, with Neumann measurement uxð0; tÞ. We now present an observer, inspired by [15],
which compensates the sensor dynamics and guarantees exponential stability of the error
system.

Theorem 4.1. The observer

ûtðx; tÞ ¼ ûxxðx; tÞ þ CMðxÞ½Y ðtÞ ' ûxð0; tÞ$; ð124Þ

ûð0; tÞ ¼ 0; ð125Þ

ûðD; tÞ ¼ CX̂ ðtÞ; ð126Þ

_̂
X ðtÞ ¼ AX̂ ðtÞ þ BU ðtÞ þMðDÞL½Y ðtÞ ' ûxð0; tÞ$; ð127Þ

where L is chosen such that ðA' LCÞ is Hurwitz, guarantees that the error system

~utðx; tÞ ¼ ~uxxðx; tÞ ' CMðxÞL ~uxð0; tÞ; ð128Þ

~uð0; tÞ ¼ 0; ð129Þ

~uðD; tÞ ¼ C ~X ðtÞ; ð130Þ

_~X ðtÞ ¼ A ~X ðtÞ 'MðDÞL ~uxð0; tÞ; ð131Þ

where ~X ¼ X ' X̂ and ~u ¼ u' û, is exponentially stable in the sense of the norm

j ~X ðtÞj2 þ
Z D

0

~uxðx; tÞ2 dx
# $1=2

: ð132Þ

Proof. Consider the backstepping transformation

~wðxÞ ¼ ~uðxÞ ' CMðxÞMðDÞ'1 ~X ð133Þ

to map the error system into a new PDE system. Differentiating the transformation (133)
with respect to time and space

~wtðxÞ ¼ ~utðxÞ ' CMðxÞMðDÞ'1A ~X ðtÞ þ CMðxÞL ~uxð0Þ; ð134Þ
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~wxðxÞ ¼ ~uxðxÞ ' CM 0ðxÞMðDÞ'1 ~X ðtÞ; ð135Þ

~wxxðxÞ ¼ ~uxxðxÞ ' CMðxÞAMðDÞ'1 ~X ðtÞ: ð136Þ

Then evaluating (135) in x ¼ 0 and using the initial condition

M 0ð0Þ ¼ In ð137Þ

and the plant equation (131), we obtain

_~X ðtÞ ¼ ðA'MðDÞLCMðDÞ'1Þ ~X ðtÞ 'MðDÞL ~wxð0; tÞ: ð138Þ

Summarizing we get the following PDE:

~wtðx; tÞ ¼ ~wxxðx; tÞ; ð139Þ

~wð0; tÞ ¼ 0; ð140Þ

~wðD; tÞ ¼ 0; ð141Þ

_~X ðtÞ ¼ ðA'MðDÞLCMðDÞ'1Þ ~X ðtÞ þMðDÞL ~wxð0; tÞ: ð142Þ

The matrix ½A'MðDÞLCMðDÞ'1$ is Hurwitz, which can be seen with a similarity
transformation MðDÞ, which commutes with A thanks to the properties of the matrix
exponential. Now consider the Lyapunov function

V ¼ ~X
T
MðDÞ'TPMðDÞ'1 ~X þ

a

2
J ~wJ2 þ

b

2
J ~wJ2; ð143Þ

where the matrix P ¼ PT40 is the solution to the Lyapunov equation

PðA' LCÞ þ ðA' LCÞTP ¼ 'Q ð144Þ

for some Q ¼ QT40, and the parameters a40 and b40 will be chosen later. From this
point on, we develop the proof using similar ideas as in the proof of Theorem 2.1. We first
compute the time-derivative of function V,

_V ¼ ' ~X
T
MðDÞ'TQMðDÞ'1 ~X þ 2 ~X

T
PL ~wxð0Þ

þ
a

2

Z D

0

d

dt
ð ~wðxÞ2Þ dxþ

b

2

Z D

0

d

dt
ð ~wxðxÞ2Þ dx: ð145Þ

Using the boundary conditions (140)–(141) we get

_V ¼ ' ~X
T
MðDÞ'TQMðDÞ'1 ~X þ 2 ~X

T
PL ~wxð0Þ ' aJ ~wxJ2 ' bJ ~wxxJ2r

'
lminðQÞ

2
j ~X j2 þ

2jMðDÞ'TPLj
lminðQÞ

~wxð0Þ2 ' aJ ~wxJ2 ' bJ ~wxxJ2; ð146Þ

where we had applied Young’s Inequality. We now use inequality (78), which gives us

'J ~wxxJ2r
1þD

D
J ~wxJ2 ' ~wxð0Þ2; ð147Þ
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hence we get

_Vr'
lminðQÞ

2
j ~X j2 ' ðb'

