AMES 207 Prof. M. Krstic

NONLINEAR SYSTEMS
Solutions, HW 4
e 3.3
(1)
z; = =—z1-t Ig )
£, = -ZI2
Try V(z) = }(=i +23). ,
‘ V(z): z1(—21 +z3)—z3= —::-f-—zg-%—zl:r%

In the neighborhood of the origin, the term —(z?+13) dominates. Hence, the origin is asymptotically stable.

Moreover
1:2(:‘.) = e—tz‘zo

S : .
= z(t) = e—t:!:m-.‘-'/o e‘("’)e‘?’ ds :5%0

= e tzo+ [e..: - e'Zt] zgo

For all zg, z(t) — 0 as ¢ — oo, which implies that the origin is globally asymptotically stable.

(2) ' -
T h = Gem)EE Y
z, = (;1+ z2)(z] + 23 — 1)
V(:z:) = azi+bz3, a >0, 6>0
V(z) = 2azi(z1—z2)(z]+ 3 — 1)+ 2bz2(z1 + zo)(zf +23~1) -
- = azi(z) — z2) + bza(zy + z2) (2] + 23~ 1)
Let ¢ = 6.

V(z) = —2a(z} + )1 = (2} + 73)]

2 2 ¥ - . - . e - . -
For z7 +'z'2’ < 1, V(J:)- is negative definite. Hence, the origin is asymptotically stable. It is not globally
asymptotlcally stable since there other equilibrium points on the unit circle.

"« 3.12 Take V(z) = - 1z$ 4+ 124

5.6 6
—zizy + 3’-‘1

(=3

V(z) = ~zi% + T3Ey = i +z

AR

Near the origin
5 &
I—:f:g +z3zi| <k (zf + =3

for some k > 0. Hence -
- V(z) 2 (1-k) (=1 +23)

which shows that V(z) is positive definite. Application of Chetaev’s theorem shows that the origin is

unstable.



e 3.17

(2)
- 0 = —z;+9(z3)
- 0 = —g(z3)
- 0 = —az;+bzy~Tcz3

From the properties of g(-) we know that g(z3) = 0 has an isolated root z3 = 0. Substituting z3 = 0 in the
foregoing equations we obtain z; = z» = 0. Hence, the origin is an isolated equilibrium point.
(b) '
b s
V(z) = 3ai+53 +/ g(y) dy
21T Y o
azi[—z1 + g(z3)] — bz2g(za) + 9(z3)[—az) + bzz — cg(z3)]

= —as—co¥(s) < 0

V(z)

V(z) =0=z:(t) =0and z3(t) = 0 => £3(¢) =0
From the third state equation we see that z(t) = 0. Hence, by LaSalle’s theorem (Corollary 3.1), the origip

is asymptotically stable.. . _ ‘
(c) To conclude that the origin is globally asymptotically stable, we need to know that V(z) is radially !

unbounded. But this is not guaranteed since
. z
ya(y) >0, V |yl #0 5—5/0 9(y) dy — o< as [z] —c0.
Consider, for e.xa.mple, g(y) = (1 — e~¥h)e~Wlsgn(y). For = > 0, we have
- :
/ (l—e e Vdy=1l—e"-L(l-e¥)=Lasz -0
0 : 2 .

Thus we caanot conclude that the origin is globally asymptotically stable.



