Homework 7

Problem 1.

Using the Lyapunov function

M) = 5 [ 9B

(1)

where ) is a complex valued function and |- | denotes the modulus (), show that the system

Q = 6(_0429 + Q) + o(y)2
Q(t,0) = Qt,1)=0

is exponentially stable when ¢(y) is a purely imaginary valued function.

Problem 2.
Consider the plant
Vi = e(=a’Y +Y,)

b = (0wt wy) +h(y) / Yy, m)dn
Y(£,0) = w(t,0)=0.

Show that the transformation
y
Q=w-— / L(y,n)Y (t,n)dn
0

decouples Y and w by transforming the plant (4)—(6) into the target system

YV, = e(=a?Y +Y,)
Q= e(—a*Q+Qy,)
Y(t,0) = Q(0)=0

when the following pde for I' is satisfied:

el'y, = el —h(y)
[(y,0) = 0
(y,y) = 0.

(2)
(3)



Problem 3.

Show that the transformation
Yy
U= Y—/ K(y,n)Y (t,n)dn
0

transforms the plant

Y, = e(=a®Y + Yyy) +0(1)Y + g(y)Yy(t,0)

Y(t0) = 0
into the target system

v, = 6(_a2\1[+\llyy)+¢(y)\1/
U(t,0) = 0

when the following pde for K is satisfied:
Ky = el + (9 77) P(y) K
eK(y,0) / K(y,n)g(n)dn — g(n)
K(y,y) =

Problem 4.

The double backstepping transformation

Y — / K(y,n)Y (t,n)dn,

O

F Y (t,m)dn,

with inverse

Y = U+ L U(t,n)dn,
Oy
w = +/ O(y n)dn
0
transforms the plant
Yi = (=Y +Yy,) +6(m)Y +g(y) / fly.mY

W = €(~0%w + wyy) + By)w + h(y) / Y (n)dn,
Y(t,0) = w(t,0)=0

n)dn,



into the target system

U, = e(—a’T+T,)+6(y)7, (29)
Q= e(—a*Q+Q,,) + d(y)Q (30)
U(t,0) = Q(t,0)=0 (31)
Show that
© = I'+ /y ['(y,o0)L(o,n)do (32)

by first plugging (24) into (23), secondly plugging (23) into (25), and thirdly using integration
rules we have used in previous homeworks.