2jMðDÞ'TPLj
lminðQÞ

Þ ~wxð0Þ2 ' a' b
1þD

D

# $
J ~wxJ2: ð148Þ

As was done in the proof of Theorem 2.1, taking a and b sufficiently large and then
applying again Poincar!e’s inequality, we get that _Vr' nV for some n40. This implies
that the target system ð ~X ; ~wÞ is exponentially stable at the origin. From the backstepping
transformation (133) we get exponential stability of the error system (128)–(131) in the
sense of the norm

j ~X ðtÞj2 þ J ~uxðtÞJ2r
d
d
e'btðj ~X ð0Þj2 þ J ~uxð0ÞJ2Þ ð149Þ

for all tZ0. &

The observer presented in this section has the same structure of the observer proposed in
[7] for the cascade

Y ðtÞ ¼ uð0; tÞ; ð150Þ

utðx; tÞ ¼ uxxðx; tÞ; ð151Þ

uxð0; tÞ ¼ 0; ð152Þ

uðD; tÞ ¼ CX ðtÞ; ð153Þ

_X ðtÞ ¼ AX ðtÞ þ BUðtÞ: ð154Þ

The observer proposed in [7] is actually

ûtðx; tÞ ¼ ûxxðx; tÞ þ CM1ðxÞL½Y ðtÞ ' ûð0; tÞ$; ð155Þ

ûxð0; tÞ ¼ 0; ð156Þ

ûðD; tÞ ¼ CX̂ ðtÞ; ð157Þ

_̂X ðtÞ ¼ AX̂ ðtÞ þ BU ðtÞ þM1ðDÞL½Y ðtÞ ' ûð0; tÞ$; ð158Þ

where

M1ðxÞ ¼ ½I 0$e½
0
I

A
0$x

I

0

! "
: ð159Þ

The transformation (133) used to study the two observers is the same in both proofs of
stability; this similarity is possible thanks to the swapping between the initial conditions of
function M and M1 in the two problems. Note that Mð0Þ ¼ M1

0 ð0Þ ¼ I and
M 0ð0Þ ¼ M1ð0Þ ¼ 0.

Example 4.1. Consider the scalar unstable system

_X ðtÞ ¼ X ðtÞ þUðtÞ; ð160Þ

with a heat equation sensor dynamics:

Y ðtÞ ¼ uð0; tÞ; ð161Þ
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utðx; tÞ ¼ uxxðx; tÞ; ð162Þ

uxð0; tÞ ¼ 0; ð163Þ

uðD; tÞ ¼ X ðtÞ: ð164Þ

In this case we have that MðxÞ ¼ coshx and the backstepping observer proposed is

ûtðx; tÞ ¼ ûxxðx; tÞ þ ð1þ gÞcoshx½Y ðtÞ ' ûxð0; tÞ$; ð165Þ

ûð0; tÞ ¼ 0; ð166Þ

ûðD; tÞ ¼ X̂ ðtÞ; ð167Þ

_̂
X ðtÞ ¼ X̂ ðtÞ þUðtÞ þ ð1þ gÞcoshD½Y ðtÞ ' ûxð0; tÞ$; ð168Þ

where we choose L ¼ 1þ g, g40, in order to have A' LC Hurwitz. In Fig. 4 we show
simulation results for g ¼ 1, D ¼ 1, UðtÞ ¼ 0:05sinð15tÞ and with initial conditions
uðx; 0Þ ¼ 'ð3=DÞx and X ð0Þ ¼ '10, whereas the observer initial conditions are
X̂ ð0Þ ¼ 0; ûðx; 0Þ * 0.

5. The diffusion–counterconvection PDE: controller and observer design

We now study a more complicated parabolic PDE, incorporating both the effects of
diffusion and of convection,

_X ðtÞ ¼ AX ðtÞ þ Buð0Þ; ð169Þ

ut ¼ uxx ' bux; ð170Þ

uxð0Þ ¼ 0; ð171Þ

uðDÞ ¼ UðtÞ: ð172Þ

For b40 the convection effect opposes the propagation of the control input UðtÞ towards the
ODE plant. We refer to this effect as counter-convection. The problem considered in this
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Fig. 4. The error system evolution for Example 4.1. Left: ~X ðtÞ. Right: ~uðtÞ.
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section is a generalization of the problem considered in [7] in which the system (169)–(172) was
studied for b ¼ 0. We provide results which recover those presented in [7] for b ¼ 0.

