
Bessel functions

1. Bessel function Jn

ODE representation (y(x) = Jn(x) is a solution to this ODE)

x2y′′
xx + xy′

x + (x2 − n2)y = 0 (1)

Series representation

Jn(x) =
∞∑

m=0

(−1)m(x/2)n+2m

m!(m + n)!
(2)

Properties

2nJn(x) = x(Jn−1(x) + Jn+1(x)) (3)

Jn(−x) = (−1)nJn(x) (4)

Differentiation

d

dx
Jn(x) =

1

2
(Jn−1(x) − Jn+1(x)) =

n

x
Jn(x) − Jn+1(x) (5)

d

dx
(xnJn(x)) = xnJn−1,

d

dx
(x−nJn(x)) = −x−nJn+1 (6)

Asymptotic properties

Jn(x) ≈ 1

n!

(x

2

)n

, x → 0 (7)

Jn(x) ≈
√

2

πx
cos

(
x − πn

2
− π

4

)
, x → ∞ (8)



2. Modified Bessel function In

ODE representation (y(x) = In(x) is a solution to this ODE)

x2y′′
xx + xy′

x − (x2 + n2)y = 0 (9)

Series representation

In(x) =
∞∑

m=0

(x/2)n+2m

m!(m + n)!
(10)

Relationship with Jn(x)

In(x) = i−nJn(ix), In(ix) = inJn(x) (11)

Properties

2nIn(x) = x(In−1(x) − In+1(x)) (12)

In(−x) = (−1)nIn(x) (13)

Differentiation

d

dx
In(x) =

1

2
(In−1(x) + In+1(x)) =

n

x
In(x) + In+1(x) (14)

d

dx
(xnIn(x)) = xnIn−1,

d

dx
(x−nIn(x)) = x−nIn+1 (15)

Asymptotic properties

In(x) ≈ 1

n!

(x

2

)n

, x → 0 (16)

In(x) ≈ ex

√
2πx

, x → ∞ (17)


