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From Guckenheimer+ olmes &

2.3. The Lorenz Equations

In [1963] Lorenz, a meteorologist working on the basis of earlier results due
to Salzmann [1962], presented an analysis of a coupled set of three quadratic
ordinary differential equations representing three modes (one in velocity and
two in temperature) of the Oberbeck-Boussinesq equations for fluid con-
vection in a two-dimensional layer heated from below. The papers cited above
provide more details. The equations are

X =0y - x),
y=px—y—xz 4 (x,y2eR’ (23.1)
z'.-:—-Bg-{-;(y) o‘,p,ﬂ>0,

and contain the three parameters ¢ (the Prandtl number), p (the Rayleigh
number), and B (an aspect ratio). This three mode truncation accurately
reflects the dominant convective properties of the fluid for Rayleigh numbers
pnear 1. In particular, when p = 1, the pure conductive solution of the partial
differential fluid equations, having zero velocity and linear temperature
gradient, becomes unstable to a solution containing steady convective rolls
or cells. With stress free boundary conditions, the Lorenz equations are a
minimal truncation of the fluid equations which embody the essential features
of this bifurcation. In Chapter 3 we present more details on this example as
an illustration of computations using the center manifold theorem.

Lorenz’s [1963] analysis examines the behavior of this equation well out-
side the parameter domain p x~ 1, and work of Curry [1978] and
Francheschini [1982] demonstrates that, for large p, seven and fourteen mode
truncations display significantly different behavior.* Thus, as the Rayleigh
number increases, higher-order modes become important and predictions |
made on the basis of the three mode truncation are of doubtful physical
relevance, in contrast to the beam problem, in which a single mode trunca-
tion does capture significant physical behavior over a wide parameter range.
Nonetheless, the equations have become of great interest to mathematicians
and physicists in recent years. In the remainder of this section we outline
some significant features of the flow of the Lorenz system. For more informa-
tion, see the papers of Guckenheimer [1976], Guckenheimer and Williams
[1979], Williams [1977], Rand [1978], and the book of Sparrow [1982].

z

Figure 2.3.2. Numerical solution of the Lorenz equation, ¢ = 10, f = §, p = 28. The
initial condition is chosen arbitrarily close to the saddle at p(0, 0, 0), so that the solutien
approximates W), definin ce S, After Lanford
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