Theorem 5.1. Consider a closed-loop system consisting of the plant (169)–(172) and the
control law

UðtÞ ¼
Z D

0
KmðD' yÞuðy; tÞ dyþ KMðDÞX ðtÞ; ð173Þ

where

mðsÞ ¼ '
b

2
ebs þ

Z s

0
ebsKMðs' sÞBds; ð174Þ

MðxÞ ¼ I
b

2
I

! "
e½

0
I

A
bI$x

I

0

! "
: ð175Þ

For any initial condition such that uðx; 0Þ is square integrable in x and compatible with the
control law (173), the closed-loop system has a unique classical solution and is exponentially
stable in the sense of the norm

jX ðtÞj2 þ
Z D

0
uðx; tÞ2 dx

# $1=2

: ð176Þ

Proof. We employ again the backstepping transformation (27) to map the original system
(169)–(172) into the target one

_X ðtÞ ¼ ðAþ BKÞX ðtÞ þ Bwð0Þ; ð177Þ

wt ¼ wxx ' bwx; ð178Þ

wxð0Þ ¼
b

2
wð0Þ; ð179Þ

wðDÞ ¼ 0: ð180Þ

As done in the previous proof of stabilization, we first compute the derivatives wx, wxx and
wt in order to derive the kernel functions qðx; yÞ and gðxÞ; comparing the expressions
obtained with Eqs. (177)–(179) we get the following sets of conditions to be satisfied:

gð0Þ ¼ 0; ð181Þ

g0ð0Þ ¼ K
b

2
; ð182Þ

g00ðxÞ ¼ bg0ðxÞ þ gðxÞA; ð183Þ

that is, a second order ODE in x, and

kxx ' kyy ¼ b½kx þ ky$; ð184Þ

kyðx; 0Þ ¼ 'bkðx; 0Þ ' gðxÞB; ð185Þ

kðx;xÞ ¼ '
b

2
; ð186Þ
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which is a hyperbolic second order PDE. The ODE (181)–(183) is solved by

gðxÞ ¼ KMðxÞ; ð187Þ

MðxÞ ¼ I
b

2
I

! "
e½

0
I

A
bI$x

I

0

! "
: ð188Þ

In order to solve the PDE (184)–(186) we introduce a change of variables

kðx; yÞ ¼ pðx; yÞeðb=2Þðx'yÞ: ð189Þ

Differentiating (189) twice with respect to x and twice with respect to y we obtain a new
PDE

pxx ¼ pyy; ð190Þ

pyðx; 0Þ ¼ '
b

2
pðx; 0Þ ' gðxÞBe'ðb=2Þx; ð191Þ

pðx; xÞ ¼ '
b

2
: ð192Þ

Eq. (190) has a general solution of the form

pðx; yÞ ¼ fðx' yÞ þ cðxþ yÞ: ð193Þ

Using the boundary condition pðx;xÞ ¼ 'b=2 we get

fð0Þ þ cð2xÞ ¼ '
b

2
: ð194Þ

Without loss of generality we can set c * 0 and fð0Þ ¼ 'b=2. Hence we have that

pðx; yÞ ¼ fðx' yÞ: ð195Þ

Substituting this into the PDE (190)–(192) we get the following differential equation:

'f0ðxÞ ¼ '
b

2
fðxÞ ' KMðxÞBe'ðb=2Þx: ð196Þ

Applying to (196) the Laplace transform with respect to x we obtain

fðsÞ ¼
1

s'
b

2

'
b

2
þ KM sþ

b

2

# $
B

! "
: ð197Þ

Anti-transforming this expression we get

fðzÞ ¼ '
b

2
eðb=2Þz þ ðf!gÞðzÞ; ð198Þ

where

f ðzÞ ¼ eðb=2Þz; ð199Þ

gðzÞ ¼ KMðzÞBe'ðb=2Þz; ð200Þ

and hence

fðzÞ ¼ '
b

2
eðb=2Þz þ

Z z

0
ebsKMðz' sÞBe'ðb=2Þz ds: ð201Þ
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We finally obtain the solution for kðx; yÞ as

kðx; yÞ ¼ fðx' yÞeðb=2Þðx'yÞ ¼ '
b

2
ebðx'yÞ þ

Z x'y

0
ebsKMðx' y' sÞBds ð202Þ

¼ mðx' yÞ: ð203Þ

In the same manner we get the inverse transformation

uðxÞ ¼ wðxÞ þ
Z x

0
Knðx' yÞwðyÞ dyþ KNðxÞX ðtÞ; ð204Þ

where

NðsÞ ¼ ½I 0$e½
0
I

AþBK
bI $s I

0

! "
; ð205Þ

nðsÞ ¼ '
b

2
e2bs

Z s

0
NðsÞBe2bseðb=2Þðs'sÞ ds: ð206Þ

Consider now the Lyapunov function

V ¼ XTPX þ 1
2JwJ

2; ð207Þ

where P ¼ PT40 is the solution of the Lyapunov equation

PðAþ BKÞ þ ðAþ BKÞTP ¼ 'Q ð208Þ

for some Q ¼ QT40. Differentiating (207) with respect to time, exploiting the boundary
conditions (179) and (180), and applying Poincar!e’s inequality we get

