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NONLINEAR SYSTEMS

Solutions, HW 5

. 3.41
(a)

zo=1=1;
2zyz0 =3t 4+ 23z —2(t+1):-_>=2t+3t+2—3t—‘2(t-{—1)=0=z'2
Thus, z(2) = [ i ] is a solution.
(b) Recall from the discussion 2t the beginning of Section 3.4 tha
we shift it to the origin and then show asymptotic stability of the origin. Let 24
Then-

t to show asymptotic stability of a solution
= —t'and 28 = X2 1.

I =

2:'2 = _2:{22 -z - 2z

We need to show that the origin z = 0 is uniformly asymptotically stable.

'6f_[ 0 ,_[0 1]},
o L-1 -2

¥z | -l142= —2—:—2:1}’ ’ z
The matrix A is Hurwitz; hence, the origin is uniformly asymptoticaily stable.

e 5.5 The clbsed—loop system is given by
i = (A - BBTP)z+ By(t. 1)

Rewrite the Riccati eq;ation as
P(A-BBTP)+(A-BBTP)TP+Q+PBBTP+2aP =0

Consider V(z) = zT Pz as a Lyapunov function candidate. _

zT(P(A - BBT P)+ (A — BBT P)T Plz + 227 PBy(t, z)

~2T[Q + PBBT P +2aP)z + 227 PBy(t, z)

—E2|jz)|2 - [[wlf3 = 2eAmin (P23 + 2k[lwllzllzil2, where w = BT Pz
—[kll=l|> - H‘wllg]2 ~ 2 Amia (P)lIzl} € —20dmin(P)llzll3

it

V(t,z)

| IRVAN (|

Hence, the origin is globally exponentially stable.



¢ 5.18
(a) Let b=0. Try V(z) = 1z} + 123

V(z:) =—zidtziza(zy +a)—z1zy(z +0) = —z?

V(z:) =0=z;({)=0= a-a(t) =0=>z(1)=0

Thus, the origin is globally asvmptotically sr.able To investigate exponentlal stability, hneanze atz= 0.
_ ~laza zZ;+a _ -1 a
-0 -2z, ~a 0 o L=a O

"The characteristic equation of A is A? + A + a® = 0. Hence, 4 is Hurwitz and the origin is exponentially

A:—;—
oz |_

stable.
“(b) Letb> 0. The linearization at the origin is given'by’

é{ '=[—-1 a]
z=0 —a b

6z
The characteristic equation of A is A2+ (1 — b)A +a® — b = 0. Hence, 4 is Hurwitzif b < miﬁ{l, a?}.
(c) For b > 0, the equilibrium points are -

. —a+vb 3 a+ Vb
(0_,0), ("‘GT\/E.—\—/—S—"), (—a—'\/g,-T/g——)

Since the system has multiple equilibria, the origin is not globally asymptotically stable.

A=

e 5.21 (1) Let V(z)= }z2
V:—z‘-:—zu

For ju| £ ry < 1, we have )
V-1~ ru)z", V=

By Theorem 5.2, the systemn is locally input-to-state stable.
u(t)=c¢>1and z(0) >0, z(t) — o0 as t — oo.

It is not input-to-state stable since with

(2) Let V(z) = {,-'22.
Veertbuzi-zf<—2, Viz| 2 V3

By Theorem 5.2, the system is input-to-state stable.
(3) Let V(=) = % 2, For |u} < Tu. and |z| < r < 1, we have

.2
V=-z+z3u<—(1-96)2° —-9--2-1-7'2] ol € = (1—9):, V|:|> i

The preceding inequality is valid provxded rry <8 < 1. By Theorem 5.2, thesystem is locally input-to-state -
stable. It is not input-to-state stable since with u(t) =1and z(0) >0, z(t) —ooast—oo.



522
(1) The x,-system s I8S wrt. Xz, and th
%, -System’ /s ISSw.rt. U, Then by [<kK, Lermma C4],

ihe (%,%)-system is ISS. TTo see that the-
DC,—S_)’ngm s TSS, hete thatl

/:.C-j\é ._._Lxl .,LJ_ ZL‘

2 T 27 a2z

which l'mfbll'cs that |

[2 )] < o) e~z 4 (5“5_3/%&)} :

() T Vaptept T

- " 4, ‘
) < - qlz_* x‘z "i".‘E'."q[z +2.L u,z "\L'Z,L‘ 2;1 ‘!""%—_z_éz 3 (70%5)

-k () (w3

A_.-‘_ZL (!x,}%%l:c;@ %(m.l%&@f@"')

_ - Q (= 1zl) + QCul, ¥Mm)

Note ‘\"A_pf Q(‘vg.,g,,} 1'5419476 5mooZL/7a1~. /%zaho(f‘dc{/'aj‘/y unkdsl
Then there exist class Kes functions. 9, amd 7 6.l.

2,041) « @Gyy,) < 234

H‘QMCE \}é_ — Z}(lzD -+ Zz(hl?._f_ui/.a

< — 2,(1x) + 23(’1’“)/
where 9, € Kow, Then by [KkK, Thm C.3], the system
s TSS w.rt. U.
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