_Vr' lminðQÞjX j2 '
1

4D2
JwJ2r' bV ; ð209Þ

where

b ¼ min lminðQÞ;
1

4D2

% &
: ð210Þ

Applying Cauchy–Schwartz and Young’s inequalities we obtain the bounds

JwJ2ra1JuJ2 þ a2jX j2; ð211Þ

JuJ2rb1JwJ2 þ b2jX j2; ð212Þ

where

a1 ¼ 3ð1þDJmJ2Þ; ð213Þ

a2 ¼ 3JKMJ2; ð214Þ

b1 ¼ 3ð1þDJnJ2Þ; ð215Þ

b2 ¼ 3JKNJ2: ð216Þ

Exploiting (211) and (212) we get

dðJuJ2 þ JXJ2ÞrVrdðJuJ2 þ JXJ2Þ; ð217Þ
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where

d ¼ max
a1
2
; lmaxðPÞ þ

a2
2

n o
; ð218Þ

d ¼
maxfb1; b2 þ 1g
min 1

2 ; lminðPÞ
( ) : ð219Þ

Combining the last inequality with (210) yields to

jX ðtÞj2 þ JuðtÞJ2r d
d
e'btðjX ð0Þj2 þ Juð0ÞJ2Þ ð220Þ

for all tZ0. &

It is interesting to analyze the results we had achieved in this section by comparison with
the case without counter-convection, which was studied in [7]. With b ¼ 0 we get

M½b¼0$ðsÞ ¼ ½I 0$e½
0
I

A
0 $s

I

0

! "
; ð221Þ

N½b¼0$ðsÞ ¼ ½I 0$e½
0
I

AþBK
0 $s I

0

! "
; ð222Þ

m½b¼0$ðsÞ ¼
Z s

0
KM ½b¼0$ðs' sÞBds; ð223Þ

n½b¼0$ðsÞ ¼
Z s

0
KM ½b¼0$ðs' sÞBds; ð224Þ

which are exactly the same functions used in the controller presented in [7].
The generalization that we have obtained here is thus consistent with [7].
For the diffusion–counterconvection PDE we study the dual case where the PDE is in

the sensor dynamics,

Y ðtÞ ¼ uð0; tÞ; ð225Þ

utðx; tÞ ¼ uxxðx; tÞ ' buxðx; tÞ; ð226Þ

uxð0; tÞ ¼ 0; ð227Þ

uðD; tÞ ¼ CX ðtÞ; ð228Þ

_X ðtÞ ¼ AX ðtÞ þ BUðtÞ: ð229Þ

Theorem 5.2. The observer

ûtðx; tÞ ¼ ûxxðx; tÞ ' bûxðx; tÞ þ CMðxÞL½Y ðtÞ ' ûð0; tÞ$; ð230Þ

ûxð0; tÞ ¼ '
b

2
½Y ðtÞ ' ûð0; tÞ$; ð231Þ

ûðD; tÞ ¼ CX̂ ðtÞ; ð232Þ
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_̂X ðtÞ ¼ AX̂ ðtÞ þ BU ðtÞ þMðDÞL½Y ðtÞ ' ûð0; tÞ$; ð233Þ

where L is chosen such that A' LC is Hurwitz and matrix function Mð(Þ is defined by (188),
guarantees that the error system

~utðx; tÞ ¼ ~uxxðx; tÞ ' b ~uxðx; tÞ ' CMðxÞL ~uð0; tÞ; ð234Þ

~uxð0; tÞ ¼ '
b

2
~uð0; tÞ; ð235Þ

~uðD; tÞ ¼ C ~X ðtÞ; ð236Þ

_~X ðtÞ ¼ A ~X ðtÞ 'MðDÞL ~uð0; tÞ; ð237Þ

where ~X ¼ X ' X̂ and ~u ¼ u' û, is exponentially stable in the sense of the norm

j ~X ðtÞj2 þ
Z D

0

~uðx; tÞ2 dx
# $1=2

: ð238Þ

Proof. We introduce the transformation

~wðx; tÞ ¼ ~uðx; tÞ ' CMðxÞMðDÞ'1 ~X ðtÞ; ð239Þ

which is actually the same the one used in proof of Theorem 4.1, but with a different
function MðxÞ. Evaluating (239) at x ¼ 0 and D we get

~wð0; tÞ ¼ ~uð0; tÞ ' CMðDÞ'1 ~X ðtÞ; ð240Þ

~wðD; tÞ ¼ 0: ð241Þ

Exploiting (240) and the ODE system equation (237) we obtain

_~X ðtÞ ¼ ½A'MðDÞLCMðDÞ'1$ ~X ðtÞ 'MðDÞL ~wð0Þ: ð242Þ

We now proceed to differentiate (239) with respect to x:

~wxðx; tÞ ¼ ~uxðx; tÞ ' CM 0ðxÞMðDÞ'1 ~X ðtÞ: ð243Þ

Evaluating (243) at the boundary x ¼ 0 and making use of the initial condition
Mð0Þ ¼ ðb=2ÞI and the boundary condition (235), we get

~wxð0; tÞ ¼
b

2
~uð0; tÞ: ð244Þ

Differentiating again with respect to x we get:

~wxxðx; tÞ ¼ ~uxxðx; tÞ ' bCM 0ðxÞMðDÞ'1 ~X ðtÞ ' CMðxÞAMðDÞ'1 ~X ðtÞ; ð245Þ
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where we had used the equation M 00ðxÞ ¼ bM 0ðxÞ þMðxÞA. Differentiating the
transformation (239) with respect to time we obtain

~wtðx; tÞ ¼ ~utðx; tÞ

' CMðxÞMðDÞ'1 _~X ðtÞ
¼ ~uxxðx; tÞ ' b ~uxðx; tÞ ' CMðxÞL ~uð0; tÞ

' CMðxÞMðDÞ'1A ~X ðtÞ þ CMðxÞL ~uð0; tÞ
¼ ~wxxðx; tÞ ' b ~wxðx; tÞ; ð246Þ

where we had used Eqs. (237), (234), (243) and (245). Summarizing, we have obtained the
following PDE–ODE system:

~wtðx; tÞ ¼ ~wxxðx; tÞ ' b ~wxðx; tÞ; ð247Þ

~wxð0; tÞ ¼
b

2
~wð0; tÞ; ð248Þ

~wðD; tÞ ¼ 0; ð249Þ

_~X ðtÞ ¼ ½A'MðDÞLCMðDÞ'1$ ~X ðtÞ 'MðDÞL ~wð0; tÞ: ð250Þ

We now consider the Lyapunov function

V ¼ ~X
T
MðDÞ'TPMðDÞ'1 ~X þ 1

2J ~wJ
2; ð251Þ

where P ¼ PT40 is the solution to the Lyapunov equation

PðA' LCÞ þ ðA' LCÞTP ¼ 'Q ð252Þ

for some Q ¼ QT40. Differentiating (251) with respect to time and exploiting the
boundary conditions (247) and (248) we get

_V ¼ ' ~X
T
MðDÞ'TQMðDÞ'1 ~X ' ~wð0Þ ~wxð0Þ ' JwxJ2

' 2 ~X
T
MðDÞ'TQMðDÞ'1 ~X þ

b

2
~wð0Þ2: ð253Þ

Using the Poincar!e inequality and the boundary condition wðDÞ ¼ 0 we get

_Vr' lminðQÞj ~X j2 '
1

4D2
J ~wJ2r' ZV ; ð254Þ

where

Z ¼ min lminðQÞ;
1

4D2

% &
: ð255Þ

From the transformation (239) we derive the following inequalities:

J ~wJ2rJ ~uJ2 þ bj ~X j2; ð256Þ

J ~uJ2rJ ~wJ2 þ bj ~X j2; ð257Þ

with

b ¼ JCMMðDÞ'1J2: ð258Þ
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Thus

dðj ~X j2 þ J ~uJ2Þ rVr dðj ~X j2 þ J ~uJ2Þ; ð259Þ

where

d ¼ maxflmaxðPÞ þ b; 12g; ð260Þ

d ¼
minf12 ; lminðPÞg
max 1; bþ 1

( ) : ð261Þ

Combining (259) with (254) yields

j ~X ðtÞj2 þ J ~uxðtÞJ2r
d
d
e'Ztðj ~X ð0Þj2 þ J ~uxð0ÞJ2Þ ð262Þ

for all tZ0. &

As we did for the full-state control problem, it is interesting to compare the results that
we have obtained for to the corresponding case with b ¼ 0, that is, the purely diffusive
PDE, without counter-convection. For b ¼ 0 the observer (230)–(233) becomes

ûtðx; tÞ ¼ ûxxðx; tÞ þ CMðxÞL½Y ðtÞ ' ûð0; tÞ$; ð263Þ

ûxð0; tÞ ¼ 0; ð264Þ

ûðD; tÞ ¼ CX̂ ðtÞ; ð265Þ

_̂X ðtÞ ¼ AX̂ ðtÞ þ BU ðtÞ þMðDÞL½Y ðtÞ ' ûð0; tÞ$; ð266Þ

which is exactly the same observer presented in [7] for the following problem:

Y ðtÞ ¼ uð0; tÞ; ð267Þ

utðx; tÞ ¼ uxxðx; tÞ; ð268Þ

uxð0; tÞ ¼ 0; ð269Þ

uðD; tÞ ¼ CX ðtÞ; ð270Þ

_X ðtÞ ¼ AX ðtÞ þ BUðtÞ: ð271Þ
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6. The wave-ODE cascade with Neumann interconnection

Consider the following system:

uttðx; tÞ ¼ uxxðx; tÞ; ð272Þ

uð0; tÞ ¼ 0; ð273Þ

uxðD; tÞ ¼ UðtÞ; ð274Þ

_X ðtÞ ¼ AX ðtÞ þ Buxð0; tÞ; ð275Þ

which is depicted in Fig. 5. We are looking for a backstepping transformation that makes
the system (272)–(275) behave as the following target system:

wttðx; tÞ ¼ wxxðx; tÞ; ð276Þ

wð0; tÞ ¼ 0; ð277Þ

wxðD; tÞ ¼ 'cwtðD; tÞ; c40; ð278Þ

_X ðtÞ ¼ ðAþ BKÞX ðtÞ þ Bwxð0; tÞ; ð279Þ

where K is such that ðAþ BKÞ is Hurwitz.
We postulate the backstepping transformation

wðx; tÞ ¼ uðx; tÞ '
Z x

0
kðx; yÞuðy; tÞ dy'

Z x

0
lðx; yÞutðy; tÞ dy' gðxÞX ðtÞ; ð280Þ

which is inspired by the construction in [16]. As done in the previous problems, we
differentiate the transformation (280) to gather conditions that the unknown functions
must satisfy. In order to verify the wave equation (276) we must differentiate twice with
respect to time and to space. We first differentiate with respect to time1:

wtðxÞ ¼ utðxÞ '
Z x

0
kðx; yÞutðyÞ dy' lðx;xÞuxðxÞ þ lðx; 0Þuxð0Þ þ lyðx; xÞuðxÞ

' gðxÞBuxð0Þ ' gðxÞAX '
Z x

0
lyyðx; yÞuðyÞ dy; ð281Þ

where we had used (276), the boundary condition (277) and integrated twice by parts.
Differentiating again with respect to time:

wttðxÞ ¼ uxxðxÞ ' kðx;xÞuxðxÞ þ kðx; 0Þuxð0Þ þ kyðx;xÞuðxÞ

'
Z x

0
kyyðx; yÞutðyÞ dyþ lðx;xÞuxtðxÞ þ lyðx;xÞutðxÞ ' gðxÞA _X

þ'
Z x

0
lyyðx; yÞutðyÞ dyþ ½lðx; 0Þ ' gðxÞB$uxtð0Þ: ð282Þ
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Now we proceed differentiating with respect to space:

wxðxÞ ¼ uxðxÞ ' kðx;xÞuðxÞ '
Z x

0
kxðx; yÞuðyÞ dy' lðx;xÞutðxÞ

'
Z x

0
lxðx; yÞutðyÞ dy' gðxÞ0X ðtÞ; ð283Þ

wxxðxÞ ¼ uxxðxÞ '
d

dx
½kðx;xÞ$uðxÞ ' kðx;xÞuxðxÞ ' kxðx;xÞuðxÞ

'
Z x

0
kxxðx; yÞuðyÞ dy'

d

dx
½lðx;xÞ$utðxÞ ' lðx;xÞutxðxÞ ' lxðx;xÞutðxÞ

'
Z x

0
lxxðx; yÞutðyÞ dy' gðxÞ00X ðtÞ: ð284Þ

Matching (282)–(284) yields to the following PDEs:

lxx ¼ lyy; ð285Þ

lðx; 0Þ ¼ gðxÞB; ð286Þ

lðx; xÞ ¼ 0; ð287Þ

kxx ¼ kyy; ð288Þ

kðx; 0Þ ¼ gðxÞAB; ð289Þ

kðx;xÞ ¼ 0; ð290Þ

gðxÞ00 ¼ gðxÞA2; ð291Þ

gð0Þ ¼ 0; ð292Þ

gð0Þ0 ¼ K : ð293Þ

Exploiting the previous we obtain the following expression for the unknown functions:

gðxÞ ¼ KMðxÞ ð294Þ

¼ K ½0 I $e½
0
I

A2

0 $x
I

0

! "
; ð295Þ

lðx; yÞ ¼ mðx' yÞ; ð296Þ

kðx; yÞ ¼ mðx' yÞ; ð297Þ

mðsÞ ¼ gðsÞB; ð298Þ

mðsÞ ¼ gðsÞAB: ð299Þ
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The explicit expression for the controller is derived from (278). Evaluating wðD; tÞ from
(281) and wxðD; tÞ and exploiting (283) we get

UðtÞ ¼ c½KBuðD; tÞ ' utðD; tÞ$ þ rðDÞX ðtÞ

þ
Z D

0
rðD' xÞ½ABuðx; tÞ þ Butðx; tÞ$ dx; ð300Þ

where the function rðsÞ is defined by

rðsÞ ¼ K ½0 I $e½
0
I

A2

0 $s
cA

I

! "
: ð301Þ

In the same manner in which we derive the direct backstepping transformation, we also
derive the inverse transformation

uðxÞ ¼ wðxÞ þ
Z x

0
fðx' yÞwðyÞ dyþ

Z x

0
nðx' yÞwtðyÞ dyþ cðxÞX ; ð302Þ

where

cðxÞ ¼ KNðxÞ; ð303Þ

NðxÞ ¼ ½0 I $e½
0
I

ðAþBKÞ2
0 $x I

0

! "
; ð304Þ

nðsÞ ¼ cðsÞB; ð305Þ

fðsÞ ¼ cðsÞAB: ð306Þ

Having designed the controller we now show that it guarantees exponential stability to
the original system.

Theorem 6.1. Consider the closed-loop system consisting of the plant (272)–(275) and
the control law (300). For any initial conditions such that uxðx; 0Þ and utðx; 0Þ are square
integrable in x and compatible with (300), the closed-loop system has a unique solution that is
exponentially stable in the sense of the norm

jX ðtÞj2 þ
Z D

0
uxðx; tÞ2 dxþ

Z D

0
utðx; tÞ2 dx

# $1=2

: ð307Þ

Proof. We start by introducing the system norms

OðtÞ ¼ JuxðtÞJ2 þ JutðtÞJ2 þ jX ðtÞj2; ð308Þ

XðtÞ ¼ JwxðtÞJ2 þ JwtðtÞJ2 þ jX ðtÞj2: ð309Þ

To prove the stability of the closed-loop system (272)–(275) and (300) we employ the
Lyapunov function

V ðtÞ ¼ X ðtÞTPX ðtÞ þ aEðtÞ; ð310Þ

ARTICLE IN PRESS
G. Antonio Susto, M. Krstic / Journal of the Franklin Institute 347 (2010) 284–314310



where the matrix P ¼ PT40 is the solution to the Lyapunov equation

PðAþ BKÞ þ ðAþ BKÞTP ¼ 'Q ð311Þ

for some Q ¼ QT40, the design parameter a40 is to be chosen later and the function EðtÞ
is defined by

EðtÞ ¼
1

2
ðJwxðtÞJ2 þ JwtðtÞJ2Þ þ d

Z D

0
ð1þ yÞwxðy; tÞwtðy; tÞ dy; ð312Þ

where d40 is also a parameter to be chosen later. We observe that

y1XrVry2X; ð313Þ

where

y1 ¼ min lminðPÞ;
a

2
½1' dð1þDÞ$

n o
; ð314Þ

y2 ¼ min lmaxðPÞ;
a

2
½1þ dð1þDÞ$

n o
: ð315Þ

We choose

0odo 1

1þD
ð316Þ

in order to ensure that y1 and y2 are non-negative and so the Lyapunov function V is
positive semi-definite. Next, we compute the time derivative of EðtÞ

_E ðtÞ ¼ '
d
2
½JwxðtÞJ2 þ JwtðtÞJ2 þ wxð0; tÞ2$

þ
d
2
ð1þDÞ½wtðD; tÞ2 þ wxðD; tÞ2$ þ wxðD; tÞwtðD; tÞ: ð317Þ

We substitute the feedback law wxðD; tÞ ¼ 'cwtðD; tÞ and get

_E ðtÞ ¼ '
d
2
½JwxðtÞJ2 þ JwtðtÞJ2 þ wxð0; tÞ2$ þ ' c' d

1þD

2
ð1þ c2Þ

! "

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
b

wtðD; tÞ2: ð318Þ

Choosing now

do 2c

ð1þDÞð1þ c2Þ
ð319Þ

we have that b40. We now compute the derivative of V ðtÞ:

_V ðtÞ ¼ 'X ðtÞTQX ðtÞ

þ 2X ðtÞTPBwxð0; tÞ þ a _E ðtÞr'
lminðQÞ

2
jX ðtÞj2

þ
2jPBj2

lminðQÞ
' a

d
2

! "
wxð0; tÞ2 ' a

d
2
½JwxðtÞJ2 þ JwtðtÞJ2$ ' abwtðD; tÞ2: ð320Þ
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To have _V ðtÞo0 we choose

aZ
4jPBj2

dlminðQÞ
: ð321Þ

We now obtain

_V ðtÞr'
lminðQÞ

2
jX ðtÞj2 ' a

d
2
½JwxðtÞJ2 þ JwtðtÞJ2$ ð322Þ

r' ZV ðtÞ; ð323Þ

where

Z ¼
min

lminðQÞ
2

;
ad
2

% &

y2
: ð324Þ

Thus we arrive at the estimate

V ðtÞre'ZtV ð0Þ: ð325Þ

To prove stability of the closed-loop system in its original variables ðu;X Þ, from (325) we
provide inequalities relating the variables uðx; tÞ and wðx; tÞ. From the inverse
transformation (302) we obtain that

uxðx; tÞ ¼ wxðx; tÞ þ
Z x

0
f0ðx' yÞwðyÞ dyþ

Z x

0
n0ðx' yÞwtðyÞ dyþ cðxÞ0X ðtÞ; ð326Þ

utðx; tÞ ¼ wtðx; tÞ þ
Z x

0
fðx' yÞwtðyÞ dyþ

Z x

0
n0ðx' yÞwðyÞ dy

þ cðxÞðAþ BKÞX ðtÞ: ð327Þ

Applying Poincar!e, Young’s and the Cauchy–Schwartz inequality, we get

JuxðtÞJ2ra1JwxðtÞJ2 þ a2JwtðtÞJ2 þ a3jX ðtÞj2; ð328Þ

JutðtÞJ2rb1JwxðtÞJ2 þ b2JwtðtÞJ2 þ b3jX ðtÞj2; ð329Þ

where

a1 ¼ 4ð1þ 4D3Jf0J2Þ; ð330Þ

a2 ¼ 4DJn0J2; ð331Þ

a3 ¼ 4Jc0J2; ð332Þ

b1 ¼ 4Jn0J2; ð333Þ

b2 ¼ 4ð1þ 4D3JfJ2Þ; ð334Þ

b3 ¼ 4JcðAþ BKÞJ2: ð335Þ
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Applying (328) and (329) we obtain

OðtÞry4XðtÞ; ð336Þ

where

y4 ¼ maxfa1 þ b1; a2 þ b2; a3 þ b3 þ 1g: ð337Þ

With the help of Eqs. (281) and (283) and applying again Poincar!e, Young’s and the
Cauchy–Schwartz inequalities, we obtain the following inequalities:

JwxðtÞJ2ra1JuxðtÞJ2 þ a2JuxðtÞJ2 þ a3jX ðtÞj2; ð338Þ

JwtðtÞJ2rb1JuxðtÞJ2 þ b2JuxðtÞJ2 þ b3jX ðtÞj2; ð339Þ

where

a1 ¼ 4ð1þ 4D3Jm0J2Þ; ð340Þ

a2 ¼ 4DJm0J2; ð341Þ

a3 ¼ 4Jf0J2; ð342Þ

b1 ¼ 4DJm0J2; ð343Þ

b2 ¼ 4ð1þ 4JmJ2Þ; ð344Þ

b3 ¼ 4JfAJ2: ð345Þ

Applying (338) and (339) we obtain

y3XðtÞrOðtÞ; ð346Þ

where

y3 ¼
1

maxfa1 þ b1; a2 þ b2; a3 þ b3 þ 1g
: ð347Þ

With the help of inequalities (313), (325), (336) and (346) we get

OðtÞr y1y3
y2y4

Oð0Þe'Zt; ð348Þ

that is,

JuxðtÞJ2 þ JuxðtÞJ2 þ jX ðtÞj2r y1y3
y2y4

e'Zt½Juxð0ÞJ2 þ Jutð0ÞJ2 þ jX ð0Þj2$: & ð349Þ

7. Conclusions

In this article we have developed explicit controllers and observers for PDE–ODE
cascades involving heat and wave equation, extending the results in [7,8]. Many open
problems in PDE–ODE cascades remain. For example, the system

_X ðtÞ ¼ AX ðtÞ þ B0uð0; tÞ þ B1uxð0; tÞ; ð350Þ
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utðx; tÞ ¼ uxxðx; tÞ ' buxðx; tÞ þ luðx; tÞ; ð351Þ

uxð0; tÞ ¼ quð0; tÞ þHX ðtÞ; ð352Þ

uðD; tÞ ¼ UðtÞ; ð353Þ

contains several interesting problems, including one where uð0; tÞ and uxð0; tÞ simulta-
neously appear in the ODE, and an even more interesting one where the ‘‘interconnection’’
between the PDE and the ODE is not one-directional (as in this paper and in [7,8]), but
where the ODE acts back on the PDE, such as, for example, the term HX ðtÞ in the
boundary condition (353).
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